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This thesis studies global solutions to the semidiscrete stochastic heat equation and the associated
Cauchy problem known as Parabolic Anderson Model. Via a Feynman-Kac formula, it is linked with
the analysis of directed polymers in random environment, and this thesis establishes a number of

results for the corresponding partition function.

We consider a continuous-time simple symmetric random walk on the integer lattice Z¢ in di-
mension d > 3, subject to a random potential given by two-sided Wiener processes. In the high-
temperature regime, we prove the existence of the L?- and almost sure limit of the partition func-
tion as time t — 4oo. We show that the L?-convergence rate is at least polynomial and that the
limiting partition function is positive almost surely. Furthermore, we show that this limiting parti-
tion function defines a global stationary solution to the semidiscrete stochastic heat equation which
is unique up to a rescaling, and which in some sense attracts solutions to the Parabolic Anderson
Model for any subexponentially growing initial data. One of the primary tools in the proof of this
uniqueness and attraction result is a factorization formula for the point-to-point partition function,
which is related to the ones obtained by Sinai (1995) and Kifer (1997) for other polymer models,
but valid not only on the diffusive scale but up to any sub-ballistic scale. This factorization formula
allows us to obtain a uniqueness result for physical invariant probability measures of a certain skew
product that can be naturally associated with the semidiscrete stochastic heat equation, which in

turns gives uniqueness of global stationary solutions.
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Introduction

This thesis addresses the problem of global solutions to the semidiscrete stochastic heat equation:

Ou = Au + BF%u, (SSHE)

where v = u(x,t) is a scalar function on the semi-discrete spacetime Z¢ x R, where A is the
discrete Laplacian, F*“ is a random potential, and 5 > 0 is the coupling constant. The Cauchy
problem for (sSHE) is known as the parabolic Anderson model. This stochastic partial differential
equation is naturally linked via a Feynman-Kac formula with the Anderson polymer model, namely

continuous-time directed polymers in the random environment given by the potential F*.

The main goal of this thesis is to prove that global stationary solutions to the semi-discrete stochastic

heat equation (sSHE) are unique up to rescaling at the origin.

This introduction begins with a motivation and history of the two main actors in this thesis, directed
polymers in random environment and the sSHE. We also describe the recent work and problems

and limitations, setting up the stage for a brief outline of the main results of this thesis.
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1.1. Background.

1.1.1. Directed Polymers in Random Environment

The central role in our analysis of (sSHE) is played by directed polymers in random environment,
which are models in statistical mechanics where a stochastic process interacts with its spacetime
environment through a random potential. One studies the path of a given stochastic process under
a random Gibbs measure that depends on a parameter which is thought of as representing the
temperature in the system: as the temperature increases, the influence of the random environment
decreases. Many concrete physical systems may be modelled as directed polymers in this way,
from elastic strings to bacterial colonies. They were first introduced in the 1980s in physics in the
context of ferromagnetism by Huse and Henley [HH85] in order to study the phase boundary of
the Ising model subject to random impurities. They then found additional applications in physics
in a variety of contexts from tearing sheets of paper [KHW93], understanding topological-defect
turbulence in electrically driven liquid crystals [TS10, TS12], to modelling kinetic roughening of
growing surfaces [KS91]. The first mathematical treatment was undertaken in the late 1980s by
Imbrie and Spencer [IS88] and Bolthausen [Bol89]. A modern treatment of directed polymers in

random environments can be found in the recent textbook by Comets [Com17].

The spacetime is parametrized by (z,t) where the space and the time are most typically either
continuous (i.e., x € R? for some dimension d > 1 and ¢t € R ) or discrete (i.e., x € Z% and
t € 7). We will usually say continuous spacetime to mean R¢ x R, discrete spacetime to mean
7% x 7., and semidiscrete spacetime to mean Z¢ x R. A point of the lattice Z? is often called a site.
Sometimes spaces with more interesting topology are considered, most typically a d-dimensional

torus T¢ = R¢/Z? which is used to model periodic systems.

The two most typical choices for the underlying stochastic process are a Brownian motion in con-
tinuous space R? and a random walk in discrete space Z¢. In this thesis, we shall only deal with the
latter: a random walk 7 on an integer lattice Z? (sometimes called a hypercubic lattice) describes
the motion of a walker on Z¢ that jumps at discrete time steps ¢t = 1,2,3,... to a new, randomly
chosen, site. The most well-studied example is the simple symmetric random walk, in which the
“walker” is only allowed to jump from one site to any of its nearest neighbours with equal prob-
abilities. Then a directed polymer is the graph (¢,7(t)), of the random walk 7 parametrized by

time ¢.
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In discrete space, the random environment is given by a family F = {F*(t) : z € Z¢} of indepen-
dent identically distributed random processes. The energy (often called the Hamiltonian potential)

that a path 7 acquires in this environment over a time interval [s, ¢] is given as the integral
t
Hi(n) = / F'(7)dr. (1.1
S

Of course, in case of discrete time, this integral should be interpreted as summation. The statistical
properties of such a system are then encoded in the point-to-point partition function given by the
following path-integral formula: for any pair of sites z, y and any pair of moments of time s, ¢,
Gt Y= t BH!
Zg,s T p%L;”Eg’SeB (12)
where Eﬁ’:’fq is the expectation obtained by conditioning on random walks starting at x at time s
and ending at y at time ¢, and p/ . is the transition probability of the continuous-time simple

symmetric random walk going from x to y in time ¢ — s. The parameter § > 0 is called the inverse

temperature, which we will discuss in more detail below.

Noise. There are two standard choices for the distribution of the noise F' in discrete space:

e A Bernoulli environment is the case where F*(t) = +1, each with probability 1/2. Such models
were studied in discrete time by Imbrie and Spencer [IS88], Bolthausen [Bol89], and Song
and Zhou [SZ96]. The continuous-time version of this model was first studied in 1995 by
Coyle [Coy95, Coy96].

e A Gaussian environment is the case where F**(¢) is a standard normal random variable. Such

systems were studied in discrete-time by P. Carmona and Hu [CHO2].

Some authors consider more general environments. For example, one may consider F' to be given
by independent identically distributed random variables with finite exponential moment. Important
examples are provided by normal distributions and distributions of bounded support. Such models
were investigated in discrete spacetime by Sinai [Sin95] and Song and Zhou [SZ96], and later
by Vargas [Var06] in both discrete and continuous spacetimes. Other environments in continuous

spacetime have also been considered, for example, by Kifer [Kif97].
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Weak and Strong Disorder. The inverse temperature parameter 3 describes the strength of the
disorder or the extent to which the directed polymer interacts with the random environment. When
£ > 0is small (i.e., in the high temperature), the interaction is weak, and when 3 > 0 is large (i.e.,
low temperature regime), the interaction is strong. Of particular interest is to understand the
longterm behaviour of the directed polymer system; in other words, we are interested in studying
the asymptotic behaviour as ¢ — co. A directed polymer can be either localized (the strong disorder
regime; i.e., the endpoint distribution has bounded variance with large probability) or diffusive
(the weak disorder regime; i.e., the variance grows linearly in time). It was shown in [CH02, CY06]
that strong disorder always takes place in the low dimensional cases d = 1,2, while in higher
dimensions d > 3 there is a transition from weak to strong disorder as the inverse temperature

increases.

The weak disorder regime has been studied since the late 1980s. In the case d > 3 and small
3, the diffusive behaviour of directed polymers was established in discrete spacetime by Imbrie
and Spencer [IS88], Bolthausen [Bol89], and Sinai [Sin95], and in continuous spacetime by Kifer
[Kif97] and by Comets, Shiga, and Yoshida [CSY03]. In semidiscrete spacetime, Coyle [Coy95,

Coy96] showed diffusivity in a Bernoulli environment.

1.1.2. Parabolic Anderson Model

The analysis of directed polymers in random environment is also known as the Anderson Polymer
Model, a name which goes back to the work of the Nobel-prize winning physicist P. W. Anderson
on entrapment of electrons in crystals with impurities [And58]. In the mid 1990s, R. Carmona and
Molchanov [CM94] (see also [CMS02, CHO6]) built a bridge between the analysis of the Anderson

polymer model and the analysis of the Cauchy problem for the stochastic heat equation,

Oru = Au + BF%u
(PAM)

u‘t:O =f
which is often called the Parabolic Anderson Model. Specifically, using a Feynman—Kac formula
they proved the following statement:

Proposition 1.1 (Proposition 5 in [CH06])

The point to point partition function Z; ’S satisfies the semidiscrete stochastic heat equation (sSHE).
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1.1.3. Random Hamilton-Jacobi and Burgers Equations.

An important motivation for studying (sSHE) is its strong connection with the randomly forced
Hamilton-Jacobi equation and the closely related randomly forced Burgers equation. These equa-
tions have been very actively studied in the last 30 years, initially motivated by the physics of
turbulence-type behaviour, the so-called “burgulence” [FBO1, BKO7], and later by the connection

with the Kardar-Parisi-Zhang (KPZ) equation for the random growth of interfaces [KPZ86].

The Hamilton-Jacobi equation. In its most general form, the random Hamilton-Jacobi equation
can be written as follows:

8+ H(Vo) = vAp + F*, (H)

where ¢ is a scalar function on spacetime R? x R, H is the Hamiltonian, F* is a time-dependent
random potential, » > 0 is the parameter called viscosity, and V, A are the spacial gradient and
spacial Laplacian, respectively. The Hamilton-Jacobi equation has a very long history, naturally

arising as in the Hamiltonian approach to classical mechanics.

The Burgers equation. The most important example of a random Hamilton-Jacobi equation cor-
responds to the quadratic Hamiltonian H(p) = p?/2, where p € R? are the momenta, because
it is the only case when the nonlinear equation (HJ) can be linearized, placing it among the
simplest physically interesting nonlinear partial differential equations. Indeed, the Lagrangian
L(v) := max, [(p,v) — H(p)] in this case is also quadratic, L(v) = v?/2, and the map between
Legendre conjugate variables p and v is the identity; namely, v(p) = p. It follows that the velocity

field v = V¢ satisfies the random vector Burgers equation:

v + (v, Vv =vAv + VF¥. (Burg)

An unforced version of the Burgers equation (Burg) was first introduced in the late 1930s by
J.M. Burgers [Bur39] as a one-dimensional model for the dynamics of pressure-less gas, guided by
the observation that this equation is a simple model that has similar invariances, conservation laws,
and type of hydrodynamical nonlinearity as the Navier-Stokes equation. However, it is the presence
of a random forcing term in (Burg) that can be used in order to describe the physics of turbulence-
type behaviour, the so-called “burgulence” [FBO1, BKO7]. The randomly forced Burgers equation
has been extensively studied in the last 30 years in both physics [KS91, CY95, GM96, MM97]
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and mathematics [Sin91, BCJ94a, BCJ94b, DDT94, HLO 94, HLO 95, DG95, BG97, Kif97, DD98]

literature.

Finally, rescaling the time variable ¢ by v and using the Hopf-Cole transformation [Hop50, Col51]
¢ = —2vlogu, (1.3)
we obtain the stochastic heat equation:
Ou = Au + SF%u. (SHE)

In this way, all three equations (HJ), (Burg), (SHE) are equivalent when the Hamiltonian is quadratic.

Types of Noise. The interpretation of equations (HJ), (Burg), (SHE) depends on the type of the
noise term. Normally, the potential F* is stationary in space and time and it is important to assume
that its correlations decay fast in both space and time. It is usually also assumed to be white in
time; this assumption does not affect the regularity of the equation. However, a white in space
potential creates very serious difficulties on small scales: in this case, solutions of (HJ) are forced
to have very low regularity, making sense of which is a nontrivial problem addressed by Martin
Hairer [Hail3, Hail4]. In fact, in the case of a spacetime white noise, the Burgers equation (Burg)
has to be understood in some generalized sense where the product (v, V) is interpreted as a Wick
product, and the solution is given as a distribution-valued process [HL@ " 94, HL@®*95]. But if one
is interested in large-scale spacetime behaviour (as is the case in this thesis), it can be assumed that

the realizations of the potential F* are smooth in space: this avoids regularity issues.

Global Solutions in the Compact Case. The case of space-periodic potentials F“(z + k,t) =
F“(z,t) for k € Z¢, has been extensively studied in the series of papers [Sin91, EKMS00, IK03,
GIKPO5, KZ17], resulting in an almost complete understanding of global solutions in this case. The

average velocity

b= /Jl‘d v(z)dz,

where T¢ = R9/7Z4, is the first integral for the Burgers equation (Burg). The corresponding
time-invariant set for (HJ) and (SHE) consists of functions ¢(x) = (b,z) + ¢ (z) and u(x) =
exp((b, z))w(x), where 1)(x) and w(x) are periodic: ¥ (z + k) = ¥ (z), w(x + k) = w(x), k € Z%

One of the main results in this periodic case can be formulated in the following way.
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Theorem 1.2 ([Sin91],[IK03]1)
Almost surely for all b € R% and all v > 0, there exists a unique (up to an additive constant)
global solution to the random Hamilton-Jacobi equation (HJ) with space-periodic potential and

with average velocity b.

Uniqueness in the periodic viscous case (v > 0) follows from [Sin91], and [IKO3] deals with the
inviscid case (v = 0). Of course this result implies the uniqueness of global solutions to the random
Burgers equation (Burg) and thanks to the Hopf-Cole transformation, this result also implies the
uniqueness (up to a multiplicative constant) of global solutions to the random stochastic heat

equation (SHE).

Global Solutions in the Noncompact Case. In the non-periodic case the situation is much more
difficult. Although it was conjectured in [BK18] that the almost sure uniqueness of global solutions

still holds, at present there are very few mathematical results supporting this conjecture.

Conjecture 1.1 ([BK18]). For any d > 1 and any F*“(t,xz) with exponential decay of space-time
correlations, the one force-one solution principle holds; in other words, for every b € R? there is
a unique time-stationary (modulo time-dependent additive constants) global solution ¢y, (t,z) =

b-x+ p,(t, x) where ¢y, has sublinear growth.

Uniqueness has been established in the case d = 1 for the quadratic Hamiltonian in the viscous
and inviscid situations under certain assumptions on the forcing [RASY13, BCK14, BL16, BL17].
Some uniqueness results have also been established for the quadratic Hamiltonian in the case d > 3
with weak forcing. For example, Kifer [Kif97] was able to deduce uniqueness of global solutions
to the Burgers equation, but only in a rather weak sense: namely, the solutions to the Cauchy
problem converge to the unique global solution if the initial condition v(-,0) is L2-stationary. Since
different global solutions to the random Hamilton-Jacobi equation depend on a parameter b € R?
corresponding to a class of functions of the form ¢(x,t) = (b, z) + ¢ (x,t) where v has sublinear
growth in ||z|| [BK18, IKO3], one really has to establish convergence for all ¢(-,0) with sublinear
growth in case b = 0. Via the Hopf-Cole transformation, this means that in terms of the stochastic
heat equation, the convergence to the global solution has to be established for all initial conditions
with subexponential growth; i.e., of the type u(-,0) = expw(-) where w is a function of sublinear

growth.

This thesis was mainly inspired by our efforts to address these difficulties. In the next section, we

explain what we have achieved.
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1.2. Main Results

The principal goal in this thesis is to prove that global solutions (with subexponential growth in
space) to the semi-discrete stochastic heat equation (sSHE) are unique up to a normalization at
the origin in space. Since our motivation comes from the question of uniqueness for the stochastic
partial differential equations (HJ)-(SHE), we work in a continuous-time setting. At the same time,
we work in discrete space because it allows for a more transparent presentation. In this section, we
describe in detail our setup and main results. Note that the main body of the thesis (i.e., beginning

with Chapter 2) can be read completely independently from this section.

The results in this thesis were obtained in collaboration with Dr. Tobias Hurth and Prof. Konstantin

Khanin. Their support and encouragement during the work on the thesis are highly appreciated.

1.2.1. The Setup

Noise realizations. For d > 3, let Q be the set of functions w : Z¢ x R — R such that for every
x € 79, the function ¢ + w(x,t) is continuous and satisfies w(x,0) = 0. Each w € 2 represents a
realization of the noise in our stochastic model. Let F denote the canonical o-field on €, and let
(@ be the probability measure on (2, ) under which (W?),czq, defined by W/ (w) := w(x,t), are
independent two-sided Wiener processes. Expectation corresponding to () will be denoted by (-).

For any time s € R, let 05 : 2 — Q be the Wiener shift defined by
Os(w(z,t)) == w(z,t + s) — w(z, s),

for all (z,t) € Z¢ x R; i.e., every path w(z,-) is shifted by s to the left along the time axis and
normalized to equal 0 at time ¢ = 0. The probability measure () is invariant with respect to (6s)scr,

in the sense that for every s € R and for every A € F, one has Q(05(A)) = Q(A).

The Parabolic Anderson Model. Let f : Z¢ — (0, 00) be any function of subexponential growth

and decay in space; namely, such that for a sufficiently small e € (0, 1), it satisfies

In(f ()]

o0 |||

=0. (1.4)
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We fix s € R and 8 > 0, and consider the following Cauchy problem for the semidiscrete stochastic

heat equation (sSHE), also known as the Parabolic Anderson Model (PAM):

Ouly,t) = Ayu(y,t) + Bu(y, )WY, yeZ t > s,

’LL(y,S) = f(y)a Y€ z°.

(PAM)

Here, A, is the discrete Laplacian given by

Ay )= g D0 (w0l 0),

2€Z%:|ly—z|1=1

and W}/ is the white noise associated with I¥;. We emphasise that most studies of the PAM consider
bounded or even localised initial data, whereas the initial data considered in this thesis is in a much

more general class, namely those having subexponential growth as in (1.4).

Directed polymers in a random potential. For any (x,s) € Z¢ x R, let n = (n);>s be a
continuous-time simple symmetric random walk (SSRW) on Z? starting at 7, = z. The corre-
sponding probability measure is denoted by P, , and the corresponding expectation by E, ;. We
assume that the jumps of 1 occur at random times given by independent exponential clocks; i.e.,
the times between consecutive jumps form an i.i.d. sequence of exponential random variables with
rate 1. Note that 7 is transient because d > 3. If observed over a time interval [s, t), a sample path

of n (which we shall also denote by 1) is characterized by
(1) the number ng; of jumps that occur within the time interval (s, ),

(2) a discrete-time path v = (0,71, -, Vn.,) o0 Z¢ such that 49 = z and |v; — v;—1[1 = 1 for

1 < j <nsy, and
(3) the jump times s < 51 < ... < sp,, <.

It is convenient to introduce the notation s := s and s,,, ;1 := t, although we do not assume that
s and ¢ are jump times. If s = 0, we will typically write n; instead of ny;. To a sample path n and a

realization of the noise w € (2, we assign the action defined by

Ns,t

Al(n,w) = Z (w(vj, 8j41) — w(v5,55)). (1.5)

=0
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For any time ¢ > s and any site y € Z¢, denote the probability measure obtained from P, ; by
conditioning on the event {n, = y} by P%f;. The corresponding expectation is denoted by E%jtg

Also set

pi = Poo(n = y).

Partition functions. For every w € 2, we define the random normalized point-to-point partition
function by
82 _
ZP(w) = e 2 py TP EYL A, (1.6)

We also define

=) Z¥l(w and =) Z¥i(w (1.7)

yezZd zeZd

2
Since ¢~ 7 (t=9) (ePA5(1)y = 1 for every 1), these partition functions are normalized in the sense that
(Zy5) = (20" = 1.

Notice that the law of the stochastic process (Z5+t)t>0 with respect to ) does not depend on z or
s because the law for the increments of the Wiener processes (IW*), .7 is stationary in space and
time, and because the SSRW 7 is homogeneous. Besides, (Z;%');>0 and (Z;"):>0 have the same

law because of time-reversibility of 7.

It was shown in [CM94] that the solution to the Cauchy problem (PAM), if interpreted as an integral

equation in the sense of Itd, is given by

=) fl@)zyl, t>s. (1.8)

x€Z4

Note that u}(y,s) = f(y). In the special case that s = 0, we usually write u; instead of ugl. This

result can be viewed as a Feynman—-Kac formula for the semidiscrete parabolic Anderson model.
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1.2.2. Uniqueness of Global Stationary Solutions to the Semi-Discrete Stochastic Heat

Equation

We can think of any solution u?(y, t) to (PAM) given by (1.8) as being local in time in the sense
that it is defined only for a finite time interval (s, ¢). The primary focus in this thesis is instead the

analysis of solutions which are global in time in the following sense.

Definition 1.3

Let Q' € F such that Q(€') = 1 and 6,(9)') = Q' forallt € R. Ameasurable map Z : ZIxRxQ — R

is called a global stationary solution to (sSHE) if:
(1) Foreveryy € Z¢, s,t e Rwith s < t,and w € €,

Z(y7t7w) - Z Z(m,s,w)Zé’g(w);

z€Z4

(2) Foreveryy € Z4,t € R, and w € €, we have Z(y,t,w) = Z(y,0, w).

This is Definition 6.1 in the main body of the thesis. The first main result in this thesis is a con-
struction of a particular global stationary solution to (sSHE) that arises as a limit of the partition
functions for the parabolic Anderson model for directed polymers in random potential. Namely, we
derive the following convergence result, including rate of convergence, for the partition functions

(1.7) in the regime of small £.

Theorem 1.4

If B is sufficiently small, the following statements hold.
(1) Forall (z,s), (y,t) € Z* xR, the partition functions Z., , and ZY" converge in L2(Q) as t — oo

and s — —oo respectively to the limiting partition functions

0o . 13 t Yt . yst
Zg = thm Zy s and Z> = lim ZY°.
—00 §—>—00

In fact, there is § > 0, independent of =,y and s, t, such that

lim (¢ — s)9< (2, - Z§°j5)2> —0 and lim (t— s)9< (Zg’t - Z%;io)2> = 0.

t—o0 §——00

(2) There is a subset QT C Q with Q(Q1) = 1, such that for all (z,s),(y,t) € Z* x R and all

w € QF, the limiting partition functions 735 (w) and ZY" (w) exist and are positive.
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This is Theorem 3.1 in the main body of the thesis. The limiting partition function Z¥_(w) is of

special interest to us because it defines a particular global solution to the (sSHE).

Proposition 1.5

There is an F-measurable subset ! ¢ QF with Q(Q%°!) = 1 such that the function

74 xR x 0% 5 R
(1.9)
(y, t,w) = Z%% (W)

is a global stationary solution to (sSHE).

This is Proposition 6.2 in the main body of the text. The main result of this thesis is that, up to
normalisation at the origin 0 € Z¢, this global solution Z%’éo (w) is unique, implying in particular

that the solutions to (PAM) have a rather weak dependence on the initial data.

Theorem 1.6
Let Z be a global stationary solution to (sSHE) which, Q-almost surely, has subexponential growth

in space and satisfies Z(0,t,w) # 0. Then, for [ sufficiently small and Q-almost surely for all

(y,t) € Z¢ x R,
Z(y,t,w) _ 2% (w)
Z(0,t,w)  Z% (W)

This is Theorem 6.3 in the main body of the thesis. Explicitly, by Z having subexponential growth

in space we mean that, there exists ¢ > 0 such that for all ¢ and almost every w € (2, we have

In (Z(z,t,
2@
|00 [Jz[[17

Let us make a few remarks regarding our assumptions.

(1) We cannot formulate a corresponding result for the random Hamilton-Jacobi equation (HJ)
or the random Burgers equation (Burg) since the Hopf-Cole transformation is not readily
available in the setting of discrete space. However, we certainly believe that our results and

methods can be extended to the continuous-space setting.

(2) We also note that we have only considered the case b = 0, but we expect that the extension
of our result to the case of all b € R? should be relatively straightforward. Indeed, in the
case of continuous space, this extension would be a simple consequence of shear-invariance,

whereas continuous shearing in discrete space will require minor technical adjustments.
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(3) The potential F* in our model is the white noise associated with space-independent two-sided
standard Wiener processes. We remark that the independence in = and the white behaviour
in t are purely technical conditions that simplify our proof, and that they can be weakened by
considering weakly dependent potentials. At the same time, the Gaussianity of the potential
is more important because some of our methods are inspired by Talagrand’s approach which

requires Gaussian distributions. Nevertheless, we believe that it is still a technical condition.

1.2.3. Attraction to the Unique Global Solution

The first major step towards Theorem 1.6 is a result which says that the particular global stationary
solution Z?’éo from (1.9) attracts solutions to the Cauchy problem (PAM) with any subexponentially
growing initial data f. For any ¢ > 0 and ¢ € (0, 1), let £ be the set of functions f : Z¢ — (0, )

such that

|In(f(2))| < cllzl|'™¢,  VzeZ’ (1.10)
Note that this condition implies f(0) = 1, and is equivalent to

—cllz||*~¢

e < f(z) < eclel™ vy e 79,

However, we emphasize that the condition f(0) = 1 is not essential and we could consider
‘ ln(f(:v))| < co+ c|jz||*, vz € Z2. (1.1

for some ¢y > 0 instead of (1.10).

Theorem 1.7
For B sufficiently small, the following holds: for every y € Z% and for every ¢ > 0, ¢ € (0, 1), we have

Uf(y,t) . Zg’éo
Uf((), t) Zg’éo

0 in probability. (1.12)

t—o00

This is Theorem 6.4 in the main body of the text.
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1.2.4. Factorization Formula

The proof of Theorem 1.7 relies on a factorization formula for the point-to-point partition function.
In the high dimension, high temperature regime (i.e., with d > 3 and small ), Sinai, Kifer, and
Vargas [Sin95, Kif97, Var06] established a factorization formula for the point-to-point partition
function Z¥'% for different polymer models. This formula can be viewed as a Local Limit Theorem
for directed polymers in random environment. Their results are related to the behaviour on the
diffusive scale ||z|| = O(t'/?). In [Kif97], Kifer used this kind of factorization formula to show that
solutions to the Cauchy problem for the stochastic heat equation converge to the unique stationary
global solution if the initial condition is L?-stationary. However, since we are dealing with fast
growing initial conditions, it is necessary to extend the analysis far beyond the diffusive scale,
basically up to the ballistic scale ||z|| = O(t). In order to deal with this issue, we prove the following
factorization result for partition functions corresponding to polymers with endpoints far away from

each other.

Theorem 1.8
For [ sufficiently small, the following holds: For any o € (0,1) there exists 6 = (o) > 0 such that

forall z,y € Z and s < t with ||z —y| < (t—s)°, the partition function Z%" has the representation

s z,5%—00

24t = pis (235,255 + 4% (1.13)

where the error term 0% defined by the formula above satisfies

lim (¢t —s)? sup <|5g7g ) =0. (1.14)
(t=s)—00 z,Y€EZL: ||z —y||<(t—s)°

This is Theorem 4.1 in the main body of the thesis. Although this result is similar in spirit to the
results obtained by Sinai in [Sin95, Theorem 2] and Kifer in [Kif97, Theorem 6.1], we emphasize
that the novelty of Theorem 1.8 consists in extending the uniform smallness of the error term far
beyond the diffusive regime ||z — y|| < (¢ — s)%. Intuitively, this factorization formula says that,
even if x and y are far away, conditionally on the event (7, = y), the polymer only “feels” the
environment at times close to s when it stays near x and at times close to ¢ when it stays near y,

and that for the majority of time in between, it behaves like a conditioned simple random walk.
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1.2.5. A Lower Tail Estimate of the Probability Distribution for the Partition Function:
Talagrand’s Method.

One of the key steps in the proof of Theorem 1.7 is to obtain a lower tail estimate of the proba-
bility distribution for the partition function Z{ . Such estimates in the case of discrete spacetime
have been obtained by P. Carmona and Hu [CHO02] using concentration of measure arguments for
discrete directed polymers in Gaussian environments that originated in Talagrand’s work on spin
glasses [Tal98, Tall1]. In contrast, in this thesis, we work in a semidiscrete spacetime in higher
dimensions (d > 3), and we therefore prove the following continuous-time version of [CH02, The-

orem 1.5] (see also [Mor14, Theorem 1(a)]).

Theorem 1.9

For (3 sufficiently small, there exists a constant ¢ > 0 such that

Q <Zg’t < 6_“) < ce_UQ/C, t,u > 0.

This is Theorem 5.1 in the main body of the thesis.

1.2.6. Uniqueness of Physical Invariant Probability Measures

After the convergence result Theorem 1.7, the second major step towards Theorem 1.6 goes through
the theory of random dynamical systems; namely, we show uniqueness of physical invariant prob-

ability measures of a certain skew product that can be naturally associated with the (sSHE).

Recall the sets L., defined for any ¢ > 0 and € € (0,1), consisting of functions satisfying (1.10).
Define

L= U Lec, (1.15)
c>0
e€(0,1)
which can be thought of as the set of functions f : Z¢ — (0,00) of subexponential asymptotic
growth and decay, normalized by imposing f(0) = 1. Notice that £ is exactly the set of functions
f:7Z% — (0, 00) that satisfy f(0) = 1 as well as the condition in (1.4). Note also that for any global

stationary solution Z to sSHE from Theorem 1.6 (namely, with subexponential growth and with

Z(0,t,w) # 0) the quotient Z(y, t,w)/Z(0,¢,w) is an element of L.

Although the set of functions of subexponential growth has the structure of a vector space, the set
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L is not a vector space due to the requirement that every f € £ must satisfy f(0) = 1. However,
L can be equipped with the structure of a metric space and the corresponding Borel o-field B(L)

using the metric

d(f,g) ="y el

x€Z4

[f(x) — g(2)].

Forw € Q, s,t € Rsuch that s < ¢, and f € £, we define

L3 f(y) =

Lemma 1.10
The set L is Q-almost surely invariant under the dynamics induced by L, i.e. for QQ-almost every w € )

the following holds: for every f € L and for every s,t € R such that s < t, we have L3' f € L.
Lemma 1.11
There is a set Q C Q with Q(ﬁ) = 1 that satisfies the following conditions:

(1) Q is invariant under 0 for every s € R, i.e. QS(KNZ) = ﬁfor every s € R;

(2) Forevery w € §~2, f €L, and s,t € R such that s < t, we have ijtf eLl;

(3) Forevery w € §~2,

lim Z90w) = Z"0 (w) >0, Vz ez
(4) For every w € Q, the function z — Z“ (w) := 2% (w)/2°° (w) is an element of L.

Lemma 1.12

The map @ : [0, 00) x QO x L — L, given by
defines a cocycle; i.e., for all s,t >0 and all w € €,

s+t _ Ht s
Ot =Y 0 B3,

These are Lemmas 6.10, 6.11, and 6.12 in the main body of the thesis. It is not hard to see that ®
is a (B(]0,0)) ® F ® B(L), B(L))-measurable map, where B([0, c0)) is the Borel o-field on [0, o)
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and F is the restriction of F to Q. On Q x £, we define the skew product
Gt(wvf) = (et(w)’q)fjf)a t>0.

Definition 1.13
An invariant probability measure for the skew product (0%);>¢ is a probability measure x on
(Q x £, F @ B(L)) such that

(1) p has marginal @ on (ﬁ, F ), where @ is the restriction of Q) to Q;

@ u((©)7() = (), V>0,

This is Definition 6.13 in the main body of the thesis. If i is an invariant probability measure for

(©")¢>0, then there exists a family (u“)__g of probability measures on (£, (L)), so-called sample

measures, such that for every 4 € F @ B(L),

H(A) = /ﬁmw Qdw).

where A, := {f € L: (w, f) € A}. Notice that sample measures are just conditional distributions

under the condition of fixed w.

Theorem 1.14

The skew product (©');>¢ admits a unique invariant probability measure whose sample measures

are given by

p () = 5y._>23vgo(w)(')v w e

This is Theorem 6.14 in the main body of the thesis.
Remark 1.15

One can define a Markov semigroup (P*);>o on £ by setting

P!(f, F) ;:Q({weﬁch;feF}), ferL, FeBL).

By Ledrappier-Young [LY88], there is a one-to-one correspondence between invariant probability
measures for (P');>¢ and so-called physical invariant probability measures for the skew product

(©%)¢>0. The latter are invariant probability measures p for (0%);> with sample measures (u*)
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such that w + p* is measurable with respect to o(Wy : u < 0,y € Z%). It is easy to see that the

unique invariant probability measure from Theorem 1.14 is physical. Therefore, (P!);>¢ admits a

unique invariant probability measure given by

_ 5x»—>Zf’° (w)(-)@(dw).
Q oo
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In this chapter obtain several estimates on transition probabilities for the simple symmetric random

walk on Z¢, both in discrete and in continuous time.

2.1. Discrete-Time

2.1.1. Fundamentals

A random walk is a stochastic process formed by successive summation of independent, identically
distributed random variables and it is one of the most basic and well-studied topics in probability

theory. The prototypical example is the discrete-time simple symmetric random walk on Z<.

