WEIL ALGEBRAS AND DOUBLE LIE ALGEBROIDS

Jeffrey Pike

A thesis submitted in conformity with the requirements
for the degree of Doctor of Philosophy
Graduate Department of Mathematics

University of Toronto

(© Copyright 2020 by Jeffrey Pike



Abstract

Weil Algebras and Double Lie Algebroids

Jeffrey Pike
Doctor of Philosophy
Graduate Department of Mathematics
University of Toronto
2020

ii



Contents

1 Introduction

1.1 The Chevalley-Eilenberg Complex . . . . . . . . ...
1.2 The Weil Algebra of a Lie Algebra . . . . . . . . . . . . .
1.3 The Weil Algebra of a Double Lie Algebroid . . . . . . . .. ... ... .. ... .....
1.4 Outline . . . . . . .

2 Double Vector Bundles

2.1 Definitions . . . . . . . oL
2.2 Examples . . ... e e e
2.3 New DVUBs fromold . . . . . . . o e
2.4 Splittings . . . . .. e e
2.5 The associated principal bundle . . . . . . .. ... Lo
2.6 Triality of double vector bundles . . . . . . . . . . ...
2.7 Double-linear functions . . . . . . . . . ...
2.8 The three pairings . . . . . . . . . . e
2.9 Geometric interpretations . . . . . .. Lo
2.10 Quotients of double vector bundles . . . . . . ... L oo

3 Example: The Double Normal Bundle

3.1 First Construction: As the Spectrum of an Algebra . . . . . ... . ... ... ... .. ..
3.2 Second Construction: Iterating the Normal Functor. . . . . ... . ... ... ... ...
3.3 Third Construction: As a Quotient DVB . . . . . . . . . ...
3.4 Equivalence of Constructions . . . . . . . . ... . L
3.5 Lifting Processes for v(M, N1, Na) . . . . . ..o
3.6 The Double Deformation Space . . . . . . . . . .. ...

4 Weil Algebras

4.1 Double-Polynomial Functions . . . . . . . .. ... . L Lo
4.2 Definition of W(D) . . . . . . .
4.3 Propertiesof W(D) . . . . . . e
4.4 Derivations of W(D) . . . . .. .
4.5 Linear and core sections of AgD . . . . . . ..
4.6 Multi-vector Fieldson D . . . . . . . . .. L e

iii

10
11
14
15
16
18
20
21
23

29
29
35
36
40
43
44



5 Poisson Double Vector Bundles
5.1 Reminder on Poisson vector bundles . . . . . . . . ... ... L oo
5.2 Results for Poisson double vector bundles . . . . . . ... ... ... ... ..
5.3 Examples of Poisson double vector bundles . . . . . ... ... ... ... ... ......
5.4 The Lie algebroid structure on B oo,
5.5 Gerstenhaber brackets . . . . . . . ... L e
5.6 Differentials . . . . . . . . e e
5.7 Poisson Structures on Manifold Triples . . . . . . . . . . .. ... ..

6 Derivations of the Weil Algebras of Poisson D{®Bs
6.1 The Differential and Contractions on W(D’) . . . . . . . . .. .
6.2 The Gerstenhaber Bracket and the Differentials . . . . . . . . . . .. ... ... .. ....

6.3 Interaction Between the Differentials . . . . . . . . . . .. ... ...

7 Double Lie Algebroids
7.1 Definition and Basic Properties . . . . . . . . . ... oL
7.2 Weil Algebra of a Double Lie Algebroid . . . . ... ... ... ... ... ... ...
7.3 The Core of a Double Lie Algebroid . . . . . . . . ... .. ... ... .. .. .......

8 Example: Tangent Prolongation of a Vector Bundle
8.1 DVB Sequences of TV and T*V . . . . . . . .. e
8.2 The Weil Algebras W(TV) and W(T*V) . . . . . . ... . i
8.3 The Double-Linear Poisson Structure on 7%V . . . . . . .. ... ... ... ... ...
8.4 Application to Lie algebroids . . . . . . . . . . ...

9 Applications, Connections with Other Work
9.1 Matched Pairs of Lie Algebroids . . . . . . . . . . .
9.2 Multi-derivations . . . . . . . ..
9.3 Abad-Crainic’s Weil algebra of a vector bundle V. . . . . . ... .. ...
9.4 IM-forms and IM-multivector fields . . . . . . . . . . ... ...
9.5 Frolicher-Nijenhuis and Nijenhuis-Richardson brackets . . . . . ... .. ... ... ... ..
9.6 Representations up to homotopy . . . . . . .. ..o Lo

10 Outlook: Further Directions
10.1 The Double Lie Functor . . . . . . . . . . . e e e
10.2 van Est maps . . . . . . oL e

A Operations on Vector Fields and Differential Forms
A1 Graded Lie Brackets . . . . . . . . .
A.2 Tangent and Cotangent Lifts . . . . . . . . ... o

B Normal Bundles and Clean Intersections
B.1 Normal Bundles. . . . . . . . . . e

B.2 Clean Intersections . . . . . . . . . . . . e

Bibliography

v

61
61
62
63
64
67
68
69

71
71
72
74

76
76
7
79

81
82
83
85
85

87
87
88
88
89
91
91

94
94
96

100
100
103

106
106
108

109



Chapter 1

Introduction

The theory of double structures originated with the work of Pradines [72, 73], who introduced the concept
of a double vector bundle, defined in terms of local coordinate charts. This definition was reinterpreted
by Mackenzie, who showed that double vector bundles are equivalent to manifolds equipped with a pair
of compatible vector bundle structures. Grabowski-Rotkiewicz simplified the definition by showing that
it was enough to consider the two scalar multiplications associated to the pair of vector bundle structures
[23]. Thus in its most modern formulation, a double vector bundle is a manifold D equipped with two

scalar multiplications x" and k% that commute: xl'x®

= KUk for all t,s € R. If we denote the base
manifolds for these scalar multiplications by A := x§(D) and B := s{(D), then we can depict the double

vector bundle D as a commuting diagram

D——B
A—— M.
Loosely speaking, double vector bundles can be thought of as vector bundle objects in the category

of vector bundles. They form the basis of second-order differential geometry, since the quintessential

example of a double vector bundle is the double tangent bundle

TTM ——TM

L

TM — M.

More generally, the tangent bundle of a vector bundle V' — M is a double vector bundle. The theory of
double structures was further developed by the pioneering work of Mackenzie [5, 52, 55, 56], where the
concepts of double Lie groupoids were introduced, along with their infinitesimal counterparts, double Lie
algebroids. A double Lie algebroid is a double vector bundle for which all the sides are equipped with Lie
algebroid structures, and with a certain compatibility condition between the horizontal and vertical Lie
algebroid structures. Here the most important example is the tangent bundle TA — M of a Lie algebroid
A — M (see [55, Example 4.6]), so, in particular, the double vector bundle TTM above is a double Lie
algebroid. This thesis is concerned with the development of the theory of double structures, as well as

their applications in Poisson geometry. Our focus lies on the construction of a bigraded bidifferential
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algebra associated to any double Lie algebroid called the Weil algebra that completely determines the
double Lie algebroid structure. Along the way we will encounter many simplifications and additions to
the theories of double vector bundles and double linear Poisson structures, and we will finish with a
diverse range of applications throughout Poisson geometry that can be reinterpreted in our framework.
Before describing our constructions and main results in detail, let us review some of the foundations of

the theory of (ordinary) Lie algebras and Lie algebroids that will serve as motivation for our work.

1.1 The Chevalley-Eilenberg Complex

Throughout this section, let A — M be a Lie algebroid, and denote by p: A — T'M its anchor map.

Then any section o € T'(A) defines two kinds of derivations on the space
T(A®A"),

a contraction operator ¢, of degree —1 and a Lie derivative operator L, of degree 0. By the usual Cartan
formula, these operators give rise to the Chevalley-Filenberg differential decg on T'(A®*A*), an operator
of degree 1 that satisfies

[LU, dCE] = OCU

for all 0 € T'(A). This identity implies that dig = 0, so for any Lie algebroid A — M, there is an
associated complex (I'(A*A*),dcg) called the Chevalley-FEilenberg complex of A. Specific examples of
this complex include the de Rham complex of a manifold M (A = T'M), the Chevalley-Eilenberg complex
of a Lie algebra (when M is a point), and the foliated de Rham complex of a foliated manifold (here

A CTM is obtained from the foliation using Frobenius’s theorem).

It is a fundamental result of Vaintrob [76] that this construction is reversible. That is, suppose
A — M is a vector bundle, and d 4 is a degree 1 derivation on the graded algebra T'(A® A*) that satisfies
d% =0. Then A — M inherits a Lie algebroid structure defined by

Loy f=(daf,0), (a,[o,7]) = (dala,T),0) = (da{a,0),7) — dac(o,T)

for all f € C°(M), o,7 € T'(A), and o € I'(A*). This characterization of Lie algebroids often sim-
plifies various constructions related to them. As a basic example, since maps on sections do not al-
ways correspond to bundle maps, the correct definition of a morphism Lie algebroids A — B is not
immediately obvious using the usual definition of Lie algebroids. However, in terms of the Chevalley-

Eilenberg complexes, such a morphism of Lie algebroids simply corresponds to a morphism of complexes
(T(A*B*),dg) — (T'(A*A*),da).

Remark 1.1.1. If V — M is an A-module (i.e. it comes with a flat A-connection V), then one can define
the Chevalley-Eilenberg complex with coefficients in V. The underlying algebra is T'(A*A* ® V), and
one simply defines contractions, Lie derivatives, and a differential in the same way as indicated above,
but with the modification that £,9 = V,9 for 9 € T(A\°A* @ V) = T[(V).
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1.2 The Weil Algebra of a Lie Algebra

Weil algebras have their roots in the theory of equivariant cohomology, where the Weil algebra #/(g) of
a Lie algebra g is used as an algebraic model for the space of differential forms on the classifying bundle
EG — BG, where G is a Lie group integrating g. It appears in the Chern-Weil theory of characteristic
classes, as well as in Cartan’s equivariant de Rham theory. Here we will review only the definition of
g, for information on its application in equivariant cohomology theory, see [30].

Let g be a Lie algebra, and fix a basis {ej,...,e,} of g with structure constants )\;k The Weil
algebra of g is the bigraded algebra g := A®g* ® S®g* generated by the elements

i=e;®1, p=1xe,

where each 0% has bidegree (1,0), and each u’ has bidegree (1,1). This bigraded algebra comes equipped
with two differentials. The first, denoted dk, is defined on generators by

dKGi = /J,i, dK/Ai =0.

Note that because of the way we set up the bigrading, this derivation has bidegree (0,1). We call dk
the Koszul differential since it is the differential of the Koszul complex of the vector space underlying g.

The second differential, which we denote dcg, is defined on generators by the formulas
dopfl = SNL090F, dep = — Xy 6*
CEY" = 55k ) CEH = —Ajp7 0.

In terms of the bigrading described above, dcg has bidegree (1,0). We call dcg the Chevalley-Eilenberg
differential, since it may be thought of as the differential of the Chevalley-Eilenberg complex of the
representation S®g* of g. These formulas allow for a direct verification that dx and dog commute (in

the graded sense), making the Weil algebra /g into a bicomplex.

Remark 1.2.1. Since the Weil algebra is in particular a Chevalley-Eilenberg complex, it comes equipped
with contractions ¢, and Lie derivatives [, by elements x € g. In terms of the generators, these are
defined by

10" = (e, x), pt =0, L0 = —/\zk(ej,xwk, Loyt = —)\ék(ej,xmk.

These make #/*°®g into a so-called g-differential algebra, and it can be shown that #/*°®g satisfies a

certain universal property among such objects.

1.3 The Weil Algebra of a Double Lie Algebroid

We are interested in generalizations of the theory discussed above to double Lie algebroids. Vaintrob’s
result that the Chevalley-Eilenberg complex on A completely determines the Lie algebroid structure was
generalized to the setting of double structures by Voronov [77], who proved that double Lie algebroid
structures on D were equivalent to pairs of commuting homological vector fields @y, Q,, of bidegrees
(1,0) and (0,1), on the bigraded supermanifold D[1, 1] obtained from D by a parity shift in both vector
bundle directions. Put differently, the algebra of (double-polynomial) functions on D[1,1] is a double

complex, generalizing the Chevalley-Eilenberg complex of a Lie algebroid. Our main goal in this thesis
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is to provide a classical description of this bicomplex that simultaneously generalizes the constructions
discussed in sections 1.1 and 1.2 above to the context of double structures. Specifically, to any double
vector bundle D we will associate a bigraded algebra $**(D) that we call the Weil algebra of D. This
algebra will model the space of double polynomial functions on D[1,1] (and therefore generalize the
Chevalley-Eilenberg complex of a Lie algebroid) in the sense that double Lie algebroid structures on D
are equivalent to pairs of differentials dj,,d, on the Weil algebra of D that make (¥**(D),dp,d,) into
a bicomplex. Moreover, the notion of Weil algebras has been extended from the setting of Lie algebras
to the more general setting of Lie algebroids. This was first done in super-geometric terms by Mehta
[61] and in more classical terms by Abad and Crainic [3]. In the case that A — M is a Lie algebroid,

applying our construction to the double Lie algebroid

TA——TM

|

A——M

gives the Weil algebra of A.

To explain our construction, let D be any double vector bundle with side bundles A, B. The sub-
manifold on which the two scalar multiplications coincide is itself a vector bundle over M, called the
core of D. We denote by

E = core(D)*

its dual bundle. There is a vector bundle E — M whose space of sections consists of the smooth functions

on D that are double-linear, i.e., linear both horizontally and vertically. It fits into an exact sequence
0> A*®B* 5 FE—E—0,

where the map E > E'is given by the restriction of double-linear functions to the core, while the map
ig is given by the multiplication of linear functions on A, B. The above sequence is the dual of the DV®3

sequence of Chen-Liu-Sheng [13]. Our definition of the Weil algebra bundle is as follows:

Definition. The Weil algebra bundle of the double vector bundle D is the bundle (over M) of

bigraded super-commutative algebras
W (D) = (AA* @ AB* @ VE)/~ ,
taking the quotient by the (fibrewise) ideal generated by elements of the form
aff —ipla®p)

for (o, B) € A* x5 B*. Here, generators a € A* have bidegree (1,0), generators § € B* have bidegree
(0,1), and generators € € E have bidegree (1,1). The bigraded super-commutative algebra (D) =
I'(W(D)) will be called the Weil algebra of D.

Double vector bundles come in triples, with cyclic permutation of the roles of the vector bundles
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A, B, E over M:
D——B D ——F D' —— A
A—— M B—M EFE— M

The double vector bundle D’ is (essentially) obtained by taking the dual of D as a vector bundle over
B and interchanging the roles of horizontal and vertical structures; similarly D" = (D’)’. (One has

(D) = D.) See section 2.6 for a more precise description. Accordingly, we have three Weil algebras
Ww(D), WD), Ww(D").

A linear Lie algebroid structure of D as a vector bundle over A, also known as a V®B-algebroid
structure of D over A, is equivalent to a double-linear Poisson structure on D”, and also to a /8-
algebroid structure of D’ over E. (See [51].) Chapter 5 explains in detail how these structures are

expressed in terms of the Weil algebras. In particular, one finds:

Theorem I. Let D be a double vector bundle. Then the following are equivalent:
1. a VB-algebroid structure of D over A,
2. a vertical differential d, on W (D),
3. a horizontal differential dj, on W (D’),

4. a Gerstenhaber bracket (of bidegree (—1,—1)) on W(D").

Using cyclic permutations of D, D’, D", one has similar results when starting out with a /B-algebroid
structure of D over B or with a double-linear Poisson structure on D. Chapter 7 deals with the situation

that D has any two of these structures; in particular we prove:

Theorem II. Let D be a double vector bundle, with {/3B-algebroid structures over B as well as over A.
Then the following are equivalent:

1. D is a double Lie algebroid,

2. the horizontal and vertical differentials dy,,d, on #/(D) commute,

3. the horizontal differential dj, on #(D’) is a derivation of the Gerstenhaber bracket,

4. the vertical differential d/] on #(D") is a derivation of the Gerstenhaber bracket.

If one uses the identification of ¥/ (D) with functions on the supermanifold D[1,1], the equivalence
(a) & (b) translates into Voronov’s result [77] mentioned above; however, we will give a direct proof of
this result, not using any super-geometry. More precisely, given vertical and horizontal {/B-algebroid
structures, the proof will give an explicit relationship between their compatibility (or lack thereof) and

the super-commutator of the two differentials.
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If D = Tg is the tangent bundle of a Lie algebra, viewed as a double Lie algebroid with A =g, B =
0, E = g*, then the three Weil algebras are

W(Tg) = Ag" ®Sg", W((Tg)')=Arg®Sg, W((Tg)")=Ng"®Ag.

Here W (Tg) is the standard Weil algebra discussed in section 1.2, with d;, the Chevalley-Eilenberg
differential for the g-module Sg* and d, the Koszul differential. The differential dj, on ¥ ((T'g)’) is the
Koszul differential, and the Gerstenhaber bracket is a natural extension of the Lie bracket of the semi-
direct product g x g for the adjoint action. The differential d!, on W ((T'g)”) is the Chevalley-Eilenberg
differential for the g-module Ag, and the Gerstenhaber bracket extends the pairing between g* and g
(this is a special case of Kosmann-Schwarzbach’s big bracket [41, 42]). More generally, as mentioned
above, if D = T A is the tangent bundle of a Lie algebroid A, the double complex #(T'A) coincides with
the Weil algebra of the Lie algebroid A.

We will also explore numerous relationships between the bigraded algebra #/(D) and the existing
literature in Poisson geometry. Returning to a general double vector bundle, let A4D and AgD be
the exterior bundles of D viewed as vector bundles over A and B, respectively. By considering the
homogeneity of sections in the A-direction, one can define distinguished subspaces of of linear sections

of these bundles. In chapter 9, we show that these have descriptions in terms of the Weil algebras:

Tin (A% D, A) = W*1(D"), Tun(A%D,B) =W (D).

As a consequence of Theorem I above, a double-linear Poisson structure on D determines a degree 1
differential on these spaces, while a {/B-algebroid structure on D over A (respectively over B) determines
a Gerstenhaber bracket. For the cotangent and tangent bundles of a vector bundle V' — M (with the
DYB structures as in Section 2.2), some of these spaces have well-known interpretations:

WH(T*V) = X,(V), WH(TV) = Q. (V).
Here Xj; (V) are linear multi-vector fields with the Schouten bracket, while Qy;, (V) are linear differential
forms with the de Rham differential. If V' is a Lie algebroid over M, one also has horizontal differentials
on W(T*V) and on W(T'V), coming from the /B-algebroid structures of T*V over V* and TV over
T M, respectively. In Section 9.4, we will see that

WL (T*V) Nker(dy) = X0 (V), WH(TV) Nker(d,) = Q (V)

the space of infinitesimally multiplicative multi-vector fields [36] and infinitesimally multiplicative differ-
ential forms [6], respectively. On the other hand, the Lie algebroid structure of V over M also induces
a VB-algebroid structure on T*V* over V*, and the corresponding differential d, on W1 (T*V*) =
Xin (V™) is the Poisson differential for the resulting Poisson structure on V*, identifying this space with
the deformation complex of Crainic-Moerdijk [16]. (This may also be seen as a consequence of a result
of Cabrera-Drummond [11] for the VB-algebroid T*V*.) Further applications relate the Weil algebra to
the Frolicher-Nijenhuis [22] and Nijenhuis-Richardson [70] brackets, to matched pairs of Lie algebroids
[67], and to the notion of representations up to homotopy [3, 26, 29].
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1.4 Outline

We begin in chapter 2 with a review of double vector bundles. Our treatment is entirely self-contained,
beginning with the basic definitions and progressing through the pillars of the theory such as splittings,
triality, and D 1B sequences. Of particular importance to the rest of the thesis are the fat bundles g, B ,
and E as well as the pairings between them (see section 2.8). While most of the results of this section
were previously known, we emphasize a new point of view using associated bundles that simplifies the
proofs of many of the main results. We follow up this discussion by introducing a particular class of
examples in chapter 3: double normal bundles. Precisely, to any triple (M, N1, N2) of manifolds for
which N7 and N are cleanly intersecting submanifolds of M (see section B.2), we associate a double
vector bundle v(M, N1, N2) that should be thought of as the simultaneous linearization of the directions
normal to Ny and the directions normal to No. We provide 3 alternative constructions of v(M, N1, N3)
and establish their equivalence. We finish the chapter with a doubled version of the deformation to the
normal cone construction from algebraic geometry.

Chapter 4 presents our main construction, the Weil algebra #(D) of a D1B. We start with a discus-
sion of the space §(D) of double polynomial functions on D, and introduce ¥ (D) as a supercommutative
version of &(D). Following the lead of the classical constructions discussed in sections 1.land 1.2, we
proceed to study the space of derivations of #/(D). Finally, we introduce alternative characterizations
of the Weil algebra in terms of linear and core sequences and in terms of vector fields on the total space
D.

The next step is to study the Weil algebras in the presence of additional structure. We begin
this endeavour in chapter 5, where we suppose our DVAB comes equipped with a double-linear Poisson
structure. As in the case of the classical Weil algebra, the presence of Lie theoretic structures introduces
a new collection of derivations on the Weil algebra (D), leading us to Theorem I described above.
Chapter 6 is devoted to studying the relations between these derivations to establish a Cartan calculus
on W (D) analogous to the Chevalley-Eilenberg complex of a Lie algebroid. Finally, in chapter 7, we
apply this Cartan calculus to the situation that D is a double Lie algebroid, resulting in our main result
Theorem IT above. We finish off the chapter with a detailed analysis of the Lie algebroid structure on
the core of D.

The final chapters are devoted to connections with the literature. In chapter 8, we illustrate the
constructions of the thesis by computing them for the fundamental example of a double Lie algebroid:
the tangent prolongation of a Lie algebroid. We then use these results in chapter 9 to relate Weil
algebroids to various notions appearing in the literature on Lie algebroids, including ta more detailed
investigation of the applications described above. We conclude with chapter 10, where we describe
further directions of study, with a particular emphasis on the idea of a van Est map for double Lie

groupoids.



Chapter 2

Double Vector Bundles

2.1 Definitions

As mentioned in the introuction, the concept of a double vector bundle was introduced by Pradines
[72, 73] in terms of local charts, and later reformulated as manifolds with ‘commuting’ vector bundle
structures [51]. We shall work with an elegant approach due to Grabowski-Rotkiewicz [23], who observed
that vector bundle structures on manifolds V' are completely determined by their scalar multiplications
ke:V — V, t € R, and vector bundle morphisms V — V' are exactly the smooth maps intertwining
scalar multiplications. To state these definitions precisely, we will need to make explicit what we mean

by a scalar multiplication. For this, we recall the following theorem.

Theorem 2.1.1. [23] Let V be a manifold equipped with an action of the multiplicative monoid (R, ),
with the action by t € R denoted ki: V — V', and let M := ko(V). Then k; is the scalar multiplication
for a vector bundle structure V.— M if and only if the map V- — TV |y given by

d
v %(mtv)h:o
18 1njective.

Remark 2.1.2. The vector bundle structure having x; as its scalar multiplication is unique, since the

map v — 4% (k,v)|4—0 is an embedding V < T'V|[j as a subbundle.

Any action of the monoid (R,-) on a manifold V' that satisfies the condition of theorem 2.1.1 will
from now on be called a scalar multiplication on V. We can now state the definition of a double vector
bundle.

Definition 2.1.3. 1. A double vector bundle (DVB) is a smooth manifold D equipped with two scalar
multiplications " (the horizontal scalar multiplication) and k% (the vertical scalar multiplication)
such that for all s,t € R we have

kMY = kUKD, (2.1)

2. A morphism of double vector bundles (DVB morphism) from (D;, Ay, B;) to (D2, Az, B2) is a
smooth map ¢: Dy — D, that satisfies x, 0 o = po sl and K 0 o = okl for all s,t € R.
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For a given D, let A = x3(D) and B = x}(D) denote the base submanifolds for the scalar multipli-
cations. It is easy to see that x” restricts to a scalar multiplication on A making it a vector bundle over

M := AN B (and similarly for B), and so we will represent the double vector bundle D as a square:

D B
A M.
One calls A, B the side bundles, and M the base of the double vector bundle. It is worth noting that A

and B can also be defined as the fixed point sets of the scalar multiplications:

— (2.2)

—

A={deD|k’(d) =dVseR}, B={deD|kl(d)=dVteR}.
Since k" and k¥ commute, we get a map

:D — Axy B, (2.3)

given by o(d) = (k8(d), xk(d)). If we consider A x s B as a double vector bundle with scalar multipli-

cations k" x idp and id4 x k" (see also example 2.2(1) below), then v is clearly a DV® morphism. It is

an important fact that ¢ is also a surjective submersion.
Lemma 2.1.4. The DVB morphism ¢: D — A X B is a surjective submersion.

Proof. To begin, fix m € M. Note that the map T, restricts to the identity map on both T,, A and
T,nB, and therefore it has maximal rank. This shows that 1 is a submersion on a neighbourhood of
M in D. To see that it is a submersion everywhere, note that limy 50 £'x% (D) = M and that for any

t,s € R we have
D(rgryd) = (k) X K7) 0 P(d), (2.4)

since ¢ is a VB morphism. For any d € D, take s,t > 0 small enough so that x!x?d lies in a
neighbourhood of M on which ¢ is known to be a submersion. Then by (2.4) we have

Ty (58 % £5) 0 Tt = T viay¥ © Tap(ayriy © Tary-

But s, kY, and (k! x k%) are all diffeomorphisms and T (ayt is surjective, so it follows that Ty is
surjective as well.

To see that v is surjective, note that its image certainly contains M. Being a submersion, ¢ is an
open map, and hence its image is an open neighbourhood of M. Once again using the identity (2.4)

establishes that im ) is in fact all of A x; B. O

A corollary of lemma 2.1.4 is that the preimage under v of any submanifold of A X y; B is a submanifold

of D. Of particular importance is the preimage of M, which we call the core of D.

Definition 2.1.5 (Core). Given a double vector bundle D, the submanifold

is called the core of D.
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Note that core(D) is invariant under both x" and ¥, and certainly x(core(D)) = xg(core(D)) = M.
Thus core(D) inherits two vector bundle structures over M, given by the restrictions of " and x%. In

fact, these two vector bundle structures coincide.

Proposition 2.1.6. For a double vector bundle D, the core may alternatively be characterized as the

subset of D on which the horizontal and vertical scalar multiplications agree:
core(D) := {d € D| kl'(d) = k?(d) Vt € R}. (2.5)

Proof. First let d € D be such that x!'(d) = xY(d) for every t € R. Then note that s (d) = xj(d) lies in
both A and B by definition, and since A N B = M we conclude that

{d € D| k}(d) = k¥(d) Vt € R} C core(D).

For the converse, let 8" denote the Euler vector field for the vector bundle structure nh\core( D), and let

8" denote the Euler vector field for £”|core(py. The linear approximation of &h
v(&"): v(core(D), M) — Tv(core(D), M)

is simply the Euler vector field for the vector bundle Tw(core(D), M). Therefore, if we denote by ¢ the
isomorphism v(core(D), M) = core(D) induced by v, we find that ¢*1(6") = &". On the other hand,
since k" and k¥ commute, &" is linear in kV (precisely: (k?)*&" = &" for all s € R). But then we have
©*v(8") = &". We conclude that &" = &V, which completes the proof. O

From now on, we will reserve the notation
E = core(D)*

for the dual bundle of the core.

Remark 2.1.7. We would prefer the letter C, since we will make extensive use of a cyclic symmetry
interchanging the bundles A, B, and core(D)*; see Section 2.6 below. However, since C' is commonly

used to denote the core itself, this might cause confusion with the existing literature.

2.2 Examples
Here are some examples of double vector bundles:
1. If A, B, E are vector bundles over M, then A X, B x3; E* is a double vector bundle

AXMBXME*g)B

]

A——mM

with core given by E*. The horizontal and vertical scalar multiplications are given by x}(a, b, &) =
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(ta,b,te) and k¥ (a,b,e) = (a,tb, te), respectively. The two additions are defined by
(a1,b,€1) +n (a2,b,€2) = (a1 + az,b,e1 +€2), (a,b1,€1) +o (a,b2,22) = (a,b1 + b2, &1 + £2).

In particular, any vector bundle V' — M can be regarded as a D{® in three ways, by playing the
role of A, B or E*. Moreover, if we take £ = 0, then we obtain the double vector bundle A x; B

mentioned above.

2. If V — M is any vector bundle, then its tangent bundle and cotangent bundle are double vector

bundles
TV ——TM ™V ——V*
V— M V— M

with core(T'V) = V (thought of as the vertical bundle of TV|ys) and core(T*V) = T*M. The
DVB structure on TV appeared in [73]; the DVB structure on T*V was first discussed in [57].

3. Suppose V. — M is a subbundle of a vector bundle W — Q. Then the normal and conormal
bundle of V' in W are double vector bundles

v(W,V) ——v(Q, M) VW, V) —— (W]|p/V)*

N T |

V—e/ M Vv—e M
with core(v(W,V)) = Wy /V and core(v*(W,V)) = v*(Q, M).

4. Let Ny, Ny be submanifolds of a manifold M, with clean intersection (see appendix B.2). Then
there is a double normal bundle with base N = N; N No,

Z/(M,Nl,NQ) *}V(Nl,N)

J J

v(Ng, N) —— N

with core TM|n/(TNi|n+TNz|n). Note that the core is trivial if and only if the intersection is

transverse. More details on this example are given in chapter 3.

2.3 New DVBs from old

As with many categories, given one or more double vector bundles there are numerous ways to construct
new ones. Here we briefly outline a few of these constructions, some of which we will discuss more deeply

in later sections.

1. Diagonal flips. Given a double vector bundle D as in (2.2), the simplest way to obtain another

DYB is to swap the horizontal and vertical scalar multiplications, which results in the diagonal
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flip of D, denoted flip(D). Thus we have ngip(D) = k), and mgip(D) = kf resulting in a DVB

flip(D) —nj
M

;

with core E*.

2. Sub-DVBs. A sub-DVB of D is, as usual, a submanifold Q C D that is itself a double vector
bundle. By the results of [23], this happens precisely when @ is invariant under both x" and x".
The side bundles and core of @) are subbundles of the side bundles and core of D, and the total
base of @) is a submanifold of the total base of D. As a specific instance of this, suppose that
¢: D1 — Dy is a DVB morphism. Then the kernel, ker ¢ := ¢ ~1(M) is a sub-DVB of Dy because
¢ intertwines the scalar multiplications and elements of M are fixed by both x% and x3. Similarly,
the image of ¢ is a sub-DVAB. The diagrams for these DVRB’s are

s@‘l(M) — (sDB)J(M) inr—ﬂm(IIB)
(la) " (M) ——— M, im(pls) ——— M,

with cores (¢|g-)"1(M) and im(yp

).

3. Pullbacks. Given a double vector bundle D with total base M and a smooth map f: N — M, one
can consider the pullback (as a fibre bundle) f*D = {(n,d) € N x D | slry(d) = f(n)}. This

space becomes a double vector bundle

*D—— f*B

|

ffA— N

with core f*E*. Here f*A, f*B, and f*E* denote the pullbacks of A, B, and E* (as vector
bundles) along f, and the scalar multiplications on f*D are given by s/t. , = (idy xx})|f-p and
Kop = (ldy xKp)
we denote f*D as D

¢+p. In the special case that f: N — M is an embedding of IV as a submanifold,
~ and call it the restriction of D to N.

4. Products and direct sums. Suppose we have two double vector bundles D; with side bundles A;
and B; and core E over total base M; for ¢ = 1,2. The product D; x Dy becomes a DV®B with
horizontal scalar multiplication /@731 X /-@732 and vertical scalar multiplication k7, x £, . Its diagram
is

Dy x Dy —— By x By
Al x Ay —— M,y x M,

with core Ef x Ej. In the case that My = Ms, we also define the direct sum of Dy and D as
D1 ® Dy = (Dy x D2)|p, where M is identified with its diagonal in Dy x Ds. This gives a DV®B
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of the form
D1 [S2) DQ e Bl D B2

L

Al Ay — M

with core Ef @ E5. Here the @ notation for the side bundles and the core is used to denote the

Whitney sum of vector bundles.

