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ABSTRACT
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Dimension
Ramon Ronzon Lavie
Doctor of Philosophy
Department of Mathematics
University of Toronto
2025

In this work we address the problem of partial desingularization while preserving
normal crossings for algebraic varieties of dimension < 4 defined over an algebraically
closed field of characteristic zero. The main result provides a sequence of smooth blowings-
up where each blow-up preserves the normal crossings locus and such that the resulting
variety has only singularities in a given minimal finite list .#, where each element in .4
is expressed in a precise local normal form. Each element of .4” can be described using
determinants of circulant matrices, which are the n x n matrices spanned by the permutation
matrices associated to cyclic permutations of Sy,. This type of result is the best possible result
that one may expect, as there is no resolution procedure — which works for all varieties —
preserving the normal crossings locus and such that the resulting variety has only normal
crossings singularities. The results in this thesis also apply for complex analytic varieties,
but we do not provide the detailed proofs in this case.

The key tools used to obtain the main result are called splitting lemmas, cleaning sequences
and an algorithm for eliminating all non-minimal limit singularities of the neighbours of
circulant normal forms.

As a first step towards our main goal, we provide a description for non normal crossings
singularities in the closure of the normal crossings locus of X, after suitable blowings-up.
Let us provide a more precise statement. Let a be a non-normal crossings singularity
which is a limit point of a smooth curve C of normal crossings points of X, that is, assume
that for all b € C in a punctured neighbourhood U \ {a} of a we have that X is normal
crossings at b. Then, we find a proper birational morphism o : X’ — X consisting of a
composition of equimultiple blowings-up so that, if f = 0 is a local equation defining X" at
a’ € 0= '(a), then f = f;, ..., fn where each f; is a smooth element of a finite extension S
of the ring of functions of X’, given by formal power substitutions. This is what we call the
splitting theorem.

We then perform another sequence of equimultiple blowings-up after which we can
express the irreducible components of X at a as elements of a given finite family of
singularities. We call these blow-up sequences cleaning sequences. The local equation
defining X at these singularities is expressed in terms of determinants of circulant matrices.



A circulant singularity is a simple example in this family that occurs as a limit of the normal
crossings locus, and it is a generalization in arbitrary dimension of the pinch-point of the
Whitney umbrella.

Circulant singularities cannot be eliminated by birational morphisms that preserve the
normal crossings locus. Thus, we require subsequent blowings-up to preserve circulant
singularities. Consequently, the locus of neighbouring singularities of a circulant point
is also preserved; and so we need to eliminate the limits of neighbouring singularities
that do not belong to .. For this, we develop an algorithm that finds a finite sequence of
equimultiple blowings-up using only combinatorial centres, such that we can cover the fibre
of the circulant point with a finite cover of affine charts where the origin of each affine
chart is in normal form. Moreover, when we apply this moving away algorithm to varieties
of dimension < 4, we may express all limits of the neighbouring locus in a minimal finite
family .4 of singularities.
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INTRODUCTION

This work concerns partial desingularization, that is, a procedure that resolves all singular-
ities except those belonging to a given family of singularities. More precisely, we present
an algorithm that preserves the normal crossings locus of a variety X over an algebraically
closed field of characteristic zero, and we show that there is a minimal finite family A
of singularities that remains after performing this procedure. Moreover, we provide an
explicit description of each element of 4.

1.1 MAIN RESULTS

Consider a variety X defined over an algebraically closed field K of characteristic zero.
One of the simplest models of singularities is a simple normal crossings singularity, which
are points where X, in a neighbourhood U of a, can be described as

{x1...xn =0}, (1.1)

for some regular coordinate system xi,...,Xn, U, ..., Uy defined in U. If there is a formal
(or étale, or analytic) coordinate system defined on U expressing X as in (1.1), then we say
that a is a normal crossings singularity of X of order n (nc(n) for short).

Circulant singularities are singularities that can be expressed as the determinant of
a circulant matrix. Given indeterminates a,...,an_1, we define the circulant matrix
C(ag,...,an—1) as the matrix

ao an-—1 ai
aq ap az
adn—-1 apn—2 ... Qo

We say that a € X is a circulant singularity of order n, cp(n) for short’, if there exists a
formal (or étale, or analytic) coordinate system w, x1,...,xn_1,z at a such that X is locally
given by the vanishing locus of

An(z,wV“x],...,w(“_”/“xn_1) =

det(C(z, W'/ ™xq, ..., w1/ ).

The initials cp come from "cyclic point", which was one of the previous terms used to refer to this type of
singularities, see [BM12] and [BLM12].



1.1 MAIN RESULTS

An example of a circulant singularity is the pinch-point, that is, the singularity at the origin
of the Whitney umbrella
{22 —wx? =0}

(see [GH14], Chapter 1V, Section 6). Circulant singularities occur as a limit of normal cross-
ings singularities, and they cannot be eliminated while preserving the normal crossings
locus.

A resolution of singularities of X is a proper birational morphism X’ = X such that the
singular locus of X’ is empty. In this work, we are mainly interested in resolutions given
by compositions of blowings-up, that is, 0 = oy o...0 07 where,

X = X 25 Xy 45 2 Xy I X =X, (1.2)

are blowings-up. Let us present some terms of the language of resolution of singularities
that make the discussion of the desingularization techniques simpler.