Definition 2.1 (Simple Symmetric Random Walk on Z%)

The Simple Symmetric Random Walk on Z? (9),,¢n, starting at = € Z¢ is given by
Sp=x+X1+ + X,

where the X;’s are i.i.d. random variables and P{X; = e;} = P{X; = —e;} =1/(2d), k=1,...,d

and where ¢;, denotes the unit vector in the k" direction.

Notice that a Simple Symmetric Random Walk on Z? can also be considered as a Markov chain with

state space Z¢ and transition probabilities P{S, 11 = 2|S, =y} = &, z—y € {Fe1,...,teq}. We

20
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define the n-step transition probability for the random walk starting at z as

an(z,y) =P{S, =y | So ==z}

If the random walks starts at the origin, we denote its transition probability by g,.

We say that n € Ny and = € Z¢ have the same parity and write n <> z if n+ 33 | 7 is even. Notice

that if » and = have different parity, then ¢* = 0.

We remind the classical local limit theorem for the simple random walk (see for example, Theorem

2.1.1in [LL10O]):

Theorem 2.2 (Local Central Limit Theorem)

For n € Nand x € Z¢, define Z to be the Gaussian approximation of ¢*:

_ d \7? e
q£:2<2ﬂ_,n> edZn.

Then,
_ 1
sup Iqﬁ—q£|=0< d+1>- 2.1)
T n2
In particular,
1
r=0(—= 2.2
w0 =0( ) =

and for every A > 0, there exists a constant ¢ > 0 such that

1
inf ¢f > c—r. (2.3)
T n /2
lzl|l<AVR

This estimate is good for typical = (i.e. for = such that ||z|| < A,/n), but is not very sharp for

atypically large .

The following result, which was also proved in [LL10] (see Theorem 2.3.11), is an improvement
of the lower bound for the transition probability obtained in (2.3) since it allows us to consider far

away points. We include the proof here for the sake of completeness.
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Lemma 2.3
There are constants cy, ¢ > 0 such that the following holds: For every o € (3,1) and 5 € (o, 1), there

exists N € N such that for every n > N and y € Z with g}, > 0 and ||y|| < n°,
d \§ d (1,112 153
¢ > ca (5%)% exp (— £ |lyll°) exp ( — con > 2.4)

Proof. The argument is standard, so we will be brief (see for instance [LL10]). Let (y;)nen, be a
simple symmetric random walk on Z?. For n € Ny, we set 7 := 79,. Then v* is a random walk
on the lattice (Z%)y in RY consisting of points whose coordinate sum is even. If {e;}1<;j<q is the
standard basis for R?, then {e; +¢; : 1 < j < d} is a basis for (Z%)ey. Let T : RY — R? be the
linear transformation mapping e; + ¢; to e; for 1 < j < d, and define ¥, := T;;. Then, ¥ is an
aperiodic, irreducible, symmetric random walk on Z? with bounded increments, so it satisfies the
conditions of Theorem 2.3.11 in [LL10]. Thus, there is p > 0 such that for any i € N and for any

z € 7% satisfying ||z|| < pi, we have

N _ 1 (z,A712) Il
G =PHi=2)= ———————exp <—> €xXp <O < + ]
(27i)% /et A 2i N

where A is the covariance matrix of the increment distribution for 4. Now, we fix o € (2,1),

& € (0,1), and let n € N be so large that 1 +n° < (n —1)° and n° < ﬁn, where ||| is the
operator norm of 7. We distinguish between two cases: n is either even or odd.

EVEN CASE. If n = 2m for some m € N then we can prove a stronger statement:

Claim 2.1
If n € N is even, then there are constants cy,cs > 0, independent of n, &, and o, such that (2.4) holds

for every y € Z¢ with g3, > 0 and ||y|| < n°.

To prove this claim, we fix y € Z? such that ¢J, > 0 and ||y|| < (2m)°. Then ¢¥, . = G.’. Moreover,

since || Ty|| < [|T|l[lyll < [IT]ln" < pm, we have

1 Ty, AT 1 Tyl|*
i — | exp (_( Y, y>> exp (O ( n I ng ))
(2rm)zv/det A 2m m m

d 1 T 4
—2(5) e (— o) e (0 (2 + L1 )

m3

d

d -
> 2 (55) % exp (= gllyl®) i exp (= hn'77?)
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for some universal constants ¢}, ¢, > 0. This proves the claim if we take ¢; := 2¢] and ¢ := ¢).
ODD CASE. Now, suppose n = 2m + 1 for some m € N. Fix y € Z¢ such that @3me1 > 0 and

|yl < (2m + 1)°. Let E be the set of standard unit vectors in R? and their additive inverses. Then

_ 1 _
z2€Z4 2€E

Since ||y — z|| < 1 +n° < (n—1)% = (2m)° and ¢j* > 0 for all z € F, then using Claim 2.1, we

can bound ¢J,, ., from below as follows: there are ¢}, ¢, > 0 such that

. 1 g 5
B 2 50 2 (sthm ) o0 (= gy lly = 2I12) exp (= h2m) )

zelR
c 5—
= () e (= ch2m) ) Y exp (- gk lly — #I)
zeE
d ~
> 2 () exp (= gt ) exp (= lly —erl?). @)

Assume that n is so large that

d(1 +2n%) 1 dn?° 1
exp(— 2n <1+n—1>>eXp<_2n(n—1)> 7y

Since |ly — e1]|? = [[yl|> + 1 — 2(y, e1) < ||y||> + 1+ 2||y]|, it follows that

exp (= ghlly = e1l?) = exp (= g (Iyl? + 1+ 20y]) (1+55) ) = Fexp (= lyl?).

Plugging this into (2.5), we obtain the desired estimate. O

2.1.2. Further Estimates

In this section we obtain further estimates on the transition probabilities of the discrete-time simple
symmetric random walk. Of special importance is Lemma 2.6 which provides an upper bound
estimate for the ratio of transition probabilities g7, /¢Z even for z large (||z|| < An for some A > 0).
We express special gratitude to Fedor Nazarov, who kindly shared with us his unpublished notes

that allowed us to prove Lemma 2.6.

We first show a result for linear functionals that will help us obtain estimates related to the discrete-

time transition probabilities.
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Fix a linear functional  on R? such that |p(x)| < ||z| for all 2 € R?. To simplify notation, we set
¢j = ¢(e;) for 1 < j < d, where {e;} is the standard basis in R?. Define, for all § = (9*,...,0%) €
RY,

d
®(0):=E { i0m) g ] = id Z ( ! i + e*iwe*%) . (2.6)
Notice that for all 6,
[B(0) < @(0) = Y gfe?). 2.7)
2€74
Furthermore,
0)" = Z qge“’(y). (2.8)
y€Z4

Notice also that & is 27-periodic in every argument, so it will be convenient to work with the
cube C := (-7, {]d It is not hard to see that the inequality (2.7) is strict for all € C except for
) an

0° = (0,...,0)and 0! := (,..., 7). Foranye > 0and j € {0,1},let D5 := {6 € R* : [|§—67|| < &}.

Claim 2.2
There exist €, > 0 such that, for j € {0,1},

< eoN6-07)12 foralld € C\Di_, 2.9)

20
T(09)

Proof of Claim. For each j € {0,1}, we define scaled versions of the gradient vector and the

Hessian matrix of ® at 67:

1V?0(07)
2 P(h7)

and ==

A simple computation shows that the matrix H; is diagonal, and that for every [ € {1,...,d}, the

I-th component of GG; and the ([, )-entry of H; are, respectively,

i _ sinh(gy) 1 _ cosh(pr)
= H = ——"2.
9= ™ =550

(2.10)

If we Taylor expand ® around 67, we get

o(0)
G

= [14+i(Gy.0 - 0) — (0 — 67, Hy(6 — 07)) + O(llo — 7))

— (120 09,1, - ) + (G0 - )2+ O(Jo — ) "
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Here and anywhere this notation appears, g(6) = O(f(#)) means there is a universal constant ¢ > 0,
possibly depending on the dimension d, but independent of ¢, n, z, etc., such that |g(0)| < cf(0).
In the Taylor expansion above, the constant ¢ corresponding to the error term O(||§ — 67||*) may
be chosen independently of ¢ because of the assumption that ||¢|| < 1. Notice from (2.10) that
Gy = G1 and Hy = Hq, so in order to prove Claim 2.2, it is enough to consider the case j = 0. If

we write § = (01, ...,0%), then using Jensen’s inequality for sums,

(Go.0)" < s

) lnh‘@l’(el)2'

uMg

Thus, using the expression for Hj in (2.10) as well as the fact that ||¢|| < 1, we get

1

> —leil (gly2
Z @) 2=¢ @)

M=

2(0, Ho) — (G, 6)°

1
>
~ de®(0) o

N
Il
i

Thus, there is an € > 0 and a universal constant ¢ > 0 such that for all ||¢]| < e,

200) R N e
'¢<o>'§<l dea(o) 91" + Ol >) < (1—clol?)”

Since the map 6 +— |®(#)/®(0)| is continuous and strictly less than 1 for all 6 € C except 6°, 61, it
follows that if o is the supremum of |®(6)/®(0)| over 6 € C satisfying [|# —6°|| > e and || —6'|| > ¢,
then o < 1. Thus, if we choose ¢ € (0, ¢) so small that (1 —&[|||?) > o for all § € C, then the claim
follows if we take § := ¢/2. O

Lemma 2.4
There is c; > 0 such that for every y € Z¢ and for every linear functional ¢ on R¢ with |p(z)| < ||z||,
z € R we have

z€L%

In particular,

d
2

@ <n neN,yezl (2.11)

Proof. For z € Z% and n € N, let dn be the Fourier transform of " ie.,

Tn 1 —i(0,z
dn(z) == W/C@(e)"e ©0:2) qp.
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Since ®(0)" = E [e!0m) ()] | we get

@(z) = Z P, = y)e?W ! y / e 0v=2) g = gz %), (2.12)
ot (2m)? Je

Now, using Claim 2.2, we estimate:

G < o RO 0 = o [ 15

1 / —onll6])? / —onl6—0%||? W)
e oM™ do + e " de q’e?V
(2m) ( c\D: e\Ds 2

yEZ4a
2

oo / =IO g 3 querv)
R4

yezZd

do Z glefW)
y€Z4

IN

U

IN

The last integral can be estimate from above by

> d—1_—dénr? _a [ d—1_—06p?
C % e dr=Cn"2 p e dp,
0 0

1 . .
where p := n2r and C is some constant depending on d.

Lemma 2.5

There are py1,pz > 0 such that the following holds: For any n € N and for any z € Z% such that

|z|| < pin and ||z||1 = n, there is a linear functional ¢ on R? of norm ||| < pQ@ which satisfies

(2717)‘1 /c |®(6)]" do < (1 I O(n*%)> gZe??),

Moreover,

gZe?®) > nt Z gle? ).
yEZ4

Proof. Foreach j € {0,1},let B; := {# : |0 —67|| < n~2/5}. Recall from (2.12) that for all z € Z¢,

all n € N, and any linear functional ¢ on R satisfying ||¢|| < 1, we have the following equality:

1 .
e = @i /C O(O)"e 02 49 = Iy + I + I, (2.13)

where

1 . 1 A
I = DO\ —i(0,z) I = / K —i(0,z) _
= /B O 00 and L= [ ey
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Then we find

1
i /ycb )" do — gze?) SZ(% /|<1> )" do — Re(I )) (2.14)

J

=0
b2 / |@(0)|" db.
@m)T Jevsous)

By Claim 2.2, there are ,6 > 0 such that the integral over C \ (By U B;) in (2.14) can be bounded

from above by

2(1)(0)6[ / 6_6n02d9+/ e~ n0=0"17 gg | < 4@ (0)me """ (2.15)
(2) C\(BoUD?) C\(B1UDS)

where D; := {0 € R? : ||§ — 67|| < e}. Note that we used that C\ (ByUB;) C C\ [(BoN Do) U (BiN
Dy)] € [C\ (BoUDy)] U [C\ (B UDy)].

To find a suitable upper bound on the integrals over B; in (2.14), we will choose ¢, n and z in

—%(zﬂ)

such a way that for j € {0,1}, the linear term in the Taylor expansion of ®(6)e around 6’

vanishes.

To find a suitable upper bound on the expression in the second line of (2.14), we will choose ¢, n

and z in such a way that for j € {0, 1}, the linear term

D0V (e n#)) 4 e n IV P (99)

in the Taylor expansion of Pe =) around 9 vanishes. If we denote the kth component of z by

2(¥) this is equivalent to

sinh(pp) 2

k(%pl, ) ‘Pd) Zl ) COSh( ) n

where ¢, = p(er). Let F : R? — R? be given by

F( ) Zd: sinh(zy)
Tlye.n,Xg) i= ——— .
k=1 sz:1 cosh(z;)

For r > 0 and = € R, let B,(x) denote the open Euclidean ball of radius r centered at x. Since
F(0) =0 and
1
det DF(0) = 7 # 0,
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the inverse function theorem yields existence of p; > 0 and an open neighbourhood U of 0 such
that F : U — B,,(0) is a diffeomorphism. Therefore, for any n € N and z € Z? with ||z|| < pin
there is ¢ € U C R? such that F(¢) = Z. Since F~! is differentiable and F~1(0) = 0, there exists
p2 > 0 such that

&l

lell = IF GO < pa=—

Without loss of generality, we may assume that p;p, < 1 so that ||| < 1. Fix n € N, z € Z¢ such
that ||z|| < pin and |z|l1 = n, and the corresponding ¢ € R¢ (which we identify with the linear

functional mapping e, to ¢, for 1 < k < d). For j € {0,1} and for § € B; such that ||[§ — 67| < n”5,

we have

2(0)e 0 = 2(6N)e v+ (91— 67, 450~ 81)) + O(I8 - &1)°)

o 0— 07, A0 —0
= ®(07)e n =) 1+< J(Z. _ ))
B(07)en(*07)

+ O(n6/5)> : (2.16)

where A; is the quadratic form in the Taylor expansion of (I)(@)e_%<279j). Note that the error term
O(n*g) is complex-valued and can be bounded by cn~$ for some constant c that depends neither
on ¢ nor on n or z (this is because ||¢|| < 1 and Hfl—” < p1). Also, using the expressions (2.10)
for the gradient and the Hessian of ®(6), it is easy to see that the entries of A;/® (¢’ )e_%<z’6j>
are real. Let z;(#) and y;(#) denote respectively the real and imaginary parts of the expression in
parentheses in (2.16). Then each of the summands on the righthand side of the first line in (2.14)

can be written as follows:

1

o(0)" _ " _ .
Z (2(7T§d /B (‘xg(e) +iy;(0)]" - Re((xj(ﬁ) + iy;()) )) de. 2.17)
§=0 i
Here, we used the assumption that n and ||z||; have the same parity: as n = |z||;, we have

®(91)el(=0) = &(0)"(—1)"e"l2lt = &(0)". If we represent x;(6) + iy;(#) in polar form, then
the modulus is {xj(e) + z'yj(H)‘ = ‘@(0)/(1)(0)‘ and the argument is of order O(n~9/%). As a result,

the integrand in (2.17) equals
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We can therefore write (2.17) as ®(0)"O(n~2/5).J,, where

[ (le@])"
Jn ._/c ( <I>(0) do. (2.18)

Now we claim that .J,, > n~%2. Our choice of ¢ implies

anq) /\@ enze‘dﬁ—/‘mo +iyo(6)|" do

ZCOS(O(R71/5) /B }xo(G)‘ df = ( 1+O(”2/5))/B ‘IO(Q)‘ndO'

For 6 € C N By, we have xo(6) = exp ({8, Agf)/®(0)) (1 + O(n=%/%)), so we can continue the above

chain of inequalities as follows:

> (1406 ) (14 06" [
> (1 +O(n_1/5))/8 exp (n<0’A09>> de

®(0)
Z/ e—cn||9||2 A6 Z ’I’L_d/2
Bo

exp <n <9(’I;(46))9>> 4

for some universal constant ¢ > 0. The estimate J,, = n -3 implies that O(n~2/%).J,, decays polyno-

~

mially in n, whereas e =" '* decays stretch-exponentially. Therefore, (2.14) implies
y y

@i /\@ )|"do — gze?D < O(n —2/5 0)[™ dob,
7T

which gives proves the first claim.

Using (2.13), we write

¢z > Re(Iy) 4+ Re(I}) — 2&(0)"e —onl/? Re(Iy) + Re(l;) — et/ Z eV,
y€Z4
L p(0)
Re (I() +R€ Il = jgo (27[_ /j <($J<9) —i—zyj(ﬁ)) )d@ (2.19)

Moreover, for j € {0,1} and 6§ € C N B,

(6 9.4,00 - )
B(07)e w>)

j(6) = exp ( ) (1+0(n=%%)).
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As the argument in the polar form of x;(6) +iy; () is of order O(n~%/%), we can bound Re((xj(e) +
zyj(ﬁ))n) from below by
2;(0)" cos (O(n=/%)) = 2;(0)" (1 + O(n~?)).
For the right side of (2.19), this yields the lower bound
1 . .
n 0—07,A;(0—¢
(1 +O(n71/5)) é(o)d exp n< '7 j(i ' )> do,
(2m)® = Js, O(07)e =)
which is greater than a constant times
*d/2q) —n"4/? Z @ Yo (y)
y€Zd
1
As e="" decays faster than n‘g, we obtain the desired estimate. O

Lemma 2.6

There are constants p,c > 0 such that for any n,n’ € N and for any z, 2" € Z¢ with ||z|| < pn and

llz][1 = n, we have

CZ (1+ 0t exp (e (L2 (e = 214 1 = ) 4 1) 2271 ).

Proof. Let py, p; be as in Lemma 2.5, relabel p; as p, and let n,n’ € N, z, 2/ € Z% be such that

||| < pn and ||z]|s = n. Let ¢ be the linear functional from Lemma 2.5 that corresponds to

z, and for which
1 n -2 z o(2)
@y 2O 8 < (140 %)) gzes.
1

We consider two cases: n’ > n and n’ < n.

CASE “n’ > n”. If n’ > n, we have

@ L ep(Z)

)" do < ®(0) 2 /\q» )™ do.
7T

Furthermore,

B(0)" ™ < ellelln’=n) <

n and

(2.20)
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The estimate in (2.20) then implies

L < (14 02 ertemep 0
dn

< (1 + O(n_%)> exp <p2||;|| (Ilz = 2| + |n' — n)) .

CASE “n’ < n”. If n < n, the function z — x»’ is convex, and Jensen’s inequality implies

i

3

L

1 % ! n
(2n)d /C|‘I’(9)|” d9) = ®(0)" Jy" < B(0)" ", (2.21)

qTZL’Iew(Z’) < (

where .J,, was defined in (2.18). Since J,, > n~%?2,

/
n—n

Jr < <02ng) Jn < exp <03 ln(n)n i > In (2.22)
n

for some constants ¢y, ¢c3 > 0. Combining (2.21) and (2.22), we obtain

’ / 1 n — n/
2 < p(z") n )
g <e @) /C|®(«9)| df exp <03 In(n) - >

Together with (2.20), this yields

2! 9 o
Iy < (1 + O(n*E)) exp <¢(z — )+ e3In(n) > n” )

" < (1 + o(n—%>) exp <c (H;HHZ — /|| +In(n)" ;n»

for some universal constant ¢ > 0. O

For y € Z% and n € Ny, set

n, HZ/HI =n,
n+l, |yl #n

Let v € (3,1) and set

J(t) == {nEN:‘%—1‘<1—V}:{n€N:1/t<n<(2—1/)t}. (2.23)



TOC | chapter 2 | section 2 32

Lemma 2.7
Let o € (%, 1)and & € (0,1 — o). There are constants T, ¢ > 0 such that the following holds: For any

t > T,y € Zsuch that |jy|| < t°, m € J(2t%), and | € J(t — 2t*1), we have

Y Y
D+ < CqL(y,l) :

Proof. Since «(y,1) > |ly||1 for ||y|| < 7,1 € J(t — 2t51), and t sufficiently large, and since ((y, 1) =

llyll1, we have qi’( > 0. For m € J(2t%!), Lemma 2.6 implies the estimate

y,l)

Y
y _qm+l Y
Dn+1 _qy qL(y,l)
Lyl

_2 [y m
< (1 + O(l o)> exp <c <L(y, l)m + In(¢(y, l))L(y, 0 qi/(y’l) < qZ”(yJ).

For the last estimate, we used the assumption that & < 1 — o. O

Lemma 2.8

Let |ly|| < t°, lo € J(t — 2t%1), 1,14 € Ny, then there exists a constant C' > 0 such that

o—1
qu,+l.+l+ < H exp (Ct ls) q?(y,l.)‘
SE{—,+}

This lemma is an easy consequence of Lemma 2.6 and it can be proved in the same way as

Lemma 2.7.

2.2. Continuous-Time

Now, we turn to the continuous-time simple symmetric randoms walk on Z¢.
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Definition 2.9 (Continuous-time Simple Symmetric Random Walk)
We define continuous-time simple symmetric random walk 1 = (1;);cr on Z? starting at point x
by

m=r+X1+ -+ Xy,

where n; is Poisson distributed (i.e. P(n; = n) = eft,tn) and the X;’s are i.i.d. random variables

n.
and P{X; = ¢;} = P{X; = —e;} = 1/(2d), k = 1,...,d and where e, denotes the unit vector in

the k" direction.

That is, a continuous-time simple symmetric random walk starts at some point = € Z? at time 0
and after a waiting time (exponentially distributed with rate 1) it jumps to one of its 2d nearest

neighbours with equal probability.

Given a continuous-time simple symmetric random walk 1 = (1;);cr on Z? starting at z, if observed

over a time interval [s, t), a sample path of  (which we shall also denote by 7) is characterized by
(1) the number n,; of jumps that occur within the time interval (s, ),

(2) a discrete-time path v = (y0,71,...,7n,,) on Z% such that vy = z and ||v; — vj-1]1 = 1

whenever 1 < j <ng,, and
(3) the jump times s < 51 < ... < sp,, <t

Let

pi :==Poo(n = 2)

be the transition probability. for the continuous-time simple symmetric random walk starting at the
origin. Since the number of jumps up to time ¢ n; in the continuous-time random walk is Poisson
distributed, we have that p; = quL( ) where n(t) is a Poisson random variable with intensity ¢,

namely

thet
pi=

n=0

where ¢7 is the transition probability for the associated discrete-time random walk v, = = + X3 +

e+ X,
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Lemma 2.10
For any y € Z% such that ||y|| < 2%’ we have
d 1 Y 3
o = () e (- Py esw (0 (- + 1)) (224)

Therefore, for any o € (0,1) and t sufficiently large,

1 o

— < e,y yll <t (2.25)

by

Proof. Denote the coordinate components of the continuous-time Simple Symmetric Random Walk
5 on Z¢ starting at 0 by nV, ... 7@ and set 7" := 7751? for 1 < i < d. Then Proposition 1.2.2
in [LL10] implies that 7)), ... /(9 are independent continuous-time Simple Symmetric Random

Walk in dimension 1 starting at 0. According to Theorem 2.5.6 in [LL10], we have

for1 <i<d,andforallt > 0and z € Z such that 2| < L. Now, if z = (21, ..., 24) € Z% such that

|z|| < L=, the above equality implies (2.24) and the estimate (2.25) because

2v/d’
d
pi= HP(ﬁg) = z)

i=1

U
Recall that for v € (3,1)
n

J(t):{nGN: ‘?—1‘ <1—y}:{n€N:ut<n<(2—y)t}. (2.26)

Fort >0,y € Z%, and x € Z? such that ||z|| < t°, let

 Xagame am
Dt(y7$) = ¢t y—x”
EneJ(t) € udn
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Lemma 2.11

Let y € Z%. For any o € (3, 1), we have

lim sup Di(y,x) = 0.

1200 ||z <te

Proof. First observe that for 0 < n < vt — 1, we have

" n t tn—i—l
— < — = .
n! “nln+1l  (n+1)!

As a result,
tn tLI/tJ

<—— 0<
n! = |wt|!” T
This implies
—ttn o - . tn - 4 . ] tLI/tJ
Z eS¢ Z i (vt+ )—Lytﬂ.
0<n<vt 0<n<vt

Since z > ¢!~ forall z € (0,00) \ {1}, we may select r € (¢'~+,v). As k < v, we have |vt] > xt

for ¢ sufficiently large. By Stirling’s formula,

el vt 1 e\ vt
[vt]! V2 vt vt T 2kt \K

Let

1
As k > e'~v, we have

and hence

It follows that

n t
S et < (5> VL
n! e) 2mkt

0<n<vt

For any k£ > t we have the following tail estimate

S\
n>k n=~k k
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Because 2 — v > 1, we can combine the estimate in (2.27) and Stirling’s formula to obtain

1— t
et P S < i )
ST L L= 55 V22— vmt \@—v)*

ez—l

—v

Notice that & < 1 because

[C=ER <lforallz e (0,00)\{1}

Ccfl)
On the other hand, on account of (2.24), for y € Z% there is a constant C' > 0 such that

e}

t" _
Ze_tﬁqz_:” =p{™" >exp (-Ct* ), x| <t°.
n=0 ’
Since 20 — 1 < 1, we obtain the desired convergence. O

Lemma 2.12
Let ¢ € (0,1) and o € (2,1). There are constants T, ¢ > 0 such that for any t > T and y € Z¢ such
that ||y|| < t°, we have

Y
Prowe _ gt
— <ce” .

2

Proof. Choose the parameter v € (3, 1) in the definition of J(t) so close to 1 that 4(1 — v) < /32,

and let & € (o, 1). We have

limsup sup D,_9e(y,0) < lim sup Dy_oe(y,0),
t=oo |ly||<te E=00 1y 1< (t—2t6)5

and the righthand side tends to 0 as t — oo by virtue of Lemma 2.11. Thus,

£ ¢ (t—2t8)™
Py Lonesi—ze) S G (1+ Dye (3,0))

Y < __ti" y
Dy anoe tm‘]n
(t=2t" 1y (t*2t5)"qy

2t€ ZnGJ(t72t5) n! "< 62155 ZneJ(thtf) n! n

<(1+Dy_g(y,0))e

~

] 7y
ZnEJ(t—2t5) nldn Zne](t—2t5) nldn

Forn € J(t — 2t%),

(t —t2t£> _ (=26 < (1— 2t§—1)u(t—2tf) < (1 — 266 1)@ Dt < o—22v—1)t

Accordingly,

v

Proswe 4oyt < g2
Y ~ ~ °
Dy
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Lemma 2.13

Let o € (0,1) and y1,y2 € Z°. Then,

y1— y1—x
. Dy
lim in e = T
t—roo ||lz||<t” py t=00 || ||1<te Py

Proof. Thanks to Lemma 2.6, there are p, ¢ > 0 such that for any n,n’ € N with n’ < n and for any

2,2 € Z¢ with ||z|| < pn and ||z||; =n mod 2,

Z/

Iy < (1 + O(n%)) exp <c <”Z’Hz — /| +In(n)> ;”,>> . (2.28)

an n

Fix § > 0 and choose the parameter v € (3,1) in the definition of J(t) so close to 1 that
vl < (14 6)3.

With the help of Lemma 2.11, we can choose 7 > 0 so large that

ol

vl < (146)3,

14+ sup Dy(yi,z) < (1+6)3, forallt>r,
i<t

and such that for all n > v7, we have ||ys|| + (¥~1n)? < pn and

Wl

(2.29)

n

<1 N O(n*%)) exp (c (Hyzll —|—7(ly—1n)a

um—yﬂ+J“m))<<r+®.

For y € Z% and n € Ny, let

n, llylh =n mod 2,

n+1,  lyli#n mod2,

Lett > 7 and let z € Z% such that ||z| < t°. For n > vt,

ly2 = 2l < lwell + llzll < lgell + (v )7 < pn < pe(yz — z,n).
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By definition of ¢, we also have ||y — z||; = ¢(y2 — x,n) mod 2. Hence, using (2.28) and (2.29),

- !
2t < (1ot ) exole (P2 -l 4 2 ) ) < 400k
) " "

Notice that for n < v~1t, we can write

t t(y2—z,n) ti(y2—z.n)

n
n!

W=

< (w4t < (1+9)

L(yg—x,n)! L(yQ_I)n)!.

Then

_ 4t
P =(1+Di(yr,2) > e taqgl ’
neJ(t)

_ "o
<(1+ sup Dy(yr,@))e™ > —gh"
[ll|<t® neJ(t) n

>
n!™"

neJ(t):g21 " >0

<(1+68)se

Z tL(yz—x,n) qu_x q%l —x
L —T.n ' L(y2—1':n) Y2—x
neJ(t):qn' >0 (v2 ™) Uu(yo—a,n)

<(1+44)ie!

ti(ya—z,n)
E qy(z—l‘ )
(y2 — x,n)! Hyz—zn
neJ(t):qsl " >0 ( )

<(1+68)e?

where in the last line we used the estimate in (2.30). Furthermore,

filya—am)

00 m
Y2—T __ § : —t Y2—T > —t § : Y2—T
= e e I —— .
bt = (y2 — z, n)!qb(yzfﬂw)
n=0 neJ(t):git " >0

Combining the estimates (2.31) and (2.32) we have

Yyi1—x

by
Y2 —T
t

<1+46.

Since our choice of 7 did not depend on z and since § > 0 is arbitrary, this shows that

pl "
limsup sup = <1.

— <
oo |laf<te P}

(2.30)

(2.31)

(2.32)
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Interchanging the roles of y; and y», we obtain
pyzfx
limsup sup Zl,z <1
t—oo lz||<te Py
and thus the desired result. O

Lemma 2.14

There is a constant C' > 0 (depending on the dimension) such that the continuous-time transition

probability of going from 0 to any point z € Z% in time t = 1 satisfies the following bound:

Proof. From Theorem 2.1.1 in [LL10], there is a constant C' > 0 (depending on the dimension)
such that for any 2 € Z% and n € N such that

= ]2
Therefore,
o0 o0
1 1 C C
T __ -1 - =z et
P1 _Ze n!qn < Ze n! nd/2||l.H2 < ||$||2
n=0 n=0
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For d > 3, let Q be the set of functions w : Z¢ x R — R such that for every = € Z?, the function
t — w(z,t) is continuous and satisfies w(z,0) = 0. Each w € € represents a realization of the
noise in our stochastic model. Let F denote the canonical o-field on €2, and let ) be the probability
measure on (2, F) under which (W?), .4, defined by Wj(w) := w(x,t), are independent two-
sided Wiener processes. Expectation corresponding to ) will be denoted by (-). These constitute

the random potential in our setting.

For any (z,s) € Z¢xR, let = (1;);>s be a continuous-time simple symmetric random walk (SSRW)
on Z¢ starting at = at time s. The corresponding probability measure is denoted by P, s and the
corresponding expectation by E, ;. We assume that the jumps of 7 occur at random times given by
independent exponential clocks; i.e., the times between consecutive jumps form an i.i.d. sequence
of exponential random variables with rate 1. Note that 7 is transient because d > 3. If observed

over a time interval [s, t), a sample path of  (which we shall also denote by 7) is characterized by

(1) the number n,; of jumps that occur within the time interval (s, t),

40
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(2) a discrete-time path v = (y0,71,.-.,7n,,) on Z% such that vy = z and ||v; — vj-1]1 = 1

whenever 1 < j < ng,, and
(3) the jump times s < 51 < ... < sp,, <t.

It is convenient to introduce the notation s := s and sy, ,+1 := t, although we do not assume that
s and t are jump times. If s = 0, we will typically write n; instead of ny;. To a sample path  and a

realisation of the noise w € (2, we assign the action defined by

Ns,t
Ag(nvw) = Z (w(’Yj)Sj-i-l) _W(Vjvsj))' (31)

j=0
For any time ¢ > s and any site y € Z¢, denote the probability measure obtained from P, ; by
conditioning on the event {n, = y} by PZ’fS. The corresponding expectation is denoted by E%:é

Also set

p{ = Poo(n = y).

1. Partition functions. Fix a parameter § > 0, called inverse temperature, which we will always
think of as small; i.e., we study the high-temperature regime. For every w € {2, we define the

random point-to-point partition function by
2
ngg(w) = e~ T (- py Eyt BA( ), (3.2)

We also define

Z Z¥t(w and Z Z¥t(w (3.3)

yezZd zeZd

. B o . o
Since e~z (=%) (¢AAL(1)) = 1 for every 7, these partition functions are normalized in the sense that

S

(Zyo) =(Z0") = 1.

Notice that the law of the stochastic process (Z5+t)t>0 with respect to ) does not depend on z or
s because the law for the increments of the Wiener processes (IW*), .74 is stationary in space and
time, and because the SSRW 7 is homogeneous. Besides, (Z;%');>0 and (Z;"):>0 have the same

law because of time-reversibility of 7.
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The first major achievement of this thesis is to construct a limit of the partition functions for the
Anderson polymer model. Namely, we derive the following convergence result, including the rate

of convergence, for the partition functions (3.3) in the regime of small S.