5. Horizontal and vertical duals. Recall that the total space D of a WV®B has two vector bundle
structures, D — B and D — A. Dualizing each of these bundles, we obtain two new spaces D"
(the horizontal dual of D) and DV (the vertical dual of D) respectively. As it turns out, each of
these spaces defines a DV B:

D' —— B DY ——F
E— M, A—— M.

Note that there are a wide range of different notations for these W 1®Bs in the literature, including
D% and D% (e.g., [29]), and D *B and D *A (e.g.,[27]). The horizontal and vertical scalar

multiplication on D" are characterized by the property

(5 (¢),d) = t{d, d) = (5} (¢), 7 (d)),

for ¢ € D", d € D in the same fibre over B. Similarly, for ) € D¥, d € D in the same fibre over
A

9

(K1), 5y (d)) = t(h, d) = (k7 (1), d).

One finds core(D") = A*, core(D?) = B*. Clearly, flip(D¥) = flip(D)". Furthermore, it was
discovered by Mackenzie [53, Theorem 3.1] that the vector bundles D" — E and D” — E are dual

to one another. We will explore these structures more in section 2.6

6. Hom Spaces. Let Dy and Dy be two DV®Bs as in 4 above, and let f: M; — Ms be a smooth
map. Denote by Hom (D1, D3) the set of DVB morphisms whose restriction to My is f. Then
Homy (D1, D2) determines a double vector bundle, with scalar multiplications defined by k"¢ =

¢ okl and Ko = ok, for all ¢ € Homy(Dy, Dy). Its diagram is given by

HOIIlf(Dl, DQ) E— HOIIlf(Bl, BQ) s

J J

Homy(A1, Ay) — M,

where the side bundles are spaces of vector bundle morphisms with base map f. It is straightforward
to check that the set of all maps on which the two scalar multiplications agree coincides with the
set of maps whose image lies in E3, so the core is given by Hom; (D, E3) (here we view Ej as a
DYVB with trivial side bundles).

7. Quotients. Contrary to the case of ordinary vector bundles, a sub-DV®B of D is not enough on
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its own to determine a quotient. Indeed, an arbitrary sub-DV® does not, in general, induce any
natural equivalence relation on D for which the quotient is a double vector bundle. For this reason,
quotients of double vector bundles do not appear in the literature for the most part (although the
special case that the sub-D VB has the same side bundles as D is discussed in [48, Section 2.5.2]).
In section 2.10, we will determine the additional structure needed for a sub-DV®B to determine a
quotient DVAB.

2.4 Splittings

Let D be a double vector bundle over M, with side bundles A, B and with core(D) = E*. A splitting

(or decomposition) of D is a DV®B isomorphism
D—)AX]\/[BXME*,

inducing the identity on A, B, E*. Here the DV®B structure on the right hand side is as in Example
2.2(1).

Example 2.4.1. Let V. — M be a vector bundle, and TV its tangent bundle regarded as a DVB. A
splitting of TV is equivalent to a linear connection V on V. (Cf. [29, Example 2.12].)

Theorem 2.4.2. Fvery double vector bundle admits a splitting.

Remark 2.4.3. This result was stated in [29] with a reference to [23]; a detailed proof was given in the
Ph.D. thesis of del Carpio-Marek [17]. (The recent paper [32] by Heuer and Jotz Lean generalizes this

result to n-fold vector bundles.) Below we present a somewhat shorter argument.

Proof. Regard D and A x p; B as vector bundles over A; their restrictions to the submanifold M C A are
canonically B@® E* and B, respectively. The surjective submersion ¢: D — A X 3 B from (2.3), regarded
as a morphism of vector bundles over A, restricts along M to the obvious projection B @ E* — B. This
restriction has a canonical splitting B — B @& E*,;b — (b,0). Choose any extension to a splitting of
vector bundles over A,

1: A Xy B— D.

Then ¢, intertwines the vertical scalar multiplications x;, but not necessarily the horizontal scalar

multiplications. Applying the normal bundle functor, we obtain a DW{% morphism
v(1):v(A xy B, B) — v(D, B).

But recall that for any vector bundle V' — M, one has a canonical isomorphism TV |y=V &TM, giving
rise to an isomorphism of vector bundles v(V, M) = V. In a similar fashion, we have canonical DB
isomorphisms v(D, B) 2 D and v(A Xy B,B) = A xj; B. Under these identifications, v(¢1) =: v is
the desired splitting A xps B — D. O

Remark 2.4.4. As a consequence of the theorem above, any two double vector bundles with isomorphic
side bundles and isomorphic cores are isomorphic as D{VBs. When we wish to emphasize a stronger
notion of equivalence, we will use the term canonical. By a canonical DV®B isomorphism, we mean one

that does not depend on a choice of splittings.
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Combining the existence of splittings with local trivializations of A, B, E*, we see in particular
that every double vector bundle D is a fibre bundle over its base manifold M, with bundle projection
q = klkS: D — M. Tts fibres D,, = ¢~!(m) are double vector spaces (i.e., double vector bundles over a

point).

2.5 The associated principal bundle

Given non-negative integers ni,ns,n3 € Z>q, put Ag = R™, By = R", Ey = R™, and let Dy be the
double vector space
DO = AO X BO X ES (26)

with xf'(a,b,€) = (a,tb,te) and k¥ (a,b,e) = (ta,b,te). (Cf. Example 2.2(1).) For any vector space Vjp,
we denote by GL(V}) its general linear group; it comes with standard representations on V; and on the
dual space V. Thus, GL(Ag) x GL(By) x GL(Ep) has a standard action on the double vector space
(2.6).

Lemma 2.5.1. [28] The group of DVB automorphisms of Do = Ay X By X Ef is a semi-direct product
Aut(Dg) = (GL(Ap) x GL(By) x GL(Ep)) x (Af ® By ® Ef). (2.7)
with the standard action of GL(Ap) x GL(By) x GL(Eyp), and with w € A§ ® B§ @ E§ acting as
(a,b,e) — (a,b,e + w(a,b)). (2.8)
Proof. First we define the abelian group of statomorphisms of Dq (this terminology comes from [28]):

Stat(DO) = {()0 € Aut(DO) | (P‘A(): idAo? §0|B(): idB[J? ¥

Er= ldE[; }
Then by definition, we get an exact sequence of Lie groups
1— Stat(D()) — Aut(Do) — GL(A()) X GL(Bo) X GL(EQ) — 1.

Since this sequence is right split (by the standard action of GL(Ag) x GL(By) x GL(Ey) on Dy), it will
be enough to prove that Stat(Dy) = Af ® B§ @ Ej. First note that any w € Aj ® Bf ® Ej clearly
defines a statomorphism via (2.8). Now let ¢ € Stat(Dp) and write ¢ = (va, 9B, 9E+). Since @ is
a DV®B morphism, we get in particular that ¢ 4(a, sb,se) = pa(a,b,e) for all s € R. Setting s = 0
yields pa(a,b,e) = pa(a,0,0) = (a,0,0) since ¢ is a statomorphism. Similarly, ¢g(a,b,c) = (0,b,0), so
we are left with determining pg«. A calculation analogous to the one above shows that ¢g«(a,0,0) =

vE~(0,b,0) =0, and so we get
PE* (a'v b7 5) = PE* (aa 0) E) + PE* (a7 ba 0) = PE* (Oa 0; 5) + PE* (G/, b7 0) =+ PE* (aa b> O)a

where we have used the fact that ¢ preserves the two additions in Dy (see example 1). But by
equivariance with respect to x" and k%, ¢g-(ta,b,0) = pg-(0,tb,0) = tog-(a,b,0), which shows that
vg<(—,—,0): A® B — E* is bilinear, completing the proof. O
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As a consequence of this result, we obtain more information about the splitting of double vector

bundles, obtained by consider the space of statomorphisms from A X ,; B x5 E* to itself.

Corollary 2.5.2. The set of splittings of D is an affine space with I'(A* ® B* ® E*) as ils space of

translations.

Given a double vector bundle D, take n1,ns,ns to be the ranks of the bundles A, B, E. An iso-
morphism of double vector spaces D,, — Dy will be called a frame of D at m € M. Clearly, any
two frames are related by the action of Aut(Dg). We define the frame bundle of D to be the principal
Aut(Dyp)-bundle P — M whose fibres P, are the set of frames at m.

Remark 2.5.3. In [44], the semi-direct product (2.7) is regarded as a double Lie group, and a general
theory of double principal bundles for double Lie groups is developed.

Many constructions with double vector bundles may be expressed in terms of bundles associated to

P. In particular, D is itself an associated bundle for the action (2.8),
D = (P x Dy)/Aut(Dy). (2.9)

(Pradines’ original definition [72] of double vector bundles was in terms of local trivializations with
Aut(Dyp)-valued transition functions.) A splitting of D amounts to a reduction of the structure group
to GL(Ap) x GL(By) x GL(Ey) C Aut(Dy); the fibres @, of the reduction @ C P are all those DVAB
isomorphisms D,,, — Dy that also preserve the splittings.

Let Dy, be equal to Dy as a double vector space, but with the new action of Aut(Dy), where
w € Af ® Bl ® E§ acts by (a,b,e) — (a,b,e —w(a,b)), while GL(A4g) x GL(By) x GL(Ejp) acts in the
standard way. The resulting double vector bundle

D~ = (P x Dy )/Aut(Dy).

will feature in some of the constructions below.

Lemma 2.5.4. There is a canonical DYVB isomorphism D~ — D that is the identity on the side bundles

but minus the identity on the core.

Proof. The isomorphism is induced by the Aut(Dp)-equivariant isomorphism of double vector spaces
Dy — Dy, (a,b,e) — (a,b,—¢). O

2.6 Triality of double vector bundles

By cyclic permutation of the roles of Ay, By, Eo, the action (2.8) of Aut(Dy) on Dy = Ag x By x Ej
gives rise to similar actions on D) = By X Eg x A} and D = Ey x Ag x B§. The bilinear pairings

Do xp, D{ = R, ((a,b,e),(b,e,a)) — ala) — e(e), (2.10)
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and similar maps given by cyclic permutation, are Aut(Dg)-equivariant. Taking associated bundles, we

obtain three double vector bundles

D——B D'——FE D'f—— A
A—— M B——M E——M
with bilinear pairings
DxgD —R, D'xgD’"—R, D’'xsD-—=R (2.11)

The bundles D', D are closely related to the horizontal and vertical duals:

Proposition 2.6.1. There are canonical DVB isomorphisms
D" = flip(D")~, D =flip(D")”
that are the identity on the side bundles and on the core.

Proof. We give the proof for D" (the argument for DY is similar). It suffices to consider the double
vector space Dg. Write D as an associated bundle (2.9). Then

D" = (P x D{)/Aut(Dy)

where the Aut(Dy)-action on D = Eg x By x A} is given by the standard action of GL(Ag) x GL(By) x
GL(Ep), while w € Af ® B§ ® E} acts as

(e,b,a) = (e, b, — w(b, e)).
This action is dictated by invariance of the duality pairing
Do xp, DI = R, ((a,b,¢), (e,b,)) — afa) + &(e).
The DVB-isomorphism D — flip(D}), (e,b,a) — (e, b, —a) is Aut(Dg)-equivariant, and induces a

DV B-isomorphism D" — flip(D’) that is the identity on the sides but minus the identity on the core.

Now use Lemma 2.5.4. O

Remark 2.6.2. Using the isomorphisms from Proposition 2.6.1, the second pairing in (2.11) translates
into Mackenzie’s pairing DV x g D" — R [53, Theorem 3.1]. We also recover the result of Mackenzie [53]

and Konieczna and Urbariski [38], giving a canonical DB isomorphism
(DM))" = (D))"

that is the identity on the side bundles and on the core; indeed, by iteration of Proposition 2.6.1 we see
that both are identified with D~. As a special case, if D = T*V we have that D* = TV, (DV)" = TV*,
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((DY)?")V = T*V*, and we recover the canonical DY@ isomorphism
T(V*) 2 flip(T*V)~ (2.12)

of Mackenzie-Xu [57].
Example 2.6.3. Consider D = T'V as a double vector bundle with sides A = V and B = T'M. The natural

pairing between tangent and cotangent vectors identifies DV = TV, while the tangent prolongation of
the pairing V x 5, V* — R identifies D" = TV*. The three double vector bundles D, D', D" are therefore,

TV ——TM fAip(T(V*))~ — V* Aip(T*V)~ —— V
0 A

Put differently, there is a canonical DV® isomorphism (TV)" — flip(T(V*)) that is the identity on the
side bundles and minus identity on the core V*, and a canonical DY@ isomorphism (TV)" — flip(T*V)
that is the identity on the side bundles and minus the identity on the core 7% M.

2.7 Double-linear functions

For any vector bundle V. — M, the fibrewise linear functions on V' are identified with the sections of
the dual bundle V*. We will similarly associate to any double vector bundle D a vector bundle whose
space of sections are the functions on D that are double-linear, i.e., linear for both scalar multiplications.
Throughout this discussion, we will find it convenient to present D as an associated bundle D = (P x
Dy)/Aut(Dy) with Do = Ag x p By X pr Eff. Consider the Aut(Dp)-action on

Eo = (AL ® BY) & Ey,

where GL(Ag) x GL(By) x GL(Ep) acts in the standard way, while elements w € A} ® B} ® Ef =
Hom(Ey, A ® Bg) act as
(Vv 6) = (V - w(e), 6).

The projection Ey — Ey is Aut(Dg)-equivariant, with kernel A} ® Bg. Taking associated bundles, we

obtain a vector bundle
E = (P x Ey)/Aut(Dy)

with an exact sequence of vector bundles over M,
0— A*®@B 2 FE—E—0. (2.13)

Proposition 2.7.1. The space of sections of E is canonically isomorphic to the space of double-linear
functions on D. Under this identification, the quotient map to E is given by restriction of double-linear
functions to core(D) = E*, and the inclusion map iz is given by the multiplication of pull-backs of linear

functions on A and on B.

Proof. 1t suffices to prove these claims for the double vector space Dy. Using a Taylor expansion, we
see that the double-linear functions on Dy = Ay x By x Ej are EO = (A§ ® B}) ® Ey, where Ej is



CHAPTER 2. DOUBLE VECTOR BUNDLES 19

interpreted as linear functions on Ef and Aj ® By as linear combinations of products of linear functions
on Ao, Bo. O]

In terms of this interpretation through double-linear functions, the exact sequence (2.13) was dis-
cussed by Chen-Liu-Sheng [13] as the dual of their DVB sequence. Since we prefer to work with (2.13)
rather than its dual, we will simply call (2.13) the DV®B sequence of D. For clarity, we will emphasize
this point by making it a definition.

Definition 2.7.2 (DV®B sequence). The sequence (2.13) (and not its dual) is called the DVB sequence
of D.

A central result of [13] is that the double vector bundle D may be recovered from its D13 sequence.

We will prove this result using the associated bundle construction.

Proposition 2.7.3. [13] The double vector bundle D is the sub-double vector bundle of
ﬁ =A XM B XM E*

consisting of all (a,b,€) € A Xy B Xy E* such that Z*E(g) =a®b. A splitting of D is equivalent to a
splitting of the exact sequence (2.13).

Proof. We will prove the first claim for the typical fibre Dy, with the general result then being a

consequence of the associated bundle construction. Define
QDo) = {(a,b,8) € Ao x a1 By xar Ej | i%(8) = a® b}

Since the DV®B sequence (2.13) for Dy is canonically split, Z*E AR B® E* — A® B is simply projection
0
to the first factor. This gives

QDo) = {(a,b,a®b+¢) € Ag xar Bo xas B}

Then the map Dy — Ag X Bo X m E()‘ defined by (a,b,&) — (a,b,a ® b+¢) is clearly an injective DVB
morphism with image Q(Dy).

For the second claim, note that any splitting of the sequence (2.13) induces an isomorphism E
A* ® B* @ E under which Z*E is simply projection. Then by what we have proven above, we obtain an
identification

D ={(a,b,a®b+¢e)|ac Abe B,c € E*}.

Composing this idenfication with the map (a,b,a ® b+ €) — (a,b,¢) yields the desired DVB splitting
D l> A XM B XM E*. ]

Remark 2.7.4. A direct consequence is that every double vector bundle D comes with a map
D — E* (2.14)

given by the inclusion D — D followed by projection to E*. This map is a DY B-morphism if the vector

bundle E* is regarded as a double vector bundle (with zero sides). In terms of the associated bundle
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construction, this is induced by the map
Do = Ag x By x Ef — Ef = (Ao ® By) ® E, (a,b,e) > a®b+e.
Remark 2.7.5. The inclusion D < D dualizes to a surjective DB morphism
D' =Bxy Exy A* — D',
Replacing D’ with D (thus D with D), this shows that every double vector bundle also arises as a

quotient of a split double vector bundle.

Using a similar construction for the bundles D', D", we obtain bundles A and B, with inclusion
maps

i A"®@B* - E, ;B @E A igE®A > B, (2.15)

and exact sequences obtained from (2.13) by cyclic permutation of A, B, E. In Section 2.9 below we will
identify the bundles j, B with those introduced by Gracia-Saz and Mehta [29]; the corresponding exact

sequences appear as Equation (26) in that reference.

Remark 2.7.6. Since a splitting of D is equivalent to a splitting of D', D", we see that a splitting of D
is equivalent to a splitting of any one of the three vector bundle maps A A, B—sBor E—E.

2.8 The three pairings

In what follows, we will denote elements of the bundles g, E, E by a, 3, e, and their images in A, B, F
by a, b, e.

Proposition 2.8.1. There are canonical bilinear pairings

<','>E* é XMA\—>E*,
(-, ) an:E X B — A, (2.16)
<'7'>B* JZ[XME%B*,
with the properties
(b, iz(1) g = p(b), peEB QE", beB, (2.17)
(i), @)g. = —v(a), VvEE ®A", G€4 (2.18)

and similar properties obtained by cyclic permutations of A, B, E. The pairings are related by the identity

(b,a) g-(e) + (€, b) 4-(a) + (@, €) p-(b) = 0. (2.19)

Proof. Using the associated bundle construction, it suffices to define the corresponding pairings for the

double vector space Dy, and check that they are Aut(Dy)-equivariant. We have

~

Ao=(By @ E§) @ Ao, Bo=(E;®A;) @ Bo, Eo=(A;@B;) e Eo.
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Put
() ms: Bo x Ag = Eg, (1,0), (p,0)) s = p(b) — v(a); (2.20)

This is clearly equivariant for the actions of GL(Ag) x GL(By) x GL(Fp). For the action of w €
Aj ® Bj ® Ej, observe that in the pairing between

w1, @) = (1~ wla),a), w.(,b) = (v - w(b),b),

the terms involving w cancel. The properties (2.17) and (2.18) hold by definition. Furthermore, given
a = (ua) € A, b = (v,b) € By, € = (p,e) € Ey the three terms in (2.19) are p(e,a) — v(b,e),
pla,b) — u(e,a) and v(b,e) — p(a,b), hence their sum is zero. O

Replacing D with flip(D) reverses the role of A and B. Hence, the three inclusion maps (2.15) are
unchanged, but the three pairings (2.16) all change sign. On the other hand, for D~ we have:

Proposition 2.8.2. The bundles 21\7@76 for D are canonically isomorphic to those for D—. Under
this identification, replacing D with D~ changes the signs of the inclusion maps (2.15) and also of the
pairings (2.16).

Proof. Let 2‘, E‘, E~ be the corresponding bundles for D~. The Aut(Dg)-equivariant isomorphism

~

Ey — Eo, (v,¢) = (—v,¢)

gives the desired isomorphism E- = E, and similar for /T_, B~. One readily checks that these

isomorphisms give sign changes for the inclusions and pairings. O

2.9 Geometric interpretations

The bundles g, B , E and the pairings between them have various geometric interpretations, in terms of
functions and vector fields on D.

We begin by recalling analogous interpretations for vector bundles V' — M. The space X(V)},) of
vector fields on V' that are homogeneous of degree r for the scalar multiplication (i.e., ki X = t"X for

t #0) is trivial if r < —1, while the core and linear vector fields
X(V)[,l] = Xeore(V), X(V)[O] =: Xin (V) (2.21)

are identified with sections of V' (via the wvertical lift, taking a section o € T'(V') to the corresponding
fibrewise constant vector field o%), and infinitesimal automorphisms of V', respectively. On the other
hand, C*(V)[g) = C*(M) and C>®(V);; = T'(V*).

The pairing V x5 V* — R is realized as the map X(V)—y ® C*(V)p; — C®(V)jo given by
Lie derivative, X ® f — Lxf. We can also take a dual viewpoint (‘Fourier transform’), using the
identifications C*°(V*)jq) = C*(M), C*(V*)y = I'(V), X(V*)=y = I'(V*). Here, we realize the
pairing V' x; V* — R as minus the Lie derivative, h ® Z — —JLzh. (Working with multi-vector fields,
it is convenient to think of these pairings as Schouten brackets (see section A.1) between 1-vector fields
and 0-vector fields.)

For a double vector bundle, let X(D)x,; be the space of vector fields on D that are homogeneous

of degree k horizontally and of degree [ vertically. Similar notation will be used for smooth functions,
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differential forms, and soon. Let T'(D, A) be the sections of D as a vector bundle over A, and T'j;, (D, A)
the subspace of sections that are homogeneous of degree 0 horizontally, i.e., such that the corresponding

map A — D is /Q,’}—equivariant. Linear sections of D over B are defined similarly. We have
Flin(D,A) = X(D)[O,,u, F]in(D, B) = X(D)[,LO], F(E*) = X(D)[,L,ll. (2.22)

To verify (2.22), note that vector fields X € X(D)p ) with &k = —1 or [ = —1 annihilate C*° (D)0 =
C> (M), and are thus vertical for the bundle projection D — M. Hence, it suffices to check for the
double vector space Dy = Ay x By x Ej. But

X(Do)jo,—1] = Bo @ (A5 @ Ef), X(Do)[—1,00 = Ao © (By ® Eg), X(Do)-1,-1] = Ep,

where elements of a vector space are seen as constant vector fields on the vector space, and elements of
the dual space as linear functions. Indeed, with this interpretation the elements of Ay, By, E§ have homo-
geneity bidegrees (—1,0), (0, —1), (=1, —1) respectively, while elements of Af, By, Ey have homogeneity
bidegrees (1,0), (0,1), (1,1).

Proposition 2.9.1. The space of sections ofE' is canonically isomorphic to
1. the space C*°(D)p 1) of double-linear functions on D,
2. the space Ty (D', B) of linear sections of D' over B,
3. the space Tyin (D", A) of linear sections of D" over A,
4. the space X(D")jo,—1] of vector fields on D' of homogeneity (0, —1),
5. the space X(D")[_1 ) of vector fields on D" of homogeneity (—1,0).
Similar descriptions hold for sections of E, B.

Proof. It suffices to prove these descriptions for the double vector spaces Dy = Ay X By x Ej. We have
already remarked that Eo is the space of double-linear functions on Dy. For (b), note that sections of
D|; = By x Eg x A§ over By are smooth functions By — Ey x A§; such a function defines a linear section
if and only if its first component is a constant map By — Ej, while its second component is a linear
map By — Aj. Hence, we obtain I'y, (D{, By) = (Aj @ By) @ Ep = Ey. The proof of (c) is similar, and
by the counterparts of (2.22) for Dy, D{j the properties (b),(c) are equivalent to (d),(e). O

Remark 2.9.2. In the work of Gracia-Saz and Mehta [29, Section 2.4], the isomorphism I'(A) 2 Ty, (D, B)

is used as the definition of A.

Using these geometric interpretations, the three inclusion maps (2.15) are realized as the bilinear

maps

C*(D)p,0 x C (D)o, = C=(D),y,  (fr9) = fg
C™(D)jo,1) X X(D)j=1,-1) = X(D)=1,0), (9,Z)—gZ (2.23)
g :{(D)[fl,fl] X COO(D)[LO] — x(D)[o,—u, (Z,f)—[Z
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while the three pairings (2.16) are

<'7 >E* :{(D)[O,—l] X %(D)[—l,o] — %(‘D)[—l,—l]y (Xa Y) — [Xa Y]]
<'a '>A* COO<D)[1,1] X x(D)[O,fl] — COO(D)[LO]7 (h7X) = _°CXh (224)
(B X(D)i—1,0 X C®(D)pa — C(D)o,1), (Y h) = Lyh.

The identity (2.19) just amounts to Lixy] = [Lx,Ly]. To verify (2.23) and (2.24), it is enough to

consider the double vector space Dy, but there it follows by a routine check from the definitions.

2.10 Quotients of double vector bundles

In [63], a theory of quotients is developed in the category of graded multi-bundles. The key insight is
that quotients are determined not by an action of the sub-object itself, but rather by the action of a
suitable Lie algebra bundle. Double vector bundles are a special case of graded multi-bundles, and so
in this section we review Meinrenken’s quotient construction for DV®Bs (theorem 2.10.1), and we apply
some of the machinery discussed earlier in this chapter to the study of such quotients. Suppose @ is
a sub-DVB of D with the same total base M. As mentioned in section 2.3, @ alone is not enough to
determine a quotient DVAB. To understand the additional structure necessary, for any arbitrary double

vector bundle D, consider the bigraded vector bundle
g=A® Bo E*.

Using the first pairing described in (2.16), we can give g the structure of a bundle of two-step nilpotent
Lie algebras. Specifically, the bracket is defined by

[(@1,b1,21), (@2, b2, £2)] = (0,0, (by,d2) g+ — (b2, @) )

-~

On the other hand, by proposition 2.9.1 we have the isomorphisms I'(A4) = X[_ (D), I'(B) = X0,-11(D),
and I'(E*) = X[_1,_1)(D). These identifications combine to define an action of the bigraded Lie algebra
bundle g on D. To describe the action explicitly, we will use the associated bundle construction. As
usual, let Dy denote a double vector space that will play the role of the generic fibre of D. Then the

vector bundle actions of Ej, .21\0, and By on Dy are described below. For any (a,b,e) € Dy:

1. the formula
e1-(a,b,e) = (a,b,e +¢e1), e2 € E}

defines the core action of Ef on Dy.
2. The formula
(/L, al) : (a7b> 5) = (CL +a1,b,e — ﬂ(b))7 (M’al) € A\O = HOII](BO, Eg) ® Ao

defines the fat bundle action of EO on Dy.
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3. The formula
(v,b1) - (a,b,€) = (a,b+ by, e —v(a)), (v,b1) € By = Hom(Ag, E) & By

defines the fat bundle action of §0 on Dy.

By taking associated bundles, we obtain the core action and fat bundle actions of E*, 21\7 and B on D. Let
us verify that these formulas lead to the correct commutator action. For (u,a1) € Ay and (v,b1) € ﬁo,

we compute

(1, a1) (v, b1) (=p, —a1)(—v, =b1) - (a,b,€) = (p, a1) (v, b1) (=, —a1) - (a,b — b1, € + v(a))
= (p,a1)(v,01) - (@ —ay,b—by,e +v(a) + pu(b) — pu(b1))
= (m,a1) - (@ — a1, b,e + p(b) — p(by) + v(a1))
= (a,b,e +v(a1) — p(b1))

= —((»,b1), (1, 1)) - - (a, b,€)

= [(:U‘val)a (Va bl)} : (a7b7 5)7

as required. Note that this calculation also explains our sign choice in the definition of the fat bundle
actions.

Now let us return to the situation above, with Q C D a sub-D{®8, whose diagram is given by

Q——V (2.25)

| ]

H—M

with core K*, and let g denote the Lie algebra bundle described above for D. Like any DV®B, () comes
equipped with a core action by the vector bundle K*. In addition to @, the extra data that determines
a quotient DYB amounts to a bigraded Lie subalgebra bundle b of g that preserves the core action of

K*. More specifically, let gg+ denote the bundle of abelian ideals that preserve the core E* of D:
gp+ = Hom(B, E*) & Hom(A, E*) & E™.

Then since K C E*, we can consider the subbundle
gx+ = Hom(B, K*) @ Hom(A, K*) ® K*.

The condition on h C g is that
hNge- = gK~.

We make these statements precise in the theorem below.

Theorem 2.10.1 (DB quotients). [63] Let Q be a sub-DVB of D with diagram (2.25). Then surjective
DVB morphisms with domain D and kernel @ are in bijective correspondence with pairs of subbundles
H C AandV - B such that:

1. the map A — A restricts to a surjection H — H with kernel Hom(B, K*), and
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2. the map B — B restricts to a surjection V — V with kernel Hom(A, K*).

The image of such a DVB morphism is given by the quotient of D by the action of the Lie subalgebra
bundle
h=HaVaokK.

Proof. First choose any two splittings of D and (. In terms of these splittings, the inclusion map
ig: @ < D takes the form (h,v,k) — (h,v,k + w(h,v)) for some w € Hom(A ® B,C). Using corollary
2.5.2, we may arrange that w = 0. We will therefore assume that D = A x; B xp; E* and that
Q = H xpV xp K*. If we suppose that such bundles Hand V exist, then the quotient of A x ; B x 3y E*
by the action of b is simply

D/by=A/H xp B)V xp E¥/K*,

which is a decomposed D{B and comes along with an obvious quotient map.

Now suppose there exists a double vector bundle D/Q and a surjective D{B morphism 7: D — D/Q
with kernel @ (the notation D/@Q is meant to be merely suggestive). We define HCAandV C B
to be the subbundles whose action on D preserves the fibres of w. Analogous to above, a suitable
choice of splittings ensures that 7 takes the form m(a,b,e) = (m1(a), 72(b), 73(¢)), and the subgroup of
A= Hom(B, E*) @ A that preserves the fibres of 7w consists of those (h, u) for which

(m1(a) + w1 (h), m2(b), m3(e) — ms(u(b))) = m(a + h,b,e — p(b)) = m(a,b,€) = (m1(a), m2(b), w3(c))

for all a € A, b € B, ¢ € E*. It follows that w(h) = 0 and w3(u(b)) = 0, hence we find that h € H
and u(b) € K* for all b € B. Thus H = Hom(B, K*) @ H, and a similar argument confirms that
V = Hom(A, K*) & V. To see that D/Q is indeed completely recovered as D /b, note that if

m(a1,b1,c1) = w(asz, b, ca)

then ay —ag € H, by — b € V, and €1 — g9 € K* so that the elements (a1, b1,¢1) and (ag, b, e2) are
related by the action of b. O

Note that the two scalar multiplications on D /b, which we denote by kMY and k9, are defined by
h, v, )
ki ([d]) = [kpd], k2O ((d) = [Kd],

which are easily seen to be well-defined using the definition of the core and fat bundle actions above.

Let us now take a look at a few special cases of this construction.

Ezample 2.10.2. (i) Suppose that @ has a full core, in other words that K* = E*. Then the subbun-
dles H and V must necessarily be the preimages of H and V inside A and B respectively, and so

in this case there is a canonical quotient

D/Q—— BV

|

AJH—— M

with trivial core.
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(ii) On the other side of things, suppose that H = A and V = B. Then the quotient by b eliminates
the side bundles and takes the quotient of E* by K*, producing the total quotient [48, Section
2.5.2]

E*/K* —— M

|

M ——- M.

We will encounter a more specific example of DB quotients in section 3.3.

Remark 2.10.3. Suppose now that @ has only one side bundle in common with D, say V' = B. Then
(@Q — B is a vector subbundle of D — B, and one can take the quotient as vector bundles over B. The
kernel of this quotient map (considered as a surjective DW¥B morphism) would be H xj; K*, giving
V= Hom(H, K*). Thus taking the quotient by this map would result in a DVB with vertical side
bundle equal to B. Note that this differs from any quotient of D by @ as described above, since any

such DVB quotient would have the zero bundle as its vertical side bundle.