Given a pair (X, E) consisting of a variety X embedded in a smooth variety Z and a
simple normal crossings divisor E C Z (see Definition 2.44), we say that the blow-up
o : X’ — X with centre C is (X, E)-admissible if for every point a € C there exists a
regular coordinate system around a for which C is a coordinate subspace, E is the union
of coordinate hyperplanes, and C is not tangent to any component of E. Moreover, the
morphisms in a sequence of blowings-up as in (1.2) are called (X, E)-admissible if for each
k €{1,...,t} we have that oy is (Xy, Ex)-admissible, where Xy is the strict transform of X,
and Ey denotes the strict transform of Eq together with the exceptional divisors, that is,
the sum of the exceptional divisors created by o7, ..., ox_1, ox. To simplify our notation,
and when the context is clear, we simply say that C is admissible. We say that (X, E) is
simple normal crossings at a if XU E is simple normal crossings at a, and the pair is normal
crossings at a if XU E is normal crossings at a.

If every morphism oy in (1.2) restricts to an isomorphism on the simple normal crossings
locus of X, we say that (1.2) is a partial resolution sequence preserving simple normal crossings.
If X’ is simple normal crossings at all points, then we say that the sequence is strong. In
[BMo7], [BM12], and [BdSMV14], Bierstone et al. show that for all X, there is a strong
partial resolution sequence that preserves simple normal crossings. This leads to posing
the question of existence of strong partial resolutions preserving normal crossings. In
Example 8 of [Kolo8], Kolldr shows that any birational morphism that preserves the w-axis
of the Whitney umbrella {z> —wx? = 0} also preserves the singularity at the origin. As
such, the Whitney umbrella is an example of a variety that cannot admit a strong partial
resolution preserving normal crossings. Nonetheless, in [BM12] and [BLM12], Bierstone et al.
show that if dim X < 3, then there is a minimal finite family of singularities .4 together with
a finite sequence of equimultiple blowings-up, such that every singularity of X’ is in .4~
As such, we say that X admits a partial resolution preserving normal crossings if there exists
a finite family of singularities .#” and a finite sequence of blowings-up as in (1.2) such
that all singularities of X’ belong to 4. In this case, we say that (1.2) is a partial resolution
sequence.

The partial desingularization procedure we present in this work has extra desirable
properties. Let us provide the relevant definitions. We say that X has vanishing order d at a,
denoted by ordx (a), if the stalk Ox q satisfies that Ox q C md but Ox o ¢ md=1 If (X, E) is
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1.1 MAIN RESULTS

normal crossings at a and there exist r irreducible components of E passing through a, we
say that (X, E) is normal crossings of order (n,r), or a is nc(n, r) for short, where n = ordx(a).
We consider the class of nc singularities to be ordered with the lexicographic ordering on
the pairs (n, ). If r = 0 we simplify this to nc(n). Given a subset C C X, we say that X is
equimultiple along C if for any two elements a,b € C we have that ordx(a) = ordx(b). We
say that a pair (X, E) is equimultiple along C if X U E is equimultiple along C.

The ideas present in this work are built on those present in [BM12], [BLM12], and
[BASMV14]. Let us state the main results in this work. Throughout this thesis, K is an
algebraically closed field of characteristic zero.

Theorem 1.1 (Partial Desingularization Theorem). There exists a finite collection of singularities
A such that, for any pair (X, E) consisting of a K-variety X of dimension < 4 embedded into
a smooth variety Z and a simple normal crossings divisor E C Z, there is a proper birational
morphism o : Z' — Z given by a composition of blowings-up with smooth equimultiple centres
preserving normal crossings, and such that all singularities of the strict transform X' of X are in N
Moreover, we can describe the elements of 4" in local coordinates w,x, z as in Table 1.1 below.

In the case where dim X = 2, we can find local coordinates w, x, z to describe the elements
of .4 in the following normal forms

1. nc(1) : z,

2. nc(2) : xz,

3. nc(3) : wxz,

4. cp(2): Az(z,Ww!/2x) = 22 —wx?.

In the case where dim X = 3, there are local coordinates w,x1,%x2,z in which we can
describe the elements of .4 using the following normal forms

1. nc(k), for 1 <k <4,

2. cp(2),

3. cp( )1 Az(z,w1/3x1, w2/3%2) = 23 — 3wxyxaz +wxd + w?x3,
4. Degenerate pinch-point: As(z, W'/ 3%, w2/3),

5.

nc(1) xcp(2): x2A;(z, w1/ 2x71).

The following is a table containing the normal forms for minimal singularities in
dimension four.

nc(k), for some k < 5,
Cp(k) for some 2 < k < 4,
A4 wl/4 2/4

3/4
X1, W X2, W / )/

(z,

( 1/4X],W2/4,W3/4X2X3),
As(z, W 4xq, w2/ w3/4x5),
A4(Z,W1/4X] WZ/ 3/4)

x2A3(z, W ]/3X1,W2/3)),

Degenerate pinch-point,

nc(k) x cp(€), where k +{¢ < 4 and 2 < (.