Theorem 3.1

If 3 is sufficiently small, the following statements hold.
(1) Forall (z,s), (y,t) € Z% xR, the partition functions Z! ;and Z¥" converge in L2(Q) as t — oo

and s — —oo respectively to the limiting partition functions

X . 13 t yyt PP g y,t
Zypos = thm Zy s and Z5 = lim ZY°.
—00 S§——00

In fact, there is 0 > 0, independent of x,y and s, t, such that

lim (t — s)9< 7 — 72 > —0 and lim (f— s)9< (ngt _ Z%];o>2> —0

t—o00 §——00

(2) There is a subset QT C Q with Q(Q1) = 1, such that for all (z,s),(y,t) € Z* x R and all

w € QF, the limiting partition functions 735 (w) and 7Y (w) exist and are positive.

Remark 3.2

Note that, due to symmetry, it is enough to henceforth only study the limit as ¢t — oo of Z}, ..

This chapter is devoted to the proof of this theorem which we structure as follows. To prove Part (1),
we first prove the existence of the L?(Q)-limit of the partition functions in Proposition 3.3. Then,
in Proposition 3.5, we establish the rate of convergence. Of course, Proposition 3.5 immediately
implies Proposition 3.3, but we believe that the proof of Proposition 3.3 is sufficiently simple and

illustrative to be included for pedagogical reasons.

For Part (2), the proof is constructed in a sequence of three incremental steps. First, in Corollary 3.4
we argue that for every (z, s) € Z*xR, there is a full-measure subset 2, , such that Z2°, (w) exists for
every w € €, . This follows immediately from the proof of Part (1) (specifically, Proposition 3.3).
The second and crucial step is to flip the quantifiers: using the existence of subsets 2, ; and by
restricting our attention to integer time intervals, we argue in Proposition 3.8 that there is a full-
measure subset Q™ independent of (z, s), such that 73 (w) exists for every w € ;s and every

(z,s) € Z% x R. The third and final step, which is Proposition 3.11, is to prove, this time by first
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restricting our attention to rational times, that there is a full-measure subset O+ c Q™ again

independent of (z, s), such that Z2%(w) is positive for every w € Q" and every (z,s) € 74 x R.

3.1. Existence of Limiting Partition Functions

Define

=% (a) (3.4)

By Theorem 2.2, there exists C' > 0 such that ¢7 < Cn~% forall z € Z¢ and n € N. Therefore,

because d > 3, we have

agczldzqg:cznlg<oo. (3.5)
n=1

n=1"M2% ,czd

Proposition 3.3

For 8 < \/7 the following holds: For all x € Z¢ and s € R, as t — oo, Z! , converges in L*(Q) to a

limiting partition function Zg5.

As pointed out by Bolthausen ([Bol89]), (Z¢ )t>s is a martingale with respect to the filtration

Fii=o(Wy:s <u<tycZ?), so the Martingale Convergence Theorem implies the following.

Corollary 3.4

For every x € Z% and s € R there exists a set Qs € Qwith Q(Qy,5) = 1 such that for every w € Q ,

Z!. [(w) converges to a limit Z2%,(w) as t — oc.

Before we prove Proposition 3.3, we derive an expansion for the partition function Z¥%, and state
analogous versions for Z}f,ys and Z¥". In addition to being a key step in proving Proposition 3.3,

they will also help us prove Proposition 3.5 and 4.1.

3.1.1. Partition Function Expansions.

To derive an expansion for Z , let us first write

Ns,t

20t = pire sEy’tHexp B(W, —wih). (3.6)
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In the expression above, it is important to note that s,,, , ;1 = ¢, in line with the notation for random
walk paths in continuous time over an interval [s, ) that we introduced earlier. Given z € Z¢ and
s,t € R such that s < ¢, define

BOWE—WE) _ 5 (15)

ﬁ Wz—W#2 (&
h(z;s,t) = e 2 79 PWE—WE) _q — : : (3.7)

2
eﬂz (t—s

Notice that (h(z;s,t)) = 0 and (h(z;s,t)2) = €#°(t=%) — 1. Moreover, h(z;s,t) and h(2'; s, t') are

independent if z # 2/ or if (s,¢) N (s',¢') = @. Then we can rewrite (3.6) as follows:

Ns,t
Yyt Yt g g
Zm, pt SE (]- +h(7jas]75]+1))
7=0
Ns t+1 r
y7 : iy Ss )
=p{=s +P{_JEY, [ E E , ﬂwj—zg',1<3<7“Hh(zjﬂsljvslﬁl)}
r=1 0<i1<..<ir<nst, J=1
21500y 2p €LY
ns,t+1 r
_ y—z zZ1— a: Yy—=z .
=DPi—s +E|: E : E : ql1 qn Z:Hh(zj’sij,sij+l):|
r=1 0<i1<...<ir<ns,t, Jj=1
Zl,...,ZTGZd
oo n+l

=p{ T Y. Y gt JE[Hh 253 Siyr Siy41) Lng = n:| (3.8)

n=0r=10<i1<...<ir<n, =1
Z1,...,ZTEZd

Where E should be understood as averaging with respect to the the Poisson point process on the

real line. Similarly, we have:

oo n+1

A
LIRS 9) DD DR e <) | (IO

n=0r=1 0<i; <...<ir<n, j=1
zl,...,zreZd

and

oo n+l r
t _ 21— J: Zr—Zr—1 e, .
s=1+ E E E 4, g i E [H h(zj; Sijs s,j+1)]ln5’tn]
n=0r=10<i1<...<ir,<n, 7=1
210y 2 EZ8

3.1.2. Proof of Proposition 3.3 and Corollary 3.4

Assume without loss of generality that s = 0 and that x is the zero vector in R%. First notice that
(Z§ 0)1>0 is a martingale with respect to the filtration {7}, := o{ Wi : 0 <u <t, y € Z%}. Since

(Z§,9) = 1, we have that
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(Z5,0|Fs) <ZZ35 ,S|}-S>: Zzg’o bs) ZZgb: Z o-

y€eZa y€eZa yezZa

Following the approach in [Sin95], by the L?-bounded Martingale Convergence Theorem, to com-

plete the proof of Proposition 3.3 and Corollary 3.4, it suffices to show that

SUP((ZO 0)?) < .
>0

Observe that the series in (3.8) has an orthogonality structure, which we shall now exploit. Since
h(z;s,t) and h(z';¢',t’) are independent if z # 2’ or if (s,t) N (¢/,t') = &, and since (h(z;s,t)) =0,

we have with Jensen’s inequality and Fubini’s Theorem that ((2370)2) is bounded from above by

00 r
242> > () (fo_ff 11> E[<Hh(zg‘;8ij,8ij+1)2>]- (3.9)
r=10<4; <...<ir, Jj=1
21400y 2r €LY

Since (h(z; s, 1)) = e#*(t=5) _1, and since si;+1— i, is an exponentially distributed random variable

with rate 1, we find

E |:<ﬁ h(Zj; Sij, Sij+1)2>:| =E |:1£[ (662(sij+1_sij) — 1):| = )\r. (310)

j=1

where
62

)\::1_62.

(3.11)

Hence, the expression in (3.9) is finite provided that
o0

Z(a)\)T < 00,

r=1

which holds for A < 1, or equivalently, for 32 < 1/(1 + «). This completes the proof of Proposi-

tion 3.3 and Corollary 3.4.

3.2. Rate of Convergence
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Proposition 3.5

For 3 sufficiently small, there is § € (0, min{% —1,—1In( 101652 )}) such that

lim (¢ — )" <(Z;S - Z;;f;)2> = 0.

t—o0

Before presenting the proof of Proposition 3.5, we introduce some additional notation and establish

two lemmas. For every n € Ng and r € {1,...n + 1}, let
Ly i={i=(i1,...,i;) €N} : 0<i) <...<i, <n}.

Zr—Zr—1

Forie I, and z € (Zh), define ¢, (i,z) = qfll Gy and a sequence t of positive numbers,

let
n+1 r )
M, (t) := Z Z qr(i,2)? H (eﬁ bij+r _ 1) ,
r=1 iEI’n,r,Z j:l

which is monotone increasing in n. Set

M(t) := lim M,(t) € (0, +oc].

n—oo

Lemma 3.6

Let 7 = (7 )ken be a sequence of independent exponentially distributed random variables with rate 1.

Then,
lim n’E[M (1) — M,_1(7)] =0, 0€(0,4-1).

n—oo

Proof. If 7| is an exponentially distributed random variable with rate 1, we have for 8 < 1

E [eﬁ% - 1} — A
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where \ = 1BW Therefore,

E[M (1) = Myp—1(7)] (3.12)
r
Z Z qT(i, Z)z H E |:eﬁ27'ij+l _ 1}
r>In(n) 0<ii <.. <z,«, j=1
Z1,-- azTEZ
r
+ Z Z ar (i, Z)z H E |:eﬁ27'z‘j+l _ 1}
1<r<lIn(n) 0<i; <...<ir,ir>n, j=1
Z17"'$ZT‘€Zd

Z AT Z qr (i, z)2

r>In(n) 0<41 <...<ip,
z1,,..,zTEZd

. N2
+ E AT E qr(i,2)°.
1<r<In(n) 0<iy <.y, ip 21,
2140y 2r €ELE

Notice that for r > 1,

S ) ()= Y% (6 -

j17“'7j7‘€N7 k= 1]17 ’JTENCkGZd
c1,...,cr €L

where a = "7 > 4 (¢2)*. Suppose X is so small that aX < 1. The term in the fourth line

of (3.12) can be written as

T(AT r—1 r 2 In(a)
Z A" +a"™) <2 Z (M) <a)\(1—a/\)n ,

r>In(n) r>In(n)—1

and

2
. 0 In(ad) _ _
nh_}rnoon I —an) a)\)n 0, 6€(0,—1In(al)).

The term in the fifth line of (3.12) is less than

2 ) X ) > (q§;)2.-.(q§:)2. (3.13)

1<r<In(n) J15--Jr€N, ¢1,...,c-€Z4
1++]7‘Zn

For 1 <r <In(n), c1,...,¢c, € Z% and j1,...,j, € Nwith j; + ...+ j. > n, thereisl € {1,...,r}
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such that j; >

48

(5)°)

%.Thus,
2 T '
)y ¥ (X
CkEZd

S0 (6 (o
jlrn’jTEN’ Cly~~~7cr€Zd
a1 Y Y (g

I=1 j1,....jr€N, k=1
- n

NZ 1)

ji+...+jr>n
32 iy ez
1
r—1
Srah Yy
. 2
]Zln?n) J

As a result, the expression in (3.13) is less than a constant times

00 1 00 17%

)" — < )
SN’ 3 S rien (1)
= JZ mn =
and L
lim n? ~1) =0, fe(0.4-1)
oo \In(n) 0 )2

Lemma 3.7
sequence t = (t1,ta,...) of positive numbers such that t; = s; — s;—1, 1 <i < np + 1, we have

<<e—‘fTeﬁAoT " BZteﬁA6>2> < 3(M () — My,_1 (t)) +3 <(Rt)2>,

dy .

where R' is a random variable depending on n and (W?),.,a that satisfies
2

. 2
lim B ((R")*) =0, 9¢ (0,

Let T >t > 0. For P o-almost every realization of the continuous-time random walk 7 and for every

(3.14)
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Proof. Since t is P -almost surely not a jump time for 7, we have

82 T g2 ¢
o~ T TBAT _ o=t BAY

T

-y 3 ar(i,2) [T n(z: 80, 50,41)

r=10<i1 <...<ir<nr, ir>ng, J=1
Zlv-"7Z7"eZd
TLT+1 T
: . . . t
+ > > ar(i,2) [ [ bz siy 8,41) — B,
r=nt+10<i; <...<ir<nr, Jj=1
Zla"'»z”‘ezd
where s,,,+1 = T and
ng+1 r—1
t.__ 1 : N
R = E E qr(i, ) Hh(zﬁsij’sij"‘l)h(zr’S"“t)'
r=1 0<i1<...<ip=ng, Jj=1
Zl,...,ZTGZd

If we sett; = s; — s,—1 for 1 <+i < ngp + 1, we obtain for any positive (¢;);>n,+1 the estimate

82 T g2 ¢ 2
o~ T PAY _ —Eot BA
-

S3Z Z (i, Z)2 H <h(zj§3ij73ij+1)2>

r=10<41<...<ip<np,ir>ng, Jj=1
21,20 €L
np+1 T
s N2 . 2 t\2
+3 g E QT(laZ) H<h(zj?5ij’3ij+1) >+3<(R) >
r=n¢+10<i; <...<ir<nr, J=1
zl,...,ZTEZd

<3 (M (t) — My,_1 (t)) + 3 <(Rf)2> .

The only point left to show is (3.14). The D-sequence associated with R’ is

n+1

D=9 > ¢z’ 9>0

r=1 0<i1 <...<ip=n,
21500y 2p €LE

For n > 2,

DZ = "9Un,1 + Z ﬁr(Un,r + Un,rfl) + 19”+1Un,n < 2 Z ﬁrUn,ra

r=2 r=1
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where
2 T Ar— 2
> @) (gnr) . 25
0<i1 <. <ipr—1<n,
Un,r = 12 €29
> (4, r=1.

z2€74

Let C' > 0 such that ¢}, < Cn~% forall n € N and y € Z¢. Then,

cr Z i ...
r=1.

Un,r < 0<i1 <. <ip—1<n
Cnfg,
By Lemma 7.3, we have that there is a constant ¢ > 0, depending only on the dimension d, such
that for any r € N,
—4 o _d . _d o \_d _d
Z iy (e —11) 2. (ip —dp—1) 2(n—4p) 2 <72, n>r+1 (3.15)
0<i1<...<tpr<n
Hence,
Up, < (Cc)’“n*%, 1<r<n
2 o0
DY < =) (9Ce)" (3.16)
1< 5wy
O

As a result,
For ¥ < (Cc)~! and 0 < ¢, we obtain lim,,_,o n’ DY = 0. Remark 4.5 yields (3.14) for 3 sufficiently

small.

3.2.1. Proof of Proposition 3.5
Let 7>t > 0and let b € (0,1). With Jensen’s inequality and Lemma 3.7, we obtain

(-7
<Egg [< (eﬁjTeﬁAoT — eﬁjteﬁA6>2> (ﬂsLthq + ﬂsLth>t>:|
<E [3 (M( )= Mg, (t))} +E [3M (t) Jlsmzt] +3E <(Rt)2> ,
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where t is an i.i.d. sequence of exponentially distributed random variables with rate 1. As a

consequence of Lemma 3.6,

lim t'E [3 (M(t) - MLth_l(t))} =0, 0¢(0,b(2-1)).

t—o0

Furthermore, (3.14) gives
lim "B ((R)*) =0, 6€(0.9).

t—o00

Finally, the Cauchy-Schwarz inequality implies

B [M(6)Ls ,, ]

:i Z ¢-(i,2)°E [ﬁ (eﬁ%ij“ — 1) ﬂsLthZt]

r=10<i1<...<ip,
21,...,z,~€Zd

1 00
<P (Sm > t>2 DS > aliz)?
r=1

0<in <...<ip Zl,...,ZTGZd

where
213
p=E [(e52t1 - 1) ] <a!

for g sufficiently small (recall that o was defined in (3.4)). We have

[t°]-1
P(S\_tbj Zt) :e_t Z H
k=0

By Stirling’s formula,

tk 10+ —t o[t =14t ] -1

1)1
t
B e T e N

and the right side tends to 0 as t — oo for every # > 0. Since b was arbitrarily chosen from (0, 1),
we obtain

. 00\ 2
lim ¢ (7' = Z35)*) =0, 0 (0,4-1).

t—o00

This completes the proof of Proposition 3.5, and, with it, the proof Part (1) of Theorem 3.1.
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3.3. Uniform Almost Sure Convergence of the

Partition Functions

Proposition 3.8
There is a subset Q™  Q with Q(QI™) = 1, such that for all (x,s) € Z* x R and any w € Q'™ we

have that Z!. (w) converges to a limit Z3%(w) as t — co.

In order to prove this proposition, we first need to establish some properties of the partition func-

tions.

3.3.1. Some Properties of the Partition Functions.

Lemma 3.9

Letz € Z% we Q, and 0 < s < t. Then,

Zyow) = Y Z35(w)Z 4(w)

yEZ4

Proof. For any y € Z% and any sequence s := (s,)nen, Of jump times, let I')s be the collection
of all paths of length n, starting at y, and let 'y~ be the collection of all paths of length n;
starting at = and ending at y. If v is any path of length n, starting at = with ~,, = y, let o/ € T'}*
and +” € T'Z"~* be the unique paths which concatenate to v. By a slight abuse of notation, let the
sample path for the continuous-time random walk described by v and s be denoted by ~ as well.
Note that

Ab(vsw) = A3 (7, w) + AL (Y, w),

provided that s ¢ s; i.e., that s is not a jump time. Then, using the fact that it is enough to average

over the sequences of jump times s not containing s (because the complement has measure zero),
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we have:

7t o(w) =~ 7K [

3 1 satee
(2d)"

~ET,?

(2d

26_%5256_7’6 (t— S)E [

Z Z Z eBA (Y W) ﬂAZ(’Y“:UJ)]

,yeZd,y 61"1/ Ms F Nt—s

BAG (Y w) BAL(Y" w)
B 7;525 e —lﬁQ(t—s) e
= E e 27 °E g 7(260% e 2 E E 7(2(1)7%75
y€eZ? Yy ETY™s N ET e
=Y 202, ).
yEeZ4

where E should be understood as averaging with respect to the Poisson point process on the real

line. O

Lemma 3.10

<Sups,te(_ M,M),s<t EY, [e““é(nv“’)] > is bounded by a constant that only depends on M and f.
Notice that this immediately implies <supsyt€(, M,M),s<t Z}’E’j§> is bounded by a constant that only
depends on M and f.

Proof. For fixed w € Q and s,t € (—M, M) such that s < ¢, we can estimate

t ]. t
Ei/:’,g [eAs("’w)} <p0 /]lnsx,ntye/BAS(n’w) P, a(dn) (3.17)
s+M

- pot,s (/ o281 AL (n.w)] PL_M(d??)) 2 )
p5+M

where the integral is taken over possible realizations of 7, and where the Cauchy-Schwarz inequal-

ity was used. For any s € (—M, M), we have
p2+M > e~ (s+M) > —2M (3.18)

Therefore,

Ryt [eAzm)} < M ( / ECEHUADIE dn)) .

Hence, to complete the proof of the lemma, we just need to show that there is a constant h(M)
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depending only on M and 3, such that

</ e2BlAS (nw)| pLM(dn)) ‘< h(M).

Let n be a continuous-time random-walk path starting from = at time — M, and observed on the

and jump times s} < ... < s/ . Assume

time interval [— M, M], with jump sites 71, . . . M

) 771-M M

in addition that n; = x and 7, = y. Set 7( := z, s; := —M, and s M. We use the

n_py,m+1 =

following relabelling of the jump times and jump sites: Let j* := min{j : s; > s} and

— Y
Sk = Speik10 Yk = Viepk—1, VR E{L . nst).

Also set g := x, 80 := s, and s, , 1 := t. Then
Ns,t
JAL(n,w)| <7 (v, 8541) — w (5, 85)]

Jj=0
n_M,M

<4 max  sup |w(z,7)|+ w(Vjs Sj41) —w(5: 85)] -
2&e{z,y} re[— M, M| ]go ‘ poa ! j‘

Since the expression on the right does not depend on s or ¢, we obtain

sup < / 625|A§(777')|P$7_M(d77)>
s,te(—M,M),s<t
§<(/exp<26(4 max  sup |w(z,7)]
ze{z,y} re[—M,M]

n—M,M %
+ Z 7]7 ]+1 (7578;)‘>>Px,M(d77)> >

[N

By Jensen’s inequality, Fubini, and Cauchy-Schwarz, the expression on the right is bounded from

above by

</<exp<165 max  sup |w(z,r)|>>2 (3.19)
ze{z,y} re[— M, M]

<6Xp(4,8 Z ’7]7 ]—i—l (73783)‘)>

[NIE
[SIE

Px,—M<d77))
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For a fixed realization 7 of the random walk and for 0 < j < n_ sy, we have

<eXp (4B ’w('Y;W 5;'+1) - w(’)/;'? 83)‘)>
2e8(5541—55)82 ©° ( (x — 4(S;'+1 - 89)5)2) dr < 2e36541—55)8%

- / / 0 exp N
2m(s) g — 8))

Thus,

2
<eXp <45 Z w (%} 1) (7§,8})|>> < on-anartl 16MpB2.

For z € {z,y}, let &, := sup,¢[_nanlw(z,7)|, and

&F(1) == sup w(z,r), F(2) = sup (~w(z,1)),
re[0,M] re[0,M]

£, (1):= sup w(zr), £ (2):= sup (—w(zr)).
re[—M,0] re[—M,0]

Then
max  sup |w(z, )| <&+ & < Z Z (&5 (i) + &5 (@)

ze{z,y} re[—M,M] ze{z,y}ie{l,2}

It follows that

<exp<16ﬁ max  sup \W(Z,T>‘>>
ze{z,y} re[— M, M|

§< (165 P BN (HOET N ))>>

ze{zy}ic{1,2}
- 11 <€16/3§z+(1)6166£z+(2)><616ﬁ§2(1)616ﬁ52(2)>
zef{z,y}

I 11 < 3268¢7 (0 >§ <632Bs;<i>>é _ <632ﬂ£0+(1>>4_

ze{z,y}ie{1,2}

IN

The random variable ¢ (1) has the same distribution as absolute value of a Gaussian random

variable with mean 0 and variance M. Therefore,

<€3255;f(1)> < 9pP12MB?
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We have thus shown the estimate

<exp<166 max  sup ]\w(z,r))>é<exp<4ﬁ Z ]w(v;,s;+1)w('y§,s;)\)>

ze{z,y} re|-M,M

9 n_pM,MT1
<4€1032M,3 29— % —.

As a result, the expression in (3.19) is bounded from above by

1
n_ +1 2
( / 4e1082M B2 9 54— Pm,—M(dn>>

1
_0pB16MB? iesz(QM)nQ"T“ 2
N o n!

=2 . /2£516M5* exp(2M (V2 — 1)).

Hence,

( / (28141 ()] p%_M(dn)) M), (3.20)

where h(M) = 2 - /2e516MB% exp(2M (V2 — 1)).

3.3.2. Proof of Proposition 3.8

The subset Q™ is defined as follows:

Qlim . — {w €N tlim Z! (w) exists V(z,s) € Z¢ x R}
—00 ’

={weQ : (Z.,)>s) is Cauchy ¥(z,s)}

={weQ : Ve>0, IM > ss.t. ]Zis(w) —ZL (W) <e V(z,s)}

= {w €Q : Ve>0, IM > ss.t. sup |Z§S(w) —Z. (w)] <€ V(m,s)} .
Tt>M

Forz € Z% s e R, w € Q, let

;J,S(M) ‘= sup }Zcml:s(w) - Z;:,s(w)‘ :
Tt>M
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Note that fy; is non-increasing and non-negative. With this notation, we have

Qlim — {weQ : Ve>0,IM > ss.t. fi (m) <e VYm>M, V(z,s)}

= {wGQ : ]\/}linoof;)’S(M):O V(x,s)}

For every = € Z¢ and m € Z, consider the set

oim.—JdweQ: lim sup [fO(M)=0p,
’ M=o selmm+1]
and notice that Q™ equals the total intersection of all sets Qﬁ% Thus, in order to prove this
theorem, it is sufficient to show that Q(Qg“;n) = 1 for every » € Z¢ and every m € Z. From the
translation-invariance of Z!  (w) it follows that Q(Qg“}n) =Q( 8%‘) To prove that Q(ngg) =1, we

show that Qg C ngg, where Q¢ is the Q-full measure set from Proposition 3.3.

Choose any w € (2. Since f¢', is non-increasing and non-negative for any s € R, the sequence
(sup f6s(M ) vez» Where the supremum is taken over s € [0, 1], is a non-increasing sequence of
non-negative terms. This sequence therefore has a limit as M — oo which is likewise non-negative.

Now, Fatou’s Lemma gives

M—00 4¢0,1) M—o0 |\ 5¢[0,1]

< lim sup f(‘)‘fs(M)> §liminf< sup f(‘)‘js(M)>,

so to prove that w € Q}f}}, it is enough to show that the righthand side equals 0. Using Lemma 3.9
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and Lemma 2.14, we estimate the expected value on the righthand side as follows:

< sup fos(M)> = < sup sup |Zg,(w) — ZS,S(W)|>

s€[0,1] s€[0,1] Tt>M

< Z < sup ngl>< sup |Z£1(w) —Zi,1(w)’>
aezd \S€[0.1] Tt>M

< Z sup Zg,’sl sup |Zgjo(w) *Z(t),o(‘*’”
aezd \S€[0.1] Tt>M-1

_8%_ 1
= Z < sup ez S)p”f_sEg,’sl [GBAS]>< sup ’ZOT,O(W) - Zé,o(w)|>
xeZd

s€[0,1] Tt>M—1
1
= 3 ( sup pPESAA ) ( sup |285(w) — Zbp(w)
wezd \s€0.1] Tt>M—1
_ ¢ El‘:l /3./4% ZT Zt
= Z 2\ Sup Bg, [e ] sup  |Zyo(w) — Zpo(w)l ) -
vzl k4l 5€[0,1] Tt>M—1

Observe that this is a convergent series because, thanks to Lemma 3.10, the first expected value
factor is bounded by eh(1) and the second expected value factor is independent of z. At the
same time, only the second expected value factor depends on M, and we claim that it vanishes as

M — oo. Indeed, since w € € o, the limit of Z&O(w) as t — oo exists, so the sequence

( sup ‘Z[{o(w)—zé,o(w)o

T>M—1 M>1

has a limit as M — oc. But this sequence is non-increasing, so by using the Monotone Convergence

Theorem,
lim < sup |ngo(w) — Z&o(“)‘> =0.
M—o0 \ Ti>M—-1

This completes the proof of Proposition 3.8.

3.4. Positivity of the Limiting Partition Functions

From the definition of the partition functions Zﬁ,{jﬁ (w), it is clear that the limiting partition function
7, (w) is nonnegative (Q-almost surely. In this section, we show that in fact it is positive (-almost

surely; namely, we prove the following proposition.
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Proposition 3.11
Let
Qf i={weQ : Z3%(w) > 0Vz € Z% Vs € R}.

+) — i 1
Then, Q(Q2™) = 1, provided that 3 < Tira:

The proof of this proposition relies on further properties of the limiting partition functions Z% and
251 which we establish in the next subsection.

3.4.1. Properties of the Limiting Partition Functions

Lemma 3.12

For every z € Z% s € R and w € Q™

Z5W) =) Z¥I(w) 25 (w). (3.21)

A

Proof. Let 0 < s < t. Then, by Lemma 3.9, for s < r < t,

Zh (W)= Z¥(w) 2, (w)
y€eZ4

For every w € Q™ the limit as ¢ — oo exists and

Zrs(w) = lim » | Z3i(w) 2y, (w). (3.22)
yezd

Therefore, to complete the proof of the lemma is enough to show that the limit on the righthand

side of (3.22) converges to Y, ;4 Z1s (w) Zy%,(w) in L.
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yEZd yS y,r y,r

= D (2L W) (|2, (w) - Z53w)])
yezZd
> (28iw)) (|26, (w) = Z3(w)])
y€eZ4

which converges to 0 as ¢t — oc.

Notice that in the last line we used the fact that (Z}  (w)) = 1. O

Lemma 3.13

Let z,y € Z% and s € R. Then, for every w € QU™ there is ¢ > 0 such that
Zgs(Ww) Z cZy 1 (w).

Proof. Let s € R and =,y € Z% Forany N € N and §j € Z, let %" denote the collection of all
paths in Z? of length N starting at = and ending at § and let v’ := (x,7},...,Y\_1,9) € %", Now,

we consider a sequence of jump times s = (s, )nen, such that
s+1¢{sp: neNg} and nse1 =N.

Fix t > s + 1, then to simplify notation, we set N = Nsy1,4. Forany g € 74, let Fg[ denote the
collection of all paths in Z¢ of length N starting at § and let v := (7,77, ... ,’y%[) € Fg[ . Consider
the concatenation of 4" and ~”, which is given by v = (2,7}, ...,"v_1, 9,7, -- ,y%f). By a slight
abuse of notation, let the sample path for the continuous-time random walk described by v and s

be denoted by v as well. Note that

A(rw) = AT (Y w) + A (7, w),
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where the action A (y,w) was defined in (3.1). Therefore, for w € Q'™ we have

2
Zt () 2 e TR, [0, ]

)

2 Z s BATTN (7 ) gBAL L, (" )
—e 2e 2 zs Z e s+1 1

ns,s+1:N
JEZ
-3 o S ATy ) o R
= (Qd)N > TL575+1_N
geZd ’Y'GF%’N ’EFN
B2 s+ (y _1g24_
26 2 E 2d N Z BA ]]'ns,s+1:N € 25 (t . 1 Z BAS+1 7 w
y rery N ] ’EFN
62 As+1
_ =5 (v ,w) t
=e 2 E 2d N ]lns,s.H:N Z s+1( )
N
~'ery |

where E should be understood as averaging with respect to the Poisson point process on the real
line.

. _8 st1 . ..
Notice that the term e~z E [W > yerun ePAs (VI’W)JlnS,SH:N] is positive because P(nsq =

N) > 0. Since this term does not depend on ¢, the result follows by taking the limit as t — co. [

3.4.2. Proof of Proposition 3.11

In order to prove this proposition, it is enough to restrict our attention to rational times; i.e., it is

enough to show that Q(Q)) = 1 where
Of ={weQ: 235 (w) >0V ez Vr e Q.

Indeed, given any w € Qa AQIm 4 c 74 and s € R, we choose € Q such that » > s, and use

Lemma 3.12:

=Y ZVL(w)Zy(w) > 0.

yeZ?

This shows that w € Q. But since Q( N Q™) = 1, it follows that Q(2) = 1.

In order to prove that Q(Qa ) = 1, we show for every € Z? and s € R there exists a subset (], of

Q—full measure such that for every w € Qf  the limiting partition function Z2%(w) is positive. For
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w € Q, we define §(w) as the element of €2 for which
Ow)" =w", zeZ?,

where e; = (1,0,...,0) € Z%. In other words, § is the spatial shift in the direction of e;. Notice that

0 preserves the measure  on €. Let 2 € Z% and S € R, define the random variable
I(x) =inf{k € Z: Z75 (w) =0}

We start by showing that (z) is infinite with @Q-probability 1. To obtain a contradiction, let us
assume that Q(I(z) € Z) > 0. Then, there is k¥ € Z such that Q(I(x) = k) > 0. Since @ is invariant
under shifting the Wiener processes with respect to time and then subtracting the value of the
shifted processes at time 0, and since P is invariant under shifting the Poisson point process, the
discrete-time stochastic processes (275, ;(w))iez and (275, ;,;(w))icz have the same distribution

under @ for any j € Z. As

{I(x)=1} ={inf{i e Z: Z3, ;,(w)=0}=j}, jeL,

it follows that Q(I(z) = j) = Q(I(x) = 1) > 0 for all j € Z. This leads to a contradiction because
the events ({I(z) = j})jez are disjoint. Next, we show that Q(/(z) = —oo) = 0. By virtue of

Lemma 3.13,

QUia) = o) =0 ) U1z, = 0))

keZ j<k
=Q<ﬂ N {Zy5nw) = 0}> = Q< I = —oo}).
keZ yeZd yEZd
Since (), cz¢{I(y) = —oc} is invariant under the shift 6 introduced earlier and by Lemma 7.5, ¢ is

mixing; so in particulary, it is ergodic, we have

o( N 1) = -}) < 0.1

yeZ4

If the set {I(z) = —co} had @Q-measure 1, we would have in particular

rsw) =0, Q—as.
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This cannot happen because

(Z%6(w)) = lim (2] (w)) = 1

T—o00

Hence, Q(I(z) = —oo) = 0. Together with Q(I(z) € Z) = 0, this yields

QU(z) = 0) =1,

so in particular Q(Z2%(w) > 0) = 1. This completes the proof of Proposition 3.11 and, with it, the

proof Part (2) of Theorem 3.1.
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Theorem 4.1
For j3 sufficiently small, the following holds: For any o € (0,1) there exists § = 6(c) > 0 such that

forall z,y € Z¢ and s < t with ||z —y| < (t—s)°, the partition function Z¥! has the representation

T, —00

Z¥% =i, (ZOOZ“ +5yt), (4.1)

where the error term (55{32 defined by the formula above satisfies

lim (t—s)? sup (|65 = (4.2)

(t—s5)—00 ,y€L: ||z —yl|< (t—s)7

Notice that the formula looks similar to the ones obtained by Sinai in [Sin95, Theorem 2], Kifer
in [Kif97, Theorem 6.1], and Vargas in [Var06, Theorems 2.3 and 2.9]. However, we show that
the error term is small not only within the diffusive regime ||z — y|| < O(t — s) but also for
|z — y|| < (t — s)° with o arbitrarily close to 1. This extension beyond the diffusive regime is
nontrivial because the error term in (4.1) is multiplied by the random-walk transition probability
pY~%, which is itself extremely small for ||z —y|| > (£ — s)2. We believe that the smallness condition

for 8 in Theorems 3.1 and 4.1 is technical and the result of Theorem 4.1 should hold for all 5 <

1
Vi+a©

The main idea behind the factorization formula, which goes back at least to [Sin95], is that there

is strong averaging for times neither too close to 0 nor too close to ¢.