There are a few equivalent ways to describe the additional data defining a D3 quotient. First,

observe that the subbundle H C A fits into an exact sequence
0 B*®K*— H—H—0,

and the subbundle V fits into a similar exact sequence. These sequences are examples of DVB sequences,

and so by the results of [13], they correspond to double vector bundles
QH)—V K
K M M

with cores H* and V* respectively. In order to see how these DV ®Bs are related to D and @, start by

UV) ——

5 H 5

7

choosing an extension of the subbundle Q@ — V of D — B to the whole base B. Then the quotient

(D/Q)p (taken as vector bundles over B) becomes a double vector bundle

D/QB —— B

|

A/H— M

with core E*/K*. Cyling once through the triality of this DV® gives the double vector bundle (in the
notation of section 2.6 this would be called (D/Qp)")

Ann(Q)p —— Ann(K™*)

| |

B——M

with core Ann(H). We then recover Q(H) by taking the quotient (as vector bundles over B) of D’
by Ann(Q)p. Similarly, one can produce a double vector bundle Ann(Q)4 and recover (V) as the
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quotient D”/Ann(Q) 4 taken as vector bundles over A. Thus we see that a DVB quotient is equivalent
to a vector bundle quotient of E* together with extensions to a pair of quotients of D’ (as a vector
bundle over B) and D” (as a vector bundle over A). We observe that this alternate viewpoint yields
a natural explanation for the case H = A and V = B having a canonical quotient, since no choices of
extensions are required in this case.

For yet another viewpoint, the extensions @Qp and Q4 of the subbundles @ — V and Q — H
that define the quotients discussed above actually determine @DV ®Bs themselves. Of course, we have the
inclusions @Q C @p,Qa C D, so we see that DVB quotients are equivalent to a choice of intermediate
DVBs

Qs %lf Qa 4{ (2.26)
H—M A—— M,

that lie between @ and D. Let us relate these double vector bundles back to the data of theorem 2.10.1.
If we think of I'(A) as consisting of vector fields of bidegree (—1,0) on D (see proposition 2.9.1), then
F(f[ ) consists of those vector fields on D that are tangent to Qp. Similarly, I‘(‘N/) consists of vector
fields that are tangent to Q4.

In section 2.7 we stressed the importance of DYB sequences (see definition 2.7.2), so let us end our

discussion of quotients with a description of the corresponding sequence.

Proposition 2.10.4. Let Q C D be a sub-DVB, and let h be a Lie subalgebra bundle as in theorem
2.10.1. Then the space of double-linear functions on the quotient D/ can be identified with the collection

of all double-linear functions on D that are h-invariant:

C>(D/Y)) = (C=(D)pap)"-
Moreover, it fits into a commutative diagram with exact rows

0 —— I'(Ann(H)) @ I'(Ann(V)) —— C*(D/h);1,;) — T'(Ann(K*)) —— 0

| I I

0 — 5 T(A) &T(B*) —— C®(D)y) I(E) 0.

Proof. Asin the proof of theorem 2.10.1, we will assume that D = AX ,yBxpE* and Q = HX VX3 K*
so that
D/h=A/H xp B/V xp E*/K*.

As usual, we identify smooth functions on D/h with smooth functions on D that are h-invariant. This
identification is given by C*(D)" — C>(D/h), f + f, where

F([al, [0], [£]) = f(a;b,e).

The inverse assignment is given by C*°(D/h) — C>(D)Y, f — fon, where m: D — D/ is the quotient
map. Both of these assignments preserve the property of being double-linear. Indeed, if f is a double-

linear function on D, then

(f o i) ((al, [b], [€]) = f([tal, [b), [te]) = f(ta, b, te) = tf(a,b,e) = tf([al. [b], [£])
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which shows that f is horizontally linear. To show that it is vertically linear is similar. On the other
hand, if f is a double-linear function on D/b, then

fomorl=forMom=(tf)omr =t(fom)

showing that f o 7 is horizontally linear, and seeing that it is vertically linear is identical. This proves
that C(D/h)1) = (C(D)pn,1))". Now consider the restriction of the map C*(D)q1; — I'(E) to
(C*°(D)[1,1)". We claim that the image of this restriction lies in T'(Ann(K*)). To see this, note that
any b-invariant function is in particular invariant under the core action of K*, so for any £# € K* we

have
£(0,0,4) = £(0,0,0) = 0

by invariance and double-linearity. Thus f
res E*: (C*°(D)(1,17)" — I'(Ann(K*)) is surjective, since for any e € I'(Ann(K*)) the function (a, b, ) —

(0,0,2(e)) is double-linear and h-invariant. This gives a diagram with exact rows

g€ T'(Ann(K™)), as claimed. The corresponding map

0 — ker(res £*) ——— C*(D/b)p,1) — T(Ann(K*)) —— 0

| I I

0 —— I'(A") @I'(B*) —— C*(D) I'(E) 0,

so we are left only with determining the kernel ker(res E*). This kernel consists of all maps of the form
(a,b,€) — a(a)B(b) for some a € T'(A*), 8 € I'(B*) that are h-invariant. But if a nonzero such map is

H -invariant, then for any h € H we have
0 =a(a+h)B(b) = ala)B(b) + a(h)B(b)

for all a € A, b € B, from which we conclude that «a(h) = 0. Similarly, one finds that S(v) = 0 for
all v € V, so we conclude that o € T'(Ann(H)) and 8 € T'(Ann(V)). Conversely, any such function is

clearly h-invariant, so the proof of the proposition is complete. O



Chapter 3

Example: The Double Normal
Bundle

In this section we will study the double normal functor. That is, let (M, Ny, N2) be any triple of
manifolds for which N; and Ny are cleanly intersecting submanifolds of M (see section B.2). Such a
triple will be called a manifold triple, and the double normal functor will associate to (M, N1, Na) a
double vector bundle v(M, N1, Ny) that simultaneously linearizes the directions normal to N; and the
directions normal to Ny. We will present three different constructions of v(M, Ny, N2), mirroring the

case of the classical normal functor.

3.1 First Construction: As the Spectrum of an Algebra

Our main construction of the double normal functor will be analogous to the construction of v(M, N)
as the spectrum of an algebra described in section B.1. Before presenting this construction, it will be
helpful to review some preliminaries on smooth manifolds that arise as the spectra of algebras. Our
discussion of this material follows [31, Section 2], which the reader can consult for more information.
Let A be a commutative algebra over the real numbers, and consider the spectrum of A, defined as the

space of algebra homomorphisms to R:
Spec A = Homapig (A, R).

We first topologize this space by giving it the topology with the fewest open sets for which the evaluation
map ev(a): Spec(A) = R, ev(a)(p) = ¢(a) is continuous for every a € A. Next we define the sheaf 4
to be the smallest subsheaf of the sheaf of continuous real-valued functions on Spec A that includes all

functions of the form

f=glev(ar),...,ev(ag))

for k € N, ay,...,ap € A, and g € C®(R¥). The main result we will need describes when the space
Spec A with the topology above can be made into a smooth manifold with sheaf of smooth functions

given by 87.

Lemma 3.1.1. /81, Lemma 2.4] Let A be a commutative algebra over the real numbers. Then Spec A

29
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is a smooth manifold of dimension n with sheaf of smooth functions given by 87 if and only if for every
point in Spec A there exists an open neighbourhood ) of that point and elements ay,...,a, € A such
that:

1. for every f € $x(Q), there exists some g € C°(R™) with
f=glev(ar),...,ev(ap)).

2. The map
(ev(ay),...,ev(a,)): Q@ = R"

is a homemomorphism onto an open subset of R™.

Of couse, the main point is that if the elements a1, ..., a, € A are as described in the lemma, then
the functions ev(ay),...,ev(a,) act as coordinates for the manifold Spec A.

Now recall that we say a function f € C'°° (M) vanishes to order at least p on a submanifold N if it is
a sum of products of p or more functions on M that all vanish on N. For a manifold triple (M, N1, Na),

consider the bifiltration of the algebra of smooth functions on M:

c>(M) = | 179(M, Ny, Ny), (3.1)

p,q=0

where IP9(M, N1, N2) denotes the set of smooth functions on M that vanish to order at least p on N;
and vanish to order at least ¢ on N». By convention we say that every function on M vanishes to order
at least 0 on any submanifold, so that I?"°(M, Ny, N») consists of all functions on M that vanish to order
at least p on Ny, I%9(M, Ny, Ny) consists of all functions on M that vanish to order at least ¢ on No,
and I%9(M, Ny, Ny) = C>(M). By definition, the associated bigraded algebra of this bifiltration is

A(M, N1, Ny) = @ AP9(M, Ny, Ny), (3.2)

p,q20

where AP9(M, N1, N3) is defined to be
ﬂp’q(M, Nl,NQ) = Ip’q(M, Nl,Ng)/Ip+1’q(M, Nl,NQ) + Ip’q+l(M, N17N2).

From now on we will simply write 4?9 and I?9, leaving the dependence on a manifold triple understood.
Our first definition of the double normal bundle will be as the spectrum of the algebra A. Before making
this definition official, let us prove that the spectrum of A is in fact a smooth manifold. For this, it will be
helpful to examine the degree (0,0) component of A, which is by definition A% = C>°(M)/(I*°+1%1).
If we observe that the ideal I™° + I%! consists precisely of functions that vanish on the intersection
N1 N No, we see that A%C is given by Spec(C*°(N)) = N, where we have introduced the notation
N := N7y N Ns.

Lemma 3.1.2. For a manifold triple (M, Ny, N3), the spectrum of the algebra A (M, N1, Na) is a smooth

manifold with dimension equal to the dimension of M.

Proof. We will use lemma 3.1.1, so we begin by fixing a point ¢ € Spec 4. By restricting ¢ to A%° =
C°(N), we obtain a point p € N for which ¢| 700 is given by evluation at p. Choose a neighbourhood
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U of p and smooth functions x1, ..., %, on M that are local coordinates on U and are adapted to the
manifold triple (M, N1, N3), as in proposition B.2.2. If we define 2 C Spec A to be the open subset of
Spec A consisting of all characters whose restriction to A% is given by evaluation at a point u € U,
then it follows from Taylor’s theorem that the elements [x1],..., [x.,] satisfy property (1) from lemma

3.1.1, where by [x;] we mean the class of x; in the appropriate bihomogeneous component of A:

Al for j=1,... e,

A0 forj=e+1,...,k,
AV for j=k+1,...,¢,
AV for j=04+1,...,m.

Furthermore, the map
(ev([z1]),...,ev([x,m])): Spec A — R® x R™~*

maps © homeomorphically onto R? x W, where W C R™¢ is the range of the coordinates zy41,...,Zm
on NNU. O

Definition 3.1.3 (Double Normal Bundle). Let (M, Ny, N3) be a manifold triple. Then the double
normal bundle of (M, Ny, Ny) is v(M, Ny, No) := Spec(A).

When dealing with coordinates on v(M, N1, No), we will omit the square brackets from our notation,
and simply use
ev(zy),...,ev(zm) (3.3)

from now on. Our next claim is that the double normal bundle v(M, Ny, N3) is in fact a double vector
bundle, whose space of double polynomial functions coincides with A. We split the proof of these facts

across the next two lemmas.

Proposition 3.1.4. Let (M, N1, N3) be a manifold triple. Then the double normal bundle v(M, Ny, N3)

is the total space of a double vector bundle.

Proof. To show that Spec(A) is in fact a double vector bundle, it is enough to produce two commuting

scalar multiplications. For any ¢ € R, consider the map a — ¢ -}, a defined on homogeneous elements by
tpa=tPa, ae€ AP
This map is an algebra endomorphism for any ¢, so it induces a map 7 on the spectrum by dualizing:
Kkl Spec(A) — Spec(A), klp(a) = o(t -1, a).

To see that this map is smooth, let us examine its coordinate representation in the coordinates 3.3. If

k() lies in a neighbourhood on which these coordinates are defined, then for any i = 1,...,m, we have

tev(z;)(¢) i=1,...,e
ev(zi)(¢) i=e+1,...,m.

ev(ai) o Kl () =

Therefore the coordinate representation of k! simply rescales the first e entries by ¢, which is certainly
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smooth. Note further that when ¢ # 0, the map s is in fact a diffeomorphism. Since k7, = k! o K",

this defines an action of Ry on Spec(A). The base xo(Spec A) consists of characters that vanish on all

elements with p > 0, and hence it is idenified with Spec Z%*. The map Spec A — T Spec A |spec 1005

Qo %(Iﬂ;ﬂpﬂt:o is given in terms of the coordinates ev(z1),...,ev(z,,) by
0 ev(1)(%)
ev(z1)(p) ' '
S N AR
ev(Ter1)(p
ev(zm)(p) .
ev(@m)(p) 0

which is clearly injective. Thus H? is a scalar multiplication on Spec A with base Spec A%*. Using the
map a — s -, a defined by

swa=38la, aecAP?

for any s € R, one similarly obtains a scalar multiplication k¥ on Spec A with base Spec(A*Y). Since

kI and KV clearly commute, we conclude that Spec(A) is a double vector bundle. O

The proof of proposition 3.1.4 shows that the side bundles of v(M, N1, N3) are given by Spec(A*°)
and Spec(A%*®). Our first task will be to describe these side bundles in more conventional terms. First
consider the horizontal side bundle Spec(.A"*), with scalar multiplication given by restriction of the map
kP defined above. The base of this bundle is Spec(A%?) = N. We claim that the only linear functions
on Spec(A%*®) are the maps ev(a) for a € A%!. Before we state this claim precisely, note that each
I is a module over 1%0 = C°°(M), from which it follows that A%! is a C°°(M)-module. But A%! is
annihilated by 110 4 %! and hence A%! is a module over A% = C>°(N).

Lemma 3.1.5. The map A%! — Cm(Spec(ﬂO”)) given by a — ev(a) is an isomorphism of C*°(N)-

modules.

Proof. 1t is clear that the map is an injective C°°(N)-module homomorphism, so we only need to show
that it is surjective. First note that by lemma 3.1.2, it is enough to prove surjectivity for functions f €
C>(Spec(A%*)) of the form f = g(ev(xyy1),...,ev(xy,)) for some g € C°(R™~*), where zp11,...,Tm
are the coordinates as in proposition B.2.2 that do not necessarily vanish on N;. Then linearity of f

means that for all ygy1,...,ymn € R we have

g(tykJrlv s 7ty€7y€+1a te aym) = tg(yk+la v 7ym) (34)

Taking the derivative with respect to ¢ gives

4

Z yiaig(tyk-i-h s 7ty€7 Yet+1y--- ?ym) = g(yk'i‘l? s 7ym)
i=k+1
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By setting ¢t = 0 in the equation above, we see that g is a combination of linear monomials:

4
IWki1s- 2 Um) = D ¥i0ig(0,. ., 0,¥e11, - Ym)-
i=k+1

Since xy11, ..., Ty, all have degree 0, the functions f; := 9;9(0,...,0,ev(xpt1),...,ev(zy)) are all smooth
functions on A%° = N. Moreover, the equation above shows that f = ev(a), where a = Zf:k-s—l fizi,

completing the proof. O

Hence Spec(A%*) is dual to the bundle whose space of sections is given by A%!. Note that I'°
is the vanishing ideal of Ny, I%! is the vanishing ideal of N», and I™! is their intersection. If we let
J C C*(N3) denote the ideal consisting of functions on N; that vanish on N, then since N7 and Ny
intersect cleanly, we a have surjective map I%! — J given by restriction (see corollary B.2.3). The kernel

of this map is the intersection I''!, and thus we have
ﬂo,l — IO,l/(IO,Z + Il,l) o (10,1/11,1) /(10,1/11,1)2 o J/J2 (35)

This shows that the space of sections of ¥(Ny, N)* may be identified with A%! (see section B), and we
conclude that Spec(A%*) = v(Ny, N). A similar discussion shows that the other side bundle Spec(.A*)
is isomorphic to the vector bundle v(Ny, N) — N. Putting everything together, we obtain the following

theorem.

Theorem 3.1.6. Let (M, N1, N3) be a manifold triple. Then the double normal bundle of (M, Ny, N3)
is a double vector bundle
l/(M,Nl,NQ)*)V(NQ,N) (36)

| |

v(Ny,N) —— > N.

Our next goal is to compute the DVB sequence of the double normal bundle. As mentioned in
section 2.7, the DV®B sequence of v(M, N1, Na) encodes the structure of v(M, N1, N3) completely, and
computing it will allow us to connect our construction with the other constructions to be presented
below. To this end, we compute the spaces C[Of’l] (Spec A) and I'(E), where as usual E denotes the dual
bundle to core(Spec(A)). By comparing with lemma 3.1.5, one can identify C; (Spec A).

Lemma 3.1.7. The map A% — C’["l‘?l](Specﬂ) given by a — ev(a) is an isomorphism of C*°(N)-

modules.

Proof. As above, we will show that the map is surjective, and we will take f € Cﬁol](Spec A) to be of
the form f = g(ev(x1),...,ev(z,,)) for some g € C*°(R¥), and with z1,...,z,, adapted corodinates as
in proposition B.2.2. By the argument of lemma 3.1.5, since f is linear in the “p-grading”, g takes the

form

k
g(yla"'vym) = Zyjajg(oﬁ"'voayk-‘rla'"7ym)'
j=1
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Since f is also linear in the “g-grading”, we obtain the following condition on g:
k e
tZyj@jg(O, e 0 Yty Ym) = Ztyjajg(o, e O YRty S B Yot 1y e Ymn)
j=1 j=1
k
=+ Z yjajg(oa s 707tyk+1a oty Yot - ym)
Jj=e+1
for all t. By differentiating this equation with respect to ¢, we get
k e
Z Y5059(0, .., 0, Uity oo, Ym) = Zyjajg(o» s 00ttty Y Yok 1y - Ym)
j=1 j=1

e L
+ Z Z ty_]ylazajg(oy e aoytyk+17 e 7ty€7 Yoy1y .- 7y'rn)'
j=1i=k+1

Since this equation must hold for all y1, ..., ¥y, the quadratic terms on the right hand side must vanish.
So for each ¢ = k+1,...,¢ we have 9;0;9(0,...,0,Yg+1,...,ym) = 0 for each j. But then the terms
0;9(0,...,0,Yk+1,- -, Ym) do not depend on y;, and so if we denote by

fi = 09(0,...,0,ev(zes1), ..., ev(zy)) € CF(N)

we see that f = ev(a), where a = > 7_, fjz; € AL, O

We now turn our attention to the linear functions on the core. Since the core of a double vector

bundle can be thought of as the submanifold on which the two scalar multiplications agree, we have
core(Spec A) = {¢ € Spec A | ¢(a) =0 for all a € APY with p # q}.

By the argument of lemma 3.1.5, we see that the map AL — Cfj(core(Spec A)) given by a — ev(a)
is a surjective homomorphism of C*(N)-modules. However, this time the map is not injective, since
ev(a) =0 if a = ajaq for a; € A0 and ag € A%, Since A is generated by A%0, A0 A% and AN,

it follows that this is exactly the kernel so we have
T(E) = Ab /a0 701,
We have now arrived at the following result.
Theorem 3.1.8. On the level of sections, the DVB sequence of v(M, Ny, Na) is
0— A @ A% - att — att)at’a% —o. (3.7)

Before moving on to alternative constructions of v(M, N1, Na), we will conclude this section with a
simple example. Recall that for a vector bundle V' — M, there is a canonical isomorphism v(V, M) 2 V.
We claim that the situation of applying the double normal functor to a double vector bundle is analogous.

In order to make sense of this statement, we require the following lemma.
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Lemma 3.1.9. The submanifolds A, B of a double vector bundle D intersect cleanly (see B.2 for details

on clean intersections). That is, for any m € M we have
ToM=T,ANT,B.

Proof. For any m € M, we have a decomposition T,,A = T, M @& A,,. On the first component, the

" on the second component. Hence the

scalar multiplication T}, " acts trivially, while it acts simply as &
fixed point set of T, xk" is precisely T,,M. But B is the fixed point set of k", and therefore T}, B is the

fixed point set of Ty, k" (inside T}, D, so we conclude that T;,ANT,,B = T,, M, as claimed. O

Ezample 3.1.10 (Double Vector Bundles). Let (D, A, B) be a double vector bundle with core E*. By
lemma 3.1.9, we may consider the double normal bundle v(D, A, B). We claim that there is a canonical
DYB isomorphism v(D, A, B) = D. To see this, introduce coordinates as in proposition B.2.2. Then by

considering Taylor expansions in these coordinates, one obtains isomorphisms
ﬂl,O ~ B* ﬂO,l o~ A* ﬂl,l/ﬂl,OﬂO,l ~ G

Similar reasoning leads to the identification A ! = (A* ® B*) @ E, which shows that the DV®B sequences
(2.13) and (3.7) agree.

3.2 Second Construction: Iterating the Normal Functor

Our second construction of v(M, Ny, No) will proceed by applying the classical normal functor twice.
First, suppose V' — M is any vector bundle with scalar multiplication by ¢t € R>( denoted by &, and
let W — N be a subbundle along a submanifold N. This means precisely that W is invariant under x;
for all ¢, with ko(W) = N (see [23]). Thus each «; induces a map v(x;): v(V, W) — v(V, W), which we
claim defines a scalar multiplication for the pair (v(V, W),v(M, N)). Indeed, recall that the tangent lift
Tk defines a scalar multiplication on (TM,TN), and so injectivity of the map [X] — & (v(kX))|i=0
follows from the injectivity of the map X + 4 (Tk,X)|;—o and the fact that r; ' (W) = W. We therefore

obtain the following diagram of vector bundles
v(V,W)——W
N.

v(M,N) ——

(3.8)

Since v(k¢) is linear in the structure v(V, W) — W for all ¢, it follows that the square (3.8) is a double
vector bundle. Viewing v(V, W) as a bundle over W, the restriction to the submanifold N is given by

V(V, W) =TV | /TW = (VIx&TM|x)/(W & TN) = V|x /W & v(M, N).

This shows that on the restriction v(V, W)|x, the map v(kg) is simply projection to the second factor,
and that the core of the double vector bundle (3.8) is given by E* = V|y/W.

Now let us return to our manifold triple (M, N1, N3), and consider the vector bundle v(M, N1) — Nj.
Since N7 and Nj intersect cleanly, the bundle v(No, N) — N is actually a subbundle of v (M, N1) — Nj.



CHAPTER 3. EXAMPLE: THE DOUBLE NORMAL BUNDLE 36

While the proof of this fact is straightforward, we include it here to highlight the use of the clean

intersection assumption.

Lemma 3.2.1. Let M be a manifold and let N1 and Ny be cleanly intersecting submanifolds of M.
Then v(Na, N) is a vector subbundle of v(M, Ny).

Proof. Consider the map of pairs ¢: (No, N) < (M, Ny) given by inclusion. Applying the normal functor,
we obtain a map
v(t) : v(No, N) — v(M, Ny).

We claim that this map is injective if and only if N; and Ny intersect cleanly. Indeed, if v € TNa|p,
then v + T'N lies in the kernel of v(¢) precisely when T'w(v) € T'Ny. In other words, we have kerv(1) =
TNy NTNy|n /TN, which is zero exactly if Ny and N intersect cleanly. O

As a result of lemma 3.2.1 and the discussion above we obtain a double vector bundle

v(v(M,N1),v(N2, N)) —— v(Na, N) (3.9)

| |

v(N,N)——— N

with core given by
v(M, N1)|w /v(Na, N) = TM | /(TN: |y +TNo ).

In section 3.4 below, we prove that there is an isomorphism of double vector bundles between (3.6) and
(3.9), and so this process of iterating the classical normal functor provides an alternate description of

the double normal bundle.

3.3 Third Construction: As a Quotient DV 3B

The most straightforward definition of the classical normal bundle is as a quotient of the usual tangent
bundle. Analogously, we can obtain the double normal bundle by starting with the double tangent
bundle TT'M obtained by taking V = TM in example 2.22:

TTM —— TM (3.10)

L

TM — M.

Just like with the usual tangent bundle (see A.2), there are various methods for lifting a smooth
function f € C*°(M) to a smooth function on the double tangent bundle. To describe these lifting

processes, let us first recall an algebraic description of TT M. First, consider the algebra

The (ordinary) tangent bundle TM can be defined as the space of algebra homomorphisms from C'* (M)
to Ali
TM = Homag(C™(M), Aq).
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Here the scalar multiplication x; is defined by k¢(v) = mov, where my: A; — A; is the map ag+ a1 —
ao +taje. Taking this one step further, we obtain the double tangent bundle TT M as a space of algebra
homomorphisms:

TTM = Hompis(C (M), A1 @ Ay).

If we write an arbitrary element of Ay ® As as 3 o, i<y aiszﬁsé, then the two scalar multiplications are

given by k7(v) = voml and k?(v) = v o m?, where m? and m? are the maps

h. Z iJ Z i i
my: Q; j€1€5 tamslaz,

0<i,j<1 0<i,j<1
mY: a; ietel sla; el
s* i,j€1€2 i,j€1€2-

0<i,j<1 0<i4,j<1

Now suppose f € C°(M). Then the action of v € TTM on f can be resolved into component functions
f@D):TTM — R for 0 < i,j <1 as follows:

X(f) = 1OV W) + FHOw)er + FOP @)er + fHD (w)eren.
Furthermore, the function f(*9) is bihomogeneous of bidegree (i, j) since by construction we have
JED (ko) = €760 (W), f0D () = o7 £09) 1)

for all t,s € R. In this way we determine four different procedures for lifting a function f € C°°(M)
to a bihomogeneous function f(*7) € C'> (I'TM)y; ;) on the double tangent bundle T7'M. Furthermore,
using the definition of f(47) we can obtain various results that establish how these lifts behave with

respect to the algebra structure on C*°(M). For example, we have
(fg)(lvl) — f(ovo)g(Ll) + f(lvo)g(ovl) _|_ f(O,l)g(l,O) + f(lvl)g(ovo) (3.11)

For more information on the algebraic approach to tangent functors touched on above, see [37, Chapter
VIII].

Remark 3.3.1. 1. If z1,...,x,, are smooth coordinates on the manifold M, then the functions
xgo,o), R ac,(g’o), xgl’o), ... 7;10%’0), x§0,1)7 ... ,x;‘}”, x§1’1)7 .. ,x%’l) (3.12)

constitute coordinates for the double tangent bundle TTM. Here the (0,0) lifts correspond to
coordinates on the total base M, the (1,0) lifts correspond to fibre coordinates on the vertical
base (similarly the (0, 1) lifts are for the horizontal base), and the (1,1) lifts correspond to fibre

coordinates on the core.

2. The lifting processes described above can also be obtained by iterating the vertical and tangent lift
operations of section A.2. Specifically, any function f € C*°(M) induces (a priori) eight functions
on TTM: first one lifts f to TM by using either a vertical lift (f*) or a tangent lift (fr) then
each of these two functions on T'M can be lifted to TT'M either along the vertical projection or
the horizontal one (in each case, one has again the choice of vertical lift or tangent lift). It turns

out that this only produces four unique functions, and these four functions coincide with the lifts
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described above. For example, f(1:%) can be obtained by first taking the tangent lift f7 € C°°(M),

and then taking the vertical lift along the horizontal projection (or vice versa).

Having established lifting procedures for smooth functions, one can then define the corresponding
lifts X — X®9 for —1 < k,£ < 0 of a vector field X € X(M ) to a vector field X*9 € X(TTM) by
their actions on the generators of S(TTM):

Lo [ = (L f)ETHEH,

Alternatively, as with the function lifts, one could define them by iterating the vertical and tangent lift
operations on vector fields. By the results of section 2.9, the space of sections of the bundle A=TM
is given by X[_1 /(D). It is therefore C°°(M )-generated by vector fields of the forms X(~20 and
FODXEL=D for X € X(M), with the exact sequence

0=T(T"M@TM) = X_19(D) - T(TM) =0

being determined by the prescriptions (%1 @ X — fODX(1L=1 apnd x(-1.0) X
As with any double vector bundle (see lemma 2.1.4), there is a surjective submersion : TTM —
TM xp TM. The preimage of the sub-double vector bundle TNy Xy TNy under this map yields a

sub-DV®B of TT M since 1) is a surjective submersion as well as a DB morphism. We will denote this
preimage by TT (M, N1, Ns), giving a DVB

TT(M,Nl,NQ) 4>TN2|N (313)

| |

TNy|y ——— N.

The core of this DV®B is simply (), and is therefore given by TM|y. Let us briefly describe a
few alternate descriptions of TT (M, N1, N3). In terms of coordinates, if z1,...,x,, are coordinates for
the manifold triple (M, Ny, N2) as in proposition B.2.2, then TT(M, N1, N2) can be described by the
vanishing of some of the associated lifted coordinates 3.12:

xgo,o) L xéo,o) _ xgl,o) L x}gl,o) _ xgo,l) L xgo,l) _ x}(c(i,rll) L xﬁo,l) —0.

Extending this idea, we may describe TT(M, Ny, Ny) by its vanishing ideal. If a function of the form f(%:0)

vanishes on TT (M, N1, N3), then f must vanish everywhere along N so that f € 110+ %!, Meanwhile
if a function f(% vanishes on TT(M, Ny, N»), then its tangent lift fr must vanish on T'Ny|y, which
happens in particular if f € I'"* (and similarly for functions f(®1)). Using the coordinate description
above, we see that these functions are sufficient to generate all functions that vanish on T7T(M, N1, Na),

so the vanishing ideal is generated by the set
{FOV 1 f e+ 19 U {0 | e M u O | fe %)

Our goal is to obtain v(M, Ny, N3) as a quotient of TT(M, N1, N2). To do this, we should find a
suitable Lie algebra of vector fields acting on TT(M, N1, N2), and quotient by the action of this Lie
subalgebra (see section 2.10). We will start by considering the vector fields X € X[_; o)(TTM) that are
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tangent to TT(M, Ny, N»). Note that all vector fields of the form X (=11 are tangent to TT(M, Ny, Ny),

and for the vector fields of the form X (1.9 we have the following lemma.

Lemma 3.3.2. A vector field on TTM of the form X(=10) for X € X(M) is tangent to TT(M, N1, No)
if and only if X|n€ T(TN1|n)-

Proof. A vector field on TTM is tangent to TT (M, N1, N3) precisely when it preserves the vanishing
ideal of TT(M, N1, N5). For degree reasons, X (~19) always annihilates functions of the form f(®% and
fOU Thus X0 is tangent to TT(M, N1, N) if and only if Ly 1.0 f O |rrar N, ny)= 0 for all
f €10 But we have Ly (—1.0 f19 = (Lx )00 50 this is equivalent to the condition Lx f|y= 0 for
all f € I''9) which is in turn equivalent to X |y€ T'(TNy|n). O

Using this lemma, we see that the fat bundle m of TT(M, N1, N2) is generated by vector fields
of the form f19X(1-1 with no conditions on f, X, as well as vector fields of the form X (19 for

X|n€ T(TNy|n), with corresponding exact sequence
0 — T* No| y®TM|x— TNy | — TNy |n— 0.
One has a similar description for the fat bundle m, leading to the Lie algebra bundle
g =TNy|x x TNa|y x T(TM|y).

that acts on TT (M, N1, N3). To determine the quotient, we first take the subbundle H - Ym defined
as
H = (fA0x 1= y(10) | X|ve T(TNy|n+TNao|n), Y |ne T(TN)),

where the angled brackets enclose the generators as a C°°(N)-module. This bundle H fits into an exact
sequence
0 — T*Ny ® (TN1|N+TNs|n) — H — TN — 0.

By choosing VC ZT\TEV similarly, by theorem 2.10.1 we obtain the VB quotient

TT(M,Nl,NQ)/h‘)V(NQ,N) (314)

| |

v(Ny,N)——— % N.

with core TM|n /(T N1|ny+T Na|n), where h = HxV x (T N1|N+TN2|n). This gives our third and final

description of the double normal bundle.

Remark 3.3.3. In section 2.10, we saw that one could also define WV®B quotients using a sub double
vector bundle @ and extensions of @) to intermediate double vector bundles Q)7 and Q5. In this context,
Q@ is the sub DVRB

Q—— TN

|

TN —— N.
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of TT(M, Ny, N3) whose vanishing ideal is generated by
(OO0 OO fON fertt 1MUY | f ety

We can then obtain @Q; from @ by removing the functions of the form f(©1 for f € I from our

generators. In other words, @)1 is the sub DVAB

Ql 4>TN2|N

L

TN —— N.

of TT(M, N1, N3) whose vanishing ideal has
{FO0 A fe 0+ Iy u{fOV | fe ™ u{ftY | fertt)

as a set of generators. Using an argument similar to the proof of lemma 3.3.2, one can prove that H as
defined above consists of those vector fields in X(TT'M)_; ¢ that are tangent to Q1. The description

of Q2 and V is then similar.