“.DPON.G\%“-FH“!‘-”"

Table 1.1: List of normal forms for minimal singularities in dimension 4.
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1.1 MAIN RESULTS

Theorem 1.2 (Partial Desingularization for Bounded Order). Let (X, E) be a pair in arbitrary
dimension. Then there is a finite sequence of blowings-up with smooth equimultiple centres preserv-
ing the normal crossings locus of (X, E) of order at most (3,0), and such that all the singularities
of the pair (X', ') are in N (see Table 1.1 for the list of normal forms), where X' is the strict
transform of X and ' denotes the strict transform of E.

The key tools used to prove Theorem 1.1 and Theorem 1.2 are splitting theorems, cleaning
theorems and a moving away algorithm. The following are versions of these statements to
illustrate the types of results they entail.

Theorem 1.3 (Splitting Theorem). Let n > 2, and consider a hypersurface X — Z where Z
is a smooth variety over K with dim Z = n + 1, that is, dim X = n. Assume there is a smooth
curve C C X such that X is nc(n, 0) everywhere in C, except at isolated points. Then, after a finite
sequence of blowings-up

X=Xy 25025 Xo =X

with discrete centres inside the successive strict transforms of C such that, at each point a’ € X’
over a € C where X is not nc at a, there exist étale coordinates (or analytic, or formal coordinates)
W,X1,...,Xn_1,2 satisfying that C is locally defined by {z = x1 = ... = xn_1 = 0} and, if
f(w, x,z) = 0 is a local equation of the strict transform X" of X, then there exists p € IN such that
f(w!/P,x, z) splits into n irreducible factors of vanishing order 1.

Theorem 1.4 (Reduction to a Product of Circulants). Let n > 2, and let X be a hypersurface of
a smooth variety Z over K with dim X = n, together with a snc divisor € C Z. Assume that after
a suitable sequence of admissible and equimultiple blowings-up for (X, E), there is a curve C in the
strict transform X' of X such that X' is generically nc(n) in C. Let a € C be such that X is not
nc(n) at a. Then, there are a sequence of admissible and equimultiple blowings-up for (X, E) that
restrict to an isomorphism on the (X, E)-normal crossings locus, together with étale coordinates (or
analytic, or formal coordinates) W, X1,0,...,X1,d;—1,+++,Xs,0/ -+, Xx,de—1, W1, ..., W defined at
the point a’ in the final transform X" of X over a, such that X" is a product of circulants at a’.
More precisely, X" can be locally described at a’ as the vanishing locus of

S

1/4; di—1)/d;
| |Adi(Xi,o,W fixi g, ., wldim D dig 4 ) = 0.
i=1

Notice that applying Theorem 1.4 at every non-nc point of (the respective transform of)
C, we deduce that X is a product of circulants at all non-nc points in C.

Algorithm 1.5 (Moving Away Algorithm). Given an integer n, there is a finite list of singu-
larities A, such that for any pair (X, E) where dim X = n, we can construct a finite sequence of
blowings-up

X=Xy 25025 X =X,

with admissible and equimultiple centres for (X, E) where each o5 preserves the (X, E)-nc locus and
if we define 0 := oy o...0¢ then there is a smooth distinguished divisor %, which is a union of
components of E¢ containing the cp (n) locus of (X¢, Ev), and a finite affine cover {Uy C Zi}xeca 0f
9 where the origin in each Uy is a singularity in A and X contains only (X¢, E¢)-nc singularities
in UgUg \ 2. Moreover, if n < 4, then all the singularities of Xy inside 2 are in N
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1.2 BACKGROUND OF THE PROBLEM AND MOTIVATION

INPUT: The finite list of isolated singularities of cp(n) of X.
OUTPUT: A finite list of charts {Uy}«c A, Where the origin is a singularity in .

The main part of this work was published in [BASBRL25], where we can find different
versions of Theorem 1.1 and Theorem 1.2. The overall strategy for partial desingularization
followed in [BASBRL25] and in this thesis is the same, where the key differences lie in the
moving away procedure. More precisely, [BASBRL25] and this thesis, both present two
versions of a splitting theorem and two versions of a cleaning theorem. The sequences of
blowings-up used in splitting and cleaning theorems have admissible and equimultiple
centres in both works. On the other hand, in [BdSBRL25], the moving away procedure
is carried out explicitly for cp(4) singularities, where the sequence of blowings-up is
admissible, but not necessarily equimultiple. In this thesis, we present a moving away
procedure such that, after a suitable sequence of admissible and equimultiple blowings-up,
all the limit singularities of the neighbouring locus of the cp(4) locus belong to a finite list
of normal forms. Nonetheless, the minimal list of singularities in both works is the same.
Notice that the moving away procedure in this thesis works for cp(n) singularities, for
arbitrary values of n, but the problem of determining if all the remaining singularities can
be put in a finite family of local expressions is still open for n > 5.

1.2 BACKGROUND OF THE PROBLEM AND MOTIVATION

One of the most important results in the area of resolution of singularities is that of [BMg7].
Given a variety X, Bierstone and Milman find a proper birational morphism o : X’ — X,
which is explicitly described as a composition of blowing-up morphisms with smooth
centres, and such that X’ is a smooth variety.