For fixed ¢1,...,4, and z1,..., 2., the random walk is pinned to the points z1, ..., 2z, at the corre-
sponding times s;, , ..., s;.. The proof of Proposition 3.3 suggests that the contribution to Z;’:(t) from
r on the order of n is negligible. If 7 is not on the order of n, at least one of the gaps i; — i;_; must
be in some sense large (as defined below). In Subsection 4.2.2, we show that the contribution to

Zy0 coming from two or more large gaps is negligible as well. Thus, the main contribution comes

ZjTZj—1

from having exactly one large gap i; — i;_1, which is then on the order of n. In order for i),

JZJI

to be positive, z;_; must be close to = and z; must be close to y. The transition probability 4G i

is then close to ¢y, *

Notice that to prove Theorem 4.1, it is enough to show that for 5 sufficiently small there is § > 0
such that

lim ¢ sup  (|605]) =
200 yezdily|<te
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This is because for a fixed realization w of the disorder, %% (w) can be written as 500" 75(&), where
@ is obtained from w by making a shift in space and time. The distribution of the disorder is

invariant under such shifts.

Let I, == {(i1,...,%,) : 0<i3 <---<i,<n}. Foriel,,andz € (ZH", define

zZ1 22—2Z21 Y—2Z2r

ah(i,2) == q; g0

Then, from the expansion for the partition function Z; from Subsection 3.1.1, we have:

nt+1
Zgé—pt —l—E{Z Z qp,(i,2) Hh zwszj,slﬁl)]

r=1 16[7“ n,4

The first step is to split the double sum into terms according to the size of the largest gap between

indices, as discussed in the next subsection.

1. Large and huge gaps To quantify what it means to have many gaps between indices, we fix
constants x1, ko such that %(30 —1) < k1 < Ky < 1. Let N, € N be so large that 2(n — n"2) > n

for all n > N,,. Then we define

(n— Ny, —1, (n—Ngy) —1>1,
0, (n— Ny —1< 1.
Note that the integer k(n) grows with n like n"1. We will say that any collection of indices 0 < i; <
. < i, <nwith r > k(n) gaps has many gaps.

To classify the size of a gap between indices, fix another constant ¢ such that 0 < £ < min {1 —
o, ko — Kk1}. Note that £ + k1 < 1. Let n € N be such that k(n) > 1, let » be such that 1 < r < k(n),
and consider a sequence of indices 0 = ig < i1 < ... < i, < i,+1 = n. We say that the gap between
two consecutive indices i;_; and i; is

° large if ij — Z'jfl > ng;

o hugeif i —ij_1 >n— rné.
Observe that the size of the largest gap is necessarily greater than n/(r + 1) > n'=%1 > nf, so there

is at least one large gap. A huge gap is necessarily large. If there is only one large gap, then all
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other gaps are of size less than n¢, so this large gap is necessarily huge. Thus, if there is no huge
gap, there are at least two large gaps. Since n must be greater than N,, in order for k(n) > 1 to
hold, we have that 2(n — rn¢) > 2(n — n"1+¢) > 2(n — n"2) > n, so there can be at most one huge

gap. Note, however, that a huge gap is not necessarily the only large gap.
Let us introduce more notation. Fix any » € Nand n € Ny. Forany m € Nsuchthat 1 <m <r+1,

define the following set of r-tuples of indices:

. ‘_{. o 0<ij<...<i,<n }
1y m) = (0 ir) ¢ e gap between 4,,_1 and i,, is huge | -

Also, for any m € N such that 1 < m < r, define

0<in<...<t,<n
Ly(n,r,m) ==X (i1,...,%) : there is no huge gap
the first large gap occurs between i,,_1 and i,,

Then we decompose the expansion of ng’é as follows:
3
7t — 7t
Zg,o - pZtJ + ZEB;/ )
j=1

where,

r

B%t = Z Z qzrgzt (i7 Z) H h(Z]’ Sij’sij-i-l)?

k(ne)<r<ni+1i€lrn,z J=1
r
BYt .— Y (3 Wz s: . s
2 = Qnt(l7z) (zjvszjaslj-Fl):
1<r<k(n¢) i€l2(n,r,m),z Jj=1
r+1 r
y7t L— . .
B = E E E a,(i,2) H h(zj; 84,5 Sij41)-
1<r<k(ny) m=liel(n,r,m),z j=1

With this decomposition in hand, Theorem 4.1 follows immediately from the following lemma.
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Lemma 4.2 (Central Lemma)

For B > 0 sufficiently small, the following are true:

(1) For every 6 > 0,
1
lim ¢/ sup —(|EBY'|) = 0. (4.3)
=500 |y|<te PY <} ' ‘>
(2) Thereis 6 > 0 such that
. 1
lim ¢ sup —(EBY'|) =0. (4.4)

t=o0y|<to Pt

(3) Thereis 6 > 0 such that

1
lim ¢/ sup <‘1 IR — 752 7P
o0 e \| oo 0 T

> =0. (4.5)

4.1. Reduction to the Discrete Time

In this section, we formulate a key lemma (Lemma 4.3) that will allow us in many cases to deduce

convergence statements in the continuous-time setting from convergence results in discrete time.
Let (R,,)nen, be any family of sets such that R,, C {1,...,n+1} for every n € Ny. Let (I, ;) neng reRn
be any collection of index sets such that

I, C{i=(i1,...,ip) eNj : 0<i; < ... <1 <m}

for every n € Ny and r € R,,. Consider any collection of nonnegative real numbers gy »(i,z) > 0
indexed by all n € No,» € R,y € Z%z € (Z%)",i € I,,, which satisfy the following finiteness

condition: for every y € Z% n € Ng,r € R,,,i € I,

> g,z <2 (4.6)

ze(Zd)r

Notice that this condition implies

> ql.G,2)? <4,  yeZ' neNy r€ Ry i€y, 4.7)
ze(Z4)r
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For every y € Z% and all s, ¢ € R such that s < t, we define

yas t § E qng 5T 1 z Hh(Zj;Sij,Sij+1)-
TGRTLS ot 161715 £7 j=1
ze(Zd)’“

where n,; is the number of jumps that occur within (s,¢). The definition of 7 is inspired by the

partition function expansions in Subsection 3.1.1.

For any ¥ > 0, we define a sequence of functions (DY),cn, on the lattice Z¢ by

=> 9 > q,Gz2? yez

reRy, iEIn,'r
2 (2

We call (DY),¢cn, the D-sequence associated with 7. As a consequence of Condition (4.6), each

term DY (y) is finite. Recall that n, is our shorthand for ng ;.

Lemma 4.3 (Key Lemma)

Fixany ¢ € (%, 1) and 9 > 0. For any 8 > 0 sufficiently small, the following statement holds: If there
is @ > 0 such that

lim n? sup DY(y) =0,

n—oo ||yHSn5
then for every o € (0,5),
lim ¢2 sup —E [a¥, (I T (y;0,8)])] = 0.

00 |y <to DY

Remark 4.4

We do not attempt to find the supremum of 3 > 0 for which the conclusions of Lemma 4.3 hold.

Remark 4.5

If DY does not depend on y and if lim, .., n’DY = 0 for some 6,9 > 0, then we have for 3

sufficiently small

lim ¢°E <(T(0,t))2> — 0.

t—o00
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4.1.1. Some Preliminary Estimates
Foranyt¢ > 0, € Ny, and 1 < r <[+ 1, we introduce the following notation:
r—2
At 1) :=E [H (eﬁ% - 1) P rrtte) |, — l], (4.8)
j=1
where ¢, should be interpreted as 0, and ¢;,1 as ¢t — s;.
Lemma 4.6
If 3 > 0 satisfies 32 < 1, then for all t sufficiently large,
t?"
A(t,l l B2 g2r le€Ng, 1<r<i+1. .
( T) (+ )6 B (l+1)<l+7’)7 € No, Srsi+ (49)
Proof. Forallt > 0,1 € Ny, and 1 <r <[+ 1, define an r-dimensional simplex
At r) == {(t1,....,t;) ER} 1 t1 4+ ...+ t, <t}, (4.10)
and, for every (¢1,...,t,) € R", a function
B l—r
(t lHZ— 1—1it- (4.11)
plT‘ 1,...7 . t : ] t]ZIJ .
Then we can write A(¢,[,r) as an integral over the simplex A(¢,r):
r—2 ) )
At l,r) = / IT (7% - 1) P Uratt) gl (b, ty) dty -+ - di. (4.12)
A(t,r

Note that if | = 0, then » = 1 and so A(t,0, 1) = ¢?** which obviously satisfies the desired estimate,

so we assume that [ £ 0. Then forall¢t > 0,/ € N, 1 <r <[+ 1, we define the following integral:

r—2
Z(t,l,r) = / H (eﬁ%f — 1) 652(“*1”7) dty - - - dty,
ALl j=

where to := 0 and ¢;41 := ¢ — (t1 + - - - + t;). Then we have the following identity:

l!
A(t,l,r) = t—lZ(t,l,r).

(4.13)
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We claim that if 32 < 1 and ¢ > max{3~2, 2}, then

tl+r—2

< B2t n2(r—3)
I(t7l7r)—6 B (l+r_2)'7

leN, 1<r<Il+1. (4.14)

This estimate implies the estimate (4.9).

It remains to prove the estimate (4.14). Consider three separate cases: »r =1+ 1, r = [, and r < [.

Let us first establish it in the case » = [. For this, we use the easily verifiable identity
t 2
T0+1,0+1) :/ (¢ 1) 2t -siiyds, 122, (4.15)
0
and argue by induction on [ with bases cases [ = 1, 2:

I(t,1,1) = Ptp2 — g2 < g,

2
I(t,2,2) = B2 — 872 4 572) < g2t < p2 M

By the induction hypothesis, the righthand side of (4.15) is bounded by

82t 22(1-3) 1 201 (-2
e’ B il (t—s) 1—e ds
"Jo

(2(1—1
t 2l
1w/@—¥“%w=£%w”t
*JO

< Stz2(-2)
e A CTi QN

which implies (4.14) for r = [. If » < [, then we write
l
I(t,l,T) :/ I(t— Z tj,r,r> dtr+1...dtl.
A(tl—r) j=r+1
The righthand side is less than or equal to

l

52(7’—3) / (t Z . )2(7“1) B2(t—3L ) g gt (4.16)
—_ 1)) - J e J=rEL I Al .. Al .
Qo= a-n\ 57,

If r =1 — 1, the integral above, without the factor in front of it, reads

t 9 5 t2l_3
/ (t — 5)20-D) (Ft=5) gg < Bt L
0 2 —
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Here, we used that for ¢ > 0 and n, k € Ny,

t—s S §=—-—17-—1 . .
/0 ( ) (n+k+1)!
If » < [ — 1, we use the change of variables s = Eé’:r—i—l tj, 1 = try2,52 = tyry3,...,851—p—1 = {; tO

convert the integral in (4.16) into

/ / — )21 P=9) dsi . dsy_,_q ds (4.18)
A(s,l—r—1)

2(r—1) ﬁQ(t—s) l—r—1
(l—r—l)./o(t s) s ds.

Using again the identity in (4.17), we see that the expression in the second line of (4.18) is less

than
tl+7"—2
Bt — : .
[I;25h2r+7-2)
Similarly, one can show (4.14) in the case r = [ + 1. O
Recall that for v € (3, 1), and for all ¢ > 0,
J(t) == {nEN : Vt<n<(2—u)t}. (4.19)
Lemma 4.7
Let vy € (v —1,1), and let
52

b= (4.20)

(I—v)(2-v)A—w) - B2
Then, if 3 is so small that ¢ > 0, we have

At lr) SY", vt<i<(2-v)t, 1 <r<ul

Proof. We use the setup from the proof of Lemma 4.6. For vt <! < (2 —v)tand 1 < r < v;l, the

function pfjr from (4.11) can be bounded as follows

N — t=r
t v — - v(l—v )t
plﬂ,(tl,...,tr) < <t> I | e (2-v) | | 1
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As a result, the integrand in (4.12) can be bounded by the following expression:
2 — I/ 1:[ < 2—v(1-11))t; e_V(l—Vl)tj) 6(32_1/(1—1,1))@,18(52_,/(1—V1))tr

Then if we integrate in (4.12) over the larger domain R’ , we can rewrite the integral as a product

of integrals over R’, . Therefore, we can bound A(t, [, r) by the following expression:

0o r—2 00 2
(2 _ V)T </ (6(52_y(1—u1))s o e—u(l—yl)s> d5> (/ 6(52_y(1—y1))s dS) ’
0 0

which is less than a constant times (2 — v)" ((1—u1)(2—1/)((5:)(1—1/1)—52))T =" O

Fix § € (0,1), k € (el_%,cS), k€ (el_%,u>, and vy € (0, g) Let 5 > 0 be so small that

1 v
el > max { (E) , (?) } , 6% < vyt g2 <(2-v)al.
K K

Lemma 4.8

For t sufficiently large, the following estimates hold:

l +1 5
ra” A(t,l,r) < Bt (D7 ey : (4.21)
0<lz<:1/0t ; V2mkt (’{>
l I+1 5 »
Z Z ra” A(t,l,r) ef’t i 1A) (E) t : (4.22)
vot<l<vt 'r 1 V2mit R
s ; ¢
Z T ra" At 1,r) <Pttt Z T (4.23)
I>2-v)t r=1 I>(2-v)t—2

Remark 4.9

Notice that all the upper bounds in (4.21) - (4.23) converge to 0 as t — oo.

Proof. Fix§ € (0,1), k € (el_%,é), k€ (el_%,u>, and vy € (0, %). Let 5 > 0 be so small that

)V} , B2 < vyt B2 < (2 —v)al.

Q)
T
sy
vV
=
Q
"
—
~~
x|
~—
(%)
~
x| o
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First, thanks to Lemma 4.6,

tl +1 ) +1 tl "
= TA L) < P14 1)? 2y . 4.24
“;m (t,l,r) Se” "(1+1) Z_; r(@f®)" 5 ST (4.24)

To prove (4.21), let ¢ be so large that 2vpt + 1 < [§t]. For 0 <[ < pyt and 1 < r <[+ 1, we have
thatl +7r <20+ 1 <2t + 1 < 6t < t. Thus,

tl"r?” t2l+1
< .
I+~ @+1)!

Then, using the fact that a3 < vy < 1, we bound the righthand side of (4.24) by

I+1
t2l+1 4 t2l+1

T+ 1)2(2l 1) 2 <+ PES

Furthermore, using Stirling’s formula, we find

t2l+l tl tL5tJ (t + 1)5 e S5t
D ) o € X () S ) s < Ak
0<i<wot (20 +1)! 0<I<5t I! [6t]! V2Kt (H)

Therefore, the lefthand side of (4.21) is less than a constant times %t times the righthand side of

the above estimate.

To prove (4.22), note that forl > rptand 1 <r <[ +1,

tr N,
(l+1)...(l+r)§(l) = - (4.25)

Thus, using the fact that a3? < vy, the righthand side of (4.24) is bounded by

ot - 2 1 82t na
P+ 1)2 zv; r(afy )" <M+

As a result, the lefthand side of (4.22) is bounded up to a constant by
vt vt

l
B2t (l 42 B2t 5 82t,5
€ +1)° 5 <e Se e
V0t<zl<1/t - L J 27T(Vt)(l/t) [v]
1

Se (2;/%) (%)

Finally, to prove (4.23), note that for l > (2 —v)t and 1 < r <[+ 1, the inequality (7.3) holds with

vt
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vp replaced by (2 — v). As a result, thanks to (4.24) and the fact that a3? < (2 — v), the lefthand
side of (4.23) is bounded by

1+l

!
2t 2t 62 r 2t 4 t
I>(2—v)t r=1 >(2—v)t—2
which is what we wanted to show. O

4.1.2. Proof of the Key Lemma (Lemma 4.3)

Let & € (2,1) and 9,0 > 0 such that

lim n’ sup DY(y) = 0.

T lyll<n®

Let o € (0,5). By Jensen’s inequality,

2
(tz sup —E [qm (IT (y;0, t)|>]> <0 sup —E [qnt <T(y; 0,t)2>] .

lyll<t® pi lyll<t® pi

Fix§ € (0,1), r € (61*%,6>, k€ (el v ) Let v € (0, 3) be so small that

el7v0 > (E)é.
KR
Then, choose 8 > 0 so small that

elmro—6 (3)6, = > (f) 82 < uyd. (4.26)

K K

Fix v € (,1) and let J(t) be as in (2.26). For t > 0 and [|y|| < t7, write t(p{) ~'E [q#, (T (y;0,)?)]

as

Y
q q q
> Vi) + D epl Yi(y,t) + ) te L Yz y,t

0<i<pot *t >t lgg(t) Tt leJ(t

where
!

t
Y}(y,t):e_tﬁ [< (y;0,1) >‘nt—l <€_t|2 Z qlrlz A(t,l,r).

" reRy i€l %
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Forr € Ryand i € I;,, we have from (4.7) the following estimate for | < vt

1
> a2’ < 4<l " ) < 2M3 < 2Pt (4.27)

. r
1€[l7T,Z

Using Lemma 2.10 and the estimate (4.21) from Lemma 4.8, this implies, for ¢ sufficiently large

and [ly| < ¢

Y l
q o (o t
> Yy t) ST Y T Y At LLy)

o<i<vot Pt 0<i<vot  1<r<i+1

< T H(BP 1)t y0 (t+1)° (E)&_
~ V2Kt \K

The righthand side does not depend on y and clearly tends to 0 as ¢ — co. Next, we observe that

Y l
q o _ t .
. ity ST Y S D a2 Ak L),

l>l/0t,l$J(t) Pt l>l/0t,l¢J(t) ’ reR; iEIl,T,Z

Using Lemma 4.6 and the fact that 4

m < 1" for I > vyt, we have that for t > 2, the right

side is less than a constant times

l r
to (62—1)tt6) 141 22 2r t YorsooN\2
e e Z ( + ) l' Z/B (l+1) (Z+T) Z ql,r(lﬂz)

I>vot,l¢J(t) reR, a i€l .z

o 2 _ tl 21/71
<el” B -1t Z I+ l)zﬁDf o (y).
I>vot,l¢J(¢) )

For ||y|| < t” and I > vyt, we have ||y|| < 1,17 < I° for t large enough. Since 5%y, ! < 4,

DI () < DY (z) < D?

. (y) < sup Dy(z) <sup sup D, (z)
(B neN [[z[|<n®

for such / and y, so

Y
lim sup teq—lle(y, t)=0
70 |yl <te ¢

YISY 1> ppt,ig I (t)

is implied by

!
1o (B2-1)t,0 ot _
th_gloe e t g (1+1) T 0,
I>vot ¢ J(t)

which follows from the estimates (4.22) and (4.23) of Lemma 4.8.
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It remains to show that

y
. q;
lim ¢/ sup Z —Yi(y,t) = 0.
0 i<t S5 P

Fixv; € (v~!—1,1), and choose 3 > 0 so small that, in addition to the constraints in (4.26), it also

satisfies ¥ > max {((2 — v)), 8}, where 1) was defined in (4.20). For | € J(t), we set

Lt )
V' (y,t) =e t;, > Y 4 G.2)%A 1),

" reR;,r<uvil iel; 2z

Lt ,
Y72 (y,t) =e t;, S ¢ Ge)PA L),

" reR,r>uniliel; 2

and note that Y;(y,t) < Y;'(y,t) + Y;?(y, t). Let us first show that

y
. q
lim ¢/ sup Z LY (y,t) = 0.

Y
20 lyll<er S5y P

Fix e > 0 and choose L € N so large that

1 sup DY(z) <ea?, 1>L.
llzll<t?

Let t be so large that vt > L and v~71° < [° for all [ > vt. Since (2 — v)¥ < o, we have for | > vt

and y € Z% such that ||y|| < t° the estimate

teDl(zfy)d)(y) <v7 0 ”Sﬁlp~ DY(z) <e.
z||<le

By Lemma 4.7,

y
q 1y -
t? sup LY (y,t) St° sup ()" € quyDl( ()
HyHSta lGJ(t) pt HyHStU lEJ(t) ’

_ it
<e sup (p})”! Z e tﬁ(]? <e
”?JHStU leJ(t) :

To complete the proof, we show

y
lim 7 sup Z q—lYl2(y,t) =0.

Y
0 ll<tm S5y Pt
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By Lemma 4.6, Lemma 2.10, and (4.23), for t > 2,

Y [(14+v1)0]
q o 2_ t 2
t’ Z LY (y,t) S tle P Z (I+ 1)217“171& (y)
leg() Ut leJ(t) [+ et
- t!
S el 3 ﬁDZBQ (1). (4.28)
I>v(1+v)t

To complete the proof of the Key Lemma, it is enough to show convergence to 0 of the term in
(4.28), which follows from the exponential tail estimate Lemma 7.4 by taking f(¢) = [v(v1 + 1)t],
p1 = v(v1 + 1), and ps = p1 + ¢, where ¢ is so small that e~ < (%)'D1 p5. This completes the proof

of the Key Lemma (Lemma 4.3).

4.2. Small contributions: Proof of the Central

Lemma (Lemma 4.2), Parts 1 and 2

In this subsection, we show that the contributions of the terms EBY"* and EBY" to Z{}, are neg-
ligible. In both cases, the strategy is to show convergence to 0 of the D—sequence associate with

B;.”t /g4, for j = 1,2 and where ¢, > 0, and apply the Key Lemma 4.3. Notice that B;“.”t = 0 for

0

j = 1,2 whenever ¢, = 0. If g5, > 0, then for j = 1,2 we get

t 2
1< ) 1 By 1
—{|EBY >> <(=El|g (|22 < E|g¢
<p? 5] (zﬁ "\ | gn, |

where in the second step we applied Jensen’s inequality twice.

y7t
B

Y
dn,

4.2.1. Many Gaps: Proof of Part 1
For all y € Z%, any ¥ > 0, and for all n € N so large that k(n) > 1 the D-sequence associated
BY"/qY, is given by

0 if g7 =0,

(qy)Q Z V" Z q%t(i,z)2 if gy, > 0.

k(n)<r<n+1 i€lrn,z
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Fix any & € (o, 1) such that (30 — 1) > 25 — 1. We claim that for any 6 > 0 and 9 < o™},

lim n’ sup DY(y) =0. (4.29)

T lyll<n®

Thanks to the Key Lemma 4.3, this will imply

1
lim ¢%? sup —E | g <

nt
b= lyl<te Py

and hence the limit (4.3).

To prove (4.29), we argue as follows. Let n € N be so large that k(n) > 1. First we note that we can
restrict our attention to those y € Z% such that ||y||; = n, for otherwise ¢}, = 0, and thus D?(y) = 0.

Since Ya < 1, then using the definition (3.4) of a, we can estimate D (y) as follows:

1
DI S Y (a) < @)? 1-da

Y
(Qn) k(n)<r<n+1

( 2

To estimate (gi))? in the denominator, we fix 6 € (7,1) such that 46 — 3 < 26 — 1. Then by
Lemma 2.3, there are constants c1,co > 0 (independent of 5,5) and N € N (depending on &,5)

such that for every n > N and y € Z? with ||y|| < n°, we have the following estimate:

gt > er (55) " exp (= s [lyl]?) exp (—ean?)

> n=2 exp < _ %nQ&fl _ 02n4&’3) > =2 exp ( _ cn%’l)
for some universal constant ¢ > 0. We therefore obtain the estimate
DY (y) < nt(9a)*™ exp (2en® 1.

Notice that this estimate is independent of y. Since k1 > (30 —1) > 26— 1, we have n** 1 /k(n) —

0 as n — oo, and therefore, for all > 0, we obtain

" || Sﬁﬁﬁ(y) S n'nf (W) exp (2n*771) 0.
yl|<n®
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4.2.2. No Huge Gaps: Proof of Part 2

For all y € Z%, any ¥ > 0, and for all n € N so large that k(n) > 1 the D-sequence associated

BY'/qb, is given by
0 if gy =0,
e ooy > zqzt(i,z)Q if g5, > 0.
Fix any ¢ € (0, 1) such that 1 — 6 > £. We claim that there are 6,9 > 0 such that
lim n’ sup DY(y) = 0.
T lyl<n®

Thanks to the Key Lemma 4.3, this will imply the limit (4.4).

(4.30)

To prove (4.30), consider the following double sum for any n € N such that k(n) > 1, any y € Z¢

with ||y|| < n? and with ¢;, > 0, and any r € N with 1 <r < k(n):

Mu(y):=> Y ¢z’

m=1 iels (n7T7m)7
i1 #Ozi’l‘ ;énzz

Notice that M, ,.(y) is almost exactly the expression appearing in the definition of D?(y) but with

i1 # 0,14, # 0; therefore,
1

Di(y) T

Z 'mMnﬂ" (y)

1<r<k(n)

(4.31)

Now we estimate M, ,(y). Letn’ :=n — (41 +... +n,) and 2’ :=y — (2141 + ... + 2,). Since no

huge gaps implies there are at least two large gaps, we can write

T

M) < 040 Y () M)

=1

(4.32)
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where
. 21\ 2 Zr 2 2141\ 2 2r\2 0 ! !
Mn,r,l(y) = Z (inl) T (q'nrill) - Z (qnl+1) T (Qnr) Mn,r,l(z )7 (433)
ni+...4+Nry1=n nl+1,...,n7~<n5
21+ A 2r 1=y
N1, >0t
N1 2N, Ny
n' A 212 2\2( 2 2
(2 S (@) (@) (e (4.34)
ni4..+n+n.p1=n’
214 Azt zrp1=2"
Npp1>n1,..,n >t
In (4.33), the summation condition n, ...,n; > n® ensures that there is at least one large gap, and
the condition n,; > ny,...,n, ensures that n,; is another large gap, thus guaranteeing that we

are summing over all collections of indices 0 < iy < ... < r, < n involving at least two large gaps.

We now search for a bound for each Mg; (") when n is sufficiently large.

Claim 4.1
For all n sufficiently large, there are constants C, C' > 0 (independent of n) such that for each r,1,n’, 2’
as above,

v a(2) ST (gY)2C 4 M exp (C’(r - l)n5+571>.

n,r,l

We use Claim 4.1 to estimate M, ,.;(y) from (4.33) as follows:

Myra(y) < ar—ln—§/4(qg)QCln—fl(Zd—E))M exp (Cl(r _ l)n(}*f_l)

< ”75/4((1%)2 <0n75(2d75)/4> : (a exp (Cln:ﬂrsﬂ))

r—1

Then we combine this with (4.32) to estimate M, ,(y) as follows:

- ! ~ r—I
M (y) S0~ (@2 r+ 1)) C) (on-set) (aesp (€7
=1

= n*§/4(q7yl)2(7' +1) (Cn*§(2d75)/4 + aexp (C’n‘ﬂg*l))

Finally, combining this estimate with (4.31), we obtain:

Dy(y) St/ Z(T‘ + 1)9" (Cn_5(2d_5)/4 + aexp (C/n&—i-ﬁ—l))r.
r=1

Since d > 3 and since we chose & such that ¢ < 1 — &, then (4.30) is true as long as ¥ < o' and

0 < £/4. To complete the proof, it remains to prove Claim 4.1.
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Proof of Claim 4.1. By Lemma 2.5, there are constants pi, p2 > 0 such that for any n € N, there is

a linear functional o on R? of norm ||| < p2||y||/n such that

q%es@(y) > n~42 Z qzew(2)7 (4.35)

2z€7Z4
whenever |y|| < pin and |y|[i = n. Fix n € N so large that k(n) > 1, as well as n° < pin
and pon®! < 1. Then, for any ny,...,n;,n.41 € N and any z1,..., 2,241 € Z% satisfying the

conditions in the sum in (4.34), the by Lemma 2.4, there is a constant ¢; > 0 such that

Gl gt = e (=7) H ew(Zj)qflJ]’_ (4.36)
je{1,..,l,r+1}

<] <c1nj‘d/2 > q;jeW))

j€{1,...,l,r+1} ZEZd

— DY e ] <ij—d/2>

2€74 JE{L,.. l,r+1}

= e‘p(_z/)q)(())", H (clnj_d/Q),

je{17"'7l77,+1}

where in the third line we used the fact that ¢ is a linear functional, and in the fourth line we
used (2.8). Since n’ < n and ®(0) > 1, it follows from (4.35) that <I>(0)”' <P0)" S nd/2q¥ePV),

As a result, we obtain

z 21 2 d/2 —2' —d/2
max @ty <n / qgeﬂy ) I | e ‘
zl+...+zl+zr+1:z/ '
je{1,..,.l,r+1}
Zr+1 .
Furthermore, the sum ) | ¢;! - - - ;o over all tuples (21,. .., 2, 2,41) such that z; 4+ - - 214211 =

2’ equals ¢7,, and by Lemma 2.6,

/ _ C
a7 < q4(1+0(n*%)) exp (n (IIyH Ny =2l + [yl (n = n') + In(n)(n - n’)) ) ;
for some universal constant ¢ > 0. Therefore,

S )% @) ) S nPataer ) T (eng®)

214tz tzrp1=2" jed{1,..,l,r+1}

sttapee)  I1 (an™?).
je{1,..,l,r+1}
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/

where P(n) := exp (C (2||y|| Ny =2+ lyl[(n —n') + In(n)(n — n’))), for some constant ¢’ > 0.
n

By Lemma 7.2, there exists ¢ > 0 such that

+1 l

S IIn<—S—nt. 4.37)

1(4-1)
ni+...+nip1=n, j=1 M
ni,..,np12>2M

Therefore, we obtain the following estimate on Mgr (2):

MY () S a2 (@)PP(n) Y 11 <cmj-d/2>

nit..4ng+nep=n’ JE{1,...,l,r+1}
7’l7-+1>n1 ..... nl>n5

B d/2
S (g)*Cn 802/ (27 p(),

—£/4 I —el(2d—5)/4 ( M\ %2
< n €/ (q)2CIn I ()T p(n),

It remains to bound (n/n/)%2P(n). We estimate the following expressions involved in (n/n’)%2P(n)

like so:

!/

n\ /2 d n—n
_ < Z _ _
( /) exp <21n(n)n 1>, n—n' E n; < (r—10nn

J=l+1

ly = 2l < Z [EAI Z ny < (r—1mn

j=l+1 j=l+1

Zr4+1

provided that ¢Z! ... g, %} > 0. Then, using ||ly|| < n?, we obtain:

(ﬁl>d/2 P(n) < exp (C'(T _ l)n&+§fl)

n

for some constant C’ > 0, which completes the proof of Claim 4.1. O

4.3. The Main contribution: Proof of the Central

Lemma (Lemma 4.2), Part 3

Fori € I;(n,r,m) and z € (Z%)", define

—
Zm—Zm—1 yz'r

4 n(1,2) = g g (4.38)
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where the factor with the hat is absent; in other words, we remove the transition probability

corresponding to the huge gap.

Now decompose Bé”t further, depending on the position of the huge gap 1) at the begining, 2) in

the middle, or 3) at the end, as follows:

3
Biz%ht = q%t Z (Fiyi + L§J7t) )
i=1

where

r
Fly’t = Z Z q:Tth,i Hh(Zj;Sij,Sij+1),

1<’r‘<k(nt) icl (nt,r 1) 7=1
r
Yt . E : } : E : Y . )
F2 = qnhm H h(zj78ij782j+1)7
2<r<k(ny) m=2 ieli(n¢,r,m),z j=1
r
Yt . }: 2: Y g g .
F3 = qnt,ﬂ-\l h(z]asljaslj-i-l)?
1<r<k(n:) i€li(n¢,r,r+1),z Jj=1

and the error terms are given by

21

Yt . iy — dn: i

we ¥ 5 By [
1<r<k(nt) i€li(n¢,r1),z m

Zm—2Zm—1 Yy

r T
y,t qi'm_imfl - qnt Yy
Ly = E E E R T Gy i H h(zj; 8i;, Siz+1),
2<r<k(n¢) m=2 i€l (n¢,r,m),z v j=1

Y—=zr Y T

Yt . } : 2 : Tny—i, — ey .
L3 = #qntm h(zjasijusij+l)7
1<r<k(n¢) i€li(n¢,ryr+1),z e j=1

whenever ¢y, > 0, and 0 if g5, = 0. Central Lemma part (3) now immediately follows from the
following lemma.