3.4 Equivalence of Constructions

We will now prove that the three different constructions described above all yield canonically isomorphic
structures. Our strategy for this will to compute the DV®B sequences associated to the constructions of
sections 3.2 and 3.3, and prove that they are both canonically isomorphic (as D{B sequences) to (3.7).

As mentioned above, our goal in this section is to establish the equivalence of the constructions in
sections 3.1 and 3.2. To avoid overly cumbersome notation, we will denote v(v(M, N1),v(Na, N)) simply

by v ov. We begin by stating the result precisely.

Theorem 3.4.1. Let (M, N1, N2) be a manifold triple. Then there exists a canonical map
I/(M, Nl, NQ) — I/(V(M, Nl), V(NQ, N))

that is a double vector bundle isomorphism between (3.6) and (3.9).

By the results of [13], it is enough to construct the isomorphism on the level of DVB sequences. As
a first step, note that we have already shown that v(Ny, N)* =2 A% and v(No, N)* =2 A1 in section

3.1 (see (3.5)). Thus we start by considering the space Cy’;;(v o v) of double linear functions on v o v.

Lemma 3.4.2. There is an isomorphism of C*°(N)-modules
AN — Chywov).

Proof. Any function in C7y, (vov) is in particular a linear function for the horizontal structure, and is
therefore of the form v(y) for some function ¢ € C*°(v(M, N1)) that vanishes on v(N2, N). Since v(p)
is homogeneous of degree one in the vertical structure as well, it follows that ¢ is homogeneous of degree
1 by functoriality of v. But then ¢ itself is of the form v(¢)) for some ¢ € I*? (see (3.1)). Since v(v))
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vanishes on v(Na, N), v itself must vanish on Ny as well. In other words, we have a surjective map

vih I Ciia(vov)

b = v(v(¥).

There are two ways for v to lie in the kernel of this map: either v(¢)) = 0 or v(¢)) # 0 but v(v(¢)) = 0. In
the former case, the derivatives of 1 in the directions tangent to N; vanish, in which case 1 € I?°. In the
latter case, the derivatives of v(¢) in the directions tangent to v(Na, N) vanish, which implies that the
derivatives of 1 vanish in directions tangent to Ns so that ¢ € I%2. This shows that ker v? = I%! 4 I-2

(the reverse inclusion being clear), which completes the proof. O

Before proceeding to the proof of the theorem, it remains only to understand the space of linear
functions on the core. If, as usual, we denote the core of the double vector bundle v o v by E*, then the

lemma below represents the last piece of the DV B sequence for v o v.

Lemma 3.4.3. There is an isomorphism of C*°(N)-modules
1% — CR3(EY).
Proof. Using standard linear algebra:

Cm(TM|N/(TN1|N+TN2|N)) = F(Ann(TNl\N+TN2|N))
=T(Ann(T N |n)) NT(Ann(T Na|n)),

where Ann denotes an annihilator bundle inside T* M |y. Exterior differentiation gives a natural surjec-
tion

I — T(Ann(TNy | ) NT(Ann(T Na|n)).

The kernel of this map is 119 N 1% N J2, where J C C°°(M) denotes the ideal of functions that
vanish on N. Now since N; and Ny intersect cleanly, it follows that J = I + %! (simply dualize the
definition of clean intersection). Thus the kernel of the map above is

Il,l N (12,0 +Il,0]0,1 _1_1072).

Since 129 C I%0 and 192 C J91 this is just equal to 1%t 4 110701 4 11,2 Moreover, the ideals 12!
and I%? are contained in I7%! (one way to see this is to check the generators of each ideal in the

coordinates of proposition B.2.2), and so in the end the kernel is simply 10791, O

Proof of theorem 3.4.1. By the results of the two lemmas above, the DB sequence of (3.8) is determined
by the sequence of C*°(N) modules below. We note that the injection is given by [f] ® [g] — [fg], and

the surjection is the standard one induced by the inclusion I%! 4 1,2 C 710701,
0— A% - abt - v %t o (3.15)

which we claim agrees with (3.7). To see this, consider the map obtained by the composition of quotient
maps bt — A1t — b1/ 710 7091 Tts kernel consists of all functions f € I'™! that lie in 112 + %1



CHAPTER 3. EXAMPLE: THE DOUBLE NORMAL BUNDLE 42

as well as those functions that lie in 71:97%!. In other words, the kernel is 7?1 4+ 791 71.0 4 1.2 However,

as observed above, there is an inclusion of ideals I'2 + 1% C I1.07%1 and so we get an isomorphism

~

Il,l/[l,OIO,l AN ﬂl,l/ﬂl,o'ﬂo,l.

Since this isomorphism is induced by a composition of quotient maps, it forms a canonical isomorphism
of DVB sequences from (3.15) to (3.7) when the left and middle morphisms are taken to be the identity
maps. O

Next we will use a similar strategy to prove that v(M, Ny, Ny) is canonically isomorphic to the
quotient TT (M, N1, N2)/h described in section 3.3. Fortunately, most of the work done above for the

previous equivalence can be reused here, so we can dive right in to the proof.

Theorem 3.4.4. Let (M, N1, N2) be a manifold triple. Then there exists a canonical map
I/(M, Nl,NQ) — TT(M, Nl,NQ)/b

that is a double vector bundle isomorphism between (3.6) and (3.14).

Proof. By proposition 2.10.4, on the level of sections the DV®B sequence of TT (M, N1, N2)/b is
0= A0 @ A% — C(TT(M, N1, Np))}y ) = AV [ A0 0,

where we have used the facts that ALY = T'(Ann(TN)) C T'(T*N:|y) and A%! = T'(Ann(TN)) C
[(T*Nz|n) (see equation 3.5), and that T'(Ann(T'Ny|xy+TNa|y) =2 AL/ A0 A% (see the proof of
theorem 3.4.1 above). Let us compute the middle term of the sequence above. By the definition of @1,
a function of the form f('1) for f € C°°(M) is H-invariant precisely when f € I''. The same holds
true if we replace H by V or by TN1|ny+TNa|n, so we get a map

M — C®(TT(M, N1, N2)ppp)°
f — f(lﬂl).

This map is surjective, since if g(-OpO:1) ig p-invariant, then g € I'0 since it is H-invariant, h € 19!
since it is YN/—invariant, and it follows that ¢(*? and A()) vanish on TT(M, N1, N3), so the double-linear
functions on TT (M, N1, No) that are h-invariant are all of the form fD | The kernel of this mapconsists
of those functions of the form f(*1) that lie in the vanishing ideal of TT (M, Ny, N5). Consulting the
generators of this ideal and using equation 3.11, we conclude that the kernel is generated by products of
smooth functions on M for which the terms on the right hand side of 3.11 all vanish. Now if fg € I,

there are four possibilities:
ferbt, gertt, fer'Pandger®, ferI® andge 0.

In the first case, the only term on the right hand side of equation 3.11 that does not necessarily vanish
on TT(M, N1, Ns) is FADO.0) In order for this term to be zero, we need g(O’O)|TT(M’N11N2): 0, which
means that g € I + %! and thus fg € I"? + I*!. The second case is similar. For the last case,

the only term that may be nonzero is f(1:9¢(®1)  For this term to vanish, we need either f € I'' or
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g € I™', landing us in one of the first two cases. The second to last case is handled similarly, and so we

conclude that the kernel is given by I':2 + I*!, completing the proof. O

3.5 Lifting Processes for v(M, Ny, Ns)

In section 3.3 we discussed various processes for lifting functions and vector fields on M to the total
space of the double tangent bundle TT'M. In this section, we will adapt these lifts to the setting of the
double normal bundle v(M, N1, No) of a manifold triple (M, N1, Na). First suppose we have a function
f € I™1 and let [f],,, denote its equivalence class in [P9/(IPT14 + [P4F1) This class determines a

function f®9 on v(M, Ny, No) = Spec A by evaluation:

f(p"J):Specﬂ — R
o = o([flp,q)-

Note that by construction, the function f®9 is homogeneous of bidegree (p,q). To lift vector fields,
observe that the space X(M) inherits a bilfiltration from the one on C*°(M) that starts in degree
(-1,-1):
X(M) = U X(ij)(M, N1, Na),
ij>—1

where X € X(; ;)(M, N1, N2) if and only if the associated Lie derivative Lx takes 1”9 to Ipriati - Ag
in the case of C*° (M), we will usually omit from our notation the dependence of the bifiltration on the
manifold triple (M, N1, N2) and simply write X(; ;)(M). As special cases, note that X _1)(M) consists
of vector fields tangent to N1, and similarly X(_; o)(M) consists of vector fields tangent to Ny.

Lemma 3.5.1. Any vector field X € X(; ;)(M) induces a vector field X; ;y on v(M, Ny, Na) that is
bihomogeneous of degree (i,7). That is,

(kP XD = ¢ XD (g2)* X 00 = 1 X0 vt s € R.

Moreover, the assignment X — X(49) is compatible with the Lie bracket of vector fields. Specifically, for
X € X, (M) and Y € Xy, ;,)(M) we have

[X(ilvjl)’ Y(i2,j2)] = [X, Y](i1+i27j1+j2)_

Proof. Any double vector bundle D is completely determined by the bigraded algebra bundle §**(D)
consisting of double polynomial functions on D. In the case of v(M, N1, Na), theorem 3.1.8 implies that
8**(v(M, Ny, N2)) =2 A, so to define a vector field on v(M, N1, N3) it is enough to define a derivation
on A. Given X € X(; j)(M), define X, ;) € X(v(M, N1, No) by

aCX(z}j) ([f]p,q) =[Lx(f)] feIri.

This is well-defined by definition of X(; ;)(M), and the fact that it is a derivation follows from the fact
that X is. The compatibility of the assignment X — X (7 with Lie brackets is due to the equation
I[)Qy] =LxLy —LyLx. O
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The story above transports to the setting of multi-vector fields in a straightforward way. That is,

the spaces X*(M) come equipped with a bifiltration

= |J %, 00,

(n,m)
n,m>—k
and any 7 € .'f?n m)(M) defines a multi-vector field 7(;, ) on v(M, N1, N2) that satisfies

(H?)*ﬂ,(n,m) — tnﬂ,(n,m)’ (Kv)*ﬂ,(n,m) — Smﬂ_(n,m)

S

for all t,s € R. Here %’fn7m)(M) is spanned by those X; A ... A X}, with Xy € X(;, j,)(M) satisfying
i1+ +ip =nand j; + -+ jr = m. The existence of 7(™™) then follows from the lemma above and
the fact that the wedge product of multi-vector fields on a double vector bundle is compatible with the
bihomogeneous grading. Moreover, the assignment 7 — 7("™) is compatible with the Schouten bracket

of multi-vector fields.

Remark 3.5.2. 1. Given a function f € I”? for 0 < p,q < 1, we now have two different lifts: one to the
double tangent bundle TTM, and another to the double normal bundle v(M, Ny, N2). Observe
that we have chosen to use the same notation (9 for both of these operations. This can be
justified by the fact that the lift to the double tangent bundle induces the corresponding lift to the
double normal bundle through the quotient construction described in section 3.3. In any case, we

will rely on context to make it clear which lift we are using.

2. Dual to the discussion of multi-vector fields above, there is a similar theory for differential forms
on M. In particular, Q(M) inherits a bifiltration

QM) = | Quj(M),
,§>0
where €; ;y(M) is spanned by forms df; A... Adf, with fp € IP*% and such that py +---+p, =i
and ¢; + -+ + ¢, = j. Then any form o € Q(; j)(M) induces a form a(*9) on v(M, N1, Ny) that
is bihomogeneous of degree (i, j). By construction, the bifiltrations on C*° (M), X(M) and Q(M)
are compatible with the usual operators of calculus: the exterior derivative, contractions, and Lie

derivatives.

3.6 The Double Deformation Space

Recall that for a manifold pair (M, N), the deformation to the normal cone is a manifold D (M, N)
fibred over R that can be thought of as stretching out the directions normal to IV as t — 0. Specifically,

as a set it is given by
D(M,N)=v(M,N)U (M x R"),

while its smooth structure is determined by the following properties:

1. The map m: @D (M, N) — R that is the zero map on v(M, N) and acts as (m,t) — t on M x R* is

a surjective submersion.
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2. The map v:D(M,N) — M defined to be the composition v(M,N) = N < M for t = 0 and by
(m,t) = m on M x R* is smooth.

3. For any f € C°°(M) such that f|y= 0, the map f given by v(f) on v(M,N) and by f(m,t) =
t=1f(m) on M x R* is smooth.

Put another way, the smooth structure is such that C°° (D (M, N)) is generated by 7 as well as functions

of the form
f(p) (:L’), t= Oa

&f(x), t#0,

where f € C*°(M) is a function that vanishes on N to order p. Here we are using the lifts (B.1) to

f(p)(th) =

the normal bundle, so note that using the language above, we have f(©) = x*f and f(V) = f For more
information on this approach to deformation spaces, see [4] or [33]. As with the normal bundle, the
deformation space @ (M, N) may also be described as the spectrum of a suitable algebra. Specifically,
let £(M, N) denote the algebra consisting of Laurent polynomials

Z apt™"

neZ

whose coefficients are smooth functions a,, € C°°(M) that vanish to order n on N, where by convention
this puts no restrictions on a,, for n < 0. Then Spec(2((M, N)) is a manifold, and moreover it is equal
to D(M, N) (see [31, Section 3]).

We will present an analogous construction in the setting of double structures. Given a manifold triple
(M, Ny, Ns), the double deformation space D (M, Ny, No) will be a manifold fibred over R?, where the
fibre over (0,0) is v(M, Ny, Na), the fibres over 0 x R* are isomorphic to v(M, Ny), the fibres over 0 x R*
are isomorphic to v(M, N3), and the fibres everywhere else are diffeomorphic to M itself. Thus as a set

it is given by
D(M, Ny, No) = v(M, Ny, No) U (v(M,Ny) x R*) U (R* x v(M, Np)) U (M x R* x R),

and we will denote the fibration @ (M, N1, No) — R? by (s,t). To understand the smooth structure
on this space, let us extend some of the lifting processes discussed in section 3.5 above to the set
D (M, N1, N3). Once again we will continue to use the same notation for these lifts even though we have
changed the domain of the lift, and rely on context to distinguish which one we mean. For any smooth
function f € I, we define the function f9 on @(M, Ny, N») by the formulas

[Pz s=t=0,

wfP@)  s=0t#0,
L@ (z) s#£0,t=0,
== /(@) s#0,t #0.

fPD (st ) =

Here we have used to lifting processes related to the usual normal bundle explained in section B.1, for
convenience we recall that f(%) is the pullback along the map v(M,N;) - N; — M, while f denotes
v(f) € C®(v(M, N;)), which is defined whenever f|y,= 0. We also note that (% may alternatively be
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defined as the pullback of f along the map ~y: D (M, N1, No) — M that is built out of the natural maps
’}/S’tZM—>M, VoytIV(M,Nl)—)Nl%M, ’YS,OZV(M,NQ)%NQ‘—)M, ’}/O’OIV(M,Nl,NQ)%N%M,

for s,t # 0. With all of this machinery in place, we now topologize @ (M, N1, N3) by giving it the topology
with the fewest sets for which the functions £ for f € I?9 as well as the map v: D (M, Ny, Ny) — M
and the fibration (s, t) are all continuous. Our first claim is that this topology leads to a smooth structure
on D (M, Ny, N).

Theorem 3.6.1. Given a manifold triple (M, N1, N3), the space D (M, N1, No) is a smooth manifold.

Proof. Choose coordinates x1, ..., &, on M such that (see proposition B.2.2)
le{l‘l:"':xe:()v xe+1:...:xk:0},
NQZ{xlz"':x€:O7 Ik_t,_l:"':xZ:O}'

and let U C M be the open subset on which these coordinates are defined. Then the subset @ (U, N1 N
U,NoNU) =~"1(U) is an open subset of D (M, Ny, Ny) since ~ is continuous, and the functions

wgl’l),... (1 D, Sr?),...,xé’ ) xgill),.. xéo b xg(j_?),...,xgg’o),s,t (3.16)

are all defined on y~!(U). These functions define a map
7~ HU) - R™ x R* x R*

that is continuous, injective, and has open image. Let us use the coordinates z,, to identify U with a
subset of R™ = R™~¢~F=¢ x R¢ x R¥=¢ x R*"%~¢ and to identify v(U, N; N U, N, N U) with NN U x
R® x RF=¢ x R~F=¢ as well as similar identifications for v(M, N;) and v(M, No). Then we can give an

explicit formula for the inverse of the map above:

u, 2,9, 2,0,0) s=0,t=0,
u, ST, Yy, $2, 8,0), s#£0,t=0,
u, z,ty, tz,0,t), s=0,t#0,

(
(u,z,y,2,8,t) — (
(
(u, sz, ty, stz, s, t) s#0,t #0.

To see that this map is continuous, it is enough to check that it’s composition with the fibration (s, ),
the map 7, and the maps f®9 for f e [P (one can even restrict to 0 < p,q < 1) are all continuous,
which can be verified directly. Thus the functions (3.16) give @ (M, Ny, N) the structure of a topological
manifold. In fact, they define a smooth structure on @ (M, N1, Na), which follows from the fact that

T1,...,T, forms a smooth coordinate system since s,t are global coordinates. O

It is worth noting that it follows from the proof of the theorem above that the algebra of smooth
functions C> (D (M, N1, Ny)) is generated by functions of the form f®9 for f € IP9 along with the

maps s,t. Having confirmed that @ (M, N1, N3) is smooth, we now give it a name.

Definition 3.6.2 (Double Deformation Space). Let (M, N1, N2) be a manifold triple. Then the double
deformation space of (M, Ny, N3) is the smooth manifold @D (M, Ny, No).
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In complete analogy with the double normal bundle, the double deformation space admits two alter-
native characterizations, one in terms of iterated functors and another in terms of algebra spectra. First
let us understand the iterated functor approach. Using lemma 3.2.1, we may identify the deformation
space D (N3, N) as a submanifold of the space D (M, N1). We claim that by taking another deformation
space, we end up with the double deformation space. To start with, we observe that the underlying sets
of D(M, N1, Ns3) and D(D (M, N1),D (N2, N)) are equal, which can be seen easily through the following

diagram

@(CD(Ma Nl)vib(N%N))

t=0 t#0
v(D(M, Ny),D(Na, N)) D(M, Ny )
s=0 s#0 s=0 50
v(v(M, Ny), v(Na, N)) v(M,Ny)  v(M,Ny) M

This now gives two smooth structures on the underlying set of @ (M, Ny, N3): the one described
above and another by thinking of it as a (usual) deformation space. In fact, these two structures are the

sale.

Proposition 3.6.3. The smooth structure on D (M, N1, Na) described in theorem 3.6.1 agrees with the
smooth structure on D(D(M, N1),D(Na, N)) coming from the usual deformation to the normal cone

construction.

Proof. The smooth functions on @ (M, Ny, N») are generated by functions of the form f®9) for f € 179,
On the other hand, smooth functions on @ (D (M, Ny), D (N3, N)) are generated by functions of the form
f@ for f € J9, where J denotes the ideal of smooth functions on @ (M, N;) that vanish on @ (Ny, N).
In turn, smooth functions on @ (M, N;) are generated by functions of the form f) for f € I»°. But we
have f(®) € .J precisely when f € I”', and so in order to prove the proposition, it suffices to show that
the functions f(™9 and ()@ for f € I™9 generate the same collection of smooth functions. At all
points = away from the (0,0)-fibre we have equality f®9) (z) = ()@ (z), so we need only consider the
analogous question for the lifts to v(M, Ny, N3) and v(v(M, Ny),v(N2, N). But functions of the form
P9 generate the smooth functions on v(M, N, Ny) while functions of the form (f®)(@ generate the
smooth functions on v(v(M, Ny1),v (N2, N)), and so the result follows from theorem 3.4.1. O

Remark 3.6.4. For some time now, deformation spaces have been a tool used in index theory, see for
example [33]. Recently, in [66], iterated deformations spaces were introduced as a means of generalizing
various index theorems, relating in particular to hypoelliptic pseudo-differential operators. The con-
struction outlined there begins with a manifold M, a submanifold N C M, and another submanifold
V C ©D(M,N). The iterated deformation space is then defined to be D(D(M,N),V). The discus-
sion above shows that our double deformation spaces D (M, N1, N2) provide an alternate description of
these iterated deformation spaces in the setting where the submanifold V' can itself be identified with a

deformation space.
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Each fibre of the double deformation space @ (M, N1, N2) is a smooth manifold that can be defined as
the spectrum of an appropriate algebra. Therefore it is natural to ask whether @ (M, Ny, No) itself can
be described as a spectrum. This is indeed the case, which can be seen using the so-called Rees algebra
of the bifiltration 3.1. More specifically, let ®L(M, N1, N2) denote the algebra consisting of Laurent

polynomials in two variables (or “double Laurent polynomials”) of the form

Z ap.qs P79,

p.q
where ay, 4 are smooth functions on M such that a, , € I”*¢ whenever p,q > 0. As usual, we will omit the
dependence on the manifold triple whenever possible, writing simply ©£. The spectrum of this algebra
comes with a fibration to R?, given by the map

Spec D¢ — R?
@ = ((s), (1))

Note that the fibre over (A, p) is given by the spectrum of the algebra ©£/(t — A, s — u). Let us describe

these fibres in a more tangible way.

Lemma 3.6.5. Let (M, N1, N2) be a manifold triple. As a set, we have Spec DL = D (M, N1, Na), with
the fibration over R? being given by the map ¢ — (o(s), p(t)).

Proof. First we consider the case A = p = 0 by examining the map

DL - A
Zap,qs_pt_q — Z [ap.qlp,q5
P,q P,q=0

where A denotes the algebra (3.2), and [a, 4]p,, denotes the class of a, , in IP4/(IPT149 4 [Pa+1) The
map is clearly surjective, and its kernel consists of all Laurent polynomials spanned by monomials of
the form ap 4s7Pt~7¢ with p,q < 0 as well as those monomials of the form a, ;s7Pt~¢ for which we have
ap,q € 179" with either p’ > p or ¢ > ¢ (or both). Monomials of the former kind clearly lie in (s, t),
as do monomials of the latter kind since then a, 45 Pt~ = (a, 45 7 t79) - s*' ~Pt7 4. Moreover, these
monomials span (s,t), so we have shown that ©£/(s,t) = A, which in turn means that the fibre over
(0,0) is given by Spec A = v(M, N1, Na).
Now suppose that A # 0 but u = 0, and consider the map

DL — L£(M, Ny)
Z ap,qs Pt — Z (Z A_pap7q> 1
P.g a \p

given by evaluation at s = A. Once again, this map is clearly surjective, and we claim its kernel is (s — \).

To see this, we may use “long division” to write any Laurent polynomial as

Z apgs Pt70=(s—N) Z Z Ap—jgN | s7PE7,
P.a

P, \j=>0
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as can be verified by expanding the right hand side. If this Laurent polynomial satisfies Zp’ q Qp A P79 =
0, then by multiplying this equation through by an approrpiate power of A and reindexing if necessary,
we see that only finitely many terms of the form >, ap—j.qN can be nonzero, so the right hand
side of the equation above lies in (s — A). Since the reverse inclusion is obvious, we conclude that
DL/(s — \) = £(M,Ny). Composing with evaluation at t = 0 then tells us that the fibre over (A,0) is
given by the 0-fibre of D (M, Ny), in other words it is v(M, N1). If A = 0 but p # 0, one similarly finds
that the fibre over (A, u) is given by v(M, N3).

Finally, suppose that neither A nor i are equal to zero. Then the isomorphism D£/(s—\) = £(M, Ny)
described above still stands, and so the fibre over (A, u) is equal to the p-fibre of @ (M, N1), in other
words, it is M. O

Recall that the topology on Spec ® £ is the topology with the fewest open sets for which the evaluation
maps are all continuous. Note that in this context, the map 7: Spec £ — Spec C*° (M) is induced by
the inclusion C*°(M) — DL, which is continuous since composing it with any evaluation map on
Spec C*°(M) yields an evaluation map on Spec®£L. Observe that under the fibration described in
lemma 3.6.5, the functions f9 on @ (M, Ny, Ny) for f € IP9 are identified with the evaluation maps
ev(fs™Pt~9). It follows that the two topologies on @ (M, N1, N2) implied by the lemma above coincide.
Moreover, it is straightforwad to prove that Spec©£ is in fact a smooth manifold. Away from the (0, 0)-
fibre, this follows from the fact that Spec £(M, N1), Spec £(M, N»), and Spec C*°(M) are all smooth.
Near the (0, 0)-fibre, one can simply replicate the proof of theorem 3.6.1, replacing the coordinates by

the evaluation functions

ev(zis 1Y), evi(zes T ev(zep s ), L ev(zgs T,

eV($k+1t71), s ,eV(J:etil), ev(xf-‘rl)a s ,eV(ij), 8,1,

which as before are defined on the open set y~1(U), where U C M is an open set on which the coordinates
1,...,T, are defined. As noted above, these coordinates are precisely the same as the coordinates

(3.16), and so we observe the following result.

Proposition 3.6.6. The smooth structure on D (M, N1, Na) described in theorem 3.6.1 agrees with the

smooth structure on Spec ® L coming from the usual manifold structure on spectrums of suitable algebras.



Chapter 4

Weil Algebras

Recall that any vector bundle V' — M may be recovered from its graded algebra §*(V) = C>(V)(q =
L(A*V™) of fiberwise polynomial functions as the set of algebra morphisms (spectrum) V' = Hom, (S (V), R);
the algebra endomorphism given as multiplication by t* on & k(V) corresponds to the scalar multiplica-
tion on V/, its infinitesimal generator is the Euler vector field. In super-geometry, the super-commutative
graded algebra I'(AV™*) is regarded as the algebra of functions on the graded manifold V1], where the
[1] signifies a degree shift.

In a similar way, double vector bundles may be recovered for their bigraded algebra &¢*(D) of
double-polynomial functions, as D = Homais($(D),R). The two scalar multiplications correspond to
the two gradings on §(D). In this section we give a geometric model #/(D) for the bigraded algebra of
double-polynomial functions on the supermanifold D[1,1], obtained by parity change of the two vector
bundle directions. (See [77] for details.)

As we shall see, both (D) and % (D) are generated by double-polynomial functions of bidegree (r, )
with 7, s < 1, modulo a quadratic relation. As pointed out to us by a referee, the existence of this type
of presentation is an instance of a very general construction due to Grabowski-JézZwikowski-Rotkievicz
[25].

Throughout this section, we consider a fixed double vector bundle D over M, with side bundles A, B
and with £ = core(D)*. It will be convenient to regard D as an associated bundle (P x Dg)/Aut(Dy)
with DQ = AO X BO X ES

4.1 Double-Polynomial Functions

A smooth function on a double vector bundle D will be called a (homogeneous) double-polynomial of
bidegree (k, ) if it is homogeneous of degree k for the horizontal scalar multiplication, and of degree ¢ for
the vertical scalar multiplication. The space of such functions is denoted $**(D) = C*®(D)r,g; their
direct sum over all k,¢ > 0 is denoted &(D). In order to avoid confusion in this section, we will denote

the symmetric tensor powers of a vector space by V rather than by S.

Lemma 4.1.1. The space S¥*(D) of double-polynomial functions on D of bidegree (k, ) is the space of
sections of a vector bundle
SHYD) — M.

50
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Proof. We will first construct the space S*(Djy), and appeal to the associated bundle construction to
obtain S**(D). A function f € C°(Dyp) lies in $**(Dg) when

f(ta,b,te) = t* f(a,b,e), f(a,sb,se) = s"f(a,b,e), (4.1)

for all ¢, s € R. Choosing bases of Ag, By, and Ej, we see that $¥:¢(Dg) is spanned by those monomials
of total degree k + ¢ that are of degree no more than k in the Ay and Ej coordinates and of degree no

more than ¢ in the By and Ej coordinates. In other words, we have

S*Dy)= P VA;eVIB;eV'E. (4.2)
i+n=k,j4+n=~L

The action of Aut(Dg) on Dy (see lemma 2.5.1) induces a linear representation of Aut(Dy) on C'*°(Dy)
via @.f = f o, for which the defining equations (4.1) of $*#(D) are clearly equivariant. The vector
bundle S**(D) is then given by S*¢(D) = (P x S¥*(Dy))/Aut(Dy). O

Summing over all bidegrees, we obtain a bundle of bigraded commutative algebras
S(D) = P sH(D).
k.

Moreover, the construction of S(D) is functorial. That is, given a D¢B morphism ¢: D; — Dy with base
map ®: My — My, we get algebra morphisms S()m: S(D2)p(m) — S(D1)m for every m € M, which
induces a comorphism of bigraded algebra bundles S(¢): S(D1) --+ S(D2). On the level of sections, the
map §(D2) — S(Dq) is simply given by the pullback of double polynomial functions along ¢. In the
case that My, = M, with F' = id, the comorphism S(¢) can be seen as an ordinary morphism of algebra
bundles: S(p): S(D2) — S(D1). Applying this functoriality to the D¢®B morphism D — D described
in proposition 2.7.3; we expect to be able to recover the bundle S(D) as a quotient of the bundle S(ﬁ),

which the next proposition confirms.

Proposition 4.1.2. The algebra bundle S(D) is the bundle of bigraded commutative algebras
S(D) = (VA* @ VB* ® VE)/~

where the generators a € A*, 8 € B*, e € E have bidegrees (1,0), (0,1), (1,1), respectively. Here the

kernel of the quotient map is the ideal generated by elements of the form
af — i@(oz & ﬁ)

for (a, B) € A* xp B*.

Proof. We consider the double vector space Dy and we let

S(Do) = VA © VB; © V(A5 © B) © Ey)/~

denote the proposed construction for S(Dyp). Since the DV®B sequence for Dy is canonically split, the
quotient relation ~ allows us to write the generators é = (a ® B,¢) as é = a ® 8 ® (0,¢). Hence S(D)
is generated by A{ in bidegree (1,0), by B in bidegree (0, 1), and by Ey C Eyin bidegree (1, 1), which
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agrees with (4.2). This shows that S(Dy) = S(Dy), and the general result follows by taking associated
bundles. O

By applying a similar construction to the double vector bundles D’ and D" we also have the bigraded
algebra bundles S(D’) — M and S(D”) — M. In the next section, we will anti-symmetrize the
construction of S(D) described in proposition 4.1.2 to obtain Weil algebra bundles W (D), W (D'), and
W (D). Before proceeding to the Weil algebra bundles, however, we record one more fact about double-
polynomial functions. Recall that a vector bundle is completely determined by its space of polynomial

functions. We observe that the situation for double vector bundles is analogous.

Lemma 4.1.3. The double vector bundle D may be recovered from S(D) via
D = Spec(8(D)).

Proof. This follows from example 3.1.10, where it is show that the DB sequences for D and v(D, A, B)
coincide. Since $(D) is generated by T'(4*), I'(B*), and I'(E) with relations defined by the DV®
sequence of D, it follows that (D) = A (D, A, B) (see equation 3.2). This gives

Spec(S(D)) = Spec(A(D, A,B)) =v(D,A,B) 2 D.

4.2 Definition of W (D)

The Weil algebra bundle is obtained from the description of S(D), given in Proposition 4.1.2, by replacing

commutativity with super-commutativity:

Definition 4.2.1. The Weil algebra bundle W (D) is the bundle of bigraded super-commutative algebras
given as

W(D) = (AA* @ AB* @ VE) /~,

where the generators a € A*, § € B*, € € E have bidegrees (1,0), (0,1), (1,1) respectively. Here the
kernel of the quotient map is the ideal generated by elements of the form

af —igla® pB)
with (a, 8) € A* xy B*.

In the definition above, ® denotes the usual tensor product of superalgebras. For z € W»4(D) we
write

lz|=p+q

for the total degree; thus super-commutativity means 2o = (—1)/*1/1*2lz92,. The bigraded algebra of
sections W (D) = T'(W (D)) is called the Weil algebra of D. In super-geometric terms, it is the algebra
of smooth functions on the supermanifold D[1,1]. Similar to the construction of S(D), we claim that

the association D — (D) is functorial.
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Lemma 4.2.2. Given a morphism of double vector bundles ¢: D1 — Da, there exists a morphism of

bigraded super-commutative algebras
W(p):W(Dy) — W(Dy)
making the association D — W(D) a contravariant functor.