Even though this desingularization strategy allows us to find a smooth model for any
variety, there are contexts in which we need to admit models with certain types of “mild”
singularities.

For example, if we consider the total transform X of X instead of the strict transform, we
obtain that X is in simple normal crossings at all points. A similar phenomenon occurs
when we consider the log-resolution of an ideal with respect to a divisor D: the variety
resulting from a log-resolution cannot be assumed to be smooth but rather in simple
normal crossings.

In [BMgy], [BM12], and [BASMV14], Bierstone et al. show that given any variety X, we
can find an suitable sequence of blowings-up

o Ot— (e} o
Xe 25 X —5 .28 X DS Xo =X,

where each oj restricts to an isomorphism over the simple normal crossings locus and such
that every point in Sing (X¢) is simple normal crossings.

In order to provide some insight on the difference between the notions of snc and
nc, let us consider the Whitney umbrella, that is, the variety X C A2 given by the locus
{z2 —wx? = 0}. Notice that at any point a # 0 in the w-axis we can consider the local
formal factorization

22 —wx? = (z— vwx)(z + vVWx).
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1.3 GENERAL STRATEGY OF THE PARTIAL DESINGULARIZATION ALGORITHM

Briefly, the singularities (that are not the pinch-point!) of the Whitney umbrella are normal
crossings but not simple normal crossings because the factorization happens in étale
coordinates.

Let us go back to the question of partial desingularization. We claim that there is no
strong partial desingularization preserving normal crossings for all varieties. Consider
again the variety X given by the Whitney umbrella. We have established that X is normal
crossings at any non-zero point of the w-axis. On the other hand, X is not normal crossings
at the origin. Moreover, any blow-up whose centre only contains singularities of X and
that restricts to an isomorphism over the normal crossings locus can only have the origin
as a centre of blow-up. But after blowing-up the pinch-point o : X’ — X, we obtain that X’
also has a pinch-point singularity.

In short, any blow-up that preserves the normal crossings locus of X also preserves the
pinch-point. This phenomenon of the insolubility of the origin in the Whitney umbrella
while preserving the normal crossings locus has been previously identified in [Kolo8] and
[BM12].

Given that the limit singularities of the normal crossings locus cannot be eliminated in
general, we need to admit extra singularities. This leads us to the following.

Question. Is there a minimal family of singularities .#"such that, for any variety X, there
is a partial desingularization sequence preserving normal crossings and if X’ denotes the
strict transform of X, then all the singularities of X’ are in .4"?

[BM12] and [BLM12] are a sequence of papers that give a positive answer to the question
above, when dim X < 3. In said papers, Bierstone et al. explain why it is not possible
to obtain a strong partial desingularization result, and why we need to allow for extra
singularities, e.g. circulant points, which are singularities that occur as limit points of a
normal crossings locus. They also present a list .4#” of minimal singularities, each described
in local coordinates, that remain after a partial desingularization preserving the normal
crossings locus of a variety of dimension < 3. The central idea in [BM12] and [BLM12] is to
follow the algorithm for the classical resolution of singularities (see [BM97]) by blowing-up
the stratum with maximal value of inv (see Section 1.3 for details) at points which are
not limit points of the normal crossings locus. After this, for each limit point a € X of the
normal crossings locus, the authors find a sequence of blowings-up that reduces a to a
circulant normal form.> More precisely, this sequence of blow-up morphisms is such that
if a’ is a limit point of the strict transform of the normal crossings locus, then a’ is an
element of 1"

In this thesis we can find the tools and techniques that allow to deduce a positive answer
for the question above, for varieties X with dim X < 4.

1.3 GENERAL STRATEGY OF THE PARTIAL DESINGULARIZATION ALGORITHM

In order to properly address the strategy for partial desingularization we follow, let us
briefly discuss the classical desingularization strategy in [BMg7].

In said paper, Bierstone and Milman construct a desingularization invariant inv := invx
which is Zariski upper-semicontinuous function with respect to the lexicographic order,

2 This result combines the use of a splitting lemma together with a cleaning lemma.
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1.3 GENERAL STRATEGY OF THE PARTIAL DESINGULARIZATION ALGORITHM

and the locus of points where inv is constant is a locally closed smooth variety. Moreover,
the loci of points with constant inv value form a finite partition of X by locally closed
smooth sets. Moreover, for any I we have that the topological closure of {b € X : inv(b) = I}
is {b € X : inv(b) > I}. These properties allow us to define a stratification of X. If X has
singular points then, by blowing-up the collection of points with maximal value of inv, we
obtain a morphism Xj a1 Xo := X, which restricts to an isomorphism over the collection
of smooth points of X. Because all points in the centre of blow-up of o1 are inv-constant,
we say that o is inv-admissible.
Moreover, given a sequence of inv-admissible blowings-up

Xr 20 Xo =X, (1.3)

where each o is inv-admissible, then the authors construct functions inv : Xy — X for
each k € {1,...,r}. In particular, each Xy — L is dependent on the functions X; — X for
i < k. The main result of [BMg7] is that blowing-up the stratum with maximal value of
inv, after finitely many steps, gives us a resolution of singularities of X preserving the
locus of smooth points of X.