Lemma 4.10

For sufficiently small g > 0, there is a 0 > 0 such that

(a) tlggo t sup <' [qm Z LY t]

lyll<t® pi

> (4.39)

3

i=1

(b) lim ¢? sup 1<

500 |y <te PY
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4.3.1. Contribution from the Error Terms: Proof of Lemma 4.10 (a)

We first show that the contribution from each error term is negligible. By Key Lemma 4.3, it is

enough to show that for 5 small enough there are 6,9 > 0 and 5 € (o, 1) such that fori € {1, 2, 3},

lim n’ sup DY(i,y) = 0. (4.41)

n—oo &

llyl|<n®
Here, DV(i) is the D-sequence associated with L;,. We will only show convergence of the D-
sequence for i = 1 and ¢ = 2, because the convergence for i = 1 entails convergence for i = 3

by symmetry. The D-sequence associated with L; is:

0 if gp =0,

DZ(Zay) = Y—21—...—2r q%)Q

S va) X ) (o) g,

1<r<k(n) ne=l,z

where a;(r) := 1, ag(r) :==r + 1, and

[1]

n1+-"+nr<rn§

ny, Ny 207n27"‘7nr—1 >0
ni+ - +n, <rn ’

ny >0,n9,...,m >0
i::{(nl,...,m)eN’": L= 02t },

[1]

LR {(nl,...,nT)GNT :

The convergence in (4.41) relies on ¢}, ;' being close to ¢; in the following sense. Fix
& € (0,1) so close to o that & < 1 — &; and let n € N be so large that k(n) > 1 and n° < pn,
where p is the constant from Lemma 2.6. Let y € Z¢ such that ||y|| < n° and ¢} > 0. In addition,

let 1 <7 < k(n),n >0,n9,...,n, > 1withny +...+n, < rné. Without loss of generality, let

21,..., 2 € Z% such that ¢t ..., q; > 0 as otherwise the contribution to DY (i,y) is zero.
Claim 4.2 y—z1——zr _ y\ 2 ~
(qnnl...ynr qn) S (1 + O(n_§)> ec3pna+571 _1
qn

Using this claim we can bound supj,|j<,» DY (i,y) as follows:

M8

sup Dy (i,y) S
Iyll<n?

9 (r+ 1) (a2)" - (a)* ((1+ 07)) ewm™ " 1)

(nlw"»nT)Eerz

I
-

T

A
NE

(9a)" (r +1) ((1 n O(n—%)) geapn® et _ 1) :

ﬁ
Il
=)
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Therefore, for i = 1,2 and ¥ < o}, SUp|y|<n® DY (i,y) converges to 0 as n — oo faster than n=?,

with 6 € (0,1 — & — &£). This implies (4.41).

To complete the proof of Lemma (4.10), it only remains to prove Claim 4.2.

Proof of Claim 4.2. Let 2/ := z; +---+ 2, and n’ := ny + - - - + n,. Observe that qZ:‘Z/, > 0. Indeed,

notice first of all n — n’ > n — k(n)n¢ since n’ < rn. Moreover,

T T
ly =2l <n” + D llzll <n” + > ny <n” +k(n)nt
j=1 j=1

Finally, n — n’ and ||y — 2’||; have the same parity because otherwise, if n — n’ and ||y — 2/||; had

distinct parity, then, since n = |y1, at least one of the probabilities ¢!, ..., ¢ must be zero in this

Ny

case, which violates our previously made assumption.

Now, we derive a bound on |qZ: —anl/an- M q2 7, 2 qn, then Lemma 2.6 gives
‘qn n' Qn‘ -2 c-1_,¢& ln(n) I3
——— < (1 +O0(n 5)) exp (¢ |2n° "pn® + ——=pn -1 (4.42)
dn n

< (1 + O(n7%)> exp (clpn&Jré*l) -1

for some constant ¢; > 0. Otherwise, if ¢, > ¢”_,, then we argue as follows. For sufficiently large
n, we have n —n' > n — k(n)n > n/2. Hence, [ly — 2'[| < n% + k(n)n* < §n < p(n — n’) for large

n. Therefore, again by Lemma 2.6,

—_a¥ Y
|9 ny anl @y (4.43)
dn Qp_p

< (1 + O(n_%)) exp <c ((2115_1 + 2pn£_1> 20m° + 21n(nn)pn€)> -1 (4.44)

< (1 + O(n_%)) exp (Cgpn5+£_1> —1.

Using the general fact that (a — 1) < a? — 1 for any a > 1, in either case (4.42) or (4.43), we have

the following bound:

o 2
qu—jﬁ B q;yl _2 capndte—1
=) < (14 omTH)) e 1
dn

where c3 > 0 is a constant. O
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4.3.2. Main Contribution: Proof of Lemma 4.10, Part (b)

In order to deal with the F;’s (i.e., Lemma 4.10, Part (b)), the strategy is to first define suitable

truncations of the partition functions. Fix &1, &5, &3 satisfying 0 < & < & < €3 < £, and notice that

since £ + 0 < 1, we have & + o < 1. For n € Ny, set

To avoid heavy notation, we write

n = Ny, n_ = UNIE) Ne = ntél,t—t517 ny ‘= nt—t51,t7

and introduce the following set of symbols:

© = {—, 0, +}.

Now we define

r

TOt,O =1+ Z Z qz,r/—.}—\lﬁ, Z) H h’(zj7 Sij) Sij_t,_l),

1§7‘§’U(n—)+1 i€l n, Jj=1
ir<w(n-),
z
r
Yt . 2 : § : Y (3 .
TO =1+ q, i(17 Z) H h(Zj, Sijs Si]-+1)~
1<r<o(ng )+l i€l j=1

n_w(ny)<i1, ir<n,
z

Notice that E[T} ;] and E[TY"] are truncations of the partition functions Z§ and Z¥" respectively.

The proof of part (b) of Lemma 4.10 boils down to proving the following lemma.

Lemma 4.11

For sufficiently small g > 0, there is a 0 > 0 such that

3
. 1
(a) Jim £ ”slg p%’< W+ E [q%t ZFiy’t] —E [q%tTé”’tT&o] > = 0; (4.45)
yll=t? i=1
, 1
®) LA vl BY <’E a8, T8 —pilzgz,z%;b =0 (4.46)
y < (el

We dedicate the whole of next section to proving this lemma.
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4.4. Proof of Lemma 4.11

4.4.1. Preliminaries

Recall that for any t > 0,1 € Ny, and 1 < r < [ 4+ 1, we introduced the following notation in

Subsection 4.1.1:
r—2

A(t,l,r) = E[H (@32'5]' — 1) B2 (tr—1+tr)

J=1

where ¢y should be interpreted as 0, and ;1 as t — s;. Recall that for v € (%7 1), and for all ¢t > 0,

and we also defined the set
J(t) == {nEN : Vt<n<(2—1/)t}. (4.48)

To avoid heavy notation, introduce the following shorthands:

as well as the analogous definitions for E‘[-|m], E®/[-|m, ], etc.

Next, we make the following preliminary simplifications, which will be applied several times
troughout the proof of Lemmas 4.13 and 4.11. For any ¢t € R, and each s € @, let S,(t) be
any nonempty subset of N and /s € S¢(¢). Let [ :=[_ + [, + [;+ and let

Forr € R, let

and for m € M,, let
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Let

fi= Z Z Z qnm i,z) Hh(zj;sij78i]'+1)~ (4.49)

r€R meM,ic€cH, m,z Jj=1

Notice that, for example, each Fiy’t has exactly this form. Then,

[q'n <f >]]-l €Ss(t )sEEB] = Z qu/7+l.+l+P(l*,l07l+)E |:<f2> l)l07l+:| ) (450)

ls€Ss
sed

where

- .,z+] S Y @ IZ)QE[H< —1)‘1_,1.,14 (4.51)

réeR meM, i€H,m,z =1

[<f2

For l_,l,,l; € No,7 € R\, m e M},and i€ I}, let

={1<j<r:i; <l },
re=|{1<j<r:l_<ij<l_ +1L},

Ty =" —T_ — T,
and observe that

E [H (652%+1 - 1) ‘1_7 L, z+] < AW 1+ 1A — 25 1a,re + DA, Ly ry + 1), (4.52)
j=1

In the proof of Lemma 4.11, we will need the following technical results whose proofs are relegated
to the Appendix, Section 7.1. Let y € (0, 3(1 — o)) and v € (3,1). For t > 0 and y € Z<, let x1(¢) be

the smallest even integer > ¢(1 — ¢t~X), and let x2(¢) be the largest odd integer < #(1 + ¢~X). Let

K(t)={leN:xi(t) <l <x2(t)}, t>0.
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Lemma 4.12 (Building Blocks)
Letv € (3,1) and v € (v=! — 1,1). Then, for any 6, c > 0 we have:

1
(A0) limsup e~ F7tY sup — Z Qf(y,l)P.(l) < o9;
oo Iyl <t P leJ(t—2t1)

. — B2t 1 o T 1
(A1) limsupe 7 1sup — g qL(y l)P g (r+1Da"A(t — 251, 1,7 + 1)<o0
leJ(t—2té1) 0<r<i

(A2) limsup Z P—(I) Z (r+1a" At 1,7+ 1) < oo;
leJ(té1) 0<r<vil—1

(A3) lim t?e#t" Z P~ (1) Z (r+1a At 1,r + 1) = 0;

t— o0
leJ(té1) v l—1<r<I

A4) Tim 7P ST e TIPS (r 4+ e A Ly 4+ 1) = O;
> 1¢J(t61) 0<r<l

(A5) lim %™ 3 P D (r+LaA(t =2 L+ 1) =0;

t—o00
lg J(t—2t81) 0<r<i

A6) lim Y PT() D (r+DaA( L+ 1) =0;

(A7) limsup Z P~ Z r+1)a" At L7+ 1) < 0o

KR g e, 0<r<l

: 0 _t7 ° _
(A8) lim t%e” > P°(1)=0, 6>0.
Ig K (t—2t51)

4.4.2. Proof of Lemma 4.11: Part (a)

To prove part (a), we further split it into the following three limits.

Lemma 4.13

For sufficiently small 5 > 0, there is 6 > 0 such that

tlggot ||5u£om<’E [q"t (Fyt (T80 = V(T3 - )> >:0’ (4.53)
g ol BY <‘E (B = @' - )]|) =0, )
it e (it (- ma-n) -0 sy
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4.4.2.1. Proof of Lemma 4.13, Part 1: Convergence of One Huge Gap in the
Middle

In this subsection, we prove the convergence statement in (4.53). Let

=Ty - (T§0 — (1Y - 1).

Claim 4.3

It is enough to show that for (3 sufficiently small there is 6 > 0 such that

. 1
Jim ¢ P (B [ Lot maesi—n) |) =0 (4.56)
y < g
) 1
lim te sup v <‘E [q%fg’t <1 = ln,,n+EJ(t§1),TL.EJ(t—Qtil))} ‘> =0. (4.57)

t=00ly|I<to Py

Proof of Claim 4.3, Part 1. We first show (4.56). By symmetry considerations, it suffices to show

that for small 3 there is # > 0 such that

. 1 2
lim ¢ sup —E [q% <(f2 ’t) > ]ln_,n+€J(t51),n.€J(t2t51),n_§n+:| =0. (4.58)

t=00ly||<te Py

We have

(Tgo— 1)(TY" = 1) (4.59)

= > 2 2.

1<r<v(n_)4+11<s<v(n4 )+1 0<i1 <...<ir<w(n—), n—w(n4 )<l <...<ls<n,

2150y 2r €L C1yenyCs €LY
T S
21 Zr—RZr—1 _C2—C1 Y—Cs . . .
GG A H h(zj; 8i;5 Si;+1) H h(ck; si,,s S1,41)-
j=1 k=1

Define the set

. . . <1 <1 < _
V}Z’#_’mr = {1:(11,...,17-)6[1(77,,7’7771) : 0<i < <im 1_UJ(77, ) }

n—wng) <ipm<...<ip<n

and its complement in Iy (n,r, m)

Wi =" =i = (i1, .. 000) € i(n,mym) i — o1 <n—w(n-) —w(nyg)}.
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If n, n_, ny are clear from the context, we will simply write V. ,,, W,. ,,,.

Suppose now that n_ < n4, so that v(n_) < v(n4), and recall the notation q . (,2) from (4.38),

which is
—_—
-1 | Zm —Zm—1 Y—2zr
qn m(l Z) T qil ' qzm—zm 1" qn i)

fori ¢ I(n,r,m) and z € (Z9)". Making the change of summation indices r := r+sand m :=r+1

in (4.59), the expression in (4.59) can be written as

(T(g,o - 1)(T(‘7f’t -1)= Z Z Z qnm i,z Hh(Zj;Sij,SijJrl) (4.60)
2<r<v(n_)4+2 m=2 i€Vy m,z j=1

T

S pORND SIFTIT) ) (IO

v(no)+2<r<v(ng)+2 2<m<v(n_)+2 i€Vim,z j=1
+ E E E qnm i,z Hh z],szj,slﬁl)
v(n4)+2<r, r—ou(n4) <m i€Vim,z

r<v(n_)tu(ny)+2 m<o(n_)+2

Conditional on n_,ny € J(t&), ne € J(t — 2t51), and n_ < n., and provided that ¢ is sufficiently

large, (4.60) allows us to rewrite f3" as f3 + f35 + f2 5, where

Yt .
2:1 = § § § qnm i,z Hh Z]751Ja513+1)

reR! meM} i€EW, m,z

T

%{’5 o Z Z Z _ Z Z qz’m(i7 z) H h(zj; Sijs Sij+1)7

reR?2 \m=2icl(n¢,rym),z  2<m<uv(n_ )+2 1€V m,z j=1
y,t._E: }: }: T o g
2;3 " qnﬁ@(la Z) H h(Z], 31j731j+1)7

reR3 meMp2 i€li(n,r,m),z j=1

where R! := {2,...,0(n_) + 2}, R? :== {v(n_) +3,...,v(n_) + v(ny) + 2}, and R? := {v(n_) +
v(ny) +3,...,k(n)};and M! :={2,...,r} and M3 :={2,...,7}.

In order to prove (4.58), it is then enough to show existence of § > 0, for § small, such that for

i=1,2,3,

1 2
lim ta sup TE |:q7yl <( 2y7zt) > ]]'nf,nJrEJ(tgl)7n.€J(t—2t51),n7§n+ = 0. (4.61)

b=y || <to Py

Leti = 1,2,3. Conditioning on the number of jumps in [0, t51), [t51, ¢ —51), and [t — 5, ), equation



TOC | chapter 4 | section 4 93

(4.50) allows us to write

n%
E [qf{ << Zyz) ]ln,7n+eJ(t€1),n.eJ(t—ztﬁl)m,gm

/
= > 4 i, POl 1)E [<< 5';;?)2> 'l,l.,l+]

ls€Ss(t)
1-<ly

where S_(t) = S (t) = J(t5') and Se(t) = J(t — 2t51).

In order to show (4.61) for ¢ = 1, 2, we will show that the term E[(( 5/;;)2> |l_,le,1+] can be bounded
buy a function that goes to 0 as ¢ — oo at least polynomially fast; then the limit in (4.61) is yielded

by the fact that

> a e PO L) <1 (4.62)

ls€55(t)
<t

Notice that E[{( 5”;’;)2)”_, le,l4+] with s = 1, 3, can be expanded using (4.51) like so:

Z Z Z G teriy i z)°E [H <€B2tij+l - 1) 'l—,l.,l+]7 (4.63)

r€R meM} i€H! .z Jj=1

r,m»

where H}, = W,,, and H?, = Ii(n,r,m). Notice furthermore that E[{(f}3)*)|I-,ls,14] is

bounded by (4.63) with i = 2 and M? = {2,...,r} and H?,, = I;(n,r,m).

Recall that o is the coefficient associated with the family of sets J(t),t > 0, and fix v, € (v~1—1,1).

For i = 1,2, for t sufficiently large, and for [_ <1, in J(t51), I, € J(t — 2t%), we have
[_7¢ [17§ A
r+1gv@4+v@g+3={§ﬂ2+[§}2+3<uﬂﬂ re R,
so in particular 75 + 1 < 14l for s € @. Therefore, since r = r_ + ro + r4, by Lemma 4.7,

A1 ro + 1A= 265 lg,re + 1) AR L,y + 1) St = yr, (4.64)

Now, we take up cases i = 1,2, 3 separately.
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CASE i = 1. Using the bound in (4.64) and taking H, ,, = W, the term in (4.51) is less than a

constant times

> S X (@) ()
reR meM} j=@1,---,jr)EN", z
Jm—Jm—1<n—w(l-)—w(ly)
2 2
S > o (a) () v

reR! J1yeesJr—1€N, z
Jiteetdr—1>5 (w(l-)+w(ly))

oS 1-%
SZTZ(aw)T Z 5 <w(l—) +w(l+)> ]
r=1 -

w(_)+w(g) J
3> 3(v(l_>+2+)

vl

For the last estimate we assumed that [ is so small that o) < 1. Since

wllo) +wly) S a6 56—t
v(l-) ~oT ~ ’

it follows that

2 d
7t — 1-£

e E |:qn <( yvl) > 1”—7H+Ef(t51),n.EJ(t—thl)m_Sm- < $1(6s=E2)(1-5),
lyli<te P

This implies (4.61) fori =1 and 6 < & (& — &)(4 - 1).

CASE ¢ = 2. Again, using (4.64), we bound (4.63) by

YooY X@) e (g)vs X

r€R?  j=(j1,....Jr)EN" 2 r>1o(l-)

(o) 370 Tu(l) < (agp) O,

3

for some constant C' > 0. In this estimate we assumed a1y < 1 and used that [_ € J(¢5!). From this

estimate we deduce (4.61) for i = 2 and for any 6 > 0.

CASE i = 3. For t sufficiently large, | < I, in J(t5!), [, € J(t — 2t%!), we have

Te +1<k(l_+1le+13) <wile, 7€R
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However, it is not true in general that r_— + 1 < v;l_ and 4y + 1 < vyl4. Thus, Lemma 4.7 only
gives

B |:H (eﬁQtij-H B 1> ‘l’ l‘7 l+:| 5 %ZJT.A(t&’l*v r— 4+ 1)A(t§1’l+7 T+ =+ 1)
=1

Consequently, for i = 3, the expression in (4.63) is less than a constant times

) (r— +re 47y )(ag) =TTt (4.65)
T—,Te,T" €N, ’
r— +r.+J1:+ 6%3

+ > (r_ +7re+ry) (@) F+ AW 1 r_ + DA, 1,y +1). (4.66)

r—<l_, ry<li, re€Np,
'r’,Zull, or 7‘+2V11+

Notice that the expression in (4.65) converges to 0 as t — oo faster than any polynomial by the
same argument as in the case i = 2. So the limit statement for this term is also yielded by (4.62).

Therefore, it remains only to consider the expression in (4.66); that is, we need to show that for

any 0 > 0,
_ 1
Jimt? sup = > o PO (4.67)
lvli<te Bey 1 crury, ieesu—atér)
I_<ly

> (r_ +7re+ 7 ) (@) o™ T AR 1 - + D)AWL, +1) = 0.

r—<Il_, r4<ly, re€Np,
r—_>vil_ or r4>vily

Recall from Chapter 2 that for y € Z¢ and n € Ny, we define

n, HyH1 =n,

n+1, |yl #n
By Lemma 2.7, for t sufficiently large, y € Z< such that ||y|| < t°,1_,1, € J(t5), and l, € J(t—2t5),

Y )
D tle+is S qL(y,l.) )

Also, note that in (4.67) at least one of the conditions r_ > v4l_ or r. > vl must be satisfied.

Without loss of generality, assume r_ > 1v41_ (the other case is argued similarly). Therefore, since
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r—+7re+ 7+ < (r—+1)(re +1)(r+ + 1), we can bound the expression in (4.67) from above by

1
sup — e YT ¢y 1 Ple) (4.68)
lyll<te Pt e )
> (re+1)(ag) (4.69)
TQGNO
Y S (rm+ D" P_ DA I+ 1) (4.70)

1_ E](tél) vil_<r_<I_
ST+ DAP DA Ly g + 1) (4.71)

leJ(té1)0<ry <iy

1 5o that the term in (4.68) is finite in the limit

Here, note that we multiplied and divided by ¢
by (AO) in Lemma 4.12; the term in (4.69) is bounded provided that ar) < 1. Finally, the term
in (4.70) goes to 0 as t — oo by (A3) in Lemma 4.12 and the term in (4.71) goes to 0 as ¢t — oo

by (A7) in Lemma 4.12. O

Proof of Claim 4.3, Part 2. With regard to the convergence statement in (4.57), we first note that

by the triangle inequality it is enough to show that for g sufficiently small and for any 6 > 0,

1
3 0 y»t —
tlggot su<pd oY <E [qayz Fy ‘ (1 - ]]'n,7n+€J(t51),n.e](t—2t"31)>}> =0, (4.72)
lyll<te Pr
and
1
lim #7 sup — 4.73)

b=y <te Py
<E [q%

We first show (4.72), which will follow from

(Tgo — 1T - 1)’ (1 - ln,,n+€J(t5l),n.EJ(t—2t51))}> =0.

im #? 1 Yy yt\?
tlggot Hsﬁg EIE In <F2) (1 - ﬂn_,n+6J(t51),n.EJ(t—2t51)) =0 (4.74)
y < g

for any 6 > 0. From (4.50), for given families of sets S_ (), S¢(¢), S+(t) C Ny, we have

E [qg <(F§ﬂ)2> ]]_nSGSS(t),se@:| = Z q}’_+l.+l+P(l,,l.,l+)E [<<F2yt)2> ‘171,,l+] :

ls€85(t),s€®
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Also, (4.51) and (4.52), imply that for I_, s, € Np,

J(CEI

SO e dre ) TR AR Ll DA — 25 g re + DA 1y g+ 1)

~

0<r:<ls,s€®
< Z (re + 1)a ™ A(t — 2t 1o, 74 4 1) H Z rs + Da" A(t5 Ig,rs + 1).
0<re<lie s€{—,41} 0<rs<i,

By Lemma 2.10, for ¢ sufficiently large 1/p] < e for ||y|| < t°. Therefore,

1 2
sup — E [qn <(F2yt> > ﬂnsess(t),s€€a:|
lyll<te pt

Z P*(1) > (r+1)a"A(t — 265,17 + 1)

lGS. O<7‘<l
H Z P(ls) Z (rs + 1)O‘TSA(t51als’Ts +1).
se{—,+}1s€Ss(t) 0<rs<ls

In order to complete the proof of (4.72), we will consider two main cases: (1) S,(¢) is the comple-

ment of J(t — 2t51) and (2) S (t) is J(t — 2t51).

CASE 1. 1If S,(t) is the complement of J(t — 2t51), then (A5) in Lemma 4.12 yields

: 0 t° ° r o4& _
lim ¢’ SP() Y (r+1)a" At 2691 r+1) =0, 0>0.
leSe(t) 0<r<i

Then either of two possibilities occur:

If either S_ or S, is the complement of .J(#51), then (A6) in Lemma 4.12 implies

. r E _
tlggo Z P~ Z (r+1)a"A(t*,l,r+1) =0.
I¢J(té1) 0<r<i

If either S_ or S, is of .J(t), (A7) implies

lim Z P~ Z r+1)a’ At 1 4 1) < oo.

t—o0
leJ t&l) 0<r<i

Therefore,

. 1 02
i ¢ S, {q}{ <(F2y ) > 1"'““‘%51)} - =0
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CASE 2. If S, = J(t—2t%), then by Lemma 2.8, for ||y|| < 7, ls € Ss(t), and I_, 1, € Ny, we have

@ e S T e (CN) (4.75)
se{—,+}
Therefore,
1
sup — Y@ PO L)

Iyl <t DY 1s€8s (1), 5€{— +} lo€J (1—2¢61)

door+Dar At =260 r+ 1) [ D (e Da AR I, e + 1)

0<r<le SG{ ,+} 0<rs<ls
< —B%té1 i Y . T _ 9¢&1
<e Hs|1|1<ptd o7 Yo Pt Y (r+ AR - 265 L+ 1) (4.76)
Y= leJ(t—2t€1) 0<r<i
P14 H Z exp (Ct7~ 4 ) P(ly) Z (rs + 1)a" At Iy, rs + 1). 4.77)
se{—,+}1s€855(t) 0<rs<lIs

Notice that the limit as ¢ — oo of the term in (4.76) if finite by (A1) in Lemma 4.12. To deal
with the term in (4.77), first note that at least one of S_ or S, must be the complement of J (tﬁl) ;
without loss of generality, assume it is S_(t), in which case S, (t) is allowed to be .J(t5) or its
complement. Then, (A4) in Lemma 4.12 implies that the factor in (4.77) corresponding to s = —
satisfies

lim (7PN TTIPT() Y (r 4 Dam A L +1) = 0.
o IgJ(t51) 0<r<i

If S, (t) is the complement of J(#5!), then the factor in (4.77) corresponding to s = + also satisfies
the above. However, if S () = J (1), then exp(Ct? 11, ) < exp(C’t?~'*¢1) which remain bounded

because o — 1 + & < 0. Finally, (A7) implies

lim sup Z P~ Z r+1)a At 1 4 1) < oo,

=00 leJ(té1) 0<r<l

Therefore, we also have

2
1 _— y’t — =
th_}Eot ||5|T1<I?f" pt E [qn <(F2 ) > ]ln.eJ(tf2t§1) (1 ﬂn_,n+ej(t€1))] 0, 6>0.

This completes the proof of (4.72).

For the convergence statement in (4.73), we only need to note that by the Cauchy-Schwarz in-
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equality, Fubini Theorem, and symmetry,

<E [Q% ‘(Té,o - 1)(Té/’t - 1)‘ (1 - ILn,,n+eJ(t‘51)7n.eJ(t—21t51))}>

<E [a1 (750 = 1)") (1= Lo, crnnmeniacn) ]

The rest of the proof can be carried out in full analogy to the proof of (4.74). 0

4.4.2.2. Proof of Lemma 4.13 Parts 2 and 3: Convergence for one huge gap

at the start or the end

We only show the convergence statement in (4.55) as the proof of (4.54) is analogous. We write
Féy’t - TS,O + 1= f§;1 + f§;2

where fori = 1,2,

.
fé;i = Z Z qr(i,z) H h(Zj; Si]., Si]-—i-l) (478)
rERVIi€H! ,z Jj=1
where ¢, (i,z) := qZ —= ¢'...q ', and

R':={1,...,v(n_) +1}, R*:={v(n_)+1,...k(n)},

. , <iy <...<i,<rnt .
H, = {1 = (i1,...,4y) : VS le'f> w(<n1_r)— rn } and H?Z, :=I(n,r,r+1).
By Jensen’s inequality, it is enough to prove the following claim.

Claim 4.4
For 8 > 0 sufficiently small, there is § > 0 such that for i € {1,2},

. 0 1 t \2 _
Jim ¢ H;@U pf?E [q% <(f3;i) > L, ey, n.+n+€J(t7t§1)} =0, (4.79)
1
lim ¢ sup — B [q% <(f?fz)2> (1 - ﬂn_EJ(t51),n.+n+€J(t7t51)>:| =0. (4.80)

t=00y||<te Py
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Leti € {1,2}. Conditioning on the number of jumps in [0, #5!) and [t*!, ), we write

E [Q% <(f§;z')2> ]lnfemﬁl),n.+n+eJ(t—tfl)}

= Z Z G 1 P 1g) BT [<(f?€z)2> ‘Z—J@} : (4.81)

l_eJ(t81) lged(t—té1)

For I_,lg, € Ny,

500 ({7 1te] = 5 a0 [ [ (0 1) ], a2

reRiicliz j=1

and for r € R, and i € H}.,,, let
ro={{1<j<r:i;<l_}, rg=r—r_.
Observe that

E—(+) [H (&32%“ _ 1) }l, l@] < AW -+ DA — 15, 1p, re + 1), (4.83)

where A was defined in (4.47).

Proof of Claim 4.4, Part 1. We will consider the cases i = 1 and i = 2 separately.

CASE i = 1. In order to show (4.79) for i = 1, we will show that the term E[((fé;i)2>|l,, lg] can

be bounded but a function that goes to 0 as t — oo at least polynomially fast; then the fact that

D a e PO e ly) < pf (4.84)

ls€Ss(t)
1_<ly

yields the limit in (4.79).
For ¢ sufficiently large, I € J(t%),lq € J(t — t51), we have for any r € R!

r+1<v(lo)+2 <l
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so in particular rs + 1 < 14ls for s € {—,®}. By Lemma 4.7, the expression on the right side

of (4.83) is less than a constant times

wT, +re 17[]7‘ )

As a result, for i = 1, the expression in (4.82) is less than a constant times

N weln’s Y v Y > <QEi)2---(q§I)2

reRYicH] ,, 2 1<r<v(n-)+1 Judr€N, - erer €24
st tie>w(l-)

T T 2
s Y Y ¥ X(Z (@)
1<r<wv(n_)+1 =1 ji,.., %ﬁ’k:l k€Ll

Since
w(l-)
v(l-)

this implies (4.79) fori = 1 and 0 < & (& — &)(4 - 1).

> lés»—£2 > t€1(£3—§2)’

CASE i =2. Forl_ € J(t%)and g € J(t — t1),
r+1<k(-+lg)+1<unlg, reR?

as long as ¢ is sufficiently large. Then,

T

B [H (71 =1) \l—, z@] YA, +1).
j=1

Consequently, for : = 2, the expression in (4.82) is less than a constant times
S () ARSI+ Do

0<r_<l_,rg>0,
v(l-)+1<r_+rg
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If r_ +1 < v1l_, we have as before A(t51,1_,7_ + 1) < (¢)", so the term in (4.82) is less than a

constant times

Yo (@) S (ag)rD2
r>(v(l-)+1)/2
For I_ € J(t¢1), we have that v(I_) > [ > 6162, Therefore, for arp < 1, the estimate in (4.84)

yields

1 _
thm ' sup — Z qgl,-u@P () (1 1) Z (ap)"=1"® = 0.
70 lyliste Pe ¢
_eJ(tf1) 0<r_<wyl_
lp€eJ(t—to1) r_+rgeR?

To complete the proof of (4.79) for i = 2, it only remains to consider the case r_ + 1 > 14[_.

we now show that for any 6 > 0,

lim t? sup — Z Z qu_JrlﬂaP_’(""')(l,,l@) (4.85)

t—o00
lyll<t ptl €J(t61) o e (t—t1)

> (ap) @ At 1_,r_ 4+1) =0.
Vll,—lgrfélf,T@ENo
By Lemma 2.7, for ¢ sufficiently large, y € Z% such that ||y|| < 7, I_ € J(t%'), and Ig, € J(t — t&1),

we have that ¢/ e S qf(y7l®). Therefore,

swp o S Y g P )

lyll<te ptl cJ(té1) lgeJ(t—té1)

S lap) > (e DA AR L+ 1)

reNg vl —1<r_<i_

1
S = v (o,4)
~ ol Y Y Uy PO )
lgEJ(t—t51)

Yo P ) Y @AW L+ 1),

l_eJ(tt) rlo—1<r_<i_

and convergence to 0 as t — oo follows from (AO) and (A3) in Lemma 4.12. O
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Proof of Claim 4.4, Part 2. Notice that by (4.82) and (4.83), for [_, g € Ny, we have

E—(*) [< (f§;¢)2>

Therefore, since Lemma 2.10 implies that 1/p{ < e for ||y|| < t°, using the expansion in (4.81),

l,l@]§ Z QA I -+ 1) Z AOA(t — 15 g, g + 1).

0<r_<I_ 0<re<le

we obtain the following bound

sup iE [qn <(ff§;i)2> Ln.eS(t),se{-a}

Hyll<t"pt
<e!’ Z P (l_) Z Q" A1 4 1)
l_eS_(t) 0<r_<I_
Y PEI(Ig) Y At -5 g, + 1),
la€Sa(t) 0<rg<lg

We now consider two cases: (1) Sg(t) is the complement of J (¢ — t51) and (2) Sg(t) is J(t — ).

CASE 1. 1If Sg(t) is the complement of J(t — t!), (A5) in Lemma 4.12 yields

lim %" Z P (1) Z A=t L r+1) =0, 6>0,

t—00
l€Sg (1) 0<r<i

Notice that S_(t) is allowed to be either J(#¢!) or its complement. If S_(¢) is the complement of
J(t1), (A6) in Lemma 4.12 yields

lim > P7(1) > oA, Lr+1)=0.