Proof. By the results of [13], any DB morphism ¢: D; — D5 induces vector bundle morphisms A5 —
Aj, By — B}, and E, — E, that intertwine the DV® sequences of Dy and D;. Applying the exterior and
symmetric algebra functors appropriately to these maps and passing to the quotient yields a bigraded
algebra morphism W (p): W (Dy) — W(D;1). Every step in this process is functorial (DYVB sequence,

exterior and symmetric algebras, quotient), hence the Weil algebra assignment is as well. O

In terms of bundles, we get a comorphism W (D;) --+ W(D3) that becomes an honest morphism of
bundles of super-commutative algebras W (p): W(Dz) — W (D) in the case that the total bases of D

and Dy are the same and ¢ restricts to the identity there.
The definition gives a number of straightforward properties of W (D):
1. In degree p < 1, ¢ < 1, WP4(D) coincides with S?9(D):

~

wo(D)y=M, W(D)=4*, W*(D)=B*, W"(D)=E.

2. An argument identical to the proof of proposition 4.1.2 shows that the decomposed DV®B given
by A xpr B xp; E* has Weil algebra AA* ® AB* @ VE. Therefore, by functoriality, a choice of
splitting D = A Xy B Xy E* gives an algebra bundle isomorphism

W(D) = NA* @ AB* ® VE.
3. As a particular case of the observation above, we have W (D) = AAj ® AB§ ® VEy. This allows
for an alternative definition of the Weil algebra bundle as W (D) = (P x W (Dy))/Aut(Dy).

Replacing D with D’ and D", we have three bigraded algebra bundles W (D), W (D"), W (D") over M,

where the roles of A, B, and E are cyclically permuted. In particular,
whi(D)y=E, W“(D)=A4, WwW"“(D")=B.
The pairings (2.16) between these bundles extend to

(-, )= WPHD") x 0y WHI(D') — APHITLE®,
(- ) a : WPH(D) x g WHI(D") — APTI1 A", (4.3)
() WP (D) x oy WHY(D) — APTITIB*,

Here (-, ) g+ is the unique extension of the given pairing such that

(@, @) g = —ala), (b, B)p- = B(b)
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for the cases p =0,¢g =1 and p = 1,q = 0, and such that the following bilinearity property holds:

<)\ZL', y>E* = )‘<x7y>E*v <ZL’, y)‘>E* = <x7y>E*>\

for A € AE*, x € W*Y(D"), y € Wh*(D') (with the same base points). The discussion for the pairings

(-,)a, (-,-)p+ is similar. In Section 4.5, we will give geometric interpretations of these pairings.

4.3 Properties of W (D)

In this section we will discuss how the functor D — (D) behaves with respect to some of the operations
between double vector bundles described in chapter 2. All of the following properties are verified by

tracing through the sequence of operations that make up the Weil algebra functor.

1. Core-negation. The description of the Weil algebra bundle for D~ is obtained from that for D
by replacing the sign of the inclusion map iz. That is, W (D™) has the same generators, but the
defining relation becomes a8 = —ig(a ® ). The map on generators o +— «, 3 — B, € — —€
extends to an isomorphism of algebra bundles W (D~) — W (D).

2. Diagonal flip. 1t is clear from the definitions that we have
WP(D) = 1077 (8ip(D))

for any double vector bundle D.

3. Horizontal and vertical duals. By combining the previous two observations and proposition 2.6.1,
we obtain a description of the Weil algebras for the horizontal and vertical duals D* and D" of D.

Specifically we see that
WrADR) = WD), WPA(DY) = (D)

but with the generators in bidegree (1,1) appearing with opposite sign.

4. Direct sums. Given two double vector bundles Dy and D, with total bases M; and Ms, the
bigraded algebra bundle for the product D; x Dy is given by the (graded) tensor product of the
two Weil algebras, thought of as a bundle over My x Ms:

W(Dl X DQ)(mhmz) = W(Dl)ml ® W(DQ)THQ'

Similarly, in the case that M; = M, the Weil algebra of the direct sum D; & D5 is also described
as the graded tensor product of ¥ (D7) and W (D5), this time thought of as a bundle over M:

W(D1 ® D2)m = W(D1)m @ W(D2)m

5. Sub-DVBs and quotients. By functoriality, any sub-D1V®B, Q C D determines a surjective map
W(D) — W(Q). Thus we may recover the Weil algebra of @) as a quotient of the Weil algebra of
D. Specifically, if Q) takes the form (2.25), then W(Q) = W(D)/I, where I is the ideal generated
by T'(Ann(H)) C T(A*), T(Ann(V)) C T(B*), and T'(Ann(K)) C T(E). On the other side of the
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coin, a DVB quotient D/ determines an injection ¥ (D/h) — W (D) that identifies ¥ (D/h) with

the subalgebra of ¥ (D) generated by I'(Ann(H)), I'(Ann(V)), and those elements of I‘(E) that
are invariant under the action of § (see proposition 2.10.4).

4.4 Derivations of W(D)

For a vector bundle V' — M, the graded bundle Der(AV*) of fiberwise superderivations of AV* is the
free AV*-module generated by contractions. Thus

Der(AVF) =AV*QV

as a bundle of graded super-Lie algebras, where the elements 1 ® v have degree —1.

Given a double vector bundle D, we are interested in the structure of the bigraded bundle
Der(W (D)) = @) Der™*(W(D)).

Here Der™*(W (D)) — M is the bundle of fiberwise superderivations of bidegree (r,s) of the algebra
bundle W (D) — M: its space of sections consists of bundle maps d: W (D) — W(D) of bidegree (r, s)
with the superderivation property

S(zy) = 6(x)y + (—1)PIlzs(y)

for homogeneous elements z,y, where |§|=r + s and |z| are the total degrees of § and x. The following
result describes the structure of Der(W (D)) as a W(D)-module and as a bundle of graded Lie algebras.

Theorem 4.4.1. Letm € M anda € Em, be gm, and € € E},. There are unique contraction operators

1 (@) € Der (W (D))pms  t0(b) € Der® Y (W (D)), u(e) € Der V"W (D))
such that

wh(@)v = (a,v) g+,

for all w € WH*(D),p,

(4.4)
v € WD),

commutation relations

~

[0(b), tn(@)] = o((b;@) ), (4.5)

while all other commutations of contractions are zero. The W (D),-module Der(W (D)), is generated
by the three types of contraction operators, subject to the relations

w(iz(B®e)) =mp(B)oule), wligle®a))=—mg(a)oile), a€A;, BEDB,, cckE,,

where mp(B) denotes left multiplication by 8, and mg(«) denotes right multiplication by «.

(4.6)

Proof. For degree reasons, the proposed expressions for the contractions determine the formulas on
generators of W(D),,. Specifically, ¢, (@) is given on generators a € A¥,, € Bf,, e € E,, by

OL’—)O&(G), 5'_)07 e <a7€>B*7
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-~

while ¢, (b) is given by
a0, B B(b), € (€B)ar,

and ((g) is given by
a—0, B0, e— —c(e).

To see that these formulas hence extend to derivations on all of W(D),,,, we need to verify that they are

compatible with the defining relations of the Weil algebra. For j,(a) we have
w(@)(ig(a®P)) = (@ ig(a® f))p- = aa)8 = tn(@)(a)B — awn(@)(B)-

The calculation for ¢, (b) is similar:

() (igla®B)) = (igla® B),b)a- = —aB(b) = 1,(b)(@)8 — av, (b)(B).

For the last alleged derivation, note that if € € im(ig) then e = 0 and so both sides of the desired
relation for ¢(e) are zero. Next we prove the relations (4.5). Since we have shown that ¢y (@), ¢, (?)\)7 and
() extend to derivations, it is enough to check the formula on generators. Note that on the generators

a, 3, both sides of the equation vanish for degree reasons, while for generators €, we have

o~ ~ ~ o~ o~ o~

[0(0), n(@)](€) = o (B)en(@)(€) + en(@)u (b)(€) = (@, €) 5= (D) + (€, b) a+ (a) = —(b, @) - (€) = ¢({b, @) ) (€),

where we have used the identity (2.19). The other two possible commutations result in a derivation of

total degree —3, and therefore vanish identically (see below).

For the final claim, note that the three types of contraction operators define a W(D),,-module
morphism
W (D) @ (A @ By, @ E¥) — Der(W (D)), (4.7)

whose kernel contains elements of the form
1Riz(f®e)—fRe, 1Qigle®a)+a®e (4.8)

with a € A}, B € B}, € € E¥,. We have to show that (4.7) is surjective, with kernel the submodule

m
generated by elements of the form (4.8).

It suffices to prove this for the double vector space Dy = Ay x By x E5. Here W(Dy) is simply
a tensor product AA{ ® AB} ® VEy, and hence Der(W(Dy)) = W(Dy) @ (Ag ® By @ EJ). Since
Ay = Ay @ (Bf ® E§) and By = By @ (E§ ® Af), it is immediate that the module map (4.7) (with
D replaced by Dy) is surjective. Its kernel contains elements of the form (4.8); hence it also contains
the W (Dg)-submodule generated by elements of this form. But this submodule is a complement to the
submodule W (Dg) ® (Ag ® By @ Ef), and is therefore the entire kernel of (4.7). O

In particular, we see that the bundle Der™* (W (D)) is zero if r < —1 or s < —1, while

o~

Der "*(W(D)) = 4, Der® (W (D)) = B, Der V"1 (W(D)) = E*. (4.9)
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Proposition 4.4.2. The horizontal contractions extend to an isomorphism of left AB*-modules
t: WD) = Der 2" (W(D)), x> tp(x) (4.10)

such that
in(2)z = (x,2) g, =€ WD), z€ W*(D). (4.11)

The vertical contractions extend to an isomorphism of left NA*-modules
L WEH(D") = Der 'Y (W(D)), y > 1y(y) (4.12)

given by
w(y)z = —(=1)WHEDERD G gy oy e WH(D"), 2 e WD) (4.13)

Proof. The proposed formulas determine ¢y, (), ¢,(y) on generators. To show that the formula (4.13)
for 1, (y) gives a well-defined AA*-module homomorphism, it suffices to check that the right hand side
is linear in the argument y for the left AA*-module structure and linear in the argument z for the right

AA*-module structure. Indeed, replacing y with ay changes the right hand side to
(,1)\y\(IZI+1)<Z7 ay)a- = (,1)\y| ‘Z‘<z, Y)ara = (fl)(ly\+1)(\2\+1)a<z7 Y) A

Similarly, replacing z with za for o € A* changes the right hand side to
(=)D o ) 4 = (=D El (2] ) 4o = (1) WWFDTHD 0y 4o

as required. The argument for ¢j () is similar. O

Remark 4.4.3. The sign in (4.13) comes from the fact that we are using the left AA*-module structures,
whereas the pairing is bilinear for the right AA*-module structure in the second argument. It is also

worth noting that ¢y, (g) = ¢,(€) = t(¢) for € € E*.

4.5 Linear and core sections of A4D

We have already encountered the linear and core sections of a double vector bundle D over its side
bundles. We shall now consider the generalization to the exterior algebra bundles, and relate it to the
Weil algebra bundles. Throughout, D will denote a double vector bundle with sides A, B and with
core(D) = E*. Given a double vector bundle D, we denote by

AAD — A

its exterior powers as a vector bundle over A. The horizontal scalar multiplications x/': D — D are
vector bundle endomorphisms of D — A, hence they extend to algebra bundle endomorphisms A®k} of

AYD — A. A section 0: A — A"} D is homogeneous of degree k if it satisfies
a(ky () = t* (A"kg)(0(a))

for all £ € R; the space of such sections is denoted T'(A%} D, A) .
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Definition 4.5.1. The spaces of core sections and linear sections of A"y D over A are defined as follows:

Fcore(/\ZDv A) = F(AZ‘D7 A)[_”]7
Flin(A2D7 A) = F(/\ZD’ A>[*n+1]'

The spaces [core (AR D, B) and 'y (ARD, B) are defined similarly.

The core sections I'core (A% D, A) are a super-commutative graded algebra under the wedge product,
and T'in (A% D, A) is a graded module over this algebra. The significance of these spaces is clarified by
the following result.

Proposition 4.5.2. The space T'(ANy D, A) is zero if k < —n, and for k = —n is given by
Ceore (A3 D, A) 2 T'(A"E™). (4.14)
The space of linear sections fits into a short exact sequence
0= T(A"E* ® A*) = T (A% D, A) - T(A"E* @ B) — 0. (4.15)

Proof. Recall that when D is viewed as a vector bundle over A, its restriction to the submanifold M is

the direct sum D = E* @ B. Hence, the restriction of sections to M C A gives a map
I'(AaD,A) - T(N(E"® B)) =T(AE* @ AB).

We claim that the restriction of core sections gives the isomorphism (4.14), while restriction of linear
sections gives a map from 'y, (A% D, A) onto T'(A""1E* ® B), with kernel I'(A"E* ® A*) spanned by
products of core sections with linear functions on the base A. Using the associated bundle construction,
it suffices to prove these claims for the double vector space Dy = Ag x By x Ej. We have

(A4, Do, Ao) = C= (Ao, @ N E; @ A'By).
i+j=n

The elements of AJ Ef ® A" By — M (regarded as constant sections of Ao Dy) are homogeneous of
degree —j. To obtain a section that is homogeneous of degree k, we must multiply by a polynomial on
Ay of degree k + j. Thus,

(A%, Do, Ao)iw) = P N E; @ A" By @ Vi A7
i

where the sum is over all j with 0 < 7 < n and k+ 7 > 0. In particular, this space is zero if k < —n,
and is equal to A"Ej for k = —n. Specializing to k = —n + 1 this shows

Diin (A4, Do, Ag) = (N"Ef @ Af) @ (N 'E§ @ By). (4.16)

Hence, the map Flin(/\zo Dy, Ag) — A""LE} ® By is surjective, with kernel A"E} @ Aj. O

The linear and core sections of Ay D — A are graded subspaces of Weil algebras, as follows.
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Proposition 4.5.3. There is a canonical isomorphism T core (A4 D, A) 2 W*9(D") = T'(A*E*) as graded

algebras, and an isomorphism of graded left modules over this algebra,
Tin(AS D, A) = W*L(D").

Similarly, there is a canonical isomorphism of graded algebras, Tcore(AyD, B) =2 W9*(D') = T'(A*E*)

and an isomorphism of right modules over this algebra,
Tin(A%D, B) = (Wh*(D').

Proof. Tt suffices to prove the claim for the double vector space Dy = Ag x By x Ei. But W*(D{) =
N Es,  WO(Dj) = A®E} as graded algebras. Furthermore, the isomorphism of graded left AEj-

modules
W*H(Dy) = (AEy @ Ag) @ (A 71Ej @ Bo)

is exactly the description of linear sections of A%y Dy, see (4.16). Similarly for
Whe(Dg) = (By ® A°E) @ (Ao @ AT E;).

as graded right AEj;-modules. O

With these identifications, the pairing (-, -) g+: WPL(D") x 5y WH4(D") — APTITLE* (cf. (4.3)) trans-
lates into a I'(AE*)-bilinear pairing

(Vg Tin (AR D, A) x Tin(ASD, B) — T(APTILE*), (4.17)

4.6 Multi-vector Fields on D

The linear and core sections of AgD — A and AgD — B, and their pairings, have a simple interpretation
in terms of the space X°*(D) of multi-vector fields on D. The sections of A" D are identified with n-vector
fields on D that are homogeneous of degree —n with respect to the vertical vector bundle structure (see
section 8.2 for a more detailed discussion of vector fields on the total space of a vector bundle). A similar
description applies to sections of A D. As before, we let X" (D), denote the space of n-vector fields
that are homogeneous of degree k horizontally and of degree [ vertically. This space is trivial if kK < —n
or | < —n, while X" (D), —pn) = T'(A"E™) is identified with [core (A} D, A) and also with I'eore (AR D, B).

Furthermore, we have canonical isomorphisms

in (A D, A) = XP(D); Tin(A%LD, B) =2 X9(D)

1-p,—p]> [~q,1—q]>

obtained by extending the isomorphisms X(D)[—1,_1] = Tcore(D, A) = Teore(D, B), X(D)[=1,0] = Tin(D, B),
and X(D)jg,—1] = I'in(D, A) described in section 2.9. The first isomorphism is compatible with the left
module structure over I'(AE*), the second isomorphism with the right module structure, realized as

wedge product of the corresponding multivector fields from the left or right, respectively.

Proposition 4.6.1. With the above identifications, the pairing (4.17) is given by the Schouten bracket

<x7y>E* = |[‘T’ ]I



CHAPTER 4. WEIL ALGEBRAS 60

for all x € XP(D)j1—p,—p) and y € X9(D)[_g1—q)-

Proof. The Schouten bracket of elements A € X"(D)_p _pn with © € XP(D)y_p _p or with y €
X9(D)[—g,1—q 1s zero, for degree reasons. Hence, the derivation property of the Schouten bracket shows
that [z,y] is ['(AE*)-bilinear, for the left module structure on XP(D)j_, —p and the right module
structure on X9(D)_41-4- The pairing (z,y)r- has the same bilinearity property. It therefore suf-
fices to prove the formula for p,q < 1. If p = ¢ = 1, we are dealing with the pairing of vector fields
X € X(D)jp,—1 = I'(B) and Y € X(D)j—1,0 = I'(A), and the claim was already noted in Section 2.9. If
p=0,g=1wehavez =acT'(4"), y=a¢€ I‘(A\) with the pairing (o, @) g~ = —a(a). After identifica-
tion of @ with a vector field Y € X'(D)[_1,g) and o with a function f € C*(D)jy o, this coincides with
Ly f = —[f,Y], as required. Similarly, for p =1, ¢ = 0 we have z = be I‘(E) and y = § € T'(B*), with
pairing (37 B) a~ = B(b), which, after identification of b with a vector field X € %1(D)[O’,1] and 8 with a
function g € C°°(D)[g,1], coincides with —Lxg = —[X, g]. O



Chapter 5

Poisson Double Vector Bundles

5.1 Reminder on Poisson vector bundles

Given a vector bundle p: V' — M, one knows that the following structures are equivalent:
(i) a linear Poisson structure w on V. — M,

(ii) a degree —1 Poisson bracket {-,-} on the algebra of polynomial functions on V,

)

)
(iii) a Lie algebroid structure on the dual bundle, V* = M,
(iv) a degree —1 Gerstenhaber bracket (Schouten bracket) on T'(AV™),
)

(v) a degree 1 differential dog on I'(AV).

Here (and from now on) we write A = M to indicate a Lie algebroid over M; the notation (which we
learned from [7]) suggests the differentiation of a Lie groupoid G = M when source and target become
‘infinitesimally close’. Let us briefly recall how these equivalences come about. Given a linear Poisson
tensor 7 on V, the corresponding Poisson bracket {-,-} on C°°(V) restricts to a bracket on the space
of polynomial functions on V', and is uniquely determined by this restriction. The Poisson bivector 7
being linear is equivalent to the bracket of linear functions being again linear, thus to {-, -} having degree
—1. Hence, (i)< (ii). The Poisson bracket is in fact already determined by its restriction to linear and
basic functions on V. Using the identification of linear functions with sections o € I'(V*), this gives the

equivalence (ii)<(iii), where the Lie bracket and anchor are expressed by

[01,00] = {o1,02},  p*(Lao)f) = {o:p"(f)}- (5.1)

This Lie algebroid bracket extends to a Schouten bracket on the algebra I'(AV*), with [o,p*f] =
p* (L) f) as the bracket between generators of degrees 1 and 0, hence (iii)<(iv). The Chevalley-
Eilenberg differential dog on I'(AV) is the unique degree 1 derivation such that

wo)deef = Law) (f) (5.2)

for f € C*°(M) and o € I'(V*), and such that

[1(01), [t(02), doEl] = ulo, o2]) (5:3)

61
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for all o1, 09 € T'(V*); one can recover the bracket and anchor from these identities, giving the equivalence
(iil)<(v).

5.2 Results for Poisson double vector bundles

We are interested in the counterparts of these correspondences for double vector bundles. A Poisson
bivector field 7 € X2(D) on a double vector bundle is called double-linear if it is linear for both vector
bundle structures, i.e., homogeneous of bidegree (—1,—1). Following Mackenzie [56], a double vector

bundle with a double-linear Poisson bivector field 7 is called a Poisson double vector bundle.

Theorem 5.2.1. Let D be a double vector bundle with sides A, B and with core(D) = E*. The following

are equivalent.

(i) a double-linear Poisson structure m on D — M,

(#i) a bidegree (—1,—1) Poisson bracket {-,-} on the algebra (D) of double polynomials,
(iii) a VB-algebroid structure on D' over B,
(iv) a VB-algebroid structure on D" over A,

(v) a Lie algebroid structure on E, together with representations on A* and B*, and an invariant

bilinear pairing A* Xy B* — R, with certain compatibility conditions (c¢f. Theorem 5.4.3 below),
(vi) a bidegree (—1,—1) Gerstenhaber bracket on the Weil algebra W (D),
(vii) a bidegree (0,1) differential d), on the Weil algebra W(D’),
(viii) a bidegree (1,0) differential d) on the Weil algebra W (D").

Some of these equivalences are already known: Given 7, the corresponding Poisson bracket {-,-} on
C°(D) restricts to the subalgebra §(D) of double-polynomial functions, and is uniquely determined
by this restriction (since the differentials of functions in this subalgebra span the cotangent bundle
everywhere). The bivector 7 being double-linear means precisely that this Poisson bracket has bidegree
(—1,—1), hence (i)« (ii). The equivalence with (iii), (iv) is due to Mackenzie [56] (see also [7]): Regarding
D as a vector bundle over B, and using the nondegenerate pairing D X 5 D’ — R from (2.11), the Poisson
structure 7w determines a Lie algebroid structure D’ = B. The bivector field 7 being linear in the vertical
direction D — A implies that the horizontal scalar multiplication on D’ is by Lie algebroid morphisms,
which shows that D’ is a ¥/B-algebroid. Similarly, from the pairing D” x4 D — R we obtain a /8-
algebroid structure on D” = A. We depict these /B-algebroid structures on D', D" by

D ——E D' —=A (5.4)
N
B——M E——M

where the double arrow indicates Lie algebroid directions. In particular, we see that the bundle E
becomes a Lie algebroid E = M. (The Lie algebroid structures on E coming from the ¢/3B-algebroid
structures on D’, D" coincide; indeed, we will see below that both are induced from a {/B-algebroid
structure £ — M.) The characterizations (v), (vi), (vii) will be consequences of theorems 5.4.3, 5.5.1,

and proposition 5.6.1 below, while (viii) is obtained by applying (vii) to the flip of D.
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5.3 Examples of Poisson double vector bundles

As a preparation for the general situation, let us consider some special cases.

Ezample 5.3.1. Any Poisson vector bundle V' — M can be seen as a Poisson double vector bundle with
zero side bundles, thus A = B = M, E = V*. In this case,

D=V ——M D =V*——V* D'=V*—=——M
M——— M M———- M Vie/———M

Ezample 5.3.2. Suppose D is a Poisson double vector bundle for which the side bundle A is zero. Then

D=BxyE*——B D=BxyFE——EFE D'=Exy B*—M
M——-M B——m—— M Ee———=M

Here D' = B is the action Lie algebroid for a representation of £ = M on B, and the second diagram
describes D" = M as the semi-direct product Lie algebroid for the dual E-representation on B*.

Example 5.3.3. Suppose D is a vacant Poisson double vector bundle, that is, with a zero core:

D=Ax,y B——DB D/:A*X]V[B;)M DN:AXMB*:>A
A— M B——M M—7———M

We claim that double-linear Poisson structures m on D = A X j; B are equivalent to bilinear pairings
(-,-): A* xpr B* — R. To see this, note that the bigraded algebra &(D) is generated by $%9(D) =
C>®(M), $10(D) = T'(A*), and $®1(D) = I'(B*). Given T, it follows for degree reasons that the only
non-trivial Poisson bracket of generators are between a € T'(A*) and 5 € T'(B*); the resulting pairing
(o, B) = {a, B} is C°°(M)-linear by the derivation property. Conversely, given the pairing, we define
a bi-derivation by letting {a, 8} = («, ), and setting all other brackets between generators equal to
zero. This bi-derivation satisfies the Jacobi identity, since triple brackets between generators are always
zero. This proves the claim. The Lie algebroid structure on D’ is that of an action Lie algebroid for the
translation action of A* on B, given by the map I'(A*) — I'(B) = X(B)[-1}, @+ (,-), and similarly
for D”. Since E = 0, we have E = A* ® B*. The sections of this bundle have a Lie bracket, coming

from its identification with double-linear functions on D:

(a1 ® B1, ag ® fo] = {a1f1, aafa} = (a1, f2) aafi — (2, B1) 1 fa;

thus £ becomes a Lie algebroid with zero anchor. Likewise, the Poisson bracket of such functions with
a € T'(A*) or B € T'(B*) defines representations of this Lie algebroid on A*, B*, respectively. Explicitly,

these actions are determined by the formulas

Vaep a2 = —(a2, f1)o1, Va,ep 02 = (a1, 52)61. (5.5)
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Ezample 5.3.4. Suppose that E = M is a Lie algebroid, together with representations VA", V" on
A*, B*, and that (-,-): A* Xy B* — R is a bilinear pairing that is E-invariant in the sense that

(V& a,B) + (a, VE B) = Ly (@, B)

for « € T(A*), B € I'(B*), e € T'(E). Then D = A X B X E* becomes a Poisson double vector

bundle, with the non-zero brackets on generators given as
{O[7ﬁ}: (Ol,ﬁ), {6,04} ZVS*CY, {67/3} :veB*B> {61a62}2[61762]7 {e>f}:£a(e)f7

for f € C®(M) = S8%9(D), a € T(A*) = SYO(D), B € T(B*) = $Y1(D), and e, e1,e5 € T'(E) C SHY(D).
The Jacobi identity and the biderivation property of {-,-} follow from the definition of Lie algebroids

and their representations, together with the invariance of the pairing (-, ).

~

5.4 The Lie algebroid structure on F

In this section, we will concentrate on the characterization (v) of Poisson double vector bundles from
Theorem 5.2.1. Suppose D is a Poisson double vector bundle, with corresponding Poisson bracket {-,-}.
Recall that the algebra (D) = @ $™*(D) is generated by

SYND) =T(E), $"(D)=T(A%), $*(D)=TI(B"), S§*°(D)=C>(M);

we will use these identifications without further comment, and for example think of a@ € T'(4*) as a
function on D. The Poisson bracket gives bilinear maps $”5(D) x 8" (D) — ™' ~Ls+s'=1(D) and

is uniquely determined by the resulting maps on generators,

[ ] $PHD) x SHHD) = SPY(D),  [er, @] = {é1, e}, (
a: YD) x $%%(D) — $%°D), a(e f) ={e f}, (
VA VYD) x $MO(D) —» $MO(D), VA a = {E .}, (
vZ SPYD) x $¥H(D) = s¥N(D),  VE B ={e B}, (
() YD) x SUHD) = $¥U(D),  (a, ) = {a, B} (5.10

(the other brackets between generators are zero, for degree reasons).

Lemma 5.4.1. The formulas (5.6)~(5.10) define a Lie algebroid structure on E, with representations
on A*, B*, and with an invariant bilinear pairing (-,-): A* X B* — R.

Proof. The derivation property of the Poisson bracket shows that (5.7) is C°°(M)-linear in the first
argument and satisfies a Leibniz rule in the second argument; hence that a(e) = a(€,-) comes from a
bundle map a: E — TM. The Jacobi identity for {-,-} implies that (5.6) is a Lie bracket on F(E), and
the derivation property for {-,-} shows that [, ] satisfies the Leibniz rule for the anchor map a, hence
that E is a Lie algebroid. Further applications of the Jacobi identity and derivation property of {-,-}
show that VA", V5" are representations of the Lie algebroid E on A*, B*, and that the pairing (-,-) is

FE-invariant. O
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Remark 5.4.2. The Lie algebroid structure E=M , and its action on A*, B* were first observed by
Gracia-Saz and Mehta, [29, Section 4.3] in terms of the VB-algebroid D’ = B; the pairing (-,-) corre-
sponds to the ‘core-anchor’ map defined in [29]. The relevant formulas are recovered from the correspon-
dence between Poisson vector bundles and Lie algebroid structures, as reviewed in Section 5.1: Using

the identifications I'jy (D', B) = T'(E) and Teore(D’, B) = T'(A*), the Lie bracket [, ]ps is given by the

formulas
e, &]p = {e1.&} =[], [Edp ={6a}=VEa, [o,00p ={o1,02} =0
while the anchor map ap: D’ — TB is described by
L@ f =18} =Lawf, La,,@B=1{68=VE 5,

°CaD/(a)f = {a7f} =0, oCEID/(oz)ﬁ = {aaﬁ} = (aaﬁ)~

(Here f € C*°(M) is viewed as a function on B, via pullback, and 8 € I'(B*) is viewed as a linear
function on B.) In particular, we see that the ¥®B-algebroid D’ = B directly determines the data
(5.6)—(5.10), and Lemma 5.4.1 recovers the ‘side and core representations’ of the ‘fat Lie algebroid E’,
in the terminology of [29, Section 4.3]. Similarly, we can describe the data (5.6)—(5.10) in terms of the
Y B-algebroid structure D" = A.

The Lie algebroid representations of E on A*, B* and the bilinear form satisfy certain compatibility
conditions. Recall from Example 5.3.3 that the pairing (-, ): A* x5 B* — R defines a Lie algebroid
structure on A* ® B*, with zero anchor, and that this Lie algebroid comes with natural representations
on A*, B*. The data for E must ‘extend’ these data for its subbundle ip(A* ® B*):

Theorem 5.4.3. Let D be a double vector bundle. A Lie algebroid structure on the bundle E — M,
together with Lie algebroid representations on A* and B* and an invariant bilinear pairing (-,-): A* X s
B* = R, defines a double-linear Poisson structure on D if and only if the following compatibility condi-

tions are satisfied:

~

(i) The image of iEA:F(A* ® B*) < I'(E) is a Lie algebra ideal (in particular, ig(A* @ B*) is a Lie
subalgebroid of E),

(ii) the E-representations on A*, B* extend those of its Lie subalgebroid iz(A* @ B*),
(iii) the E-representation on i5(A* ® B¥) is the tensor product of those on A*, B*.

Condition (i) determines a Lie algebroid structure on F, in such a way that
05 A*®B* “5 E— E—0
is an exact sequence of Lie algebroids.

Proof. Throughout, we denote by a, oy sections of A*, by 3, 81 sections of B*, and by ¢, e; sections of
E. Suppose first that a double-linear Poisson structure on D is given, determining the Lie algebroid
structure on E, representations on A*, B*, and a pairing (-,-). On the level of sections, the inclusion iz

is just the multiplication map o ® 8 +— «f. Thus the compatibility conditions (i)-(iii) follow from the
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derivation property of the Poisson bracket {-,-}. Indeed, for condition (i) we have

[e,ig(a® B)] = {e af} = {e,a}B + ofe, B} = ip({e, 0} @ B+ a® {e B}),

showing that imiz is an ideal. To establish condition (ii), note that

Visaepor ={af,a1} = —(a1, B)a, Vi (agp)b ={aB, B} = (a,B1)8,

which shows that the representations of £ on A* and B* extend the formulas (5.5). Finally,
[e,igla®pB)={e,ap} ={€ a}B+afe,f} =Vea- -+ a-Vep,

so the representation of E on i 7(A* ® B*) is the tensor product of the representations on A* and B*.
Conversely, suppose (i),(ii),(iii) are satisfied. Recall from Proposition 2.7.3 that D is a sub-double
vector bundle of D = A x 3y B x5y E*. The formulas of Example 5.3.4 (with E replaced by E) define a

double-linear Poisson structure on D. We will show that D is a Poisson submanifold of ZA), and hence is

~

a Poisson double vector bundle. The ideal § C (D) of double-polynomial functions vanishing on D is

generated by functions of the form
af —igla® p) (5.11)

with o € I'(A*), 8 € I'(B*). To show that J is an ideal for the Poisson bracket, it suffices to show that

~

the Poisson bracket of functions (5.11) with any of the generators lies in the ideal. For € € I'(E) we have
{6, af—igla®p)} = (V& a)f—ip(VE a®B)+aVE B—izg(a@ VE B) €, (5.12)
where we used (i) and (iii). For a; € I'(A*) we compute

{ar,aB —igla®B)} = alar, B) + Vit gz =0, (5.13)

where we used (ii). A similar argument applies to generators 8, € I'(B*). Finally, for f € C*(M)

{f,aB —igla®B)} = Lagiz(awp)(f) =0 (5.14)
since ao iz = 0 by (i). O

Remark 5.4.4. Luca Vitagliano has pointed out to us that Theorem 5.4.3 can also be obtained as a

consequence of [20, Theorem 2.33].