Let us go back to the description of the general strategy for partial desingularization
present in this thesis. The algorithm we present can be described recursively, like we do in
Chapter 6, or iteratively, where the iterates are pairs (n,r) € Zéo ordered lexicographically.
In the iterative description, a pair (n,r) represents the locus of points S, » with invariant
equal to

invy = (n,7,1,0,...,1,0,00),

where the right hand side of the equation has 2(n + 1) + 1 entries, and each iteration can
be separated into 4 stages. Notice that invy,  is the value of inv at a normal crossings point
of order (n,r), and so S, contains all nc(n, ) singularities. Let (X, E) be a pair where
X < Z is embedded in a smooth variety Z. Let us describe the structure of the general
step for a pair (n, 7).

In the first stage, we follow the classical desingularization procedure (see [BM9g7]) until
we may assume that

* outside of a closed subvariety X, .)+ there are no singularities with invariant
> invy r, where (n, )" stands for the successor of (n, ), which can be (n,r+ 1) or
(n+1,0) depending on n, r and dim X (see Chapter 6 for more details on this). Let
us assume that (n,1)" = (n,r+1).

e all singularities in X, 41 are in normal form,

¢ the inv-admissible stratum S, C X\ L of points with invariant equal to inv,, , is
generically nc(n, ).

The variety X,, 11 consists of a finite union of distinguished components of E and finitely
many inv-constant strata (see (1.4) below to find how X, ;1 is iteratively built-up).

In the second stage, we follow a blow-up sequence given by a splitting theorem, after which
we can split the local expression of the strict transform of X in a finite formal extension of
Oz at any limit point of Sy +.
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1.4 STRUCTURE OF THE THESIS

In the third stage, we follow an cleaning sequence of blowings-up, after which we may
reduce any limit point of Sy, ; to a circulant normal form, i.e. a product of circulants (see
Definition 3.13.3

In the fourth stage, we follow a move away procedure; or more precisely, a version of
Algorithm 1.5. After this blow-up sequence, all the limit points of the neighbouring locus
of a singularity in the closure of S;, ; lie inside a smooth divisor %, and can be expressed
in a finite list of normal forms.

We can now proceed to the next iterate (n, )™, which we define as (n,r—1), if r > 0 (or
(n—1,7') for some 1/, if r = 0). Let us assume that (n,v)” = (n,r—1). Then,

Zn’r = Z(TL,T"“I) U .@n,r U Sn/r (1.4)

After finitely many steps, we obtain a partial desingularization sequence after which, all
singularities of (X, E) admit a local expression in one of the normal forms of Table 1.1, for
varieties with dim X < 4.

1.4 STRUCTURE OF THE THESIS

Chapter 2 is a compilation of the elements of algebraic geometry, birational geometry, and
resolution of singularities that are needed in the approach we follow for partial resolution.

Chapter 3 is dedicated to deducing the properties of circulant singularities that are rele-
vant to the results in this thesis. For example, we show that if X’ — X is the normalization
of X, then X’ is smooth at the point of the fibre of the circulant points of X. We also show
that the ring of functions defined around a circulant singularity admits an action by a
cyclic group.

At the end of this chapter we present the notion of group precirculant singularities, which
are singularities that are a limit of a normal crossings locus, and such that the ring of
functions locally defined around them admits an action by an abelian group. This notion is
not relevant to the main result of this thesis, but it is included as I believe it could prove
useful when addressing the problem of partial desingularization in higher dimensions,
but more work is needed.

In Chapter 4, we present two versions of a splitting theorem. One of them is Theorem 1.3.
The other version is concerned with the splitting at limit points of a normal crossings locus
of order 3, regardless of dim X. The latter is the version needed for partial desingularization
in dimension < 4, but the former is a result which gives partial progress addressing the
problem of partial desingularization in arbitrary dimension.

In Chapter 5, we present two versions of a reduction to normal form theorem. The version
given by Theorem 1.4 addresses the problem of finding a minimal family of normal forms
for the limits of the one-dimensional stratum of nc(n) singularities of an n-dimensional
variety, for arbitrary values of n. The other reduction theorem, establishes the existence
of a minimal family of singularities that occur as limits of the nc(3) locus, up to a finite
sequence of admissible and equimultiple blowings-up. This result is established for general
varieties, regardless of dimension, but only applies to the limits of the nc(3) locus.

The situation described in the conclusion of Theorem 1.4 corresponds to the result of following both the
second and third stages.
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1.4 STRUCTURE OF THE THESIS

In Chapter 6, we present the details of the strategy we follow for partial desingularization,
which we have briefly described in Section 1.3.

In Chapter 7 we present a moving away algorithm that can be applied to cp(n) sin-
gularities, regardless of the dimension of X. This algorithm begins by blowing-up the
cp(n) locus of points, which introduces a distinguished divisor Dy. This algorithm finds a
family .4 of local expressions of singularities together with a finite sequence of admissible
and equimultiple blowings-up after which we can cover (the strict transform of) Dy with
finitely many affine charts {Uy}«xca such that the origin a =0 € Uy belongs to Dy and is
an element of .4] for all « € A. This result can be improved when n < 4, in which case we
show that all points in D are in A7
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PRELIMINARIES

The purpose of this chapter is to provide the necessary definitions for the development of
this text. Some key concepts presented in this chapter are:

* Concepts from algebraic geometry. For example: Varieties, birational morphisms,
étale morphism, regular system of parameters, uniformizing parameters, and nor-
malization.