I¢J(té1) 0<r<i
If on the contrary, S_(t) = J(t%!), by (A7) in Lemma 4.12 we have
limsu TA( 1, 1) <
mow 3 P) X AL+ <ox
leJ( tfl 0<r<i

Therefore, this establishes for ¢ € {1,2} and any 6 > 0:

lim ¢t sup iyE [q% <(f§,z)2> ]ln.+n+¢J(t,t£1)] = 0.

t=00 |y || <to Py
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CASE 2. If Sg(t) is J(t — t&), then S_(t) must be the complement of .J(¢1). Also, notice that by
Lemma 2.8, for |y|| < t°, lg € J(t — %), and [_ € Ny, we have

1
q?f-f—l@ S exp (O771-) 4 Uy le)

Hence,

1

sup — Z Z ql +l@ )(L l@)

lyll<t ptl eJ(t—ts1)l_€S_

> aT@A(t—tfl,l@,r@+1) DA AW o+ 1)

0<rg<lg 0<r_<i_
1
<e~ B qup = Z qf’(y l@)P@(l@) Z Q" A(t — 15 lg, g + 1)
loll <t PY seT(-t61) 0<ro<ls
R Z exp (C’t"_ll,) P (i) Z Q" A 1 4 1).
1_gJ(té1) 0<r_<I_

Then, by (A1) and (A4) in Lemma 4.12 , we have for i € {1, 2}

lim t9 sup —E [qn< ft-i 2> ]ln . e 5 _ 0’ .
=00 y|<te ot ( 3’) otny €J(t—t51),n_¢J(t¢1)

This completes the proof of (4.80). O

4.4.3. Proof of Lemma 4.11 Part (b): Convergence to limiting parti-

tion functions

Recall that we write n for ny, n— for n, , ne for nye, ;4 , and ny. for n,_e, ,. We also maintain the

notational shorthands P~ P°, etc., introduced at the beginning of Subsection 4.4.2.2.

Lemma 4.14

For (3 sufficiently small there is 6 > 0 such that

lim t? sup —<‘E[qn—qn.)Ty’ Tt ”> 0.

t=00  |y|<t P}

lim % sup —<’E [qz_TytTOO] . Z00‘> 0.

500 |y|<te PY
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4.4.3.1. Proof of Lemma 4.14, Part 1

Let x € (0,4(1—0))and v € (1,1). Fort > 0 and y € Z% let x4 (t) be the smallest even integer
> t(1 —t7X), and let x2(¢) be the largest odd integer < ¢(1 + ¢t~X). Let

K(t)={leN:x1(t) <l < x2(t)}, ¢>0.

We will show that there is # > 0 such that the following two limits are zero:

1
0 t _
Jim ¢ S <‘E [(qz —a,) TY Té,oln_+n+eJ(ztsl),n.eK(Hta)] ‘> =0, (4.86)
. 1 ¢
tliglo tf Hsﬁlg Y <‘E [(q% —an.) " To o (1 - ]ln_+n+eJ(2t€1),n.GK(tJtﬂ))] ’> =0. (4.87)
yllst? £t

Let us first show (4.86). If  is sufficiently large, a point y € Z? such that ||y|| < t° can be connected
to the origin by a path of length less than (¢ —2t1)(1— (¢ —2t§)~X). For such t, for I+ € J(2t1), and
lo € K(t —2t%), it follows that ¢}, > 0if le = ||yll1, ¢/, = 0if le Z [[yll1, ¢, 1y, > 0if le + 1+ = [|y]l1,
and ¢, ,;, = 0if le + 1+ # ||y[l1. Thus,

E [(q%{ - Q;yz.)Tg’tTé,oﬂn,ereJ(Qt&),n.eK(t—Qtﬁl)} = A(y,t) + B(y, 1), (4.88)
where
A(ya t) = Z Z <Q?.+li - q?.) E[T(?)J’tT&O]]-n.:l.,n7+n+:li]a
I eJ(2t81), la€ K (t—2t51),
1+=0 le=|lyll1
it
By.t) =) > (]ll.z||yu1<ﬁ”’.+zi - 11,_5||yH1q§{) E[T)"T5 0 Lne—tein_+ns=1:]-
I3 €J(2t81), la€ K (t—2t51)
l+=1

We will show that there is § > 0 such that

1
lim ¢ sup —(|A(y,t)|) =0, (4.89)

b=y || <to Py

lim ¢ sup — (|B(y,1)]) =0. (4.90)

t=00 || <to Py

To do so, we first establish an upper bound for a factor appearing in both A(y,¢) and B(y,t):
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Claim 4.5
It
E[TY T ohnemtom_tni=te] S D Plm,le,le —m) (1+ > A, m,r)a" |. (4.91)
m=0 1<r<m+1

Proof. Since 7§"'T} ) and n, are independent, we have that
E[Tg’tT(I)i()ﬂn.:l.,n_+n+:li} frd P.v(_7+) (l.’ li)E(_7+) |:< ’Tg’tTé70’> |lj::| .

By the Cauchy-Schwarz inequality and symmetry,

ECH [(|T9' T ) ] < ECH [((T60)%) ]

If we also condition on n_, this implies that the right side of (4.92) is bounded from above by
I+
> P(m,le,lx —m)E [((Tg0)?) [m)] . (4.92)

m=0

Now, for a fixed m, we have

E[(Tio)Am <2+23 Y ¢(i,2)°E" {H (652%“ - 1) ‘m] (4.93)

reRi€H,,z j=1
where
R:={1,...,u(m)+ 1},
Hy={i=(i1,...,3,) eNg:0<i; <...<ip, <w(m)},
ar(i,2) =q;) .. T
Since
-
E™ [H (662tij+1 - 1) ‘m] < A(t5,m, ),
j=1
we have

Y aliz)’E [H( —1) M < Y A, mr)a

reRi€l,,z 1<r<m+1

which proves the claim. O
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Now we show (4.89). By Claim 4.5, we have that A(y, t) is less than a constant times

I+
> Y (dhe —dl) X Puleli—m) (14 3 AL mr | (4.94)
1L eJ(2t81), la €K (t—2t51), m=0 1<r<m+1

1+=0 lo=|lyll1

We first show that

1
tli>r1010 Y sup — Z Z qlo'Hj: - qiy.‘ P(le,l+) =0. (4.95)
lyll<t= P l1 €J(2t51), Ll €K (t—2t61),
1+=0 Le=llyllx
Using the fact that ¢, ;. > 0, we can write
qz
Y Yy .

‘qlo+lj: q le ql.+li - 1 ’

l +lt

But as

Z Z qu-i-lj:P(l'?l:I:) Spga

leJ(2té1), le €K (t—2t51),
1+=0 Le=llyllx

in order to prove (4.95), it is therefore enough to show that there exists a function g such that

t?g(t) converges to 0 as t — oo for some @ > 0 and which satisfies

Y
qa,
Y
qlo +l:l:

-1

< g(t). (4.96)

By Lemma 2.6, there is ¢ > 0 such that for ¢ sufficiently large, for y € Z¢ with ||y|| < ¢°, and for

le € K(t—2t5), 1y € J(2t) with ¢},

|4}, 41, > 0, we have

Y

q

7 le -1 S (1 + O(t_g)) eXp(CtU+£l—1) -1

Dot
and
Y
q, 1 _2 _
e =g g =st- (1 +O(t 5)) exp(—ct” 7).
qlo“rlj: qlo+lj: qlo

Therefore, the inequality (4.96) can be satisfied by

g(t) = (1 +O(t 3 )) exp(ct 1) — 1, (4.97)
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and lim;_,. t?g(t) =0 for 0 € (0,1 — o0 — &).

Let us now show that for 3 sufficiently small, there is § > 0 such that for S_(¢) = J(t*) and for

S_(t) equal to the complement of .J (1),

lim t? sup iy Z Z Z ’qéy.Hi - q,

t—00
lyll<te Pt leeJ(2té1),0Sm<ly, [, e K (t—2t51),
12=0  meS—(t)  le=[lyl1

P(m,le,lo —m) Z A(tS m,r)a” = 0.
1<r<m+1

(4.98)

Notice that if g(t) is as in (4.97), then for I, € K (t — 2t*1) such that [, = ||y||; and for I+ € J(2t%)
such that 4 =0,

Y Y| — 49
’qloJrli_qlo -,

Y
qlo +li 1
7 _

<qg(t).

le

As aresult, if S_ is the complement of J(¢1), we obtain (4.98) from (A0) and (A4) from Lemma 4.12

as well as the following estimate:

sup iy Z Z Z Q?.Hi - qu,‘ P(m,le,lx —m)

o
lyll<t~ Pt lpeJ(2té1),0<Sm<l+, [, c K (t—2t51),
+=0  mgJ(t51)  le=|yl1

> 5wt [[[ (0 1) o]

reRi€l,,z

1
—B2t61 °
Sg)e ™ sup = S g P

lyll<te Pt leJ(t—2e1)

Pt Z P~ (m) Z ofA(tEl,m,r).

m%J(tél) 1<r<m+41

If S_is J(t51), consider two subcases: (1) 1 < r < vyym and (2) vim < r < m + 1. In the first

subcase, Lemma 4.7 gives:

ST DI DI S

llyl<ts Pt lpeJ(2té1), 0<m<ls, [ e K (t—2t61),
1+=0  meJ(t51)  lo=|yl

’q[ +iy Ql ’P o7lj: ) Z A(télvmv T)ar

1<r<vim
N EDVEDS

o
lyll<to Pt lLeJ(2t81), le€ K (t—2t51),
1+=0 le=|lyll1

qiy.Hi o qu-‘ P.y(_7+)(l°> li)-
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The desired limit then follows from (4.95) for 6 € (0,1 — o — &).

In the second subcase, we estimate as follows:

T IO D S S

lyllst Pt lpeJ(2té), 0<m<ly, [ e K (t—2t51),
=0  meJ(t’1)  le=|lylh

‘q;’iﬂi - qiy‘ P(m,le,lx —m) Z At m, r)a”

vim<r<m-4l1

_ 3246 °
Sg(t)e o sup — E QEJ(W)P (1)
leJ(t—2té1)

Bt Z P~ (m) Z O/’A(tfl,m, T).

mGJ(tﬁl) vim<r<m-41

By (AO) and (A3), this tends to 0 as ¢t — oo faster than ¢~ for any 6 > 0. This completes the proof
of (4.89).

Let us now show (4.90), which will imply (4.86). For convenience, we assume that ||y||; = 0. In

the case ||y||; = 1, the proof proceeds analogously. We have

B(y.t) = BW(y,t) + BH(y,1),

where
5 (x2(t—2t51)—1)
BW(y.1) = Z Z Bpi141, B [Tg’tTé,Oﬂn—er:li (Lne=2pt1 — ﬂn-z%)} )
I+ €J(2t51), p=32x1(t—2t51)
l+=1
3 (2 (t—2t51)—1)
B(Q) (ya t) = Z Z (Qgp+1+[i - qu) E |:T0y’tT(§,O ln.:2p,n,+n+:li} :
lLeJ(251), p=1xa(t—2t51)
l+=1

Following the proof of (4.89), one shows

lim ¢/ sup —<’B (v, )’> 0

500 |ly|<te P}

for 0 € (0,1 — o0 — &1). To establish (4.90), it remains to show that there is # > 0 such that

lim 7 sup —; ‘B 1) (y, )‘ 0. (4.99)
feo mwwﬂ< >
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By Claim 4.5, we have

e 30e-2651)-1)

(pownhs ¥ 2 %

IreJg(2tér), m=0 p— % (t—2t81)
l+=1

G, P @2p+1) =P 2p)| P (mde —m) |1+ > a"A(S,m,r)

1<r<m+l1
Since n, is Poisson distributed with intensity ¢ — 2¢¢1,
2p+1
P*(2 1) —P*(2p) =P°*(2 1)(1-
2o+ 1) = P(ap) = P4 1) (1- 20 )
Therefore, for 1 (t — 2t1) < p < L(xa(t — 2t%) — 1), we have
[P*(2p+1) = P*(2p)|< P*(2p + 1)g(t),
where §(t) = (t — 2t) 7. Since
3 (x2(t—2t51)-1)
Z Z qu-&-l—&-li P.’(_’+)(2p +1, li) < p%l
lL€J(2t51), p=4xi(t—2t51)
l+=1
we have
) 3 (xa(t—2t51)-1)
Jim t4(t) sup = > > @ PP @+ 1 0) = 0
lyll<t” Pt lLeed(2t61), p=1Ly(t—2t61)

l+=1
for 6 € (0, 0). Since we also have that
qu—i—l—i—li < qu+1(1 + g(t)) S quﬂ = Qu(y,2p+1)»

we can complete the proof of (4.99) by following the reasoning for (4.89).

Next, we show (4.87). Let |y|| < t°, then by Lemma 2.10, we have that 1/p} < €'’

. For any

n,ne € Ny, we also have that |¢), — ¢,,| < 2. Therefore, using Claim 4.5, we have that for any given
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families of sets S, (), S+ (t) C Ny,

sup iy <)E [(q% - q%.) Tg’tTS,Oﬂn.es.(t),n,+n+esi(t)] )> (4.100)
lyll<te Pt
e’ Y P(l)
le€Se(t)
I+
Z Z P (m,le —m) (1 + Z O/A(t&,m,r))
1+ €S+ (t) m=0 1<r<m+1

If S,(t) is the complement of K (t — 2t51), then part (A8) in Lemma 4.12, allows us to deal with the

term in the second line of (4.100).

In addition, the expression in the third line of (4.100) is bounded from above by
1+ Z P~ (m) Z " At m, 1),
meNg 1<r<m-+1

and (A7) and (A4) imply

lim sup Z P~ (m) Z o A(t5, m, ) < oo,
t=o0 eNy 1<r<m+1

From this, we may already infer

1
lim ¢/ sup —<‘E{q%—q}:’b TY'TE o1, ot H>:O, 6 > 0.
i o pY ( DT o0 g k-2t
If So (t) is K (t—2t%1), then Sy (t) must be the complement of J(2t51). For ||y < 7,1, € K (t—2t5) C
J(t —2t%1), and I € Ny, we have as in (4.75)

—1
Glutiy S €XP (Ct7 M) qil(y,l.)'
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Thus,
1 t
sup — <‘E {(Q% - qv%.) Téh Tg,oln.eK(t—%il),n,+n+¢J(2t€1)} ‘> (4.101)
lyll<te Pt
324 1 .
S ST g P (4102
lyll <t Pt

leK (t—2t51)
N exp (CETM L)) P L) Y et AR ).

1_,l+ €Ny, 1<r<l_+1
l_+1y¢J(2te1)

By (A1) of Lemma 4.12,

. —B2¢é1 1 °
lim sup e #? sup —; Z qf(y’l)P (1) < 0.

Y
t—
o0 ”y”St(7 pt leK(t—Qtﬁl)

Ifl_,l, € Nosuchthatl_+1, ¢ J(2t5), we have [_ ¢ J(t5) or I, ¢ J(t5). Consequently, for any

6 > 0, the product of ¢’ and the expression in the third line of (4.101) is less than a constant times

N exp (CTTH)P() Y T A L) (4.103)
1¢.J (1) lsr<itl

<Z P (l) ) o At L)

leJ(tér) 1<r<i+1

+ > exp(CTPT() Y o/A(tfl,l,r)>.

I¢J(t1) 1<r<i+1

By (A4) in Lemma 4.12, as t — oo, the expression in the first line of (4.103) tends to 0 for any § > 0
and the expression in the third line of (4.103) tends to 0. The second line of (4.103) is bounded on

account of (A7). This completes the proof of (4.87) and thus of Lemma 4.14 Part 1.

4.4.3.2. Proof of Lemma 4.14 Part 2

Since ¢f,, T"" and T§ o are independent with respect to P, we have

)t R
E [qz.Toy Tot,o] =p! e ET¢ETG .
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It is hence enough to show existence of § > 0 such that

. 9 ‘p§—2t§1 - pty| t Yl
lim ¢’ sup ET; ET"|) =0, (4.104)
h Y 0,0 0
=% yl<er P
lim #° sup <‘ET§7OET5“‘/ — Z3%2Y%|) =0. (4.105)

b= yl<te

Let us point out that there is § > 0 such that

Yy Y
lim ¢’ sup 7“%_%51 i

7 =0.
=00 y|<te Dy

Since p! , ., = Eqn, and p{ = Eg;, this can be shown similarly to (4.95). Hence, in order to

prove (4.104), it is enough to show that

lim sup <‘ET8’OETé”t’> < 0.

t—o00

By the Cauchy-Schwarz inequality and symmetry,
([ETs BTy |) < ((BT5,)*).

Let us now show that the truncated partition function ET}, converges to the limiting partition
function Zg, in the L? sense and obtain a rate of convergence. In order to do this we will first

prove that there is # > 0 such that
: &) 2
Jim ¢/ <<ET§70 - Zé,é) > ~0. (4.106)

We keep the notation introduced at the beginning of Subsection 4.4.2.1. Let ¢t > 0. For P g-almost

every realization of the continuous-time simple symmetric random walk 1 on Z¢, we have

82 e €1 3 3
— 8461 A ¢ 161 artél
e —Th = NU NS



TOC | chapter 4 | section 4 114

where

T

Nfel _ Z Z q(i,2) H h(zj; 8ij5 8ij+1)

1<r<v(n_)+10<i1 <...<ir<n_,ir>w(n_), Jj=1
210,20 €724
-
N = > DR AU | RICTERE)
v(n-)+1<r<n_+10<i<..<ir<n_, J=1
210,20 €L

By Jensen’s inequality,

() =n{ (5.

so it is enough to show existence of 6 > 0 such that
. /] £\ 2 . .
lim ¢'E K(NZ-) >} —0, ie{1,2},

i.e., we need to check convergence of the D-sequences

v, s 2
Dy= 3 > ¢-(i,2)%,
1<r<wv(n)+1  0<i1<...<ir<n,ip>w(n),

21500y 2p €LE

ply= % v Y ala?

v(n)+1<r<n+1 0<i1 <. <,
zl,...,zTEZd

For ¥ < a1,

v(n)+1<r<n+1
SO

lim n’D?(2) =0, 6>0, 9<a .

n—oo
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Moreover,
14 < r c1 2 cr 2
pms Yo X X (@) ()
1<r<v(n)+1 J1seJr€N,  eq,.,0r €24
Ji+...+jr>w(n)
T T 2
C
< Y Y Y XX (@)
1<r<v(n)4+1 =1 j1,...50EN, k=1 ‘¢, €Zd
235
d
1 = 1w(n) )1_2
< r(da)” — < Ya)" | = -1 ,
N1<r<v(n)+1 e 121;(7035 N;T( " ( v(n)
- JZ§ v(n)
and L
) 1w(n) T2
N _ _ 4 _
e (GE 1) =0 pe (066 e - 1)
from which we deduce (4.106). If we combine this result with Theorem 3.1, we obtain in particular
that there is > 0 such that
. [/ t  _ r7oo 2\
Jim ¢ <(ET070 Z3%) > = 0. (4.107)

Finally, since <(Z§}))2> < 00, we obtain (4.104).
In order to prove (4.105), first notice that for y € Z¢ such that ||y|| < t°, we have

([Br mTy - Z53 20t |) < (BT (BT - 28%) ) + (|80 (BT — 224 )

Therefore, we obtain (4.105) by applying Cauchy-Schwarz to the two summands on the right, and

using (4.107) together with

tim ((BT30)") = ((Z59)°) < oc.

t—o00
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In this chapter, we prove the following theorem.

Theorem 5.1

For (3 sufficiently small, there exists a constant ¢ > 0 such that

Q <Zg’t < e_“) < ce‘“Z/C, t,u > 0.

This can be thought of as a continuous-time version of Theorem 1.5 in [CHO02]. The Gaussianity of

the noise is important here.

Remark 5.2

The result is interesting in its own right because it implies that the limiting partition function Zg5

admits all positive and negative moments.

This section is devoted to the proof of Theorem 5.1. The first step is to prove Theorem 5.3, which
is a discrete-time version of Theorem 5.1; we do this in Section 5.1. Then, in Section 5.2, we
use Theorem 5.3 to prove Theorem 5.1 by a suitable limiting procedure to go from discrete time
to continuous time, showing that the estimate on the partition function carries over. To prove
Theorem 5.3, we follow closely the strategy laid out in [CHO2, Section 4], which goes back to
Talagrand [ASTO3].

116
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5.1. The Discrete-time Case

Fix a positive integer N, and let S = (S,,)»>0 be a random walk on Z% that starts at the origin and

has transition probabilities

- if y=u,
P(Spt1 =y |S,=1x) = N+t (5.1)

In addition, let (w(z,k)),cza ken, Pe an i.i.d. collection of Gaussian random variables with mean
0 and variance % that is independent of S. We denote the probability measure corresponding to
(w(2, k)).eza ken, by @Y and the expected value by (-)y. For any ¢ > 0 such that tN € N, we let Ty
denote the set of possible realizations of (Sy,...,Siy—1). Given a path v = (y0,...,%tnv-1) € T'tn,
we let p(y) denote the probability that (Sp, ..., Siv—1) = 7. Then, we define the partition function

N Ca
Z; =e 2'E

)

tN—1
exp (6 Z w(Si,i)>
=0

where § > 0 is a small parameter, and E denotes the expectation taken with respect to S. Then we

have:

tN—1
_82 .
ZN =77 Y p(y)exp (B > M%%))
yelin =0
tN—1

= ¥ o0 IT [esplBetnipexy (—Zi)]

~eTen i=0

We now state and prove a discrete-time version of Theorem 5.1.

Theorem 5.3
For (3 sufficiently small, there exists a constant ¢ > 0, independent of N, such that for all t > 0 with
tN € N,

QN (Ziv <e ™)< ce /e u>0.

The proof of this theorem relies on three technical lemmas (Lemmas 5.4-5.8) following the ap-

proach in [CHO2] and [ASTO3].
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Let S! and §2 be two independent copies of the random walk S. Set

n—1 >
L, = Z Lisr—gzys and Lo := Z Lisi=szy-
i—0 =0

Since S is transient on Z% for d > 3, we have L., < oo almost surely. Also consider the random
walk D := S! — 8% = (D,,),>0. It is transient because S! and S? are. Let 7; denote the time of first

return of the random walk D to 0, and set
q:= P(m < o0).
Clearly, ¢ > 0, and because of transience we also have ¢ < 1. In the following lemma, we give more

precise bounds on gq.

Lemma 5.4

There are positive constants c; and cy with ¢; < ¢y, depending only on the dimension d, such that

(&) C1
1-2<g<1- 2
N=-91=""Y§

Remark 5.5

For the conclusion of Theorems 5.3 and 5.1 to hold it is enough to have 8 < infx /N In(1/q) (see
also Theorem 1.5 in [CHO2]). The infimum is strictly positive because ¢; < infy(N(1 — q)) <

inf (N In(1/q)), by virtue of Lemma 5.4.

Proof. For t € R, let ©(t) denote the characteristic function of D;. By properties of characteristic

functions (see e.g. [Durl0, p.194]),

P81®$2(DTL = 0) = (271-)d /( o (p(t)n dt, nec N(].
It is not hard to see that

1 >, e 1 1
E = nz_%q = ZP51®32(D71 = 0) = (27r)d /(Tmr)d 1_7 dt. (5.2)

n=0
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For any t € (—, )%,

1-— go(t) :E51®82 [1 _ €i<t,D1>} — Z ]_:)51®$2 (Dl — y) (1 o 6i<t,y>)
y€Z4

= Z P$1®82(D1 = y) (1 - COS(<ta y>)) .
yezd

Let us decompose the integral on the righthand side of (5.2) into

/ e +/ _a (5.3)
Croil=et)  Jamaz el —e(t)

Fix t € (—%, Z)%. Since 1 — cos(z) > % for z € (—%, %), we have

As long as t is not the zero vector, the expression on the right can be written as

2
It p Dot 5
4 Z Sl®32( 1= y) HtH Y . ( 4)
yGZd:(t,y>6(—§,%)
As - lies on the unit sphere in RY, there is i € {1, ..., d} such that
P

]

b\l
) = d

where ¢; is the i*® unit vector in R.

Accordingly, using (5.1), the expression in (5.4) is bounded below by

It I L

P p Di=e¢)="""1__"

and the first integral in (5.3) is bounded above by

N +1)2 dt
4d2(;)/ 2 < &N,
(-2.2)

for some constant ¢; depending on d.

Now, let t € (—m,m)?\ (=%, 2)% In this case, thereis i € {1,...,d} such that ;| > Z, and 1 — ¢(t)
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is bounded below by

N N

Psigs2(D1 = e;) (1 —cos((t,e;))) = m(l — cos(t;)) > 24N +1)2

Therefore, the second integral in (5.3) is bounded above by

N +1)?
Qd(_'_)/ dt <N
N Jermn-3.51
for some constant ¢; depending on d. Letting c¢; := ¢é; + ¢1, from (5.2) we obtain the following
bound for ¢:
C1

<-4
Y

To obtain a lower bound for ¢, we estimate

1—p(t) < ) Psigsa(D1=9)(t, 1) < Y Pgigs2(D1 = y)|lt[*l|y]|*.

yEZI y€Z\{0}
Since
2N 2 2d — 2 1
> Psigs:(D1=y)yll* = 5+ 5+ 5 S
-y (N+1) d(N +1) d(N +1) N
it follows from (5.2) that
1 N / dt -
— 2 —— =N
L—q ™ @2m) ) _xma lIt]?

for some ¢ > 0 depending on d. Therefore, there is a constant ¢ such that

C2
>1-2
1= "N

0

For tN € N, it is easy to see that the expected value of the partition function Z}¥ with respect to
the disorder (w(z,k)),cz4 ke, 1S €qual to 1. Now, we show that the second moment of ZN with

respect to the disorder is bounded uniformly in ¢ and N.

Lemma 5.6

Fix 8 < infx /N 1In(1/q). There is a constant cs > 0, independent of N, such that

((Z))?*) < e, forall tN €N.



TOC | chapter5 | section 1 121

Proof. We have

(ZY)2) =e—52t<E31®32 exp (ﬁithw(Sz,i))D
N

j=1 i=0
tN—1

= P Bgigg [ H <exp <B (w(Sil,i) - w(SZQ,Z)>>> ]
N

1=0
tN—1

8
“Esies [ 11 (6 Y lisi=szy T 1{5#53})]

=0

B B
:E51®S2 e N “tN SE31®S2 enN x|,

Since Pgigs2 (Lo = k) = ¢*"1(1 — q), we have
82 52 2 e\
Esigs2 |:eNL°°:| =enN(l1—gq) Z (eNq> . (5.5)

Since 5 < infy /N 1In(1/q) and since 1 — g < co/N by virtue of Lemma 5.4, the righthand side
of (5.5) is bounded above by

2
Lz ¢ 5 +1n(q)

%q 62 - (ian V Nln(l/Q))2 1— e%q 7

1—e

82 c
N

S

€

=

and as N — oo the expression on the right converges to the finite limit

C2
(infy /Nn(1/q))? — 52
So there exists a constant c3 > 0 such that ((Z;¥)?) < cs for all tN € N. O

Lemma 5.7

Fix 8 < infx /N In(1/q). There exists a constant C' > 0, independent of t and N, such that

tN—1 2
1

QN Zt]V > %7 ESI®S2 |:LtNexp (/B Z Zw(sg,l))] < CN€ﬁ2t(Zt]V)2 > —.

i=0 j=1 C

Proof. By the Paley—Zygmund inequality (e.g., see [?]) and the fact that (Z}V) = 1, we get
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where c3 is the constant from Lemma 5.6. First, let C' be any positive number. We will only
impose a restriction on C' towards the end of the proof. Then the lefthand side of the displayline in

Lemma 5.7 is bounded below by
1 tN—1 2 c ,
_ N i © a8t
s Q" | Esigse [LtN exp <B ZZ; ;w(Si,z))] > Ne . (5.6)
Markov’s inequality implies

tN—1 2

QY | Egigs2 [LtN exp <B Z Zw(Sf,z))] > %Neﬁ%
i=0 j=1

4 tN—1 2 ‘

SCN B <E31®32 [LtNexp (5 Z Zw(Sﬁ,z))}>
=0 j=1

4 ; tN—1 "

:Cwe—ﬂ "Esigs? [LtN H <exp (B(W(Sz'17i) +w(S7, Z)) >N}
i=0

4
CNE81®82 |:LtN€ N LtN:|

where the last step follows from the proof of Lemma 5.6. As a result, the expression in (5.6) is

bounded below by
1 4 8y
deg CNE51®52 Loce N : 5.7)

From Lemma 5.4, we have

52 o 52 k-1
Esigs2 [LooeNL‘X’] —eN (1-gq) Zk‘< N >
k=1

2
<eN — 2
N 1—eng

2 8% 1 2
Se% caN (N + nQ(q)) <N

(8% = (infy v NIn(1/9))?)* \ 1 - ¢¥q

for some C > 0. Hence, the expression in (5.7) is greater than

1 4C

463 B ?,

which is greater than % if C is chosen sufficiently large. O
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Note that for any fixed tN € N, the random walk S cannot leave the box
Biy = {z ezd: 2| < tN}

before time tN, so Z}¥ only depends on (w(z, k)).ep, ~,0<k<tN. Let =Y be the collection of all arrays
¢ = (&(2,k)) e,y 0<k<tn Of real numbers indexed by »z € Byy and k € {1,...,tN}. For ¢ € =N
define
£2
7€) = e 7'E

9

tN—1
xp (5 S asz-,o)
=0

and let

tN—1 2
XN = {5 ZN(€) > Esigse [Lm exp (6 > Z&(SN)H < CNetzZN <£>2},

i=0 j=1

where C is the constant from Lemma 5.7. Let w;x be the random vector

(w(2,1)) 2B, i€{0,....t.N}- Then by Lemma 5.7

1

QN(wiv € X)) > .
C

Finally, for m € N, g, h € R™ and a measurable set A C R™, define

d(g.h) = llg — hll, and d(g, 4) = inf llg — .

The following lemma is a consequence of the Gaussian concentration inequality (e.g., see [AST03]

and [Tall1l, Theorem 1.3.4]).

Lemma 5.8

Fix 8 < infx /N In(1/q) and let C be the corresponding constant from Lemma 5.7. For any v > 0,

2
QN (d(th,XtN) > v+ Nln(C)) <227,

Proof. As the components of v Nw,y are i.i.d. standard normal, the Gaussian concentration in-

equality ([Tall1, Theorem 1.3.4]) yields, for any v > 0,

QN (‘d(th,XtN ) — (d(wu, XY >>N' > v) < 2e 5, (5.8)
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Suppose that v < (d(win, X{V)). Then, by Lemma 5.7

5 <@ e XM < QY ( (o, X7) = (e, XP))

> v) < 2¢~ 2%

As this inequality holds for any v < (d(wn, X}")), we also have

<d(th, XtN)>N < %111(20).

Together with (5.8), we obtain the desired result. ]

5.1.1. Proof of Theorem 5.3

Let 8 < infy /N In(1/q), so Lemma 5.8 can be applied. Now fix ¢ € X}V and ¢ € =Y. Then we

can write

N 82
ZN() =e 2'E

tN—1 tN—1
exp(ﬁ Z (f(SZ,’L) —5’(S¢,i))>exp (B Z E'(Sl,z)>] (59)
i=0 1=0

If we define the Gibbs measure v on the space of path realizations for S up to step (tN — 1) by

. %t tN—1
y(B) = WE HB(S(), cee ,StN_1>eXp (B Z fl(SrL,Z))] )
=0

then the righthand side of (5.9) becomes
tN—1
ZM (€ / exp (6 > (€(Sii) - §’<si,i>)) dv
i=0

)

tN—1
> éexp (—B’ / ; (€(Si,0) — €(Si,1)) dv

where we used that ¢ € X}¥. We have

tN—1

l |X s - ¢(sii) v
=0

tN—1

>3 (e - €) [ s dv

1=0 zE€B:n
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By the Cauchy-Schwarz inequality, the expression on the right is less than

w6) ([ [ dy)é |

Again using the fact that ¢’ € X}V, we infer from the definition of v the inequality [ [ Ly dv dv <
CN and thus

ZN(€) = s exp (—Bd(f,ﬁ’) (//LW dv du) 2) > Lexp (—ﬂd(g,g’)\/czv) .
As the inequality above holds for any & € X}V,
ZN(©) = fexp (~8VCd(&, X )VN) .