Let us note the following consequences of the discussion above:

Proposition 5.4.5. Let D be a Poisson double vector bundle, with side bundles A, B and with E =
core(D)*. Then

1. A xp; B inherits a double-linear Poisson structure, with p: D — A X B a Poisson map.

2. The subbundle core(D) is a Poisson-Dirac submanifold of D: every smooth function on the core

extends to a smooth function on D with Hamiltonian vector field tangent to the core.

3. D=A Xy B Xor B acquires a double-linear Poisson structure, such that D C D is a Poisson

submanifold.
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Proof. For (a), observe that the image of the pullback map ¢*: S(A x; B) — S(D) is the subalgebra
generated by I'(A*),T'(B*); by the bracket relations (5.6)—(5.10) it is a Poisson subalgebra. Part (c)
is contained in the proof of Theorem 5.4.3. For (b), note that it is enough to prove the analogous
statement for D, since D is a Poisson submanifold and core(D) = DN core(ﬁ). But functions on E*
extend canonically to functions on ﬁ, by taking the pullback under D — E*. The vanishing ideal of
E* is generated by T'(A*),T'(B*) C C*°(D), and is preserved under Poisson brackets with pullbacks of

functions on E*. This means that the Hamiltonian vector fields of the latter are tangent to E*. O

5.5 Gerstenhaber brackets

Our next aim is to interpret double-linear Poisson structures on D in terms of a ‘Gerstenhaber’ bracket
on the Weil algebra (D), as in item (vi) of Theorem 5.2.1. We make the following definitions. Let A be
a bigraded commutative superalgebra. A bidegree (—1, —1) Gerstenhaber bracket on A is a bilinear map
[, ]: A x A — A of bidegree (—1, —1), such that A[1, 1] (i.e., the space A with bidegrees shifted down
by (1,1)) becomes a bigraded super-Lie algebra, and for € AP*? the map [z, -] is a superderivation of

bidegree (p — 1,q — 1) of the algebra structure on A: In particular

[z, 9] = —(~=D)F¥ [y, 2], [2,y2] = [z, y]z + (-=1)=¥y[z, ].

From now on, we we will omit the explicit mention of the bidegree (—1,—1), taking the degree shifts
to be understood. (This deviates from the work of Huebschmann [35], where the degree shift is taken
to be (1,0).) Note also that we will reserve the symbol [-,-] for Gerstenhaber brackets on bigraded

superalgebras, to avoid confusion with various other Lie brackets and commutators.

Theorem 5.5.1. A double-linear Poisson structure m on a double vector bundle D is equivalent to a
Gerstenhaber bracket [-,-] on the Weil algebra W (D).

Proof. First we observe that for r, s < 1, the spaces #/"™*(D) coincide with $™*(D):
WhY(D) =T (E), W'(D)=T(4%), W (D) =T(B*), W*(D)=C>(M).

A Gerstenhaber bracket on (D) gives bilinear maps 75(D) x W5 (D) — Wr+r'=Lsts'=1(D) The
following formulas define a Lie algebroid structure on E, together with representations of this Lie alge-

broid on A*, B*, and a bilinear pairing (-, -) between A* and B*:

[gla/e\Q]l = [[gla/e\Q]], La(@) (f) - Ha f]]v (515)
Via=[eal, VEB=[E8] (B =—[x8] (5.16)

To see that this makes D into a Poisson DWV®B, we need to show that these structures satisfy properties
(i)-(iii) of theorem 5.4.3. Note that the formulas above can be obtained from (5.6)—(5.10) by replacing
Poisson brackets with Gerstenhaber brackets, except for an extra minus sign in the last formula. Since
Gerstenhaber brackets and Poisson brackets share similar properties, one can simply reproduce the
argument for the “only if”’ part of theorem 5.4.3, taking care to account for signs. As a reminder,
we note that the compatibility conditions (i)-(iii) follow from the derivation property and the Jacobi
identity for [-,-].
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Conversely, given a double-linear Poisson structure m and the associated data from Theorem 5.4.3, we
obtain a Gerstenhaber bracket as follows. Consider the Poisson double vector bundle D = A x B x ME*
(cf. Example 5.3.4). On the super-commutative algebra W(ZA)), we define a super-biderivation [-, -]
of bidegree (—1,—1), by taking (5.15) and (5.16) to be the nontrivial brackets between generators.
This super-biderivation satisfies the super-Jacobi identity, as one checks on generators. Finally, by
essentially the same argument as for the Poisson bracket on &(D), this Gerstenhaber bracket descends
to W(D) = W(D)/~. In repeating the calculations (5.12) — (5.14), the second equation encounters a
minus sign since [ag, 8] = —(a1, 8) @ in contrast to {a1,af} = (a1, B) ; this is compensated by the

extra sign in the last equation of (5.16). O

5.6 Differentials

Suppose D is a Poisson double vector bundle. The corresponding /B-algebroid structure D’ = B (dual
to the Poisson vector bundle D — B) gives a Chevalley-Eilenberg differential dps on I'(A% D, B). Since
dps commutes with the scalar multiplication xy on D and on B, it restricts to a differential on core
and linear sections of AgD over B. Since dp: is a derivation with respect to the wedge product, we see
that the core sections become a differential graded algebra, and the linear sections a differential graded
module over this differential graded algebra.

On the other hand, recall from Proposition 4.5.3 that the linear and core sections of AgD over B are
identified with 91:*(D’) and 1#%:*(D’), respectively. Hence, a bidegree (0, 1) differential on /(D) again
restricts to differentials on the core and linear sections, making them into differential graded algebras
and differential graded modules, respectively. To prove the characterization of double-linear Poisson
structures on D in terms of differentials on #/(D’), then, it suffices to show that we can reverse these

constructions.

Proposition 5.6.1. Suppose T'core(ARD, B) and Ty (AR D, B) are equipped with differentials d, for
which they are a differential graded algebra and differential graded module respectively. Then there are

unique extensions of d to
1. a bidegree (0, 1) differential d], on the algebra W(D’),
2. a degree 1 differential dp, on the algebra T'(ApD, B),
as superderivations for the algebra structures.

Proof. 1. By definition, W (D) is generated by elements in bidegree (i,7) with 0 < 4,5 < 1. Put
d/x = dx whenever z is one of these generators. To show that this definition extends as a
superderivation , we have to verify that it is compatible with the relations between generators.
The defining relation of #/(D’) (aside from super-commutativity and C°°(M)-linearity) is that
for 8 € I'(B*) = I'in(ALD, B) and € € E* = Ieore(A'BD, B), the linear section i;(8 @ €) of
A= Tiin (AL D, B) coincides with the product Se. Thus, we need that

d(iz(B@e)) = (dB) e — B(de).

But the linear section i 5(f ®¢) is simply the product of the linear function 8 with the core section
¢; hence the desired identity follows from the assumption that linear sections are a differential

graded module over the core sections.
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2. The algebra of sections of AgD over B has a subalgebra

Fpol(/\BDaB): @ F(A%DvB)[—n+m,]

m,n>0

of polynomial sections, in the notation of Section 4.5. It is a super-commutative bigraded algebra,
with bigrading given by m,n, and with the for the Zs-grading given as the mod 2 reduction of
n. It is generated by its components in degree m,n < 1, which coincide with those for W (D’),
and the relations between these generators are the same as for W (D’), with the exception that the
relation 818y = —fF251 for By, 82 € T'(B*) gets replaced with 8182 = B281. The same argument
as for ¥ (D’) shows that d extends to a superderivation dps of T'po1(ApD, B). By [29, Theorem
3.15], the latter determines a Lie algebroid structure on D’ over B, which, in turn, extends the
differential to all sections of AgD over B.

O

Remark 5.6.2. In [29], the double complex I'po1(Ap D, B) is denoted 2°*(D’). As explained there, it may
be regarded as the space of double-polynomial functions on the supermanifold D’[1,0], using a parity
change only in the vertical vector bundle direction. Note also that in the notation of Cabrera-Drummond
[11], Tpo1(AB D, B)i—e) is the space of k-homogeneous cochains for the /B-algebroid D" = B.

5.7 Poisson Structures on Manifold Triples

Recall from chapter 3 that for two cleanly intersecting submanifolds N1, No of M, we have a double
vector bundle v(M, Ny, N3). Moreover, the space of multivector fields X*(M) inherits a bifiltration for
which the bihomogeneous elements lift to multivector fields on v(M, N1, N2) that are bihomogeneous
with respect to the scalar multiplications (see section 3.5). This allows us to furnish examples Poisson
double vector bundles by first starting with a Poisson structure on M that is compatible (in a certain

sense) with the submanifolds Ny, No, which we now show.

Proposition 5.7.1. Let (M,n) be a Poisson manifold, and let N1 and Ny be cleanly intersecting
coisotropic submanifolds of M. Then m induces a double linear Poisson structure 7(%% on the dou-
ble vector bundle v(M, Ny, No).

Proof. Recall that a submanifold N is said to be coisotropic if the vector field Xy := m(f,-) is tangent
to N whenever f € C°°(M) vanishes on N. Hence the fact that N; and Ny are both coisotropic means
precisely that 7 € :{%0.,0)' By lemma 3.5.1, it induces a double linear bivector 7(®:9 on v(M, N1, Ns). To
see that 7(°9) is also Poisson, note that we have

[T([)’O),W(O’O)] _ [ﬂ_’ﬂ](o,o) =0

where we have used lemma 3.5.1 (here [, ] denotes the Schouten bracket of multi-vector fields). O

Double linear Poissons structures are objects that are dual (in a certain sense) to {/B-algebroids,
higher analogs of Lie algebroids that have been given much attention in the literature in recent years
(see for example, [29]). Thus in much the same way that Lie algebroids appear in the study of Poisson
manifolds, one may use the theory of ¥/ B-algebroids developed in this chapter to study situations in
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which multiple coisotropic submanifolds appear. One example of a situation where this arises is in the
coisotropic calculus of Weinstein [78], where the goal is to view coisotropic submanifolds of a product
of Poisson manifolds as generalized morphisms, and determine under what conditions one can take the

composition of two such coisotropic submanifolds.



Chapter 6

Derivations of the Weil Algebras of
Poisson D1V Bs

In the preceeding chapters, we have described numerous derivations on the Weil algebras for Poisson
DVBs and VB-algebroids, including contraction operators, differentials, and Gerstenhaber brackets. In
this chapter, we investigate how all of these operators interact with each other and with the pairings
between the Weil algebras. Throughout, D will denote a Poisson double vector bundle, with side bundles
A, B and with core(D)* = E. Equivalently, the double vector bundles D', D" are {/B-algebroids D’ = B,
D" = A, respectively. In the last chapter, we saw how these structures are equivalent to a Gerstenhaber
bracket [-,-] on W (D), a vertical differential d/, on ¥/(D’), and a horizontal differential d) on ’(D").

6.1 The Differential and Contractions on #/(D’)

~

Recall from section 4.4 that any € € I'(E) defines a contraction operator ¢, (€) of bidegree (0, —1) on
W(D"). We would like to understand what the relationship is between these contraction operators
and the differential dj,. However, we know that the isomorphisms W%*(D’) 2 T'ce(A%LD, B) and
Whe(D') = I'yn (A% D, B) take dj, to the Chevalley-Eilenberg differential dcg of the Lie algebroid D' = B
(see section 5.6). Moreover, any o € I'(D’, B) determines a contraction operator tp/(o) on I'(ApD, B) in
the usual way. Since we know how the operators dcg and ¢ps (o) interact, it will be enough to understand
the relationship between the ¢/ (€) contractions and the tp/ (o) contractions. The following lemma can

be established with a simple check on generators.

~

Lemma 6.1.1. 1. The isomorphism I'(E) = T';,(D’, B) identifies the contraction operators
v (e): wr*(D") — wr*(D")

for p=0,1 with the operator tp/(€) on Teore(ApD, B) (p =0) and on Tyin(ApD,B) (p=1).

2. The isomorphism T'(A*) = Teore (D', B) identifies the contraction operator
Uy (a): W (D) — WO (D)

with the operator tp/(a):Tin(ApD, B) = Leore(ABD, B).

71
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Combining this lemma with the classical results for the Chevalley-Eilenberg differential of a Lie

algebroid, we obtain the following explicit relationships.

Proposition 6.1.2. The derivation d,, satisfies

[t (1), [y, (€2), 3] = i ([ex, e2]), (6.1)
[1,(@), [¢ (@), dy]) = =4, (V2 ), (6.2)
[L;(al)v [L;(OQ)v d;]] =0, (6'3)

~

foreer,en €eT(E), a,a1,ay € T'(A*). Furthermore,

n@d,f = Lugf, 1@d,8=VEB (6.4)
v()d,f=0, (a)d,p=—(a,p), (6.5)

~

foralle e T(E), a e T(A*), f e C>®(M), BT (B*).

Proof. Since (6.1)—(6.3) are equalities of derivations, it suffices to check on W%*(D’),1##1:*(D’). Since

!,d! to the contractions

the identifications of these spaces with core and linear sections of AgpD takes ¢, d,

and Lie algebroid differential of T'(AgpD, B), and since the right hand sides can be expressed in terms
of Lie algebroid brackets (see Remark 5.4.2), the three equalities (6.1)—(6.3) correspond to the formula
(5.3) for the bracket of Lie algebroids. Similarly, (6.4), (6.5) correspond to the formula (5.2) for the
anchor of a Lie algebroid. O

6.2 The Gerstenhaber Bracket and the Differentials

The Gerstenhaber bracket on (D) restricts to a bracket on 1#1:17*(D), making the latter into a graded
Lie algebra with a representation x — [z,-] on W%*(D) = I'(AB*). Likewise, W!**1(D) is a graded
Lie algebra with a representation on #W*°(D) = T'(AA*) by graded superderivations z + [z,-]. The
next proposition gives a way of obtaining these representations through the contraction operators and
the differentials.

Proposition 6.2.1. For x € W1*(D) and y € W%*(D) = T'(AB*) = W*°(D’"),

vy(z)dyy = [2,y]. (6.6)
Similarly, for x € WH*(D) and y € W%*(D) = T'(AB*) = W*9(D’),

v (2)dhy = [z, y]. (6.7)
Proof. For x € WH4(D), both [z,-] and [} (z),d,] define superderivations of degree ¢ — 1 on I'(AB*).
Since ¢/ (z) vanishes on #/*°(D’), Equation (6.6) amounts to the equality of these two superderivations.

It suffices to verify this on generators y of I'(AB*), given by f € C*(M) or g € I'(B*). Furthermore,

since ¢, is a left I'(AB*)-module morphism, we only need to consider the cases that = is a generator of



CHAPTER 6. DERIVATIONS OF THE WEIL ALGEBRAS OF POISSON D{®Bs 73

(1*(D), given by a € T'(A*) or € € T(E). These verifications are as follows, using (6.5):

[[0[, f]] =0= Li}(a)d;)fv [[0[, B]] = _(avﬂ) = L;(a)d;ﬁ,
[6. f] = Loe f = 0, (@), f, [6,8] = VE B =1, (e)d,B.

Equation (6.7) may be proved along similar lines, or obtained from (6.6) by using the flip operation. [

Note that (6.6) can be written in various other ways:
[o,y] = —~(-D)EFIALy, 2) g = —(— 1)1, (dy)e. (6.8)

Another natural thing to ask is what happens when you contract by the bracket of two elements.

This question is answered below.

Proposition 6.2.2. For x1, 1, € W5*(D),

(v (21), [6) (w2), L)) = (=1)214, (1, w2]) (6.9)

For z1,z9 € W*(D),
[t (1), [t (), d3]] = (=D)L ([1, 22]). (6.10)

Proof. Equation (6.9) holds for z; = ¢; € F(E) by (6.1) and for z; =€ € I‘(E), ze =a € I'(A*) b
(6.2). Since both sides change sign by (—1)(#1+D(221+1) ynder interchange of x;, x5, this establishes
the identity for generators. The general case follows by induction: the statement for x1,zo implies that
for 1, Bxs with 8 € T'(B*), as follows:

[, (1), Bl (wa), )] + (1) 21T (d, B) o), (22)]

(=) B (1), [1 (), 3 ]] 4 (= D21 (4 (20)d}, B) 1 (w2)
(=Dl (B, 25]) 4+ (= 1)1 ([, B2)

= (=)= [y, ).

[0 (1), [, (B22), ]

The arguments for d}, ¢}/ (x) are analogous; alternatively, one can use the flip operation. O
For later reference, observe the following consequence of Proposition 6.2.2.
Corollary 6.2.3. For ¢ € WbH*(D"), and z; € W*(D),
(=Dl (@) (x2)dy o = o) ([e1, wa])é — [, 17 (w2) ] + (= 1)1 41172 g, 0y, (1) ).
Proof. The left hand side (—1)#21%/(21)// (x2)d// ¢ may be written as a sum of three terms,
(=)l (), [ef (22), A1) = ofr (n) iy 15 (w2)$ + (=1) 21172005 () dff o (1) .

By Proposition 6.2.2, the first term is ¢}/ ([z1, 22])¢. For the second term, note that ¢}/ (x2)¢ € W%*(D") =
I'(AA*). But on sections of AA*, the composition ¢} (z1) o d}, acts as [x1,-], again using Proposition
6.2.2. Hence, the second term is —[z1, ¢} (x2)¢]. The third term is dealt with similarly. O
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6.3 Interaction Between the Differentials
The differential d/, on #(D’) restricts to a differential on
Whe(D') = Tin(ALD, B) = Tin (A% (D), B).
On the other hand, we also have the horizontal differential on
WD) = Tin(AaD, A) = Tiin (A% (D), A)

coming from the horizontal /B-algebroid structure D” = A under the identification of D with the flip
of the horizontal dual (D")", it is again the restriction of the Chevalley-Eilenberg differential. In other
words, it is the space CEf4(D”) in the notation of [?]. The Lie algebroid differential d on I'(AE*) may be
interpreted as d/, on #W%*(D’) or as d}/ on #W*9(D"), and both #¥*(D’) and W*!(D") are differential
graded modules over this algebra. Understanding the relationship between these various differentials

will pave the way for our study of double Lie algebroids in the next chapter.
Proposition 6.3.1. The AE*-valued pairing (-,-)g= (cf. (4.3)) satisfies

dz,y) g+ = (dhe,y)p- + (=) (@, dy) e,
for all x € WPY(D") and y € WH4(D'). Here |z|=p+ 1.

Before proving the proposition, recall that for any Poisson manifold (Q,7), the Schouten bracket

defines a degree 1 differential on the graded algebra X*(Q) of multi-vector fields on Q:
[r,]: XP(Q) — XPTH(Q).

If @ = V is a Poisson vector bundle, thus 7 is homogeneous of degree —1, then this differential preserves
the graded subalgebra X2 .. (V') of core multi-vector fields, as well as the module X, (V') of linear multi-
vector fields. It is well-known that the identification X2 .. (V) = T'(A®V) intertwines the differential [r, ]

core
with the Lie algebroid differential for V* = M.

Proof of Proposition 6.3.1. As explained in Section 4.6,
XUD)(—gi—q ZWHYD'), XP(D)y—p—p ZWPHD"), X"(D)|—p,—n ZT(A"E*).

By a check on generators, one finds that the differential d/, is realized as —[r, -], while d}/, d are realized
as [r,-]. Furthermore, according to Proposition 4.6.1 the pairing between x € XP(D);1_p _, and y €
X9(D)—g,1—q is expressed in terms of the Schouten bracket as (x,y)g- = [r,y]. The proposition thus

translates into the Jacobi identity
|[7r7|[m,y]|] = Mmm],y]]—f— (_1)‘93'[‘%[7“%“' O

A consequence of Proposition 6.3.1 is the following result about contraction operators.
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Proposition 6.3.2. For x € WP(D"), we have the following equality of superderivations of W (D'),
[, th (2)] = 4, (df). (6.11)
Similarly, for y € WH9(D') we have the equality of superderivations of W (D),
[d7, e ()] = vy (dyy). (6.12)

Proof. Both sides of (6.11) are superderivations of bidegree (—1,p). Hence, they both vanish on
W%*(D’). On sections y € W14(D’), the identity becomes

&g @)y + (1)1, (@) dy = o, (dfe)y.
After expressing the horizontal contractions in terms of the pairing (-, -) g, this identity reads as
d(z, y) e+ + (-1 e, dyy) s = (dfa,y)p-.

which is just the statement of Proposition 6.3.1. Similarly, the two sides of (6.12) are superderivations
of bidegree (¢, —1). Applying both sides to z € (P1(D"), the identity becomes

e (y)e + (D)W () dje = 0 (dy),
which may be written
(—1)(|"’”‘+1)(‘y|+1)d<x,y}E* + (_1)|y\(_1)|w\(\y|+1)<d/}1x7y>E* — (_1)(|w|+1)\y\<x, d y) g-.
After multiplying by the sign (—1){(#+D (%41 this becomes
d(z,y) - — (e, y)p- = (=) Nz, dyy) b

which again is a reformulation of Proposition 6.3.1. O



Chapter 7

Double Lie Algebroids

7.1 Definition and Basic Properties

The concept of a double Lie algebroid was introduced by Mackenzie in [55, 51, 54], as the infinitesimal
counterpart to double Lie groupoids. It is given by a double vector bundle with compatible horizontal
and vertical VB-algebroid structures
D=—=21B (7.1)
A=—=>M
To formulate the compatibility condition, recall that a vertical ¥B-algebroid structure makes D" into a

Poisson double vector bundle; hence D’ becomes a {/B-algebroid horizontally,

D/:>E

||

B——M

Similarly, a horizontal 1/B-algebroid structure on D makes D’ into a double Poisson vector bundle, and

hence D" becomes a VB-algebroid vertically,

D'—— A

|

E—M

The compatibility condition is that the two Lie algebroids D' = E and D" = E, with their natural
duality pairing, form a Lie bialgebroid, as defined by Mackenzie-Xu [57]. In the formulation of Kosmann-
Schwarzbach [39], this means that the Chevalley-Eilenberg differential dog on T'(AgD’, E), defined by
the identification of D’ — E with the dual of the Lie algebroid D" = E, is a derivation of the Schouten
bracket [-, ] for the Lie algebroid D' = E:

deg[M, A2l = [depAr, Xo] + (=)™ 1Ay, depAa, (7.2)

76
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for \; e (AN D' E), i=1,2.

Ezxamples 7.1.1. 1. Mackenzie arrived at the definition of a double Lie algebroid by applying the
Lie functor to an L A-groupoid. For instance, any Poisson Lie groupoid G = M [57], with Lie
algebroid A = M, gives rise to a double Lie algebroid structure on T*A, by applying the Lie
functor to its cotangent Lie algebroid T*G = A*. Similarly, for a double Lie groupoid [5, 51, 54],
applying the Lie functor twice produces a double Lie algebroid.

2. The tangent bundle of a Lie algebroid V = M is a double Lie algebroid [55, Example 4.6]

TV —2=>TM

|

Ve—M

One may regard T'V as being obtained by applying the Lie functor to the L A-groupoid VxV = V
(the pair groupoid of V).

3. Matched pairs of Lie algebroids, due to Lu [49] and Mokri [67], are a generalization of a matched
pair of Lie algebras [60] (also known as double Lie algebras [50] or twilled extensions [40]). Two
Lie algebroids A = M, B = M, with actions of A on B and of B on A, are a matched pair if the
brackets and actions define a Lie algebroid structure on the direct sum A @ B = M. Mackenzie

[55] proved that matched pairs of Lie algebroids are equivalent to vacant double Lie algebroids

D:AXMB:>B

-

A

i.e. such that core(D) = 0.

7.2 Weil Algebra of a Double Lie Algebroid

The following theorem gives equivalent formulations of Mackenzie’s definition of a double Lie algebroid
in terms of the Weil algebras of the three double vector bundles D, D’, D"

Theorem 7.2.1. Let D be a double vector bundle. The following are equivalent:
1. A double Lie algebroid structure on D;

2. a Gerstenhaber bracket on the bigraded superalgebra W(D'), together with a differential d of
bidegree (1,0) that is a derivation of the Gerstenhaber bracket;

3. a Gerstenhaber bracket on the bigraded superalgebra W(D"), together with a differential d]] of
bidegree (0,1) that is a derivation of the Gerstenhaber bracket;

4. commuting differentials dp,,d, on W (D), of bidegrees (1,0) and (0, 1), respectively,

We will break up the proof into several steps. Consider first equivalence (a) < (c).
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Lemma 7.2.2. A double Lie algebroid structure on D is equivalent to a Gerstenhaber bracket on W (D"),
together with a differential A’ of bidegree (0,1) that is a derivation of the Gerstenhaber bracket.

Proof. As discussed in Section 4.5, there are canonical identifications
WO (D") 2 Teore(AL D', E), WH*(D") 2 Tyin(ALD, E).

These spaces generate /(D) as an algebra, and also I'(AgD’, E) as a module over C*°(M). Further-
more, by definition, the restriction of the Gerstenhaber bracket on #/(D”) to these spaces agrees with
the Lie algebroid bracket for D’ = F, while the differential d!/ coincides with the Chevalley-Eilenberg
differential for D" = E. Hence, d!/ being a derivation of the Gerstenhaber bracket amounts to the

defining compatibility condition of a double Lie algebroid. O

Theorem 5.2.1 shows that for a horizontal VB-algebroid structure D = B on a double vector bundle
D is equivalent to a vertical differential d,, on (D), and also to a horizontal differential d) on #(D’).

By Proposition 6.3.2, these are related by
dyy = d;zya [dva Lh(x)] = Lh( /hx)’ (73)

for all y € T(A®*B*) and all x € *(D’). (The first identity uses that both 19%*(D) and W*°(D’) are
identified with sections of AB*.) On the other hand, using Theorem 5.2.1 again, a vertical {/B-algebroid
structure D = A is equivalent to a horizontal differential d;, on ¥ (D), and also to a Gerstenhaber
bracket [-,-] on W (D). According to Propositions 6.2.1 and 6.2.2, these are related by

(@) dny = [2,9],  [on(er), (@), dnl] = (—1)1*2ln ([e1, 22]), (7.4)

for all y € T(A®*B*) and all z,z1, 22 € W*1(D’). Consider now the situation that both a horizontal and

a vertical VB-algebroid structure are given.

Lemma 7.2.3. Given a horizontal VB-algebroid structure D = B and a vertical VB-algebroid structure

D = A, the super-commutator [dp,d,] satisfies
w(@)[dn, o]y = (=1 (d [, y] — [d2, 9] — (=1) ", djy]) (7.5)
for x € W*Y(D") and y € T(A*B*), as well as
[en (1), [on (2), [dn, du]]) = (=) (d [, 2] = [y, 2] = (<1 [or, djaa]) (7.6
for w1,y € WD),
Proof. The two identities follow from the calculations, using (7.3) and (7.4),

th(2)[dn, doly = th(x)drdy y + eh(2)dydpy
= [z, dyy] + (=1)"/[du, tn(2)]dny — (=1)dyen (2)dny
= [z, djy] + (=1)"n(dy2)dny — (—1)1d} [, y]
= (=) (] [z, 9] - [dz, 9] = (=) [, djy])
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and

u(dy [21, 22]) = [do, en (21, 22])]

D)72ldy, [sn (1), [tn (w2), d]]

DI=Mdy, n(21)], [en (2), dn]) = (=D 1H1720 0 (), ([, e (22)], dl]
+ (=D en (@), [on(w2), [dy, d]]

= (=D o (dfy2), [t (22), dn]] = (1)1 1 (1), [0 (), 22), di]]
+ (=Dl fun (1), [on(22), [, d]]

= un([dzrs @a]) + (1) p ([or, djyza]) + (=1) e (21), [en(2), [do, da]]]

= (
= (

We now have all the tools we need to establish Theorem 7.2.1:

Proof of Theorem 7.2.1. The equivalence (a) < (c) was already established in Lemma 7.2.3. Consider
now the implication (b) = (d). Using (7.5) and (7.6), we see that if d}, is a derivation of the Gerstenhaber
bracket, then

(@) [dp, do]y =0, [ta(z1), [en(22), [da, do]]] = 0

for all z, 71,29 € W*H(D') and y € T'(A*B*) = *9(D’). The first equation shows that [dp,d,]y = 0,
so that [dj,d,] vanishes on 1#*9(D’). Using the second equation, and induction on ¢, it then follows
that [dp, d,] vanishes on all (#/*:9(D"), hence that dj, d, super-commute. For the reverse implication (d)
= (b), suppose [dp,d,] = 0. Equations (7.5) and (7.6) tell us that

dy[z,y] — [dha, ] — (D)1 a, djpy] =0,  dj,[z1, 2] — [djar,22] — (=)™ [y, djaa] = 0

for all z,z1, 29 € W*H(D') and y € W*(D’). This means that dj, acts as a derivation of the Gersten-
haber bracket on generators, and hence in general. We have thus shown (b) < (d). The equivalence (c)

< (d) follows by applying a flip, which interchanges the horizontal and vertical structures. O

7.3 The Core of a Double Lie Algebroid

It was pointed out in [55, Section 4] that for any double Lie algebroid D, the core E* acquires the
structure of a Lie algebroid. This fact may be seen as a consequence of the fact that the base of any Lie
bialgebroid is Poisson [57, Proposition 3.6]. It may also be obtained using the Weil algebras, as follows.
Recall that #(D’) has a vertical differential and #/(D") a horizontal differential, which are derivations
of the Gerstenhaber brackets on these algebras.

Proposition 7.3.1. The core E* of a double Lie algebroid D has a Lie algebroid structure, with bracket
given in terms of the identification T(AE*) = W*°(D") by

[51552] = [[Ela dgé‘g]], °Ca(a)(f) = Hgadgfﬂ’
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or in terms of the identification T(AE*) = W% (D') by

[51752]] = _[[Eladngﬂ]a GCa(s)(f) = —[[&d;lf]].

Proof. Note that [e1,d)es] = [d//e1, 2], which implies skew-symmetry of the bracket [-,:]. The Jacobi
identity for [-, ] follows from that for the Gerstenhaber bracket:

e1, le2, €3]l = [e1, dy[e2, dyes]] = [e1, [dyea, dyes]]

= [[e1, dyea], dyes] + [dyez, [e1, dyes]] = [le1, e2), €3] + [e2, [e1, 3]
Furthermore, if f € C*° (M),
[e1,d7y(fe2)] = fler, dyea] + [e1,dy flea,

so that L,y (f) = [e,d; f] defines an anchor map for this bracket. The expression of the Lie algebroid

structure in terms of D’ follows from
[dyer, 2] = ej(dyer)dyen = (dyer, djeo) g = ¢ (dje2)dyer = [djea,e1] = —[e1, djea]. O

The Lie algebroid bracket [e1,e2] = [e1,d)/e2] on T'(E*) extends to a Schouten bracket on T'(AE™*),
by
[A1, A2] = [A1,d2Ns].



Chapter 8

Example: Tangent Prolongation of a
Vector Bundle

We will now illustrate the constructions presented in this thesis by taking a close look at the main
example of a double Lie algebroid, the tangent bundle of a Lie algebroid. Since the earlier chapters
require only a double vector bundle (and not a double Lie algebroid), we will start with a vector bundle

V — M. The two D{Bs we will be considering in this chapter are those of example 2.22:

TV ——TM ™V ——V*
V——M V— M.