¢ Concepts from singularity theory. For example: Singularities, smooth varieties, van-
ishing order, blow-up morphisms, normal crossings, equisingularity.

¢ Concepts from the calculus of marked ideals. For example: Controlled transform by
a blow-up, test sequences, derivatives of marked ideals, coefficient ideals, maximal
contact hypersurfaces.

* Concepts from resolution of singularities. For example: Hilbert-Samuel function,
monomial part and residual part of a marked ideal, and the desingularization
invariant as defined in [BMo7].

This chapter is not meant to provide an exhaustive development of the theory behind
these concepts. Its only goal is to gather together a sufficient collection of concepts that
will be used throughout the text. The fundamental references in the writing of this chapter
were the following books: [Hary7], [Eisgs], [Mumgg], [Koloy], [Vak24], as well as the article
[BMo7].

In this whole text, all rings we consider are noetherian commutative rings with 1. If R
is a ring, and F C R, we denote the ideal generated by F with (F). If {fy,...,f-} C R, we
define (fy,...,fy) = {f1,..., f+})

2.1 ELEMENTS OF ALGEBRAIC GEOMETRY

Definition 2.1 (Spectrum of a ring as a topological space). Given R a commutative ring
with 1, we define the spectrum of R as

Spec(R) :={p C R:p is a prime ideal of R}.

We define the Zariski topology on Spec(R) by specifying its closed subsets. We declare all
subsets of Spec(R) of the form

V(I) :={q € Spec(R) : I C q},

as closed sets for the Zariski topology.

Remark 2.2. From the definition, it follows that a singleton {p} C Spec(R) is closed if and
only if p is a maximal ideal, as any non-maximal ideal is contained inside some maximal
ideal.



2.1 ELEMENTS OF ALGEBRAIC GEOMETRY

In this thesis, given a topological space X, when we use the expression let a € X be a
point, we will mean let a € X be a closed point. When referring to non-closed points we
explicitly indicate this.

Definition 2.3 (Presheaf of rings, morphism of presheaves, presheaf of ideals). Let X be
a topological space, let Op(X) be the category whose objects consist of open sets of X
and morphisms are the inclusion maps t: U — V, where U C V, and let Ring denote the
category of commutative rings with 1. We define a presheaf of rings on X as a contravariant
functor I : Op(X) — Ring. In other words:

¢ to each U € Op(X) we associate a ring I'(U),
¢ to each inclusion map U % V we associate a ring homomorphism I'(1) : T'(V) — T'(U);
we call this the restriction morphism ,

e for the identity map U 1y, U, we have that I'(Idy) = Idr ),
o if UL VAW, thenT(17) ol (1) =T(2017).

If U,V € Op(X) are as above, we define resy y : I'(V) — T'(U) as T'(1).
Given two presheaves I'1,I defined on X, we define a morphism of presheaves as a
collection of homomorphisms ¢y : I'1 (U) — T2 (U) such that for all U C V we have that

by o res\r},u = res\r},u odvy.

We say that J: Op(X) — Ring is a presheaf of ideals of T if for each U € Op(X), J(U) is an
ideal of I'(U), and if J satisfies the identity and composition axioms.

Example 2.4. Let X be a topological space. Given a ring R, we may define the constant sheaf
as'(U) =R forall U e Op(X),and forall t: U — V, as I'(1) := Idg.

Definition 2.5 (Sheaf of rings, morphism of sheaves, ideal sheaf). Given a presheaf I
defined on a topological space X, we say that I' is a sheaf of rings if I" satisfies:

* Locality, that is, for any open set U, for any open cover {U;}ic1 of U, and for any
s,t € T'(U), we have that s =t if and only if, for all 1

resy,u, (s) = resy,u, (t).

* Glueing, that is, for any open set U, for any open cover {U;}ic1 of U, and for any set
{si € Ui}ier satisfying
resui,uiﬁu]' (Si) = reSUj,uimuj (S])

there exists an element s € I'(U) such that resy u,(s) = si, for each i € L.

If Ty, T, are sheaves on X, we say that ¢ : 1 — I is a sheaf morphism (or morphism of
sheaves) if ¢ is a morphism of presheaves.
An sheaf of ideals (or ideal sheaf) J of a sheaf I is a presheaf of ideals of T".

Example 2.6. Given a differentiable manifold M, to each open subset U C M we can
associate the ring of smooth functions defined on U

F(u) :=C>®(U) ={f: U — R:fis a smooth map}.
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2.1 ELEMENTS OF ALGEBRAIC GEOMETRY

If 1 : U — V is an inclusion of open subsets of M, then we define I'(t) : (V) — I'(U) as
r(f) = flu.