Fix v > In(2) and suppose

u — In(2) N
T S e X
Then
2 (€) = g exp (—(u—In(2))) = e™"
Accordingly,
—u u—In(2)
By Lemma 5.8 with v = u=hn®@ _ /3 In(C)/N, the expression on the right is greater than

BVCN
2
1—2exp (—; <u;1\%2) — 2111(0)) ) ,

QN(ZtN > 6—u) >1- e—u2/c

so there is ¢ > 0 such that

for u sufficiently large. This implies the desired inequality, and therefore completes the proof of

Theorem 5.3.
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5.2. The Continuous-time Case

In this section we present the proof of Theorem 5.1. We will show that there is a constant ¢ > 0
such that

Q(Z&O <e ") < ce_"z/c, t,u > 0.

To simplify notation, we write Z* in lieu of Z{ ,. We start with a result on continuity in time for the

partition function.

Lemma 5.9

Fix t > 0. For any ¢ > 0, there exists s. > 0 such that
Q(|Z"* — Zt| > €) < € forall s € (0, s).
Proof. Recall that A’ is the action defined by (3.1). We have

(7t - 7)) = ﬁ<<E exp(0.45) <e‘62286><p(5«4§“)—1>]>2>
2

_ 32
e 6tE070

IN

(exp(28.A5)) <<6_B’js exp(BA;) — 1) >]

= GBQt(662S -1).

Let s. > 0 be so small that e#*f(e#*s — 1) < ¢3 for all s € (0, s.). Then, by Markov’s inequality;

<(Zt+s _ Zt)2>

QUz™ = 7' > ¢) < 5

< €. OJ
€

Let N € Nand ¢t > 0 such that tN € N. We will now represent the partition function Z} from

Section 5.1 in a way that mimicks the definition of Z*. Let SV = (S¥

)ien, denote the random walk

S from Section 5.1. The change in notation reflects that we now want to vary N. For s > 0, we
define the continuous-time random walk n¥ by
N N i
ny =50 ifs €[4, 5.
A sample path of " over the time interval [0,t) is characterized by the number of actual jumps

n{¥ that occur in (0,t), the embedded discrete-time path vV = (4,4, ... ,VT]ZN) on Z? such that

7Y =¥yl = 1for 1 < j < n, and the jump times 0 < 57 < ... < s’y < t, which are of the
t
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form . To keep the definition of the action compact, we denote sj’ := s and s"y | := . To such
t

a sample path of "V, we assign the action

Next, we define the probability measure

w({(#) v (75)

Let (TJN )jen be an i.i.d. sequence of random variables distributed according to gn. The jump times

ke N.

of "V can then be represented as

s]kV:ZT]N, k € Np.
The partition function Z}¥ from Section 5.1 has the same distribution under Q" as
2
e TIB, VB, e (5.10)

where E_~ denotes expectation with respect to (TJN )jen, and E, averages with respect to the
sample paths of a discrete-time simple symmetric random walk on Z¢. We will therefore also denote
the expression in (5.10) by ZY. As N — oo, gy converges weakly to the exponential distribution
with intensity 1. As a result, for any k¥ € N, (r{",...,7}) converges weakly to (r1,...,7;) as
N — oo, where (7;),en is a sequence of independent exponentially distributed random variables

with intensity 1.

Lemma 5.10

Fix t € (0,00) N Q. For any € > 0, there exists M. € N such that for N € N sufficiently large and with
tN € N, we have

2
Q (e_BQtETN [E7 [exp(ﬁAi\[)] ]ln,{V>MJ > e) < €.
Proof. For any M € N, we have

<e—‘*§tETN B, [exp(3AY)] WWD —P.x(n) > M).

Recall that n; is the number of jumps that occur within the finite time interval (0,¢) for the
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continuous-time sample path of 7 (see page 40). By weak convergence,

lim P_v(ny > M) =P(n, > M).

N—oo

Choose M, € N so large that

o] Mo

P(n > M) <
Then, for N sufficiently large,
<e_622tETN [E7 [exp(ﬁAiV)] ﬂn£V>ME:|> <€,
and we can conclude using Markov’s inequality. O

Proof of Theorem 5.1. Throughout the proof, we keep ¢ > 0 fixed. Let 6 > 0 be given, and let

s € (0, ss) such that t + s € Q. By Lemma 5.9, we have for u > 0,

Q(Z'<e™) = Q(Zt <e U |ZTE -7 S8+ Q(ZF < e |21 — 2 < 5)

< Q(\ZHS — 7t > 5) + Q(Z”S <e U 5) St Q(Zt+8 < e_w5>, (5.11)

where ws := —In(d + e~ ). Since t + s € Q, we may choose M; € N according to Lemma 5.10.

Consider the event
_8 s s —w,
A= {w e ) o [Ev[exp(ﬂAéJr )} ]lno,t+sSM6:| <e 5},

where E; denotes expectation with respect to (7;) jen.

As {w : Z'"s < e s} C A, we have
Q(ZM* <e™™) < Q(A). (5.12)
For a fixed realization w of the disorder (WZ)Z ez and for k € Ny, we define the map

gO‘;:(tl, e 7tk+1) =

exp (6

N
—_

~ B (t4s)
IlTe 2 E,y

(WZ§+11 tj WZ}J;‘) +h <Wt+s W ?1%‘))] '

S
Il
o
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where 7' := (0,00)"*1 N {}_F_, t; < t+ s < 3-"*]¢;}. Path continuity of Brownian motion implies
that the functions (¢)ren, are bounded for Q-almost every w. Moreover, the set of discontinuities
of ¢% has measure zero with respect to the law of (ri,...,7441). Thus, by the Portemanteau

Theorem (see, e.g. [Kle08, Theorem 13.16]), Q-almost surely,

lim E[(,Ok(Tl ,...,T,ﬁl)] =E[¢¢(m,...,Tkt1)], k€ Np.

N—oo

In particular,

Ms
Q (ﬂ {w : lim E[gy (Y, ... ,T,ﬁ\frl)] = E[oY(11,. .. ,TkH)]}) =1.

As

Ms
ﬂ {w: lim E [ka(TfV,...,T,ﬁl)] = E[gp%(ﬁ,...,TkH)]}

N—o0
k=0
. " 5
Cﬂ U m ka Ti?a"'vT]ngl)}_E[ka(Tl?"wTk-ﬁ-l)] < )
M(;—I—l
k=0 N=1j=N
there is N5 € N such that for all N > Nj,
Q(BN)>1—(5,
where
oo Ms A 5
-N ﬂ{ Blot (o7 )]~ Bl (o mian)]| < MJH}.
j=N k=0

Consider N > Nj such that (¢ + s) N € N. Assume further that N is so large that the conclusion of
Lemma 5.10 holds, i.e.

_B% g
Q(e s (H)E [Ew[exp(ﬁflﬁs)] ﬂnﬁ?%] > 5) < 6.
Since Q(BY) < ¢, we have

Q(A) = Q(ANBy) + QAN BY) < Q(AN By) + 6. (5.13)
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For w € By, we have

~ 5 (t+s) BALS BAY,
e TENE, 1, <niy By [P0 | = B Ly cag, By [¢™405]

Ms

<3 [Erlen . mn)] Bl | < (O 1) 377 =
Accordingly;,
— 8 (t4s) BAY, —vs
ANByCcC:=<{e 2 E_~ lnﬁSSMaEV |:€ HS} <e ,
where vs := —In(§ + e"9). Let
D= e WIE o |B, [A40] 1 >4
= e ’TN vy e ”27\.,;5>M6 .
By Lemma 5.10,
Q(ANBN) < Q(C) =Q(CND)+QICND) <5+ Q(ZN, <e %), (5.14)

where ys := —In(d + e~ ¥). By Theorem 5.3, there is ¢ > 0, independent of ¢t and N, such that

QZN, <e¥) < ce Us/e.
Combining this estimate with the estimates (5.11)-(5.14), we get
Q(Zt < e*”) < 36 + ce ¥s/e,

Since, in addition, lims\ (36 + ce=Ys/ €)= ce~v’/¢, we obtain the desired estimate. O
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In this final chapter, we address the problem of global solutions to the semidiscrete stochastic heat

equation:

Ouly,t) = Ayu(y,t) + Buly, h)WY, ye Z%, (sSHE)

where u = wu(x,t) is a scalar function on the semi-discrete spacetime Z¢ x R, where A, is the

discrete Laplacian given by

Ayu(ya t) - % Z (u(y7 t) - u(z, t))’

2€Z%:||ly—z|1=1

and W/ is the white noise associated with W}/, and where 3 > 0 is the coupling constant.

Our primary focus is studying the Cauchy problem for (sSHE) for initial conditions with subexpo-
nential growth in space. Let f : Z¢ — (0, 00) be any function of subexponential growth in space;

namely, such that for a sufficiently small € € (0, 1), it satisfies
=0. (6.1)

We fix s € R and consider the following Cauchy problem for the semidiscrete stochastic heat

131
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equation (sSHE), also known as the Parabolic Anderson Model (PAM):

duly,t) = Ayu(y,t) + Buly, )WY, yeZi t>s,

u(y,s) = fly), yez

(PAM)

We emphasise that most studies of the PAM consider bounded or even localised initial data, whereas
the initial data considered in this thesis is in a much more general class of functions with subexpo-

nential growth.

It was shown in [CM94] that the solution to the Cauchy problem (PAM), if interpreted as an integral

equation in the sense of It6, is given by

uf(y,t) = Z f(:c)Z;;’:z, t>s. (6.2)

z€Z4
Note that u}(y, s) = f(y). In the special case that s = 0, we usually write uy instead of ug’c. Observe
that for the specific choice of initial data f = 1, we obtain a solution to the Cauchy problem (PAM)

given by the partition function Z¥"":

uj(y,t) =y ZYt = z¥". (6.3)

x€Z4
This result can be viewed as a Feynman—Kac formula for the semidiscrete parabolic Anderson prob-
lem. We can think of any solution u‘}(y, t) to (PAM) given by (6.2) as being local in time in the
sense that it is defined only for ¢ > s. The primary focus in this thesis is instead the analysis of

solutions which are global in time in the sense that we now define.

For any time s € R, let 05 : @ — Q be the Wiener shift defined by
Os(w(z,t)) == w(z, t+s) — w(z,s),

for all (z,t) € Z¢ x R; i.e., every path w(z,-) is shifted by s to the left along the time axis and
normalized to equal 0 at time ¢ = 0. The probability measure () is invariant with respect to (0s)scr,

in the sense that for every s € R and for every A € F, one has Q(6;(4)) = Q(A).
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Definition 6.1

Let Q' € F such that Q(€') = 1 and 6,(9') = Q' forallt € R. Ameasurable map Z : ZIxRxQ — R
is called a global stationary solution to (sSHE) if:

(1) Foreveryy € Z%, s,t c Rwith s < t,and w € &,

Z(y,t,w) = Y Z(z,5,w) 285 (w);
x€Z4

(2) Foreveryy € Z%, t € R, and w € €, we have Z(y,t,w) = Z(y,0, 6yw).

Recall from Theorem 3.1 that Z¥_ the limit of Z"(w) as s — —oo exists and is positive Q-almost
surely for every (y,t) € Z¢ x R. Thanks to Lemma 3.12 (after taking Remark 3.2 into account), the
limiting partition function Z¥”_ therefore defines a particular global stationary solution to (sSHE).
Our theorem is as follows.

Proposition 6.2

There is an F-measurable subset Q%! ¢ QF with Q(Q%°!) = 1 such that the function

74 xR x 0 5 R

6.4)
(y, t,w) = Z¥% (w)

is a global stationary solution to (sSHE).

The main result of this thesis is that, up to normalisation at the origin 0 € Z<, this global so-

lution Z¥_(w) is unique, implying in particular that the solutions to (PAM) have a rather weak

dependence on the initial data.

Theorem 6.3

Let Z be a global stationary solution to (sSHE) which, Q-almost surely, has subexponential growth

in space and satisfies Z(0,t,w) # 0. Then, for 8 sufficiently small and Q-almost surely for all
(y,t) € Z¢ x R,

Z(y,t,w) _ Zle(w)

Z(0,t,w) 2% (w)’

Explicitly, by Z having subexponential growth in space we mean that, for all ¢ and almost every
w € ), we have
In (Z(x, t, w)) |

lellsoo (|||t

=0.
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6.1. Attraction to the Particular Global Solution

The first major step towards Theorem 6.3 is a result which says that the particular global stationary
solution Zﬂ’; from (6.4) attracts in a certain sense solutions to the Cauchy problem (PAM) with

any subexponentially growing initial data f. For any ¢ > 0 and € € (0, 1), we define the set
Loc= {f L 74 5 (0,00) : |In(f(2))] < clla|'F, Vo € Zd} (6.5)

Note that this condition implies f(0) = 1, and is equivalent to

—cllz||*~¢

e < flx) < eclel™ vy e 79,

Then the following theorem is the central result in this section.

Theorem 6.4

For 3 sufficiently small, the following holds: for every y € Z% and for every ¢ > 0, € € (0,1), we have

up(y,t)  Z¥%

up(0,t)  Zz%

0 in probability. (6.6)

t—o00

Before jumping into the proof of this theorem, we we briefly sketch the proof strategy and present
the main ingredients. The first step is to fix 0 < o < 1 sufficiently close to 1, and for f € L.,

rewrite the solution uy as a sum of two terms

wly.)= Y f@2%+ Y f@)zs (6.7)
\ \

||| <te ||| >t7
corresponding to terms inside and outside of the ball of radius ¢“ respectively.

The contribution of the second term to u¢(y,t) is negligible: its expectation with respect to the

noise can be roughly bounded from above by

2

1—e 4_ 1—e_ . ll=ll
E Ccl|lx Y—x E Ccl|T —K

]| >z [l >¢

for some x > 0. The expression on the righthand side is negligible provided that ¢ is sufficiently

close to 1 (specifically, o > 1%6).
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The dominant contribution to u¢(y, t) then comes from the first term on the righthand side of (6.7).
To deal with it, we apply the factorization formula for the partition function Zggg obtained in The-

orem 4.1.

Using the representation in (4.1), we have

y’t— o8] Yt Yt
Z f Zﬂ3,0 Z f (Zx,Ozfoo_‘_(sg;,O) (6.8)
lzll<te lz||<te
S etz S fa e
lzll<te lzll<te

Our aim is to show that the first term in the second line of (6.8) dominates the sum. To prove
this fact, we use the smallness of 53”6 implied by (4.2). However, we must also make sure that
ZY!_ does not become too small for typical realizations of the noise. For this the main ingredient is

Theorem 5.1, which implies that for 6 > 0, with high probability,

A >t Vx| <t

ooa:O

This allows us to conclude that the second term in (6.8) is indeed negligible compared to the first,

and therefore -
up(y1,t) Vi ZHIHQH f@)p! 2%

Uf(yz,t) 7oo ZH:):||<t” f(:B) _:CZ;;OO'

Y2 —

Finally, for large ¢, the ratio p{* */p; is close to 1, uniformly in x (see Lemma 2.13), so the

righthand side is roughly 2% /2%, which is what we want to show. In the next section we give

—00?

the formal proof of Theorem 1.7.

6.1.1. Proof of Theorem 1.7

Fix c > 0and e € (0,1) and et f € L... Fix, once and for all, o € (0,1) such that o > and

1
14€”
note that ¢ > 1/2 because ¢ < 1. For any y € Z? and t > 0, we use the factorization formula

from Theorem 4.1 to write us(y,t) as a sum of three terms, which we denote by £,(f), ¥2(f), and

¥3(f):

= > f@ S Y f@plTe+ Y f@) 2l 6.9)

(<t~ llz(|<t” [|=][>27

=: 51 (f) + Sa(f) + s, (f)
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Then we factorize uy as follows:

B Xao(f) %)
uf = 21(f) <1+ Zl(f)) <1jL 31(f) +22(f)) .

Proving Theorem 1.7 is equivalent to show that us(y, t) /us(0,¢) converges uniformly in probability

to Z¥" / Zg’f;o. Therefore, we need to show the following proposition.

Proposition 6.5
For every e > 0 and every ¢ > 0, there exists T := T'(¢, §), depending on € and ¢, such that

o e <s

Uf(y,t) _ Zg’éo
L (0,¢) Zg’éo

forall f e Le.cift >T.

Let

m’ Cy(y,t) :== ., and  Dy(y,t) := X1(f),

By(y,t) :=

then

upyit) 2% 2% ((1 +Cs(y,t)) 1+ By, 1) Dy(y,t) 1)
up(ye.t) 7% z¥3 \(1+Cr(0,1) (1 + By(0,t)) Dy(0,1) '

: ,t . t R . .
Since @Q-almost surely Z¥_ > 0 by Theorem 3.1, the ratio Z¥';./Z¥2 is finite Q-almost surely.

From Lemma 2.13, for any ¢ > 0, there exists T'(¢) such that 1 — ¢ < p{*™*/p{*™* < 1+ (. Hence,

< Dt F @23
2 jali<ee F @)D 23

1-¢ 1+¢
forallt > T'() and f € L. ). Notice that T'(¢) is completely determined by the simple symmetric
random walk. It only depends on y and is in particular independent of the initial condition f and

of the noise as long as w € Q. Thus, D((y,t))/D(0,t) converges to 1 uniformly.

Hence, Proposition 6.5 will follow if we show that By (y,t) and C¢(y,t) converge to 0 uniformly in

probability, namely
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Lemma 6.6

Let 3 be small so that the conclusions of Theorems 4.1 and 5.1 hold. Then for every ¢ > 0 and every

0 > 0, there exists T := T'(e,6) such that

(a) Q(|Bf(y,t)| >¢e) <9, foral feLlee if t>T.

and

(b) Q(Cr(y,t) >¢e) <9, forall fe L. if t>T.

6.1.2. Proof of Lemma 6.6, Part (a)
For ¢t > 0, define the event

A = | {225 <t

:l|z) <t
Theorem 5.1 implies that there is ¢ > 0 such that

Q(Zgp <e ™) < ce /e, u>0.

Thus,

2
QUAM) < Y QZYLZ5 <t7%) St7Q(2Y, < 3) < gl T 00,

ll=l| <t

which tends to 0 as t — co. In addition, by Theorem 4.1, there is § > 0 such that

lim ¢ sup <|5‘zé ) =0,

t=00|g)<te

see also Remark 6.7 below. Fix ¢,0 > 0, and let 7 > 0 be so large that for any ¢t > 7,

€d
and % sup (|62)) < o
lzl| <t

Q(A(1)) <

(6.10)

(6.11)
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Then, with A(¢)¢ denoting the complement of A(t), we have for ¢t > 7,

2) 6% (w A
Q(icfwi><) <5+ [ £(@)l6%()lp "

AW T ez TP 225 (@) 2255 ()

-1 flx)p{™" y -
-z T Q d
) ||x|§:<to D<o f(2)p] /A(t)c‘ o(w)] Q(dw)

) < 0.

IN IN
VIS N>
_l’_

- t
+e7 10 sup (637
=<t

Remark 6.7

Notice that since Theorem 4.1 holds for any o € (0, 1), in particular for ¢ € (o, 1), we have that for

|z — y|| < t°, the error term 5% verifies

lim ¥  sup <\6§C’6]) =0. (6.12)

70 Jle—yl<to
If we choose 7 € (o, 1), then for ¢ sufficiently large, we have that
fzez: |z <7} C{z e Z: o —y| <),

SO

it it
sup (|030)) < sup  (|dy])-
z:|z|[<t7 oz —y||<t?

Hence, (6.12) implies that
lim t* sup (|6¥g|) = 0.

t=00 g <te

6.1.3. Proof of Lemma 6.6, Part (b)

We first show the following lemma.

lim <
t—o0

Lemma 6.8
For any 8 > 0, we have

E cllz|'= yt
e Zx,o

[l >

>:0.
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Proof. It is easy to see from the definition of partition function Z? ’6 that <Z§f6> = p/~". Therefore,

(

Recall that the continuous-time transition probability p; * satisfies

E ellel'=¢ 7yt
e Z‘,E,0

[|=]|>27

>: S el e (6.13)
2>t
_ =t
pr=) e (6.14)
n=0 ’

where ¢ := P(v; = z|y = 0) is the transition probability for a discrete-time simple symmetric

random walk (7;);en, on Z4. If t is sufficiently large, we obtain the estimate

1
||| > 5#" for all z such that ||z|| > t°, (6.15)

N =

ly — 2l > lly — =]* >

so ¢4 " = 0 for all n < 2712t and = € Z? such that ||z| > t°. Furthermore, for any fixed
n > 271247 we have ¢J * = 0 if ||z|| > 2n. Using these two observations together with (6.14) we

can rewrite the righthand side of (6.13) as
tm —e
Z 6—t7' Z 6c”wH1 q’?rJz_:E' (616)

n:
n>2-1/2¢0 to<||z||<2n

It is well known that there are constants ¢, x > 0 such that

q < 067”“2”2/]'7 jeN, zez4 (6.17)

Using the obvious estimate

7 < il =
;< gl > 1)

this can for instance be derived from Proposition 2.1.2 in [LL10]. On account of (6.17) and (6.15),

the expression in (6.16), for large ¢, is bounded above by a constant times

| 2

n
DR SR C Rt )
n!

n>2-1/2¢c T to<|lz||<2n

Fix £ € (1,0(1 + €)) and split the sum above into

> e_t%Yn(t) +> e_ti—n!Yn(t), (6.18)

2-1/2¢0 <n<té n>té
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where
Yn(t) = Z ec”:lefE_K”;vr“LQ .

to <||z||<2n

For n < t¢ and = € Z? such that ||z| > ¢, we have

2

provided that ¢ is sufficiently large. This yields for n < t¢ and ¢ large enough

< Y i

to <||z||<2n
Since

|{m c 74 x| < r}‘ = O(rd),

we have for n < t¢ the estimate
|{x eZd: 17 < |z|| < Qn}y < el

As a result,

Yo(t) < e 0., (6.19)

t—o0
Since the upper bound in (6.19) does not depend on 7, we also have

tn
1 _ti =
thm E e Y, (t) =0.

nl "
2-1/2¢t0 <n<té
To deal with the second sum in (6.18), fix £’ > 1 and notice that

|17€

~

S ndec(2n)1’6 < (gl)n

Yo(t) < Z ecllzl

to<||z||<2n

The second sum in (6.18) is therefore bounded above by a constant times

Y et (0" (6.20)
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Using the tail estimate

X n k _k k
s s S\" S 1
Yousux(p) —wiw ke
n:k n:k:

and Stirling’s formula, we see that (6.20) is bounded above by a constant times

1o\ Lt
f%e*t ef’l — 0
Lt5J t—o00

This completes the proof. O

Lemma 6.9

Let (3 be so small that the conclusion of Theorem 5.1 holds. Then, for every § > 0 there exist u > 0
and T1 > 0 such that for all t > Ty,

Q( > ¥ < e") <4

=)<t

Proof. For v > 21n2, we have

Q( > Zg;3<e—“> Q(Zg*‘ > Zg;g<e—“> (6.21)
|

||| <t ||| >te
<Q (Zg’t < 26_“> - Q( > Z8 > e‘“)
llzl>t
<Q (Zg’t < 6‘5) + Q( > zv > e_“>.
][>t

Theorem 5.1 and Markov’s inequality imply that the third line of (6.21) is less than

1[.2 72
_u® t _u® _
ce” e +e“< g Zg:0> =ce 1 +e" E pl "

(||| > [ >27

u2 .
for some ¢ > 0 that does not depend on u or t. Let u be so large that ce” 4 < g. Since

> alste PE© — 0ast — oo, there exists Ty > 0 such that forallt > Ty, wehave e 37, oo pf " <
5

ok
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PROOF OF (6.10): Forany f € L), we have:

)t o(l—¢) )t 9 1—e it

0 < Dl @200 Dpaipre S @ 2y Do N 21
— A o(l—e) gt — St
Ll F(@) 22 Xjayce e (@) 25 2jali<tw Zelo

)

Lete,d > 0. By Lemma 6.9, there are u, 77 > 0 such that for every ¢t > T,

)
Q( Z Zg;f) <e‘“> <3

]| <t

And by Lemma 6.8, there is T' > T} such that forall ¢t > T,

< dee
5
For t > T, we have therefore

2c||z||t € 7yt

Yo NN 22,

Q i > €
D lali<te Zalo

SQ( Y z¥ < e‘“) + Q( > 620||”3H176Zz”8 > 56‘“’)

ezl 1< unt
Yo« Zzlo

(]| >t

||| <t” ||| >to
5 e —e
42| ey
[zl >t
This completes the proof of Lemma 6.6. O

6.2. Uniqueness of Invariant Probability Measures

After the attraction result Theorem 6.4, the second major step towards proving Theorem 6.3 goes
through the theory of random dynamical systems; namely, we show uniqueness of physical invari-
ant probability measures of a certain skew product that can be naturally associated with the (sSHE).
In this section, we introduce this skew product and briefly recall some basic notions about random

dynamical systems.
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6.2.1. Preliminaries

Recall from (6.5) the sets L. .. Define a set

L= U Loy, (6.22)

c>0
e€(0,1)

which can be thought of as the set of functions f : Z¢ — (0,00) of subexponential asymptotic
growth and decay, normalized by imposing f(0) = 1. Notice that £ is exactly the set of functions
f:7Z% — (0, 00) that satisfy f(0) = 1 as well as the condition in (6.1). Note also that for any global
stationary solution Z to sSHE from Theorem 1.6 (namely, with subexponential growth and with

Z(0,t,w) # 0) the quotient Z(y, t,w)/Z(0,¢,w) is an element of L.

Although the set of functions of subexponential growth has the structure of a vector space, the set
L is not a vector space due to the requirement that every f € £ must satisfy f(0) = 1. However,
L can be equipped with the structure of a metric space and the corresponding Borel o-field B(L)

using the metric

12

d(f,g9) ==Y e IV f(@) - g(x)|.

x€Z4

For w € Q, s,t € R such that s < ¢, and f € L, we define

> sena f(2) ZE5(w)

. yezl
> veza f(@) Zzis(w)

L5 f(y) =

Lemma 6.10
The set L is QQ-almost surely invariant under the dynamics induced by L, i.e. for Q-almost every w € )

the following holds: for every f € L and for every s, t € R such that s < t, we have LS' f € L.

Proof. We begin by defining some auxiliary functions and sets. For x,y € Z¢, let g(x,y) := (1 +
=2 (1 + [ly[))™2. For M € N, let

M ::{w € Q: 3Ry (w) > 0 such that Yz, y € Z¢ with max{||z|, |yl|} > Ra(w) :

1
s ) < G et 25 2 e
s,te(=M,M),s<t e M ste(—M,M),s<t %

Finally, set Q* := (,,;cn 23, We first show that Q(€2},) = 1 for every M € N, and hence Q(2*) = 1.
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Fix M € N. For x,y € Z%, consider the events

1
Ey(z,y) = {weﬂ: sup  Zi(w) > (ng)w(x,y)},
ste(—M,M),s<t

EY(x) = {w €N ste(_}\?f;\/[) » ZP(w) < g(x,x)_l} .

By the first Borel-Cantelli lemma, Q(€?};,) = 1 will follow once we show that
> QEN(,y)+ Y QE,
x,yGZd IGZd

By Markov’s inequality;,

—py_ 1 t
(ngw) 2 <Sups,te(—M,M),s<t Z3s)

QEh(a.y)) < e

We will now show that the expression in the numerator is bounded by a constant that only depends

on M and §. For fixed w € Q and s,t € (—M, M) such that s < ¢, we can estimate

1
th( ) <= /ﬂns=m,m=yeﬁAé(mw) P, —n(dn) (6.23)
p5+M

py—x % , %
< ( g—s ) (/ 201 A5 (n.w)] Pz,—M(dTI)> 7
Psym

where the integral is taken over possible realizations of 1, and where the Cauchy-Schwarz inequal-

ity was used. For any s € (—M, M), we have

p2+M > e~ (s+M) > —2M (6.24)
Moreover, for every z € Z¢\ {0}, we have

d

Sz 0. e (0],

To see this, recall that for every z € Z% and r > 0,
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Differentiating the expression on the right with respect to r yields

o pn—l rn
-7 _ AR Z o
° q0+;q"((n—l)! n!) '

Since z # 0, we have ¢§ = 0. For every n > r,

n rn—l rn—l

nl n (n—1)! " (n—1)

And for n < r < ||z||1, we have ¢Z = 0. This proves the claim. For every z,y € Z% such that
ly —z|1 > 2M and s,t € (—M, M) with s < ¢, we have thus

Hence, for every z,y € Z¢ and for every s,t € (—M, M) with s < t,
PSS Vsl >20Ping + Ljy—of <20
Together with (6.23) and (6.24), this yields
(PYp") "2 2 (w) (6.25)

<M1+ max (i) d) ( [ e Px,M<dn>)
2€Z%:||z]|1 <2M

From Lemma 3.10, we have that

N

< / (28145 (1) Px,—M(dn)> < h(M), (6.26)

where h(M) = 2 - v/2e26MB” exp(2M (v/2 — 1)). Hence, together with (6.25),

Q(Ey(z,y)) <

where

H(M) :=eM <1 +  max (ng)—é> h(M).
2€Z%:||z||1 <2M
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Furthermore, by Markov’s inequality, an estimate similar to (6.24), and Jensen’s inequality,

< <Sups,t€(fM,M),s<t(1/Z$:§)>

Qi (x) < s

7t — t
<652M+2M <Sups,t6(—M,M),s<t Eiyse BAS>
- 9(z, )

(6.27)

For fixed w € Q and fixed s,t € (—M, M) such that s < ¢, we have

1
2

CBA (e 1 t
Ei:ée BAL (W) < (p2+Mpg_s) 2 (/ 2AIA ()] Px,M(dn)>

1
< (/ 2Bl AL (n.w)| Pm,_M(dn)> 27

and we have already established that

1
< sup (/ e2B1AS ()] Px,—M(dﬂ)> 2> < h(M).
ste(—M,M),s<t

Hence, the expression on the right-hand side of (6.27) is bounded from above by

652M+2Mh(M)
9(z,z)
Then )
) 1
Y QEy(zy) < H(M)<Z MW) <o
z,yeZe z€Z4
and

1

—_— < .
(1+ el 2@ =

3" QEY(2) < S MEMp() S

x€Z z€Z4
This shows that Q(€?},) = 1, and thus Q(Q*) = 1.

For every w € (2, we have
Z¥t(w) >0, Va,yeZl Vste(—M,M),s<t.

Moreover, by Lemma 3.10, for all z,y € Z¢,

sup Zgg;}; < o0.
ste(—M,M),s<t
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As a result, we have for Q)-almost every w € Q2
0< ZY¥h(w) <oo Va,y €Z%, st € (—M,M),s <t

By subtracting from Q}, a set of measure 0 and calling the resulting set still Q},, we can then

assume without loss of generality that for every w € Q*
0< Z¥h(w) < o0 (6.28)
for all z,y € Z% M € N, and s,t € (—M, M) such that s < .

Fix w € Q*, f € L, and s,¢ € R such that s < t. We need to show that ijtf € L, i.e. we need to

show that there exist ¢ > 0 and ¢ € (0, 1), depending on w, u, s, and ¢, such that
el < pstp(yy < I yy e 7,

Since f € £, there exist ¢ > 0 and € € (0, 1) such that e~“ll#l" ™ < f(z) < ecll#ll'™* for all z € Z%. Let
M € N be so large that s,t € (—M, M). Since w € Q,, we can estimate the numerator of L}’ f(y)
for y € Z4 such that ||y| > Ry (w) as follows:
1—e _ 1
Y F@ZEw) < Y e 05 )2 g(y). (6.29)
zeZd zeZd
Next we write
oo
—x _  —2M <2M)n Yy—x
- Z nt 1

Yy
Doy n
n=0

The transition probability ¢, * can only be positive if ||y — z||; < n. If ||z > |ly|| + n, we have

and note that

[N

(P5ar)

ly =zl = [ly — 2l = =[] = llyll > »,

so gn = 0. It follows that the expression on the right-hand side of (6.29) is bounded from above

by

L+ lyh*>> <(2%) )2 Yo, (6.30)
n=0 ’
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where

_ 1 1—e
Yo=Y (ay)2 e @ )™

zillzl|<llyll+n

We split the expression from (6.30) in two:

aspe ¥ (B (6.3
o<n<liyl
(200" 2
+<1+uyu>d+2g”jy”( Y . (632)

For 0 < n < ||ly||, we have the estimate

1 —e
V< Do ()2 el @ o
z:|z]| <2y

1—e 1—e — 1
< W@ g2yt Y0 (a)?
||| <2[lyll

1—e 1—e d d
Se I 4 2]y )2y ) .

If we set

m(a) == (14 a)2(1 + 2a)%2a?,

we can bound the expression in (6.31) from above by a constant times

> (QJZ)“) “m(l e

n=0

@Mm)"
n!

Here it is important to notice that } ( )% is finite and independent of y, and that m(]|y||) is

polynomial in [|y||.