In this context, we will encounter the jet bundle J'(V) and the Atiyah algebroid At(V') (often denoted
by D(V), or similar). For o € I'(V), we denote by j! (o) € T'(J*(V)) its jet prolongation. As a reminder,
the fibers J(V),, of the jet bundle consist of equivalence classes of sections of V', where two sections are
equivalent if their values at m as well as their derivatives at m coincide. Given a section o, we denote
by j*(0)m its equivalence class, and one obtains the jet prolongation j!(o) € I'(J(V)) by allowing m
to vary. The jet bundle comes with a quotient map J'(V) — V taking sections of the form fj!(o) to

fo; this defines a short exact sequence
0T*MeV 2% J{V) 5V =0 (8.1)

with i1y (df ® o) = j'(fo) — fji(0). On the other hand, the Atiyah algebroid comes with a short
exact sequence _
0= VeV 2 AyV) =5 TM -0 (8.2)

where a is the anchor. We shall find it convenient to use the identification T'(At(V)) = Xyn(V)
(cf. (2.21)) to interpret sections § of the Atiyah algebroid in terms of the corresponding linear vector field
a(6) on V; its restriction to the zero section is a(d). From this perspective, a(ia ) (0 ®T)) = ¢,0%, where
¢, € C>°(V) is the linear function defined by 7 € T'(V*), and o € X(V))_1] denotes the vertical lift of
o € T(V) (see A.2). The representation of At(V) on V is given by the Lie bracket, (Vs0)f = [a(6), o7],

81
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and the dual representation V* on V*, defined as
La@y(T,0) = (1,Vsa) +(V;5T, 0), (8.3)

is realized by the Lie derivative of a(d) on linear functions, ¢ — Ls(5) ¢~

Throughout this chapter we will use several operations that lift geometric objects on V' to objects on
TV and T*V, namely the vertical, tangent, and cotangent lifts of functions, vector fields, and sections.
We have included a review of all of these processes in section A.2. As a quick notation reference, the
superscript § denotes a vertical lift, the subscript 7' denotes a tangent lift, and the subscript 7% denotes

a cotangent lift.

8.1 ®DWVAB Sequences of T'V and T*V

For D =TV we have A=V, B=TM, E =V*. One finds that
A=J V), B=AWV), E=J"(V*). (8.4)

In terms of I‘(//l\) = X(D)[-1,0]» F(E) = X(D)o,~1] F(E) = 0°°(D)[1,1), these identifications are given
by
7o) = (), S a6, jH(r) = (¢r)r.

Using (2.23) and (2.24), we obtain the three inclusions
ig(redf)=iny-dfer), izdfeo)=iny(df®a), iglo®7)="s)(0c®T)
and the three pairings
(6, 51 (0))v = Vs0, (5'(7), 8)v+ = =V51, (j'(0), 5'(T))rens = d(7,0)
foro e T(V), 7 € T(V*), § € ['(At(V)). As a sample computation, note that (2.23) gives

ip(r®@df) = (¢:) fr = (for)r — [*(dr)T,

which lies in C°°(T'V)j 13- This coincides with the image of 4 j1 (v« (df @7) = j*(f7)— fj' (). The exact
sequences (2.13) are just the standard exact sequences for the jet bundles and the Atiyah algebroid.

Remark 8.1.1. The E* = V-valued pairing between A = JYV) and B = At(V) was observed by
Chen-Liu in [12, Section 2].

Let us also note that by Remark 2.7.6, a splitting of D = T'V is equivalent to a splitting of any one
of the exact sequences for J*(V*), JY(V) or At(V); in turn, these are equivalent to a linear connection
on the vector bundle V.

Now let us turn to the cotangent bundle T*V of V. We stress again that we will be using the
notation described in secion A.2, in particular, { , } denotes the canonical Poisson bracket on the
cotangent bundle. For D = T*V, we have that A=V, B=V* E =TM with

A=JYV), B=JYV*), E=At(V).
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In terms of the identifications of their spaces of sections with X(D)[_1,0}, X(D)[o,—1], C°°(D)p,1], these

isomorphisms are given by

jl(g) = {¢aﬁ7'}7 jl(T) = {((b‘r)ﬁ?}’ d ¢5-

Using (2.23) and (2.24), we find that the three pairings are the same as for TV (with the order of
the two entries interchanged), while each of the three inclusion maps changes sign. This is consistent
with T*V = flip(T'V')~, see Proposition 2.8.2. The three exact sequences (2.13) are the standard exact

sequences for the jet bundles and the Atiyah algebroid, up to a sign change of the three inclusion maps.

8.2 The Weil Algebras W (TV) and W (T*V)

Using the DV®B sequences computed above, we now describe the Weil algebras of the tangent and
cotangent prolongations. First consider D =TV, so that A=V, B=TM, C =V*. The Weil algebra
W(TV) is generated by functions f € C*°(M) (bidegree (0,0)) and their de Rham differentials df
(bidegree (0,1)), together with sections 7 € I'(V*) (bidegree (1,0)) and their 1-jets j'(7) € T'(J*(V*))
(bidegree (1,1)), subject to relations of C°°(M)-linearity and the relation that

Tdf =j'(fr) = fi'(7).

Here we used that iz(7 ® df) = i1y« (T ® df). The contraction operators are computed from the

pairings (see the proof of theorem 4.4.1):

w(i'(@):  df =0 T (r,0),  j(1) = —d(r,0),
Ly(0): df = Ly f, T 0, GH(r) = Vi,
t(o): df — 0, 70, jl(T)r—>—<T,0>.

As per section 4.5, W (T'V') may also be described in terms of linear and core multivector fields on
V. The core n-vector fields X7,..(V) = Teore(ALTV,V) are the sections of A"V, regarded as vertical

core

‘fiberwise constant’ multi-vector fields on V:

n
xcore

(V) = D(A"V).

The linear n-vector fields Xj},

(V) =Tin(ALTV, V) may be defined by their property that the evaluation

on linear 1-forms on V is a linear function on V' [24]. The short exact sequence (4.15) specializes to
0=T(A"VRV*) = X8 (V) > T(A" 'V TM) = 0; (8.5)

here the inclusion of T'(A"V ® V*) is as the subspace of linear n-vector fields on V' that are tangent to
the fibers of V' — M. In local vector bundle coordinates, with x; the coordinates on the base and y; the

coordinates on the fiber, the linear n-vector fields on V' are of the form

0

‘ ) 0 9 0
}:J_ ) A A bi gy a— N A A :
ajl'“Jn (CU) Y; ayjl ay]n + Z J1Jn—1 (SU) ayjl ayj,,,_1 &m
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The Schouten bracket of multi-vector fields defines a graded Lie algebra structure on X (V)[1], with a
representation on X2, (V) = I'(A*V). These are the multi-differentials in the work of Iglesias-Ponte,

core

Laurent-Gengoux, and Xu [36].

For the case D = T*V,so that A=V, B=V* C =TM. the Weil algebra ¥ (T*V) is generated
by functions f € C°°(M) (bidegree (0,0)), sections o € I'(V) (bidegree (0,1)), sections 7 € T'(V*)
(bidegree (1,0)), and infinitesimal automorphisms ¢ € I'(At(V')) (bidegree (1,1)), subject to relations of
C°°(M)-linearity and the relation that the product 7o in the Weil algebra, for 7 € T'(V*) and o € T'(V),
equals the section i3(T ® 0) = —irqv)(0 ® 7) = —¢,0F € I'(At(V)). Again, the various contraction

operators may be computed from the pairings.

w(it(e): o0 7= (1,0), 0+ Vso,
Lv(le)Z o —(1,0), 70, 0 — —=V5T,
L(df) o0, 70, 0 —oCa((;)f.

We now relate the Weil algebra #W(T*V) to linear and core differential forms on V. The space
Q0 e(V) = Doore(ALT*V, V) is just Q"(M), viewed as the space of basic n-forms on V' via pullback.

The space
Flin(/\r\ﬁ'T*v, V) = ﬁn(v)

of linear n-forms on V' consists of n-forms o with k}a = ta where x; is scalar multiplication by ¢ on
V. (Note that the homogeneity of n-forms on V relative to pullback k; is not the same as homogeneity
as sections of AT,T*V over V.) In local bundle bundle coordinates, with x; the coordinates on the base
and y; the coordinates on the fiber, the 1-forms dz;, seen as local sections of A}, 7"V, have homogeneity

degree —1 while the dy; have homogeneity 0. A general linear n-form is locally given by an expression
Z (R - (SL’) dag, A---ANdag,_, Ady; + Z bjiy-in (J?)yjdl’il A« ANdzy, .
The short exact sequence (4.15) becomes

0= T(A"T*M @V*) = Q! (V) = T(A"'T*M @ V*) — 0; (8.6)
here the inclusion of T'(A"T*M ® V*) is as the space of linear n-forms on V' that are horizontal for
the projection to M, while the projection to I'(A"~'T*M ® V*) is given by contraction with sections
of V (regarded as the space Xcoro(V) of fiberwise constant vector fields on V). The exact sequence
(8.6) has a canonical splitting [6]: every element of Q7 (V) decomposes uniquely as v + du where
v e D(A"T*M @ V*) and p € T(A"1T*M ® V*). Using the Mackenzie-Xu isomorphism (2.12) we

obtain a similar interpretation

Din (AL TV, V) = QL (V™).
Equation (4.17) defines an Q(M)-bilinear pairing
() rear: QL (V) x Qf, (V) — QPF7H(M), (8.7)
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(using the right Q(M)-module structure in the second argument), given in low degrees by
<¢77 ¢0>T*M =0, <¢'rvd¢a>T*M = _<d¢rv ¢0>T*M = <7—7 U>7 <d¢‘ra d¢cr>T*JVI = d<7—» U>

for e I'(V*), 0 € T'(V) (with ¢, ¢ the corresponding linear functions).

8.3 The Double-Linear Poisson Structure on T*V

The canonical Poisson structure on T*V is compatible with the vector bundle structure on V in the
sense that it determines a double linear Poisson structure *V as a double vector bundle. This in turn
determines a /B-algebroid structure TV = V| and in particular a vertical differential d, on the Weil

algebra W (T'V'). This differential is given on the generators by

do(f) =df, do(df) =0, du(r)=—35"(7), du(j'(r)) =0.

On Wo*(TV) = T'(AT*M), it agrees with the de Rham differential; on Wh*(TV) = Iy, (AvT*V, V) it

is the restriction of the de Rham differential to linear forms. For example, we may verify that
Lw(0)dyT = = V5T = _<j1(7)»6>V* = _Lv((s)jl(T)

as required; similarly ¢, (8)d, f = La@)f = —(df,0)v+ = 1, (d)df.
On the other hand, the Gerstenhaber bracket on #(T*V) is easily obtained from the Poisson bracket
(see the proof of theorem 5.5.1):

[[7—7 Uﬂ = <7_a U)a Héa U]] = V;o, [[57 T]] - VET, [[57 .ﬂ] - °Ca(6)fa [[51;52]] = [51762}

The first equality follows from {7, ¢,:} = —Ly:7 = —(7,0), the second from {¢g(s), ot} = P50 =

P (vs0)ts and so on.

8.4 Application to Lie algebroids

Now suppose that the vector bundle V' — M carries the structure of a Lie algebroid, V = M. Then we
obtain ¥®B-algebroid structures TV = TM and T*V = V*, as well as a Poisson structure on TV*, to
be described below. Let us discuss the resulting structures on the Weil algebras.

The {B-algebroid TV = T'M is the tangent prolongation of the Lie algebroid V' = M [14, 57]: its
anchor is the tangent map to the anchor of V' composed with the canonical involution of TT' M, and the
Lie bracket is such that the tangent lift T'(V, M) — I'(TV,TM), o — To is bracket preserving. The
resulting Lie algebroid structure on A=J L(V) is the jet prolongation of the Lie algebroid; the bracket
is uniquely characterized by [j(o1),j(02)] = 7' ([o1, 02]), and its representations on B = T'M and on
E* =V are given by

Viilot = Loty Vji(oo2 = [o1,02]

for u € QY(M), o,01,00 € T(V). See [15] for a detailed discussion. The invariant bilinear pairing
(-,-): B* xpy E* — R is given by the anchor a:V — TM. The resulting horizontal differential d;, on



CHAPTER 8. EXAMPLE: TANGENT PROLONGATION OF A VECTOR BUNDLE 86

the Weil algebra #(T'V') is uniquely determined by its properties that d; agrees with the Lie algebroid
differential dgp on W*O(TV) = T'(AV*) and satisfies [dy, d,] = 0, where d,, was described above.

Now consider the Weil algebra of (V)" = flip((TV*)~), which by the results above is C*°(M)-
linearly generated by differentials df € T'(T*M) (identified with the tangent lifts fr), sections o € T'(V)
(identified with vertical lifts o¥) and their jets j'(o) € T'(J*(V)) (identified with o7), subject to the
relation j!'(fo) — fj'(c) = df o. It has a horizontal differential, characterized by dj (f) = df, d) (o) =
j1(o), that is a derivation of the Gerstenhaber bracket. To describe the latter, note that the Lie algebroid
structure on V' defines a linear Poisson structure (5.1) on V*; its tangent lift is a double-linear Poisson

structure on TV*. By definition of the tangent lift of Poisson structures,
{(o1)7, (02)7} = [01,02]IT, {(o1)7, (02)0} = [01,02]11,

{or, fo} = (La@) v, {or, fr} = (L) )T, {00, fr} = (La@)f)o

We read off the Gerstenhaber brackets as
[t (01), ' (02)] = i (o1, 02)),  [5' (1), 02] = [o1, 0],

Hjl(o')vﬂ] = OCa\(rr)fv ﬂ]l(()'),df]] = deca(a)fa [[O’,df]] = a(a)f~

Note that dj, is a derivation of the Gerstenhaber bracket, as required.

Finally, the Weil algebra of (TV)"” = flip(T*V)~ = T*V* (using the Mackenzie-Xu isomorphism
(2.12)) is C°°(M)-linearly generated by sections of V, V* At(V), subject to the relation that for
o eI'(V), 7 € I'(V*) the product o7 equals ix¢(vy(0 @ 7). From the Poisson bracket relations between
the corresponding functions ¢ 1, 7, ¢s on T*V, we read off the Gerstenhaber brackets

[61,02] = [01,02], [6,0] = Vso, [6,7] = Vir, [0, f] =Lasf, [o,7] = —(1,0).

On the other hand, the Lie algebroid structure on V determines a {/B-algebroid structure T*V* =
V*, and hence vertical differential d!/. The latter agrees with the Chevalley-Eilenberg differential on
WO (T*V*) = T'(A*V*), while

dJo = —6(0) € T(AL(V))

where 6(0) € I'(At(V)) is the infinitesimal automorphism given in terms of its representation on V' by

Vs(o1)(02) = [o1, 02]. This follows from the formulas of Theorem 6.1.2:

L (G (o)) dyo2 = Vi ()02 = [01,02] = =Vis(0y)01 = =15 (01))8(02).

Finally, for 6 € I'(At(V)) the differential d”/§ € 12((T'V')") is described by the formula
v (71 (01))ey (7 (02))d,6 = Vslo1, 02] = [o1, Vsoa] + [Vsor, o,

which may be deduced from Corollary 6.2.3. One finds that the differential on W (T*V*) = Ty, (A%, (TV*), TM)
coincides with the restriction of the Chevalley-FEilenberg differential of the tangent prolongation TV =
TM. (Recall that the dual of the tangent prolongation is the bundle TV* — T'M.)



Chapter 9

Applications, Connections with
Other Work

In this section, we indicate connections between the results and constructions presented above and

various ideas appearing in the literature.

9.1 Matched Pairs of Lie Algebroids

Consider a matched pair of Lie algebroids A, B, corresponding to a vacant double Lie algebroid D =
A xpr B, as in Example 7.1.1(3). Thus

D=Axy B——B D/:BXA{A*:>M DN:AXMB*g)A
A————M B—m—mM M——M

with corresponding Weil algebra bundles
W(D) =ANA* @ AB*,  W(D")=AB*®@VA, W(D")=AA*"®VB.

The double Lie algebroid structure defines commuting differentials dj, d,, on #/(D). This double complex
was described in the work of Laurent-Gengoux, Stienon and Xu [46, Section 4.2]. Identifying W (D) =
A(A @ B)* (with the total grading), the sum dj + d, is a degree 1 differential, in such a way that the
bundle maps to AA*, AB* give cochain maps on sections. We hence see that A @& B becomes a Lie
algebroid, with A, B as Lie subalgebroids. The Weil algebra ¥/(D’) has a Gerstenhaber bracket [-, -] and
a compatible horizontal differential d},. The restriction of the differential to #¥/*9(D’) = T'(A® B*) gives
the Lie algebroid structure on B, and the restriction to #/*1(D’) = I'(A*~!B*®A) gives the action of this
Lie algebroid on A. On the other hand, the restriction of the Gerstenhaber bracket to WH(D’) = T'(A)
recovers the Lie algebroid bracket of A, and the bracket with elements of 1#1:0(D’) = I'(B*) recovers the
A-action on B*. The fact that the differential dj, on I'(AB* ® A) is a derivation of the (Gerstenhaber)
bracket on this space is thus an equivalent formulation of the compatibility condition. A similar discussion

applies to D"

87
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9.2 Multi-derivations

In [16], motivated by the study of deformations of Lie algebroids, Crainic and Moerdijk associate to
any vector bundle V' — M a graded vector space Der® (V) of multi-derivations of V', equipped with a
Gerstenhaber bracket. Its simplest description is in terms of the isomorphism (see [16, Section 4.9])
Dert (V) 2 X5 (V*),

with bracket the usual Schouten bracket of multivector fields. A Lie algebroid structure on V' defines a
compatible degree 1 differential on this space, given by Schouten bracket [r, -] with the Poisson bivector
field 7 € X% (V*) dual to the Lie algebroid structure. As shown in [16], the Maurer-Cartan elements of
this deformation complex describe the deformations of the Lie algebroid structure. See also the work of
Esposito-Tortorella-Vitagliano [20], where the deformation complex is generalized further to the setting
of VB-algebroids. For any vector bundle V' — M, the cotangent bundle T*V is a Poisson double vector
bundle, hence W (T*V) inherits a Gerstenhaber bracket. By Proposition 4.5.3 and the discussion in

section 8.2, the isomorphism
WO T* V) 2 Ty (AY TV, V) 2 X5 (V)

takes this to the Schouten bracket of multivector fields. Given a Lie algebroid structure on V', the
resulting horizontal differential on /*1(T*V) is dj, = [, -], which is the differential on the deformation
complex. In conclusion, the deformation complex is identified with 1#1+*1(T*V). Alternatively, this
follows from the fact (Remark 5.6.2) that *1(T*V) for T*V = V* is the linear Chevalley-Eilenberg
complex CE{,(T*V) of Cabrera-Drummond [11]; the isomorphism of the latter with the deformation

complex was observed in [11, page 312].

9.3 Abad-Crainic’s Weil algebra of a vector bundle V

Given a vector bundle V' — M, Abad and Crainic [3] define a bigraded Weil algebra 20*(V') as follows.

An element of 207:4(V) is given by a sequence of R-multilinear skew-symmetric maps

c:T(V) x - x T(V) = QU (M, ViV*).

p—i times

Here ¢ is considered the ‘leading term’, ¢; measures the failure of ¢y to be multi-linear, c; measures the
failure of ¢; to be multi-linear, and so on. (See [3] for details.) We claim that every w € WP4(TV) gives
rise to such a sequence, thereby identifying 20(V') = W(TV).

For any double vector bundle D as in (2.2), there is a canonical surjective morphism of bigraded
algebra bundles II: W(D) — W(B xy; E*) = AB*®VE, induced by the DB morphism B x y; E* < D.
Explicitly, the maps II: WP4(D) — A?"PB*®VPE are given by p-fold contractions with elements e € E*.
In the case of D =TV, with A=V, B=TM, E =V*, we obtain projection maps

ILWPYTV) — NPT M @ VPV.

-~

On the other hand, for o € T'(V), its jet prolongation j! (o) € T'(J}(V)) = I'(A) defines a contraction
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operator ¢(j!(c)) of bidegree (—1,0). The map ¢; corresponding to w € WP4(TV) is given by
(i) = (1 (0) 100 w) € QAL VIV,

The relation j!(fo) — fj'(0) = i) (df ® o) = odf implies that «(j'(fo)) — f 1(j'(0)) = —df (o),
where ((o) is the contraction operator of bidegree (—1,—1) defined by o (regarded as a section of E*).
Consequently, the failure of C°°(M)-linearity of ¢; is expressed in terms of ¢; 11, leading to the conditions
in [3].

9.4 IM-forms and IM-multivector fields

Let V' — M be a vector bundle. In Section 8.2, we discussed the spaces X (V) of linear multivector
fields and Qf}, (V) of linear differential forms on V. The Schouten bracket of multivector fields and the
de Rham differential of forms restrict to these linear subspaces.

Given a Lie algebroid structure V. = M, there are notions of infinitesimally multiplicative (IM)

multi-vector fields and differential forms,
X (V) € X V), Qiu(V) € O (V).

These are designed to be the infinitesimal versions of multiplicative multivector fields or forms on Lie
groupoids.

IM-multivector fields were introduced by Iglesias-Ponte, Laurent-Gengoux and Xu [36] under the
name of k-differentials. To define them, note that for any vector bundle V, the graded Lie algebra
X' (V) acts on I'(AV) by derivations. Using the identification T'(AV) = X2, ..
the Schouten bracket of multi-vector fields. In particular, for § € X (V) and o € T'(A'V) we have that
§.0 € T(A*H=1V). If V is a Lie algebroid, then the bracket [-,-] on I'(V') extends to the exterior algebra.

The element § is called an IM-multivector field if it is a derivation of this Lie bracket:

(V), this action is just

5.[01,0’2] = [(5.0‘1,0‘2]] + (—1)|6|(|01|+1)[0'1,(5.0'2]] (91)

for all o; € T'(AV), i = 1,2. Here |§|= k + 1. Using the derivation property with respect to wedge
product, it is actually enough to have this condition for Iy = lo = 1. The universal lifting theorem [36],
generalizing earlier results of Mackenzie-Xu [58, 59], integrates any such § to a multiplicative vector field
on the corresponding (local) Lie groupoid.

To describe the IM condition for forms, recall that any ¢ € Qﬁn(V) can be uniquely written as
¢ = v+dgpp where v € T(V*QAFT* M) and pu € T(V*@AF~1T* M) (viewed as linear differential forms),
and dgy denotes the de Rham differential on linear forms. If V' is a Lie algebroid, then ¢ = v + dgpp is

called an IM form if the following three conditions are satisfied

La(cn):U’(UQ) = _La(og)u(al)v (92)
1([o1, 02]) = Lago) 11(02) = taoy)drn ££(01) = ta(oy)¥(01), (9.3)
v([o1, 02]) = La(o1)V(02) = ta(os)dru v(01), (9.4)

for all 01,02 € T'(V'). These conditions are due to Bursztyn and Cabrera [6] (see [8, 9] for the case of
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2-forms); as shown in [6], these are exactly the conditions ensuring that ¢ integrates to a multiplicative
form on the associated (local) Lie groupoid.

We will now give interpretations of IM multivector fields and IM forms in terms of the Weil algebras.
Recall from section 8.2 that for any vector bundle V- — M,

x5, (V) =whe(T*v), Q8 (V) =wh(TV).

lin

The first isomorphism is compatible with the Gerstenhaber bracket [-,-] on #W(T*V) defined by the
Poisson structure on 7%V, the second isomorphism with the vertical differential d,, on ¥ (T'V') defined
by the {/B-algebroid structure TV = V. A Lie algebroid structure V' = M gives /B-algebroid structures
T*V = V* and TV = TM, resulting in horizontal differentials d;, on both ¥ (T*V) and ¥ (TV). The
second part of the following result is due to Bursztyn and Cabrera [6]; for a more restrictive notion of

IM forms it was observed in [3, Section 6].

Theorem 9.4.1. For any Lie algebroid V = M,
(V) = Wh(T*V) Nker(dy), Qh(V) = WH(TV) Nker(dy).

Proof. Consider a ¥/B-algebroid D = B over A = M, so that the Weil algebra /(D) carries a horizontal
differential dj,. Then ¥ (D’) has a Gerstenhaber bracket. By Corollary 6.2.3, an element ¢ € #W1*(D)
is dp-closed if and only if

wn(len, 22]) = [e1, en(22) @] + (= 1)1 g, 1 (1) 6] (9-5)

for all z; € WP1(D’). (It suffices to verify this on generators.)
Suppose now that D also carries a double-linear Poisson structure; thus D” is a double Lie algebroid.

In particular B* = core(D”) is a Lie algebroid, with the bracket
[o1,09] := [[Uladi;O'Q}]

for 01,09 € T(AB*). (We have in mind the case D = T*V; the Lie algebroid structure on B* =V being
the standard one.) The space #W*(D)[1] is a graded Lie algebra for the Gerstenhaber bracket, with a
representation on I'(AB*) given by (cf. (6.8))

p.0 = [¢,0] = —(=1)IeIFVIol, (d 7)o
for 0 € T'(AB*). Let x; = d} 0; with o; € T(AB*). Then [x1, 23] = d,[o1,02), and therefore
¢.Jo1, 00] = —(=1)IeIFDUenl+lo2 40, ([ 0], (9.6)
On the other hand,

(-1 Doy, 6.03] + [p, 0]
— — (=)D o) ([ (22)0] 4+ (~1) (DD o (21), ] )

— — (=18l Dol +lozl+1) ([[zl,Lh(zg)qs]] - (—1)<"’1'+1><|”2|+1>[[m2,Lh(z1)¢}]).



CHAPTER 9. APPLICATIONS, CONNECTIONS WITH OTHER WORK 91

By (9.5), if ¢ is dp-closed then this expression coincides with (9.6), proving that ¢.c = [¢.01,09] +
(—1)¢lel+D[oy ¢.09]. For D = T*V, the converse is true, because in that case the space #*1(D’)
is spanned, as a C°°(M)-module, by d/1#’*°(D’). The case of IM-differential forms can be discussed
similarly; in terms of the Abad-Crainic approach to the Weil algebra 1#(TV') this is done in [6]. O

9.5 Frolicher-Nijenhuis and Nijenhuis-Richardson brackets

Suppose V' — M is a Lie algebroid, so that V* has a linear Poisson structure. The double-linear Poisson
structure on TV* defines a Gerstenhaber bracket on ¥ (TV™*), compatible with the vertical differential
dV. Hence,

W1,1+0(TV*) ~ Q._H(V*) o~ QoJrl(M’ V) @ Q‘(M, V) (97)

lin

becomes a differential graded Lie algebra. It comes with a morphism of graded Lie algebras (also Q(M)-
module morphism)
QT (M, V)@ Q* (M, V) — Der®(Q(M)) (9.8)

given by Gerstenhaber bracket with elements of 1/0:*(TV*) = Q(M). One verifies that the first summand
in (9.8) acts as contractions via the anchor V' — T'M, the second as Lie derivatives.

For the Lie algebroid V' = T'M, the map (9.8) is an isomorphism, hence we recover the bracket
on Q*FY (M, TM) @ Q*(M,TM) given by the Frolicher-Nijenhuis bracket on the first summand, the
Nijenhuis-Richardson bracket on the second summand, and a cross term. See [37, Chapter IL.8] for a

detailed discussion; see also [24, 69] for related brackets and generalizations to Lie algebroids.

9.6 Representations up to homotopy

Representations up to homotopy were introduced by Evens-Lu-Weinstein [21] and Abad and Crainic
[1] as generalizations of the usual concept of representations of a Lie algebroid. Among other things,
they give a notion of the adjoint action of a Lie algebroid on itself, which is generally not possible using
ordinary representations. The essential idea is to represent Lie algebroids on complexes of vector bundles

rather than just single vector bundles. We will adopt the definition from [1].

Definition 9.6.1. Let A — M be a Lie algebroid. A representation up to homotopy of A is a Z-graded
vector bundle U, over M along with a degree 1 differential § on sections of AA* ® U (using the graded
tensor product) satisfying

§(wn) = da(w)n + (1) wd(n)

for all w € T(AFA*), n € T(AA* ® U).

Given a Lie algebroid A — M, Gracia-Saz and Mehta [29] showed how to construct a 2-step repre-
sentation up to homotopy of A from a horizontal {/B-algebroid
A M

f—
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having A as its horizontal side bundle. The construction depends on the choice of a splitting of D, and
the resulting graded vector bundle is
U=FE*[1]® B;

that is, U_; = E* and Uy = B. We briefly review their construction, making use of some of our
observations in chapter 5. By Lemma 5.4.1, the double-linear Poisson structure on D’ gives the following
data:

e a Lie algebroid structure on X,
° ﬁ—representations @B*, VE" on B* and on E*,
e an invariant pairing (-,-): B* x E* = R.

A choice of splitting of the double vector bundle D is equivalent to a choice of splitting s: A — A In
general, s need not preserve Lie brackets, and so we can consider its curvature tensor Q € T'(A2A* ®
(B* @ E*)) defined by

Q(a1,a2) = s(lar, as]) — [s(ar), s(az)], a1,az2 € T(A).

The Up—U_;-component of § is the linear map ['(A*A* ® B) — ['(A*T2A* @ E*) given by  (with the
identification B* ® E* = Hom(B, E*)). The U_;1-Ug-component of § is the linear map I'(A*A* ® E*) —
I'(A*A* ® B) defined by the pairing (-,-) viewed as a bundle map E* — B. The connection VZ~ pulls
back under s to a non-flat A-connection VE™ on E*; its extension to a map VF :T(A®*A* @ E*) —
['(A*T1A* @ E*) is the U_1-U_;-component of 6. Similarly, the flat A-connection on B pulls back to a
non-flat A-connection, and the resulting map on sections gives the Up—Ug-component. See [29, Theorem

4.10]. This establishes a one-to-one correspondence:

Theorem 9.6.2. [29, Theorem 4.11 (2)] Let D be a double vector bundle with side bundles A, B and
core E*, such that A = M is a Lie algebroid. After choosing a splitting s: A — A, there is a one-
to-one correspondence between horizontal VB-algebroid structures D = B extending A = M, and

representations up to homotopy of A on U= E*[1] ® B.

This correspondence has a simple interpretation in terms of the Weil algebras. Recall from chapter
5 that horizontal B-algebroid structures D = B are in one-to-one correspondence with vertical differ-
entials d, on #(D"). This restricts to a differential d, on #1*(D") = I';, (A% D’, E). Once we choose
a splitting of D, or equivalently a vector bundle splitting s: A — E, we obtain a decomposition (see
Proposition 4.5.2)
Whe(D")=T(A\*A*®@ B) @ T(A*T1A* @ E*).

With U_; = E* and Uy = A*, the differential d defines a representation up to homotopy of A on U.
To see that this correspondence is bijective, we note that a vertical differential on the bigraded algebra
W(D") is uniquely determined by its restrictions to (#1*(D”) and W%*(D") = I'(A®*A*) thanks to the
Leibniz rule.

Remark 9.6.3. Horizontal /3B-algebroid structures on D are also equivalent to differentials dj, of bidegree
(1,0) on (D). After a choice of splitting, this induces a degree 1 operator on W*1(D) = I'(A*A* ®
E) @ T(A*T1A* ® B*), giving a representation up to homotopy of A on the bundle B*[1] @ E. This
representation up to homotopy is dual to the one on E*[1] @ B, as discussed in [29, Section 4.5].
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Let us turn now to the case where D has both a horizontal and a vertical {VB-algebroid structure.

Then both D’ and D” are Poisson double vector bundles, which is equivalent to the following structures:
e Lie algebroid structures on Aand B ,
. A\—representations on B*, E* and §—representations on A*, E*,
e an A-invariant pairing B* x E* — R and a B-invariant pairing A* x E* — R

subject to certain compatibility conditions (Theorem 5.4.3). It is natural to ask what additional com-
patibility conditions on these data ensure that D is a double Lie algebroid. This question was answered
in the work of Gracia-Saz, Jotz Lean, Mackenzie, and Mehta [26, Theorem 3.4] using a splitting and a
notion of matched pair for representations up to homotopy.

The representations up to homotopy of Lie algebroids discussed above have a corresponding global
object, namely representations up to homotopy of Lie groupoids. In [18], del Hoyo and Davide reinterpret
this concept global concept by developing a theory of Lie 2-groupoids. Specifically, they introduce the
general linear Lie 2-groupoid GL(U) of a two-term graded vector bundle U, and show that two term
representations up to homotopy of a Lie groupoid G = M on U are equivalent to pseudo-functors
G --» GL(U). The discussion above therefore implies a relationship between Weil algebras and these

general linear 2-groupoids that would be interesting to uncover further.