Example 2.7. We can define a sheaf on spaces of the form Spec(R). Given an open set
U C Spec(R), and given p € U we denote by R,, the localization of R at the multiplicative
set given by the complement of p. We define I'(U) as the set of functions s : U — L,cuRp
satisfying that for any q € U, there exist V € Op(X), f,g € R with V C U and such that for
all p’ € V we have that

s(p) = — (2.1)

where g ¢ p’. Addition and product are defined point-wise, and the constant function
1 € I'(U), for any U. Thus, I'(U) is a commutative ring with 1. Because addition and product
are defined point-wise, we can define the restriction map resy y : I'(V) — I'(U) and it
is immediately verified that it is a ring homomorphism. Similarly, for functoriality and
identity properties. By construction, we have that I'(X) satisfies glueing and uniqueness.

Definition 2.8 (Ringed space). A ringed space is a pair (X, Ox) where X is a topological
space and Ox is a sheaf defined on X.

A morphism of ringed spaces is a pair (f, %) : (X,0x) — (Y,Oy) where f : X — Yis a
continuous map and f* is a collection of maps fﬁu SOv(U) = Oy (T (W) satisfying that
for all U,V € Op(Y) with U C V, we have that

rese—1 (V),f£1(u)° fg/ = f%,l oresv, u.

A morphism (f, f#) of ringed spaces is called an isomorphism if there exists a morphism
of ringed spaces (g, g*) such that f, f* and g, g* are the respective inverses of each other.

From now on, given U € Op(X), we denote by Oy the ring Ox(U).

Definition 2.9 (Stalk at a point). Given a ringed space (X, Ox) and given x € X, we may
notice that the collection of neighbourhoods U containing x forms a directed system with
respect to reverse inclusion. As such, we can define the stalk of X at x as the ring given by
the direct limit

5

OX,X = Ou.

i

Definition 2.10 (Locally ringed space, morphism of locally ringed spaces). Given a ringed
space (X, Ox), we say that it is a locally ringed space, if for all x € X, we have that Ox x is a
local ring.

Given a morphism of ringed spaces (f, )1 (X, 0x) = (Y,0v), we say that (f, ) is
morphism of locally ringed spaces if for all x € X the induced map f% : Oy ¢(x) — Oxx is a
homomorphism of local rings.

Given a morphism of locally ringed spaces (f, f*) we say that it is an isomorphism if there
exists a morphism of locally ringed spaces (g, g*) such that f, f* and g, g* are the respective
inverses of each other.

Example 2.11. We can provide Z := Spec(R) with the structure of a locally ringed space
with the sheaf Oz, where Oz is the sheaf constructed in Example 2.7, as the stalk of Oz at
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2.1 ELEMENTS OF ALGEBRAIC GEOMETRY

a point p is isomorphic to the localization Ry, which is a local ring with maximal ideal
equal to t(p), where ( is the localization morphism t: R — Rp,.

Definition 2.12 (Affine scheme, affine morphism). We say that a locally ringed space
(X, Ox) is an affine scheme if it is isomorphic to (Spec(R), Ogpec(r))-
An affine morphism is a morphism of locally ringed spaces between two affine schemes

(f,f%)
(X, 0x) —— (Y, Oy).
Given a scheme (X,0x), a € X and an open set U C X, we say that U is an affine
neighbourhood of a if (X, Oy) is an affine scheme.

Definition 2.13 (Scheme, morphism of schemes). A scheme is a locally ringed space (X, Ox)
where for every point x € X there exists U € Op(X) such that (U, Oy) is an affine scheme.
In this case, we call X and Ox the topological space and structure sheaf of (X, Oy ), respectively;
and we say that U is an affine chart.

If (X,0x) and (Y, Oy) are two schemes, and if

(f, %)
(X/ OX) — (Y/ OY)/
is a morphism of locally ringed spaces, we say that (f, f*) is a morphism of schemes.

Remark 2.14. Given two schemes (X, Ox), (Y, Oy), let hom(X, Y) denote the set of continu-
ous maps X — Y coming from a morphism of schemes. Similarly, let hom(Oy, Ox) denote
the set of sheaf morphisms coming from a morphism of schemes.
Given an arbitrary scheme (X, Ox) and an affine scheme (Y,Oy) there is a natural
isomorphism
hom(X,Y) — hom(Ovy, Ox).

(see Chapter 1, Section 3, Proposition 3.5, in [Hary7]).

In particular, notice that there is a 1-1 correspondence between the ring of morphisms
R — S and the continuous maps Spec(S) — Spec(R) coming from an affine morphism.
From this point on, when we refer to a scheme we omit the structure sheaf, that is, we will
have notation of the sort “let X be a scheme”.

Example 2.15. Given a field K, we define the n-dimensional affine space as the affine scheme
associated to the ring of polynomials in n variables. That is,

K = Spec(K[x]),
where x denotes the vector of formal variables x1,...,xn.

Definition 2.16 (Reduced scheme). Given a scheme X we say that it is a reduced scheme if
for all a € X the only nilpotent element of the local ring Ox 4 is 0.

Definition 2.17 (Variety). Given a reduced scheme X and a field K, we say that X is a
variety over K, if there exists a morphism of schemes X % Spec(K) such that s is separated
(see Chapter 10 of [Vak24]), and if there is a cover {Uy}xeca Of X where each U, is an
affine scheme and such that Oy is finitely generated algebra over K. A morphism of varieties
is a morphism X % Y of the underlying schemes.
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2.1 ELEMENTS OF ALGEBRAIC GEOMETRY

Definition 2.18 (Affine variety). Given a variety X, we say that X is an affine variety if X is
a reduced subscheme of Spec(K[x1,...,xn]), where K is a field.

