Real Analysis Comprehensive Exam
September 2013

Please be brief but justify your answers, citing relevant theorems.

1. Let (f,.)n>1 be a sequence of integrable functions that converges pointwise a.e. to an integrable

function f.
s { [0 17 == [1s0

(Hint: Use the triangle inequality.)

(a) Prove that

(b) Argue that the above identity improves upon Fatou’s lemma.

(c) Give an example where the inequality in Fatou’s lemma is strict.

2. True or False? Why? (Try to find one-line arguments.)
(a) If A C [0, 1] is compact and its interior is empty, then A has Lebesgue measure zero.
(b) Let B C R? be measurable, and let

By={zeR|[(z,y) eB}, B ={yeR|(z,y)€B}

be its horizontal and vertical cross sections. (A sketch may help.)
If B, has measure zero for almost every y, then B* has measure zero for almost every x.

(c) If a Lebesgue-measurable set C' C [0, 1] satisfies

m(CN1I)>-m(I)

N | —

for every interval I C [0, 1], then m(C') = 1.

3. Let ‘H be an infinite-dimensional separable Hilbert space.

(a) What does it mean for a sequence (u,),>1 to be an orthonormal basis of #?
Please give three equivalent criteria.

(b) Let f,, — f be a weakly convergent sequence in . Prove that
lim ||fy = fI|=0 <= Tlim [|ful[ = [|]].
n—00 n—oo

(c) Give an example of a sequence that converges weakly, but not strongly in .



4. (a) Define the Fourier transform F : f +— f for integrable functions f on R.

(b) How would you compute f for a function f € L2\ L (such as f(z) = ' sinz)?
Please justify why your method works. (Hint: Plancherel’s theorem.)

(c) Prove the Hausdorf{f-Young inequality
||f||q§0p||f||p7 1<p<2

for ¢ = 1 — 1/p and a suitable constant C,, by interpolating between p = 1 and p = 2.