Suppose now that n > ||y||. Then

1 —€
Y, < (q2®)2 ecllel™ (1 4 |l )4+2
x:||z||<2n
<e? M o™ Y ()
x|z <2n
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The expression in (6.32) is hence bounded from above by a constant times

00 1
2M n 2 —€ —€
Z <( ) > 6(:21 nt (1 + 2n)d+2nd(1 + ||yH)d+2)

|
n:
n=0

where one should note that the series converges. We have thus shown that there exists a polynomial

p, with coefficients depending only on M, /3, and d, such that

1—e 1—e
> f@)ZEhw) < p(lly])e I

z€Z4

for all y € Z4 with ||y|| > Ras(w). In light of (6.28), it is then possible to choose & > 0 so large that
> I@ZEw) < 3 f@) 22w T, vy ez,
zeZd zezd

and thus

Lg'f(y) < T vy ez,
The proof of the lower bound for L' f is simpler: Since w € Q},, we have for every y € Z? with

lyll > R (w)

_ 1—e
o—clyl

9y, y)

—cllz 1—e 70 1—e
S F@) 20 w) > 3 el ) > el Zut () >

x€Z4 xcZ4

Then, again by virtue of (6.28), we can choose ¢ > 0 so large that

Z f(z) Zyt Z f(x ZOt —52||11H1_57 vy € 74,

x€Z4 x€Z4

and hence we have for ¢ := max{¢, é»} the estimate

e M < potp(y) < I wy ez,
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Lemma 6.11

There is a set  C Q with Q() = 1 that satisfies the following conditions:
(1) Qs invarian t under 0, for every s € R, i.e. 0, (Q ) Q for every s € R;
(2) Forevery w € ﬁ, f €L, and s,t € R such that s < t, we have Lf}tf e L;

(3) For every w € §~2,
lim Z2%(w) = Z"% (w) >0, VzeZ%

S—>—00

(4) For every w € , the function z — Z“ (w) := 2% (w)/Z2"° (w) is an element of L.

Proof. In order to prove this lemma it is enough to find a set @ QT N QF such that Z%° (w) e L

for every w € Q. Let 2 be the set given by

Q= {wemeL :

IR(w) > 0.t Vo € Z with [|a]| > R(w) } (6.33)

1+ [l2)) "2 < 270 (w) < (1 + [J2)!*F?)
Define the sets

Ei(z) i={wetnQF : 2% (w) > (1 +|z])*?}

o

Ey(z) = {w e Q7 NQ" 1 270 (w) < (1+ [l])~ 4},

and let E(z) = E1(z) U By ().

By the Borel-Cantelli Lemma, in order to show that Q(£2) = 1, it is enough to show that Y rezd Q(E(x)) <

oo. Indeed, notice that by Markov’s inequality we have

(273 (2°%) 1

—00 _ _

UBD) = G @ = G el)# = (W fal)o

Similarly, using again Markov’s inequality together with the fact that all negative moments exists

() {a)
77 22, C

B = @ = 0 e} = (W )

by Remark 5.2,

for some C > 0.
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Hence,
C+1
E < —_—
2 QU < 2, gy <o
zeZd zeZd
which completes the proof of the lemma. O

6.2.2. Invariant Measure for the Skew Product

Lemma 6.12

The map ® : [0,00) x Q x £ — L, given by
(t,w, f) = ®Lf = L',
defines a cocycle; i.e., forall s,t > 0and all w € Q,

Pt = D), 0 D

Proof. It is not hard to see that @ is a (B(]0,00)) @ F ® B(L), B(L))-measurable map, where

B(]0, c0)) is the Borel o-field on [0, 0c) and F is the restriction of F to €. On Q x £, we define the

skew product

Ol (w, f) = (By(w), ®Lf), t>0.

If either s or ¢ are zero, the result follows immediately. Let ¢, s >, then

> wezd ®u() ZYp(6sw)

®f o PEu(y) =
W S peza @ u(@) Zyh(Osw)

Y ezd W(R)Z75 (W) Lyt
Z:EGZd zzezdu - ZO s( )Zxo

(O

()
5 esd W25 ) o
Z
2wt a2 250

) 225 (Bs

_ D wezd 2azerd “(Z)szg
erld ZzEZd u(z)
_ ZzGZd u(z) ZzEZd

w

(
Z (w)Zﬁ,é( sw
Zytts

ZZ5(
> zezd W2) gz ng(w
Cenu(2) 2 (w)

> ez u(2) 20 (W

=0 u(y)

0,t+s
Za:,s
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Definition 6.13

An invariant probability measure for the skew product (©%);>¢ is a probability measure x on

(Q x £, F @ B(L)) such that
(1) p has marginal @ on ((NZ, F ), where @ is the restriction of @) to Q;

@ u((©)7() = (), V>0,

If 42 is an invariant probability measure for (©");>, then there exists a family (u*) cq of probability

measures on (£, B(L)), so-called sample measures, such that for every A € F @ B(L),

H(A) = /ﬁwAw) Qdw).

where A, :={fe L: (v, f) € A}.

Theorem 6.14

The skew product (©');>¢ admits a unique invariant probability measure whose sample measures

are given by

() =0y zwe (), wED

Remark 6.15

One can define a Markov semigroup (P?);>o on £ by setting
P!(f,F):=Q ({w €0l fc F}) . feL FeBL).

By Ledrappier-Young, there is a one-to-one correspondence between invariant probability measures
for (P!);> and so-called physical invariant probability measures for the skew product (6);>¢. The
latter are invariant probability measures p for (©');>( with sample measures (u*) such that w ~ p*
is measurable with respect to o(W. : u < 0,y € Z%). It is easy to see that the unique invariant
probability measure from Theorem 6.14 is physical. Therefore, (P?);>( admits a unique invariant

probability measure given by

/~ 8700 (1) (VQ(dw).
Q

—o0
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Proof. We first show that the measure given by

u(A) = / 12 (A) Qdw),

Q

where p¥ () = Oy 790 (w)(-) and A, :=={f € L : (w, f) € A} is an invariant probability measure for

the skew product (6%);>.

EXISTENCE. Fix t > 0. Let A € F ® B(L). We write A = A; x Ay where A; € F and A, € B(L).
Then,

p(0) 71 A) = p({(w,u) € @ x L : O'w,u) € A})
= u({(w,u) €Qx L : (Oi(w), D u) € A})
= {ue L : (Bi(w), ®u) € A}Q(dw)

= /{~2 Lio.w)eany Ligy 700 e 4,y @(dw)

Notice that

{w : @LZf’go € Ag} =

I
_M_,_E N,
NUNN
LR I

g =g
E|E

M

o

[\

N N——

Therefore,

t\—1 _ ~
:U’((@ ) A) - /ﬁ 1{9t(w)€z41}]l{Zf’ooo(Gt(w))EAz}
= /~ 1{w€A1}1{21‘0 (w)eA2}
/ fucl : (wu) e ANO(dw)

= p(A)

UNIQUENESS. Let p be an invariant probability measure for (©%);>0. Then there exists a family
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(1) e Of probability measures on (£, B(£)) such that
u(A) = [ i*(AL) Q).

To simplify notation, let Z(w) be the element of £ defined by Z(w)[y] := Z¥"2, (w). We need to show

that for @-a.e. weQ,

B =0z

Let 6 > 0 be arbitrary but fixed. We will show that

@({w €0: P =0zw)}) >1-0.

If F: L — Ris abounded measurable function and if ;s is a probability measure on (£, 5(L)), we

set

uk :_/EF(U) wu(du).

Let Lipé (£) denote the space of bounded Lipschitz continuous functions F' : £ — R for which there

are L,b > Osuch that L +b < 1and |F(u)| <0, |F(u) — F(v)| < Ld(u,v) for all u,v € L. We have
{weQ:pF =05, FVF € Lipy(L)} = {w € Q: p* = 550, }
by the Portemanteau Theorem [Kle08, Theorem 13.16]. It is therefore enough to show that
QUw € Q: pF = 65, F YF € Lip)(£)}) > 1 — 6.

For V c Z% let

v L — L, u my(u),

where

v (W)la] = u(e) Loy + Logy

Let (Vin)m>1 be an enumeration of all finite subsets of Z¢.
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Claim 6.1

Suppose that there is a family of subsets of Q, (Qn,m)n,mEN; such that the following holds:
(D) Q) > 1 —2-+M§ for all n,m € N;

(2) Forevery F € Lip;(ﬁ) and w € Qn,m,

1
| (F o my,,) — 0z (F omy,,)| < "

Then, we have

QUw € Q: p*F = 65(,)F VF € Lip}(£)}) > 1 — 4.

PROOF: Since, by (1),

it is enough to show that

() Qnm C{w e Q: pF =6z, F VF € Lipy(L)}.

n,meN

A~

Fix w € N 2,.m, we have for every finite subset V/

of 74

Qpm. Let F € Lipi(£). Since w €

n,meN n,meN

|MW(F o 7Tv) - 5Z(w)(F o 7T\/)| = 0. (634)

Let (Vk)k21 be an increasing sequence (w.r.t. set inclusion) of finite subsets of Z¢ such that
U.~; Vi = Z% We claim that 75, converges pointwise to the identity on £. To see this, let u € L.
k>1 Vi
Then,
— 2 _ 2
d(my (u),u) = > e 1 W my (u)[a] —w(@)| = D e W ju(@) = 1] = 0
z€Z4 ¢V,
as k — oo, as the series converges. Since F is continuous, it follows that Flomy; converges pointwise
to F'. Since F' is bounded, we have by bounded convergence

fim [ Pl () () = [ Py (),

The claim then follows from (6.34). O

We still need to show that the assumption of the previous lemma holds, i.e. there is a family of
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subsets of Q, (Qn,m)mmeN, such that
(1) Q) > 1 —2-FmM5 for all n,m € N;
(2) Forevery F € Lipé(ﬁ) and w € Qn,m,
B (F om,) — bz (F om, )| <
Fix n,m € N. We choose ¢y > 0 and ¢ € (0, 1) so large that
1

Q(n, co,€0) i= {w € Q: f(Leyey) > 1 — e

has positive ()-measure.

By Theorem 1.7, for every = € V,,,, we have

1
li Pl - Z > =0
Jim Qs [ uale] = Z()al| > 5 =0,
and hence also
1
Jim 32 QU sw |8 ula] - ()] > 5o h =0
* 2€Vim ©0:€0
Thus, for every k > 1, there is t;, > 0 such that
> QU swp (8, ule] — Z@)all 2 5 ) < 2t
2 O B = 2Vl T W |

and we may assume that ¢, ~* co.

Since transformation #_; is measure-preserving on Q and it is also mixing, by Lemma 7.6,
Q {{w € Q: 35 € N such that 0t (w) € Q(n, co,eo)}} =1.

Define

Qo= e @: sup [0}, ule] ~ Z@)]] < 51}

k>1x€Vi, u€Lcq,eq 2n‘vm|

N{w € Q:3j € Nsuch that 0_, (w) € Qn,co, €0)}-
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We have

Q(Qm) >Q({w € Q= 3j € N such that 0_y, (w) € Q(n, o, €0)})

[o¢] _ 1
_E E Qw: sup (I)tk wUx_wa > 1
k=1zeV,, ( ueﬁco’eo‘ Hftk [ ] ( )[ ” 2n’Vm| })
>1 — 2~ (ntm)g,

Fix F € Lipé(ﬁ) and w € Qmm. Set t :=t;, where j depends on w. Then

1 (F o mv,,) = 0z (F o m,,)|
=|ut-(pomy, 0@ ,) — Flry, (2w)))

/ F (v, (@} u)) 5+ (du)
L

c0-€Q

Since F' € Lip; (L),
Lo [P@h )~ Pl (B ) <2400 Lar)
€0-€0

Notice that §_yw € Q(n, co, €n), 50 0=t (L\ Leyeo) < ﬁ. Moreover, the first integral is bounded

from above by

1
sup  d(mv,, (®f_,u), T, (Z(W))) < D sup |®f_ulz] — Z(w)[a]| < o
u€Lcy,eq €V, uELcy, e n

This completes the proof of Theorem 6.14. O
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6.3. Uniqueness of Global Solutions to the Semi-

Discrete Stochastic Heat Equation

Now we are ready to prove our main theorem, Theorem 6.3. Let ) C € such that Q((AZ) =1 and

Z(y,t,w)

A AR ks teR Q.
Z(O,t,w)ez’ VieR, we

Y
For every w € (), let 1 be the probability measure on (£, B(£)) defined by

V() = 6y ) (),

where Y(w) is the element of £ defined by Y(w)[y] := Z(y,0,w)/Z(0,0,w). As in the proof of
Theorem 6.14, let Z(w) be the element of £ defined by Z(w)[y] := Z¥. (w). For A € F @ B(L), set

v(4) = ﬁu%A@ Qdw),

Q

where A, = {f € L: (w, f) € A}. Since Z is a global stationary solution to sSHE, one can proceed
as in the proof of Theorem 6.14 to show that v is an invariant probability measure for the skew

product (©%);>¢. The uniqueness part of Theorem 6.14 then implies that

V(A):/ﬁdz(w)(/lw) Q(dw), AcFoBL).

Consider the set

A={(w, f)eQxL:Zw)=f}

For every w € Q, A, = {Z(w)}. Hence

[ v (iz@b @) = 1

which implies that Y = Z @Q-almost surely. And since @ is invariant under each shift 6;, there is a
set ' of full Q-measure such that Y(w) = Z(w) for every w € @/, and 6,(Q') = Q' for every r € Z.

Fixw € . As Z and Z”__ are global stationary solutions to sSHE (see Proposition 6.2), we have
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for every y € Z4¢ and t > 0

Z(yv t, w) _ ZIEZd Z(SU, 0, w)Zgjé(w)
2(0.t,w) 3, ez Z(w,0,w) 2,5 (w)
Saent V@)RIZ@)  Taent Z@)HZ0W) _ -, )
Y oeza Y@)[21200w)  Lpeza 2@l Zyg(w)

Finally, for every ¢t < 0 there is » € Z such that ¢t 4 > 0, so we obtain for every y € Z¢

Z(ya t, w) _ Z(ya L+, 977""})
Z(0,t,w)  Z(0,t+7,0_.w)

= 207 (0-w) = 2% (w).
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7.3 Some Ergodic Theory results

7.1. Building Blocks: Proof of Lemma 4.12

Leto € (2,1),0 € (0,3(1 —0)), p € (—o0,—1), v € (3,1),and 11 € (v~ —1,1). Let x1(t) be the

smallest even integer > t(1 — ¢t~7), and let x»(¢) be the largest odd integer < ¢(1 4 ¢~ 7). Recall
n
J ={nen:|T-1<1-v}, and K@®)={leN:xu@)<I<x®).

Before proving Lemma 4.12, we derive a proposition that will allow us to streamline the proof.

Proposition 7.1

For 8 > 0 sufficiently small, the following statements hold.

(B1) Thereis p > 0 such that for every p € (0, p], ¢ > 0,

tl
lim el Dt Z eCt“ll—' Z ra” A(t,l,r) = 0.

t—o0 i
l¢J(t) 1<r<I+1

(B2) There is p > 0 such that for every p € (0, p|,

!
o (p=1)t t r _
tlggloe E T E ra” A(t,l,r) = 0.
16(t) | mi<r<i+l
(B3) We have

- tt
g t7 —t T _
thm e e E I E ra” A(t,l,r) = 0.

leJ@\K(t)  1<r<l+1

160
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Proof. Let us first show (B1). Fix 0 € (0,1), x € (el_%,é), k€ (el_%,u>, and v € (0,%). Let

B3 > 0 be so small that

Then, let 5 > 0 be so small that
(1) ()

For fixed p € (0, p] and ¢ > 0, we decompose

— c t! r
elp— 1)t Z etull—' Z ra” A(t,l,r)

1¢J(t) C1<r<i+l

into

Noovim+ > v+ Y. V),

0<i<ppt vot<I<vt I>(2-v)t

where

4
Yi(t) = e(p_l)tl—'ecm Z ra” A(t,l, ).
) 1<r<i+1

For 0 < [ < ut,

M pt1
ect l < eczxt ]

(7.1)

As u+1 < 0, exp(cvtitl) stays bounded, so we disregard the factors exp(ct*l) in the first two sums

in (7.1). Lemma 4.6 implies for ¢t > 372 v 2

l+r

2 _(1-B2—p)t 2 cthl 2y b

Yi(t) S 7% DD D @B
1<r<i+1
Then by Lemma 4.12,

¢lot] (t+1)3 se\ot
Yi(t) < el (t 4 1)° < - .

) S e ) S o0 < amnt (%)

Since

we have

(7.2)
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Next, observe that for I > vptand 1 <r <1 +1,

tr N,
(l+1)...(l—|—r)§<l> St (7:3)

From this, (7.2), and 5% < vpa—!, we infer the estimate

o _(1-p— t!
D Vi) SR I N 1)

vot<I<vt vot<I<vt

As
el=Fr > (E) :
K

we have similarly, again with the help of Stirling’s formula,

lim ) Yj(t) =0.

vot<I<vt

From (7.3) and % < vpa~!, we may also infer

9 (tect“)l
Y oY) S e I N (1 1)2T
I>(2-v)t I>(2-v)t )
< =242 —(1-p2—p)t (tedu)l
S Bt Z T
1>(2—v)t—2

a
Let po =2 —vand p; € <61_P2,p2>. Then,
pitexp(ctt) < [(2 —v)t — 2] < patexp(ct)

for ¢ sufficiently large, and Lemma 7.4 gives

1
Now, we show (B2). Notice that f(¢t) = |v(1 + v1)t], p2 = v(1 + v1), and p; € (6175,p2> satisfy

the conditions in Lemma 7.4. Therefore, we can choose A > 0 so small that

[e.9]

lim et Z % =0. (7.4)

t—o0
n=f(t)
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Let 8 > 0 be so small that 82 < A Aa~!, and let j € (0, (A A a™t) — B2). Fix p € (0, 5. Lemma 4.6

implies for 52> < landt > 2 Vv 2

- tl .
elp— 1)t Z m Z ra”A(t,l,r) (7.5)
leJ(t) vil<r<i+1
o _(1_p2_ , tl-H“
AR MRV SR

leJ(t) ri<r<i+1

For! >vtand vyl <r <[+ 1,wehavel+r > (1 +v1)l > (1 +v1)vt > t, where we used that

v; > v~ — 1. Hence,

HHr A+ 6
< . 7.
T = T+ o] (7.6)
Since 32 < a~!, the expression in the second line of (7.5) is thus less than a constant times
[(1+v1)1] t
—2,—(1-B82—p)t 1+1)2 ; < B2, (1=Bp)ty2 -
pe 2 U ey S 877 2
leJ(t) I>v(14v1)t
Since 32 + p < A, the right side tends to 0 on account of (7.4).
Finally, we show (B3). In light of (B2), it is enough to show
L4y tt
tllgloe e Z T Z ra” A(t,l,r) = 0.
leJ\K(t) 1<r<ul
By Lemma 4.7, we have for § so small that o(2 — v)y) < 1 the estimate
4 AL < 4
Z m Z ra” A(t,l,r) < Z T
leJ)\K(t) 1<r<vil leJ(\K(t)
Fix & € (0,0). By Stirling’s formula,
. # . £ o el A=t [(1—t)t]
o —t UV o —t Ve 7t
ety Rt > st (=t o) Ao 7.7
0<l<x1(t) 0<I<(1—t=%)t
If we set
]. 1— 17& -5
r(t):§(e =7 4 (1t )),
we have
1—_1
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By L’Hospital’s rule,

where we used that 5 < % Then, for ¢ sufficiently large,

[(A—t7%)] > (1 —t9)t— % (1=t =) == (L=t +7(t) > tr(t).

N | o+

Thus, the right side of (7.7) is less than a constant times

(1-t=%)t
tr—t [ €
e (r(t)) |

It remains to check that the term above converges to 0 as ¢ — oo, or equivalently
e (1—t=%)t
lim In( te’” ! [ —
t—00 r(t)
IERT _ —6 _ 4o0—1 _ 40O —
= lim (In(t) — ¢ (¢ 7+ (1=t In(r(1)))) .

To simplify notation, we set
1

T

u(t) e(t) = e ™0,

For fixed ¢ € (0,1 — 25), L'Hospital’s rule implies

: —p —0 _ 40—1 _ 4—0C
Jim 77t (t 7+ (1=t In(r(2)))
G . o1s 1=t +e(t)(t)?(1—1t79) l—0 o
— 1 1—o—¢ 4 -1 o4+o—1 1
p—1 tggot ( 1— 19 +e(t) + 5 ¢ + In(r(t))
B 52 i -2 ( 2 + 2e(t)u(t)? 1—-t°%
= = im ¢t — — 5
(p—1)(64+¢—1)tooo 1—t=7+e(t) (Q1—t%4et))

. ((1 —t77 +e(t)) (e(t)e(t)* — 2e(t)e(t)®) — (1 + 6(t)L(t)2)2)

1—0  _

—l-i&g (c+o—1) > o= 1)

6’2
lim t17277¢ = .
(5’ + o — 1) t—00

If ¢ is so large that t~#¢ (t7° — ¢! + (1 — ¢~7) In(r(t))) > 1, we have

In(t) =t (t77 ="'+ (1=t %) In(r(t))) < (In(t) — %),
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which tends to —oo as t — oo. Stirling’s formula and the tail estimate

[e.e]

ootk

— < ——, k>t
n!_kll—%

n=k
yield in addition

l l [(14+t=9) ] [ (14t 9)2]
etdeit Z tf<6taeit Z li<et0*te . t _ ) 1
et R (L
2

! y I>(14t=9)t T 1gt-o
14+t=9)t
<goet’t € _ ( ) .
~ 1+¢t=9°

To complete the proof of (B3), let us now show that

14+t=9)t
lim In( t7et” ¢ - ( ) = —00.
t—o00 1+t=°

For ¢ € (0,1 — 26), we have by virtue of L'Hospital’s rule

. —p -5 —&\ __4—6 _ 4o0—1
Jim ¢ t(A+t ) In(1+¢7)—t 71
G - - -1
— lim (tl—"—%o In(1+¢%) + 2= t"_‘P)
1 —ptooo o

(2

_ 15— —&
1780tlggot In(14+t77)

&2 —26—¢

- lim _ =0
(p=1)(G+p—1)tr0 14177

In particular, we can choose ¢ so large that =%t ((1+¢7)In(1+¢79) —¢t~7 —t°~!) > 5, in which

case, as t — oo, we have:
Fln(t) —t(1+t9)In(1+t7%) =t =t < &(In(t) — t¥) = —o0 O

7.1.1. Proof of Lemma 4.12

(AO) is an immediate consequence of (Al) since

> (DAt -2t L +1) < 1.

0<r<wvil—1
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We now prove (Al). We split the proof into two parts. First, we show that

: —p2tc1 1 Yy .
hir;S;lpe ||S|F<I:fv o7 Z 40P (1) (7.8)
YIS B8 e j—at61)

Z (r+1)a"A(t — 2t 1,7 +1) < oco.
0<r<ul-1

Forl € J(t—2t5) and 0 < r < 11l — 1, we have by Lemma 4.7 that A(t —2t51, 1,7 4+1) < ((2—v)2)".

Moreover,
P*(I) (=281 +1)! I+1

Pe(l+1) (t —2t60)H1 26

which is bounded in ¢. Hence,

Z qu(y,z)P'(l) Z (r+1)a"A(t — 2t 1,7 +1)

leJ(t—2t1) 0<r<uvl-1
S Y @PO+ Y PO S
leJ(t—2t81), leJ(t—2t81),

=llylly I=llylli+1

By Lemma 2.12,

Y

Py o6 2,6
tg%t geﬁtl
2

for ¢ sufficiently large. This implies (7.8). The statement in (A1) will then follow from

1
lim sup — > g, PO D (r+DatAt 260, 0r+1) =0, (7.9)

Y
t—o0
llyll<te Pt leJ(t—2t61) 1 l—1<r<li

Let & € (0,1). We have

1 .
p g D dnPU0) >, (r+DelAl -2 Lr+1)
lyll<te Pt leJ(t—2t61) v1l—1<r<l

_9t61)5 _(t—2t€ (t — 2t81)!
Lelt=21)7 o= (t=2601) Z o Z ra” At — 251, r),
leJ(t—2t51) v1l<r<l+1

and the expression above tends to 0 as t — oo by (B2) of Proposition 7.1.

To prove (A2), it is enough to replace t — 2t61 with & in (7.8) and to drop the terms e B! and
qf(y ) /p{. With respect to (A3), replace ¢ — 2t¢1 with ¢ in the proof of (7.9), and notice that (B2)

of Proposition 7.1 also lets us deal with the additional factors t? and Bt provided that 82 < 5.
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With regard to (A4) , we have for 6,¢ > 0, 32 < p,and p:= (0 — 1)/&1 < —1

P ST et Py Y (r 4 e A L + 1)

IgJ(tE1) RAShs
1
ge(ﬁfl)tgl Z eC(t1)HL (tj) Z ra” At 1, r),
I£J(151) - lsrsin

and the expression above tends to 0 as ¢ — oo by (B1) of Proposition 7.1.

Instead of proving (A5), we will show the following stronger statement:

im ¢’ . A — 216 _
lim %% T P Y (r+ DalA(t =251 +1) =0, >0, (7.10)
l¢ K (t—2t51) 0<r<i

Notice that for § > 0 and ¢ € (0, 1),

e 3" P > (r+DalA(t -2t 1+ 1)

1¢ K (t—2t51) 0<r<i
5 1) (t—2t6 (t —2t51)! .
SelP~D=2) Y- T > raTA(t -2t 1)
1¢J(t—2t51) 1<r<i+1
CtE1)0 (-2 (t — 2t&1)! .
el T Z I Z ra” At — 2511, 7).
leJ(t—2t51)\ K (t—2t61) 1<r<l+1

and the term above tends to 0 as ¢ — oo by (B1) and (B3) of Proposition 7.1.

Finally, (A8) is an immediate consequence of (7.10), completing the proof of Lemma 4.12.

7.2. Calculus Estimates

Lemma 7.2

There is ¢ > 0 such that forany n € N, | € Ny, and M > 0,
+1 d 1
Z Hn;§ < Cin*g. (7.11D)
2

1(¢-1)
ni+...+npp1=n, j=1 M
ni,..npp1>2M

Here, ny,...,n;11 are always integers.

Proof. We choose ¢ > 2¢max {¢(%), (4 — 1)1}, where  is the Riemann zeta function, and prove
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d 0
5 C
2 7M0 n

the statement by induction. In the base case | = 0, the left side of (4.37) becomes n
so we even have equality. In the induction step, suppose that (4.37) holds for some [ € Ny. Then

d
2

)

I+2

4 I+1 4
2 2
>, IInt= X > It )ms
ni+...+njpo=n, j=1

n'+no=n, ‘ni+..+np=n',j=1
n1,.,nyp2>M n' i o>M  ni,enp>M

(7.12)

/
For any n’,

I+1

4 l f_d
Z 5 _d
Hn — d*l) (n) 2
ni4..4np=n',j=1 G
niy.npp12M

by induction hypothesis. Hence, the right side of (7.12) is bounded from above by

(7.13)

We have

n-4 -3 n-4 -3
> @) e p<2 ) ()
n/+nyo=n, n'+nipo=n,
nlvnl+22M

If n’ +ny4p = nand n’ > ny o, it follows that n’ > 7, so the right side is less than

95+1,—5 Z n;r; (7.14)
npya>M
If M > 2, we have

d
Z”l

ni4y2=2 >M

m\
8
8
ol
IS
&
|
™
|
—
—
|
I

IfM <2,

Y mh < c(d) < (et mit

nyy2>M

The expression in (7.14) is therefore less than

24p~ 2max{ g (4
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[JI[oH

Combining this estimate with (713) ylelds
1+2 141
-4 C _

Z H”j

< —n
N ViGRCESY

ni+...4nppo=n, j=1
N1y > M

In the proof of Lemma 3.7, we use the following auxiliary result that corresponds to Inequality

(3.29) in [Kif97].
Lemma 7.3
There is a constant ¢ > 0, depending only on the dimension d, such that for any r € N,
—< oy _d . _d o —d ro_d
iy 2l —41)72... (4 —tp—1) 2(n—4) 2 <72, n>r+ 1L (7.15)

>

0<i1<...<tr<n

Proof. We prove the statement by induction. By Jensen’s inequality,
1
< ), 1<i<n.
)2

d
2
(1.+ ! ) gzil({l+
i on—i it (n—i
For r = 1, the left side of (7.15) becomes
nly 1 11 1 \¢
> 7 —~=—> (= -
142 (n—i)2  n2ig N\t Tl
n—1
<1 (1 1 ><1
~ T4 d 7))~ 4
2 =1 \1? (n —1)2 n2z

4 . d . N .
Z iy 2 (G2 — 1) "2 oo (Gpg1 — 0p) " 2(n — dpy1)
0<ir<...<tpy1<n

n—1 4 4 . .

= Z (n_ir-i-l)iE Z il Z(ig —2‘1)75 ---(ir+1 —ir)fi

ipp1=r+1 0<i1 <.t <ips1
n—1 4 4 4
)72 i < tine,

< ) (n—irn
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Lemma 7.4
Let f(t) be an integer-valued function such that there are ps > p; > 1 for which e”?~1 < pf* and

p1t < f(t) < pat for all t sufficiently large. Then, we have for \ > 0 sufficiently small

o0 tn’
(A=)t
thm e E i 0.
n=f(t)

Proof. Using the tail estimate
ii<ﬁm AR k>t
n! = k! k k1L
n==k n=k
and Stirling’s formula, we have

S 1 e\
Y o < 13O <> '

n=r(t) " p

From this we obtain the desired convergence for A < 1 — pa(1 — In(p1)). O

7.3. Some Ergodic Theory results

Lemma 7.5

The shift 0 is mixing; in particular, it is ergodic.

Proof. For z € 7Z¢, interpret W* as the coordinate map that assigns to w €  the function
w® € C(R,R). Each W?” is then a random variable taking on values in the space C(R,R), and
the collection of random variables (W?)_ ;a4 is i.i.d. Let o(W? : 2 € Z9) be the smallest o-algebra
with respect to which the random variables (W?), ;4 are measurable. We need to show that for

any A, B € o(W? : z € Z%),

lim Q(AN6"(B)) = Q(A)Q(B). (7.16)

n—oo

It is enough to verify (7.16) for all A, B in some 7-system that generates o(W?* : z € Z%), see for

instance [Dur10]. Such a generating n-system is given by

A:UU(ijzlgjgk),
k=1
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where (z;);>1 is an enumeration of Z?. Let A, B € A. Then, there is k € N such that
A Beo(W?% :1<j<k).
Let N € N be so large that
{z;j: 1<j<k}n{zj+ne: 1<j<k}=2, n>N.

Then, for n > N, the random variables W1, ... W% W2*itnel  Jyetnel gre independent, and
so are the o-algebras o(W% :1 < j < k)and o(W* 1" : 1 < j< k). AsAeco(W% :1<j<k),

0~"(B) € o(W@itne1 1 1 < j < k) and as 6 is u-preserving, we have

Q(ANG"(B)) = Q(A)Q(07"(B)) = QA)Q(B). O

Lemma 7.6
Let T be a measure-preserving transformation on a probability space (), F, P), and assume in addition
that T is mixing. Moreover, let (t;);>1 be a sequence of positive integers that increases to oo, and let

A € F with P(A) > 0. Then, for P-almost every w € (), there is i € N such that T' (w) € A.
Proof. Suppose by contradiction that there exits a set D such that P(D) > 0 and
T'(w) € A°foralli ¢ Nand allw € D.

Let 3:=P(A°) =1 - P(A) < 1, and let k € N be such that 8% < P(D).
Let C := T~ 11 (A°), then P(C,) = P(A°) because T is measure-preserving.

Let e > 0. Since T is mixing, there exists N; € N such that
P(T "(A°)NCy) < P(AYP(Cy) + e < P(A%)? 4 ¢ foralln > Ny,
Let iy € N such that ¢;, > Ny, then

P(T 7' (A NC)) < P(A9)? 46 =62 4.
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Now let Cy := T~ %1 (A¢) N C;. Then, there exists Ny € N such that

P(T™"(A%) N Cy) < P(AY)P(Co) +¢ < B(B* +¢) +¢ foralln > No.

So taking io € N such that t;, > N», we can define a set C3 := T 'i2(A°) N Cy such that for N3

sufficiently large
P(T~"A° N C3) < P(A%)P(C3) + & < 5(5(52 +e)+ 5) be=ptre(f2+ B+ 1) foralln > N

Continuing in this fashion, we can construct ¢;,,...¢; and a set

k
Cpi= [T " (A%)

j=1
for which i
P(Cy) =" +¢ (Z )
However,
00 k
D = —ti Ac g ﬂ _tl = k

Therefore, P(D) < 8 + ¢ (an_jo Bm> for all € > 0. Thus, P(D) < ¥, contradicting our previous
assumption that 5% < P(D). O
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