Chapter 10

Outlook: Further Directions

10.1 The Double Lie Functor

Recall that for (ordinary) Lie groupoids, one has the Lie functor
Lie: Lie Groupoids — Lie Algebroids

that “differentiates” a Lie groupoid G == M, producing it’s associated Lie algebroid A — M. The
vector bundle structure underlying A is given by the normal bundle of the space of units inside G:
A =v(G,M). To describe the anchor map A — T M, we observe that the source and target maps s,t
agree on M so that the difference Tt —T's: TG — T'M vanishes on T'M, and therefore descends to a map
v(G, M) — TM. Finally, let S; C G, t € R, be a one-parameter family of bisections of G with Sy = M.
Taking the differential at ¢ = 0, we obtain a smooth section o € I'(A), and so we may regard I'(A4) as
the Lie algebra of the (infinite dimensional) Lie group I'(G), which gives the bracket:

T'(A) = Lie(T(G)).

The Lie functor has been extended to the setting of double Lie structures in the work of Mackenzie
[55, 51, 54], associating to any double Lie groupoid a corresponding double Lie algebroid though differ-
entiation processes (in fact, as mentioned previously, differentiating double Lie groupoids was how the
notion of double Lie algebroids came to be). Before describing Mackenzie’s approach to the double Lie

functor, let us recall the basics of double Lie groupoids. Consider a diagram of the form

G—=v

i1

H—=M

in which all four sides are Lie groupoids. Such a diagram is called a double Lie groupoid [5] (see also
[62]) if the structure maps (source, target, multiplication, inversion) for either groupoid structure on ¢
are Lie groupoid morphisms with respect to the other structure. The various structure maps for the
horizontal Lie groupoid ¢ = ¢ will be distinguished by the subscript ‘h’, while the structure maps for
the vertical Lie groupoid ¢ = # will be distinguished by the subscript ‘v’. In contrast, the structure
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maps for the Lie groupoids # = M and K = M will not be given subscripts, and we will rely on

context to clarify which one is meant.

Ezample 10.1.1. Suppose G = M is a (ordinary) Lie groupoid, with source and target maps denoted by
sg and tg respectively. Then the diagram

Pair(G) —= Pair(M)

I

is a double Lie groupoid. Any pair (¢’, g) of elements of G defines a unique element in Pair(G), with the

properties

so(9,9) =9, to(gs9) =9, sn(g' 9) = (sad’,sac9), tn(g'.g)= (tag tag).

The vertical multiplication is defined by

(9'59) = (91,91) 00 (92,92) <= ¢ =91, 91 = g3, 9 = g

On the other hand, the horizontal multiplication is

(91791) On (9/2792) = (9'195,9192),

where juxtaposition denotes multiplication in G. Thus the vertical units are of the form (g, g) for g € G,

while the horizontal units are of the form (m’,m) for m’,m € M C G.

Mackenzie’s approach to the double Lie functor was to proceed in stages. By first applying the Lie
functor to the Lie groupoid ¢ = #, one obtains an intermediate object that is a Lie algebroid in one
direction, and a Lie groupoid in the other. Such objects were called L A groupoids, and by applying the
Lie functor once more (to the Lie groupoid part), one obtains a double Lie algebroid. Mackenzie showed
that proceeding in the other order (that is, starting by applying the Lie functor to ¢ = ¥ instead)
produces the same result, and so the double Lie functor factors through the category of £ A-groupoids

as follows:

L A Groupoids

/

Double Lie Groupoids Double Lie Algebroids

/

L A Groupoids
As an example, let G = M be a Lie groupoid with Lie(G) = A. Then the three diagrams

TG —=TM Pair(A) == Pair(M) TA=—>TM

L1 1

G—/—=M A— A=——=M

comprise all of the differential objects associated to the double Lie groupoid Pair(¢) of example 10.1.1.
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Using the double normal bundle construction of chapter 3, one could develop a theory of the double
Lie functor that passes directly from double Lie groupoids to double Lie algebroids, without factoring
through the category of L A groupoids. More specifically, if ¢ is a double Lie groupoid, then the double
vector bundle underlying its associated double Lie algebroid is given by v(G,#,1)) (the proof that #
and ¢ intersect cleanly is a straightforward generalization of lemma 3.1.9). One could then adapt the
techniques for defining the usual Lie functor to the case where we have two families of bisections of ¢
(one for ¢ — # and one for ¢ — 1)) that are compatible in a suitable sense.

Finally, using deformation spaces (see section 3.6), one could unite the two approaches to the double
Lie functor into one cohesive theory. To see how deformation spaces enter the picture, consider an
ordinary Lie groupoid G = M, with associated Lie algebroid A — M. Observe that the deformation
space D (G, M) has A lying in the O-fibre, while all other fibres are copies of G. Moreover, D (G, M) is
itself a Lie groupoid (see, for example CITE), and a bisection of @ (M, N) is made up of a one-parameter
family of bisections of G away from ¢t = 0, along with the section of A corresponding to the derivative
of this family sitting in the ¢ = 0 fibre. By analogy, we expect that one could fully develop the theory
of the double Lie functor using the double deformation space D (¢, #,1’). This deformation space has
the advantage of containing all of the infinitesimal objects associated to ¢ simultaneously. Indeed,
the double Lie algebroid v(G,#, K) lies in the s = ¢ = 0 fibre, while the L' A groupoids v(G,#) and
(@, V) lie in the s = 0,t # 0 and s # 0,t = 0 fibres respectively. We believe that the development
of the constructions briefly discussed above would lead to a deeper understanding of the differentiation
processes associated to double Lie structures, which in turn would be helpful in tackling the difficult

problems surrounding the integration of double Lie structures (see [7]).

10.2 van Est maps

Recall that the classical van Est map [75] is a morphism from the cochain complex of a Lie group G to
the Chevalley-Eilenberg cochain complex of its Lie algebra g. This map was extended by Weinstein and
Xu [79] to the case of Lie groupoids G and their Lie algebroids A, thus obtaining a morphism of cochain
complexes

VE: C®(B,G) — D(A®A"). (10.2)

Here B,G is the space of p-arrows in G, and the tilde signifies the normalized complex for the simplicial
manifold BG. In [61, Chapter 6], Mehta generalized (10.2) to a van Est map from ‘Q-groupoids’ into
the double complex of the corresponding ‘Q-algebroid’; in particular this gives a version of (10.2) for
differential forms. We note here that @Q-groupoids are a supergeometric analog of L A groupoids. A
construction in more classical terms was given by Abad and Crainic [3], in terms of the Weil algebra
W(A) = W(TA). The van Est map (10.2) described in [3] is a morphism of double complexes

VE: Q*(B.G) — W**(TA). (10.3)

A geometric construction of this map was provided in [47]. This map has since been generalized in a
few different directions, for example the work of Cabrera and Drummond in [11] adapts it to the setting
of VB groupoids, and the recent thesis of Angulo [2] develops a van Est map in the context of Lie
2-algebras and Lie 2-groups. The next step in this story would be to describe a van Est map for double

Lie groupoids ¢. As mentioned above, by applying the Lie functor to one of the groupoid structures



CHAPTER 10. OUTLOOK: FURTHER DIRECTIONS 97

of @ results in an LA groupoid, which we will briefly denote by 2, and applying the Lie functor once
more gives a double Lie algebroid D [55, 51, 54]. So a van Est theory for double Lie groupoids would
take the form

T

C®(ByoG) — C**(Q) —— W**(D)

for certain double complex C'*° (Be,eG), where C**(Q) is Mehta’s double complex of an L A groupoid.
In other words, it is a map of double complexes C (Be,oG) — W**(D) that factors through (a classical
analog of) the van Est map of Mehta. Let us briefly describe the double complex 5%(3,,@). Much
like the case for Lie groupoids, to any double Lie groupoid we can associate a bisimplicial manifold
Be.o(G). In the language of simplicial sets this is called the nerve of ¢, and is therefore sometimes

denoted e o () (see for example [62]). Explicitly, for p, ¢ > 0 we have

gir --- Gig
Bpq(G) = R SnGij = thgi(j+1)s SvFij = twg@t1);, 0 <1 <p,0< 7 <gq

gp1 .-+ YGpq

with the conventions that By o(G) = M, B,o(G) = Bp#, and By 4(G) = By¥. To understand the
bisimplicial structure of the collection B, 4(G), first consider the special cases where one (or both) of
p,q are zero or one. For p = ¢ = 0, the horizontal degeneracy map is the inclusion of units M — #,
while the vertical degeneracy map is given by M — ¢. If p > 1, then for ¢ = 0, the horizontal face and
degeneracy maps are defined by the simplicial structure on B, (#), while the vertical face and degeneracy
maps are trivial. For p > 1, ¢ = 1, then we remark that B, 1(G) = B,(¢ = #), which defines the
horizontal simplicial structures, while the vertical face maps are given by the p-fold vertical source and
target maps: 9§ = sP and 0 =t£. The cases p =0 and p = 1 (with ¢ > 1) are handled similarly.

Now assume that p and ¢ are both at least 2. Then for every 0 < i < p, we have a horizontal face
map 0': B, 4(G) — Bp-1,4(C) that collapses the i*® row. That is, 97 is given by

g11 cee J1q
911 glq
arl - =1 , , ,
i : . : gi1 ©v 9(i+1)1 -+ Giq Ov 9(i+1)q
gp1 .-+ Upq . .
9p1 .- 9Ipq

for 0 < i < p (here o, denotes multiplication in the groupoid ¢ = #), and

gir --- Gig g21 ---  G2q g1 --- Yig gi1 J1q
ol o i= o s s =] :

P

9ot -+ Gpg 9p1 -+ Ypg 9p1 -+ Ypg dp-11 -+ Ylp-1)q

Similarly, for any 0 < j < g we have a vertical face map J; that collapses the 4t column.

To describe the degeneracy maps, suppose that p,q > 1. Then for every 0 < 1 < p, the horizontal
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degeneracy map ezh is given by injecting a trivial row in the ¢ + 1 position:

gi11 e glq

g .- g g1 -~ Gig
e s = osegir 0 5uGig
gp1 -+ Ypg gi+11 -+ Y9(i+l)g

9p1 .- 9pq

(Note that €} adds (t,g11,--.,tug14) as the top row.) Similarly, for every 0 < j < ¢, we get a vertical

degeneracy map € that injects a trivial column in the (j + 1) position.

Theorem 10.2.1. The collection of spaces By, 4(C), along with the face and degeneracy maps described

above, is a bisimplicial manifold.

Proof. See [62, Proposition 3.10]. O

The normalized double complex associated to the double Lie groupoid ¢ is given by (530,(@, 5", 6v),
where 53",(@’) is the bigraded algebra

Cra(@) = {f € C¥(Byg(@)) | (1) f =0,(5)"f =0, 0<i <p,0<j<q},

and the differentials §": C*g?q(g) — ~;°+1,q(g) and §: égfq(g) — CNJ'I??QH(Q) are defined by:

p+1 ' q+1 4
M =D (=DM () =D (-1 @) f.
i=0 j=0

Remark 10.2.2. For a full theory, one should also consider the localized version of this double complex,
defined as the quotient of CNZ'I??[I(Q) by the subcomplex of functions vanishing on a neighbourhood of
M C By q(G).

The key step to describing a van Est theory for double Lie groupoids is to develop an appropriate
theory of double Lie groupoid actions. Specifically, one should define what it means for a double Lie

groupoid @ to act on a commutative diagram of manifolds

Q—— (10.4)
QQ — M
The space
goo ---  Yoq
Epq(G) = e Shgij = ShYi(j+1)> Sv¥ij = Svd(i+1);, 0 <1 <p,0<j <gq

gpo -+ Gpq
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fits into a pair of diagrams that, given the right definition of double Lie groupoid actions, should consitute

a (double) principal bundle over base B, 4(§):

Eyq(Q) —— Fy(Q)  Epge(Q) —— Ep(V)

| L

F;’q(g) E— Bp,q(g)v Eq(%) —_—

Here the side bundles are defined as

goo --- gog
F(G) = S |59 = shGiia1)s S0gii = tugrny, 0<i<p,0<j<qp,

ng e gpq

and similarly for Fz}}, q(g). To develop a van Est theory, one would then follow the geometric approach
initiated in [47] (and later refined in [64]). That is, for each p,q, the principal bundle described above
defines a pair of fibrations that are compatible in the sense that they form a double Lie algebroid
Fp.q- The quadruple complex 1#°*(F, o) then augments both 52@,(@) and W**(D), and the van Est
map VE: 53‘1(@) — W**(D) can then be constructed systematically out of homotopy operators on
W**(F,.4) using homological algebra.



Appendix A

Operations on Vector Fields and

Differential Forms

The fundamental example of a double Lie algebroid is the tangent space T'A of a Lie algebroid A — M.
For this reason, chapter 8 is devoted to explicit computations of the constructions presented in this
thesis for this specific example. Throughout the course of these computations we make use of numerous
operations in differential geometry, which we review here. All of the material in this appendix is known,
we include it as a means of fixing our terminology and conventions as well as to provide a convenient
reference for the reader. Some excellent sources for this material include the book of Kolar, Michor, and
Slovék [37] and the work of Grabowski and Urbariski [24].

A.1 Graded Lie Brackets

For a given smooth manifold M, there are several graded Lie algebras related to the geometry of M that
are referenced in the chapters above. The most foundational one is the algebra X*(M) of multivector

fields on M, whose degree k component is
xk(M) = T(ANFTM, M),

with the convention that X°(M) = C*°(M). Contrary to the usual convention for graded algebras, the
notation X(M) (without the o) does not denote the direct sum of the components, but rather its degree
one part: X(M) = X'(M). We can extend the Lie bracket [-,-] on X(M) to a graded Lie bracket [-, -] on
X*(M) by defining it on generators by the formulas

[Xﬂf]IZSCX.ﬂ [X,Y]I:[X7Y]

and insisting that [X,] is a graded derivation of the wedge product. The bracket [, -] is called the

Schouten bracket. Using the definition in terms of generators, one can obtain the following more explicit
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form of the Schouten bracket

[f X1 A A X g YiA LAY =Y (D)X, VIAXIA L AXG A AKX AYIAL LAY AL LAY
i
+Z(—1)j+1°£'3fjf-X1/\.../\Xk/\Yl/\.../\}A/j/\.../\Yg
J

+Y ()T Ly g Xi A A AL AKX AYIA LAY,

where as usual the hat denotes omission from the product. If we let X*(D)[1] denote the graded algebra
with X¥(M)[1] = k + 1(M), then the Schouten bracket makes X*(M)[1] into a graded Lie algebra.
Remark A.1.1. In the literature, the opposite sign convention is sometimes used to define the Schouten
bracket. For example, our convention agrees with the book by Dufour and Zung [19], which, as they
point out, differs from the lectures of Vaisman [74].

The importance of the Schouten bracket in Poisson geometry is that it can be used to define a
cohomology theory associated to any Poisson manifold. Any Poisson bracket {-,-} on a manifold M
determines a multivector field 7 € X2(M) defined by (df Adg,n) = {f,g}. The Schouten bracket allows

us to determine which elements of X?(M) arise in this fashion, as explained by the following lemma.

Lemma A.1.2. A multivector field m € X2(M) determines a Poisson structure on M if and only if
[, 7] = 0.

Proof. This lemma is well known and a proof can be found in a number of places. For example, it is in
[19, Theorem 1.8.5]. O

Taking things one step further, we can observe that the operator [, -] defines a differential on X*(M).
Indeed, the graded Jacobi identity for [-, ] implies that the formula

(=D, e, X = [, X ]+ (1) XX [, ] = 0

holds for any X. Using the lemma as well as the skew symmetry [r, X] = (—1)XI[X, 7] shows that
[7, [r, X]] = 0. The cohomology of the complex

(%. (M)v I[ﬂ—v ])

is called the Poisson cohomology (or Lichnerowicz -Poisson cohomology) of M. For more information
on Schouten brackets and Poisson cohomology, we recommend the reader consult the book of Laurent-
Gengoux, Pichereau, and Vanhaecke [45], or the aforementioned book of Dufour and Zung [19].

Let us move on to considering the space Q®(M,TM) of T M-valued differential forms on M, whose

degree k component consists of multilinear maps

T:X(M) @ ... ®X(M) — X(M)

k copies

that are skew symmetric. Alternatively, we have QF(M,TM) = I'(A*T*M ® TM). Note that in
particular, the degree 0 component consists of vector fields on M: Q°(M,TM) = T'(TM). Associated
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to any Y € QF(M,TM), we obtain a derivation ty of degree k — 1 on the space Q*(M) of differential

forms on M via the formula

1
tyw(Xy, oo, Xpyeo1) = m Z sgn(a)w(T(XU(l), vy Xop)s Xo’(k+1)7 cee 7Xa(k+é—1))

: 0ESkte—1

for w € QY(M). Note that any derivation D of degree k — 1 of Q*(M) is determined by it’s restriction
to one forms D|qg1(apy: (M) — QF(M), which may be viewed as an element of T(A*T*(M) @ TM).
The operator ¢y is merely the extension of T to all of Q(M), in particular, the assignment T — v is
injective. By the usual Cartan formula, one then obtains the operator Ly on 2°(M) that takes a form

to its Lie derivative along T,
Ly =1yod+ (—1)|Y|_1d oLy,

where d denotes the de Rham differential. When the degree of T is zero, the operators ty and Ly are
just the usual contraction and Lie derivative of a vector field. These operators suggest two natural ways
to define a Lie bracket on Q®(M,TM): one can either insist that the contraction operators preserve
the bracket, or that the Lie derivatives do. The former choice leads to the Nijenhuis-Richardson(NR)
bracket [70], while the latter gives the Frélicher-Nijenhuis(FN) bracket [22]. In other words, we have
two Lie brackets [, |ng and [, Jen on Q°(M,TM) that are determined by

Ury,Talnr = [[’Tl’ LTz]v °C[T1,T2]FN = [°ET17°CT2] (Al)

for all Y1, s € Q*(M,TM). Here the brackets on the right hand sides of the two equations denote the
(super) commutator of two derivations, and so the Nijenhuis-Richardson bracket is of degree -1, while the
Frolicher-Nijenhuis bracket is of degree 0. Note also that the FN bracket extends the usual Lie bracket
of vector fields. It is instructive to see why these formulas do indeed give unique and well-defined Lie
brackets on Q°* (M, TM). For the NR bracket, one can give a simple formula by extending the contraction
operators ty to Q*(M,TM) by the definition ty(w ® X) = tyw ® X, giving

[Y1, To]nr = ¢, Lo + (—1)‘T1|+1LT2T1.

Indeed, a check on one-forms shows that contraction by the right hand side agrees with [ty ¢tv,], and
it therefore must give the NR bracket by injectivity of T + ¢y. To understand the F'N bracket, we use

the following lemma.

Lemma A.1.3. Any degree k derivation D of Q(M) can be written in the form
D=Ly, +tv,

for unique Y1 € Q¥ (M, TM) and Yo € Q*+L(M,TM). Moreover, Yo = 0 if and only if [D,d) = 0.

Proof. This lemma is well-known, we include a short proof here for illustration purposes. Note that given
X1,..., Xk € X(M), the assignment f +— Df(Xy,...,X) is a derivation of C*°(M). Therefore there is
a unique vector field T (X1, ..., Xy) such that D —Ly, (x,, .. x,) vanishes along C°°(M). But this means
that D — ALy (x,,.. x,) is given by a contraction operator, and the first claim follows by injectivity of
1:Q%(M, TM) — Der®™*(Q(M)). Moreover, the Jacobi identity gives [Ly,,d] = ler,,[d,d]] = 0, and so
we get [D,d] = Ly,. The second claim then follows from the injectivity of the assignment Y — Ly. 0O
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It follows from this lemma that the FN bracket is unique and well-defined, since we certainly have
[[<Lry,Lr,],d] =0 for any Y1, To € Q*(M,TM) by the Jacobi identity and the observation in the proof
of the lemma that the commutator of a Lie derivative with the exterior derivative vanishes. Both the
Nijenhuis-Richardson bracket and the Frolicher-Nijenhuis bracket have numerous applications through-
out geometry. For example, the Nijenhuis-Richardson bracket can be used to study deformations of
Lie algebra structures [71], since a bilinear form @ on a vector space is a Lie bracket if and only if
[@Q, Qlnr = 0. Meanwhile the Frolicher-Nijenhuis bracket can be used to study complex manifolds, since
an almost complex structure J: TM — TM is a complex structure precisely if [J, J]pny = 0 (this is the
Newlander-Nirenberg theorem [68]). For more information on the NR and FN brackets, the reader can
consult the books of Kolaf-Michor-Slovék [37, Section 30] and of Michor [65, Chapter IV].

Remark A.1.4. All of the brackets described in this section can be generalized from the tangent bundle
TM to arbitary Lie algebroids A. That is, the space T'(A®*A) can be endowed with a Gerstenhaber
bracket that agrees with the Schouten bracket when A = T'M (see e.g [43]), and the space I'(A*A* ® A)
inherits brackets that generalize the NR and FN brackets [69]. These generalizations are all explained
in [24, Section 1].

A.2 Tangent and Cotangent Lifts

Given a vector bundle V' — M, there are various ways of lifting geometric objects acting on M and
E (functions, vector fields, sections) to objects acting on the tangent and cotangent bundles, TM, TE,
T*M, and T*E. These lifting processes are used extensively in the computations in chapter 8, so we

will review them here.

To start off, any smooth function on the base f € C°° (M) defines two smooth functions on TM, the
vertical lift f* and the tangent lift fr. Here f* is given by the pullback of f along the tangent bundle

projection, while fr is the one-form df viewed as a linear function on T'M. Explicitly:

fﬁ(Xm) = f(m)a fT(Xm) - <dfm7Xm>a (AQ)

for X,, € T;,M. Clearly any function that is homogeneous of degree 0 on TM is of the form f* for
some f € C°°(M). Similarly, since the space of one-forms is spanned by elements of the form df for
f € C=(M), it follows that the tangent lifts fr span C°°(T'M)j;). But TM is a vector bundle, which
allows us to define a vector field on T'M by its action on the generators of $(T'M) (the polynomial
functions on TM), namely f* and fr for f € C(M). So for X € X(M), we define the vertical lift X*
and the tangent lift X7 by the conditions

Lxi(fH) =0, Lxi(fr) = (Lxf) = Lxp(f), Lxo(fr) = (Lxf)r. (A.3)

Note that X* is homogeneous of degree —1, while X7 is homogeneous of degree 0. Our next goal will
be to extend these operations from vector fields to multivector fields. First, we extend the assignment
X + X* as an algebra homomorphism X*(M) — X*(TM),i.e (X AY)* = XEAY? for all X, Y € X*(M).
Having done this, we extend the assignment X — Xp by the rule (X AY)r = X7 A Y4+ X¥ AYp, which
ensures that the tangent lift of a multi-vector field of degree k is always homogeneous of degree 1 — k (in

other words, the tangent lift of a multivector field is always linear). That these are the right extension
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rules will be made apparent by the next lemma, which tells us that these operations on multivector fields

behave with the Schouten bracket in the way we would hope.

Lemma A.2.1. For any pair of multivector fields &, € X(M), we have

[€,¢1=0, [, =& =" ¢l Er Crl =€ Cr

Proof. When X, Y are vector fields, these formulas follow from the identity «£jxy] = [Lx,Ly], as we
can check on the generators f*, fr for f € C°(M). For the first bracket, simply note that [Lyz,Ly:] is

of degree —2 and so is automatically zero. For the middle bracket, we have

Lixcpyaft = LxgpLy: ff = Lyslx, ff = —Ly:(Lx f)F =0
Lixpyi) fr = (LxpLys — LysLxp ) fr = Lxp (Ly ) = Ly (Lx e = (LxLy f)F — (LyLx f)F = (<>C[X,Y]f)ﬁ ;

from which it follows that [X7,Y#] = [X,Y]*. The identites [X*, Y7] = [X,Y]* and [X7, Y7] = [X,Y]r
are established similarly. The general result then follows from induction using the derivation property
of the Schouten bracket with respect to the wedge product. For example, if £ € X*(M), ¢ € xk (M),
and X € X(M), we compute

(7, (CAX)7] = [€r, Cr A XF + ¢ A X7]
= [&r, ¢r] A XP+ (=1 ¢ Alér, X + [, I A X + (1) A fr, X7
=[6,dr AXF+ (=D A XTF +[6, P A X+ (=D)AL X
= ([, A X)r + (=D (CA[E, XDz
=[£,¢ A X]r.

O

The situation for the cotangent bundle T* M is slightly different. Rather than having two ways of
lifting functions to functions and vector fields to vector fields, instead we have some “mixing”. That is,
we can lift a function to a function (vertical lift), a function to a vector field (Hamiltonian), a vector
field to a function (duality), or a vector field to a vector field (cotangent lift). First note that we can
define the vertical lift of a function in the same way as for the tangent bundle, simply by pulling back
along the projection. To distinguish it from the vertical lift to the tangent bundle, we will denote this
operation by f + f°. Next, any vector field X € X(M) defines a linear function on T*M by duality,
which we denote by ¢x. Moreover, being dual to a Lie algebroid, T*M comes with a canonical Poisson

structure {-, -}, which can be defined by the property

{ox, 0y} = drx,v)-

As usual, any function f € C°°(T*M) determines a Hamiltonian vector field Xy := {f,-} on T*M, so
given a vector field X € X(M), we can define its cotangent lift X1+ to be the Hamiltonian vector field
of the induced linear function ¢x. Symbolically, X7~ is defined by

Lxp f={ox, [}
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With these notations, the Leibniz rule for the canonical Poisson bracket becomes the relation
(fX)r = fX7+ + dx X

Remark A.2.2. In some of the literature, the terminology differs from above. The most common difference
is to use the name complete lifts for both the tangent and cotangent lifts, allowing context to clarify
the bundle being lifted to (see for example [24]). Additionally, in some works related to the cotangent
bundle, the term “vertical lift” refers to a process of lifting tensor fields to the cotangent bundle that
does not preserve the bidegree of tensor fields [80]. On functions and vector fields, this vertical lift is

defined in our notation by f +— f°, X — ¢x.

Finally, consider the case when V £ M is a vector bundle. A section of the dual bundle, 7 € I'(V*),
defines a linear function on V in the usual way. Since we will be mixing this identification with the
lifting processes described above, we will denote this linear function by ¢,, singling out the duality in
the tangent bundle with reserved notation. We can then define the vertical lift of a section o € I'(V') to
be the unique vector field o* € I'(TV) = X(V) satisfying the conditions

°Coﬁ (p*f) =0, °Caﬁ $r = p* <T7 O'>

for all f € C>*(M), T € T(V*).

Remark A.2.3. As with the brackets described in the previous section, the constructions presented in this
section admit generalizations from the tangent bundle TM of a manifold to an arbitrary Lie algebroid

A — M. A detailed account of these generalizations can be found in [24].



Appendix B

Normal Bundles and Clean

Intersections

One new construction appearing in this thesis is the means of obtaining a double normal space v(M, Ny, N)
out of a manifold M and two submanifolds Ny, Ny (see chapter 3). If the submanifolds N; and N» have a
“nice enough” intersection, then the space v(M, N1, N2) is a double vector bundle. The precise condition
on N7 and N> turns out to be that their intersection is clean, so we review this notion here, as well as

some preliminaries on normal bundles that generalize to the setting of the double normal bundle.

B.1 Normal Bundles

In this section we recall the definition of normal bundles and point out some of their uses that we will
need later on. It’s convenient to work with the category of manifold pairs. The objects in this category
are pairs (M, N), where M is a smooth manifold and N C M is a submanifold, and the morphisms
between two such pairs (M, N) and (M', N’) are smooth maps ®: M — M’ such that ®(N) C N’. The
normal bundle may be thought of as a functor v that associates to any manifold pair (M, N) the vector
bundle

v(M,N)=TM|n/TN

over N. To any morphism ®: (M, N) — (M’, N’), v associates the vector bundle morphism v(®) = T®|y,
which passes to the quotient since ®(N) C ®(N’). The normal bundle v(M, N) admits alternate
characterizations that are more algebraic in nature. To describe them, let I C C°°(M) be the ideal of
functions that vanish along N. Then we obtain a filtration of the space of smooth functions on M given
by

C®(M)D2IDI*D...

The associated graded algebra A of this filtration can be identified with the space of polynomial functions

on the normal bundle v(M, N). Indeed, for any p € N let A, denote the quotient of A by the vanishing
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ideal of p, then the identification is determined by the map

(Ap)1 — S(T,M/T,N)
[pry f] = ([Xp] = X,(£)),

where pr;: A — A; denotes the projection to the first component. Thus we obtain the normal bundle as

the character spectrum of A:
v(M,N) = Spec A := Homas(4,R).

Furthermore, we see that the space of linear functions on v(M, N) is precisely A;. This gives a third

description of the normal bundle: it is dual to the bundle having I/I? as its space of sections.

A natural question to ask is how this normal functor interacts with the tangent functor. It turns out

that the two functors commute, in the sense that the two double vector bundles

VG%LTN)%%? TMALN)»%T
v(M,N) —— N y(M,N) — N

are isomorphic (see [10, Appendix A]). This compatibility allows us to use the normal bundle to linearly
approximate vector fields tangent to N and to produce neighbourhoods of N that are linear in the
directions normal to N. Specifically, any vector field X € X(M) that is tangent to M can be thought
of as a map of manifold pairs X:(M,N) — (TM,TN). Applying the normal functor and then the

isomorphism of double vector bundles above, we get a vector field
v(X):v(M,N) — Tv(M,N)

that we call the linear approzimation of X. As a final note about normal bundles, we observe that the
lifting processes described in section A.2 above can be adapted from the tangent bundle to the normal
bundle. Indeed, for any function f € I", let [f],, denote it’s equivalence class in A,, = I"/I"*1. This

class determines a function £ on v(M, N) by the formula

e = evis,:Spec A — R (B.1)
@ = o([fn)- (B.2)

Note that in the particular cases that n = 0, f(9) is the pullback of f |n along the projection , while for
the case n = 1, f(V = v(f). We also observe that by construction, f(™ is homogeneous of degree n
for the vector bundle structure on v(M, N). As with the tangent bundle, one can then also lift vector
fields: the filtration on C*°(M) induces a filtration on X(M), and then the lift X(n) of a vector field
X € X(M)(n) is defined to satisfy the obvious relations with the Ifits of functions defined above.
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B.2 Clean Intersections

As mentioned above, our goal in this section is to describe a compatibility condition between two
submanifolds N1, No C M that guarantees that the space v(M, Ny, Np) constructed in chapter 3 is a
double vector bundle. A natural starting point is the condition of transverse intersection. Recall that

we say N1, Ny intersect transversally if
T,M =T,Ni +T,N,

for all p € N1 N N,. Note that this restriction is rather strong, for example if dim N7 + dim No < dim M
then N7 and Ny intersect transversally only if their intersection is empty. In fact, it is too strong for our
purposes, since if N1 and N have transverse intersection then not only will v(M, N1, N2) be a double
vector bundle, it will be a vacant double vector bundle. This suggests that we can relax the condition
of transverse intersection and still obtain a WV®B, with the cost of introducing a nontrivial core. The
correct way to relax the notion of transverse intersections turns out to be that of clean intersection, the

definition of which we now recall.

Definition B.2.1 (Cleanly intersecting submanifolds). Let M be a manifold, and let Ny, N3 be sub-
manifolds. Then N7 and Ny are said to intersect cleanly if N1 N Ny is a submanifold of M such that

Tp(Nl N Ng) = Tle ﬂTpNQ

for all p € Ny N Na.

The main result about cleanly intersecting submanifolds is that locally Ny and Ns look like coordinate
subspaces of M. A proof of this result, stated more precisely below, can be found in [34, Proposition

C.3.2).

Proposition B.2.2. Let Ny and Ny be cleanly intersecting submanifolds of M. Then there exist coor-
dinates {x1,...,Tm} on M such that

NIZ{xlz"':erOﬂ $e+1:"':xk:0}’

N2:{$1:"':xe:07 $k+1:"':37€:0}'

The number e = codim Ny 4 codim Ny — codim(N; N N3) appearing above is called the ezcess of
the intersection. Note that a clean intersection is transverse precisely when e = 0. The final result on
clean intersections that we need is the following consequence of proposition B.2.2, which was useful in

determining the WV®B sequence of the double normal bundle in chapter 3.

Corollary B.2.3. Let Ny and Ny be cleanly intersecting submanifolds of M, and suppose f € C*°(Ny)
is a function that vanishes on NyNNs. Then f is the restriction of a smooth function on M that vanishes
on Ns.
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