Example 2.19. Fix a field K, let R be an integral K-algebra generated by t;,...,t,, and
let F:={fq,...,f;} C R, and consider the localization F~ 'R of R by the multiplicative set
generated by F. Then, F~'R is a finitely generated K-algebra as

F_]R:R[yh...,yd/@]ﬁ —1,...,ygfe—1>.

By the universal property of localization, and because R is integral, there exists a homo-
morphism t: R — F~TR. Notice also that Spec(F_] R) is a variety (in order to check for
separatedness, see Corollary 4.2 of [Hary7]).

If X % Y is a morphism such that for every b € Y there is an affine neighbourhood

#
b € U C Y where Oy 2 Ox is a localization morphism as above, we say that X is an open
subvariety of Y.

Example 2.20. Let I be a proper radical ideal of a K-algebra R generated by x1,...,xn.
The morphism ¢ associated to the quotient homomorphism f# : K — R/I is a morphism
of affine varieties, thus separated (see Corollary 4.2 of [Haryy]). Given that I is radical,
we have that R/I does not have non-trivial nilpotent elements. Therefore, Spec(R/I) is a
variety.

If X % Y is a morphism such that for every b € Y there is an affine neighbourhood

#
b € U C Y where Oy %~ Ox is a quotient morphism as above, we say that X is a closed
subvariety of Y.

Definition 2.21 (Support, cosupport). Given an ideal sheaf J of a locally ringed space
(X, Ox), we define the support of J as

supp(J) :={p € X:J, #0}.

Similarly, we define the cosupport of J as

cosupp (J) := supp(Ox/J).

Example 2.22. Given an ideal I C K[x1,...,xs] we may construct an ideal sheaf J C O A}
as follows. Let fy,...,f, be generators of I and let U C A} be an open subset. Notice
that we can identify each f; with the function p € U — i, (f;), where i, : Klx1,...,xn] —
K[x1,...,xnlp is the localization at the complement of the prime ideal p. Thus, the ideal
generated by the elements i,(f1),...,1i,(f;) (Which we denote by (i, (f1),...,ip(f;))) isan
ideal of Oy . Thus, this construction constitutes a sheaf of ideals.

Notice that, unless I is the zero ideal, the support of J is A™, which makes the support
a trivial concept when we discuss ideals defining affine varieties.

On the other hand, we may notice that cosupp(J) equals the underlying topological
space of V(I) as Ox/Jp = 0 if and only if 1 € J,,, which in turn happens if and only if
there is at least one f; such that the localization i, (fj) is not an element of the maximal
ideal my, of the local ring K[x1,...,xnlp.
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2.1 ELEMENTS OF ALGEBRAIC GEOMETRY

Thus, the cosupport of a sheaf of ideals is a closed subset. Moreover, if X C Z is closed
and Z is a variety, then there is a unique ideal sheaf Jx such that cosupp (Jx) = X. We call
Ix C Oz the ideal sheaf associated to X.

Remark 2.23. Let Z be a variety over an algebraically closed field K, let a € Z be a closed
point and let my be the maximal ideal of the local ring Oz 4. By definition, Z comes
equipped with a structure homomorphism K — Oz , which expresses Oz o as a finitely
generated algebra over K. On the other hand, we have that Oz o/m is a finite field
extension of K. Thus, the quotient morphism gives us a morphism

OZ,Q — K
fo — f(a),

which we call the evaluation map. The composition of these morphisms is a ring homomor-
phism
€a: OZ,a — OZ,a/

whose image is the set of locally constant functions. Because Oz 4 is a K-algebra, we use
the notation f(a) to denote both f(a), and e4(fq).

Definition 2.24 (Closed embedding). Given two varieties X, Z over a field K, a morphism

X = Z, is said to be a closed embedding if for every affine open subvariety V C Z with
V =~ Spec(R) we have that i~1(V) is an affine open subvariety of X with i~1(V) ~ Spec(S),
and such that the morphism of rings R — § is surjective. In this case, we use the notation

X< Z.

Example 2.25. Let Z be a variety over K, and let J be a principal ideal sheaf, that is, for
every a € Z there exists 1 € Oz 4 such that J, = (r). Then, the morphism of varieties
associated to the quotient map Oz, — Oz,q4/Jq is a closed embedding V(J) — Z.

In this context, we say that V(J) is a hypersurface of Z.

Let us conclude this section with the Jacobian criterion for smoothness for varieties over
an algebraically closed field of characteristic zero.

Definition 2.26 (Smooth point, smooth variety, singularity). Let X be a variety over
an algebraically closed field K of characteristic zero and let a € X be a closed point.
We say that X is smooth at a if there exists an affine neighbourhood U C X of a with
U ~ Spec(Klx1,...,xnl/I), together with a finite set of generators fy, ..., f; of I, such that
the matrix J(a) € Mat,«n (K) of partial derivatives

ofq 0fy
o (a) ... axn(a)
afr' afr.
e (a) ... axn(a)

evaluated at a has rank r.
If X is smooth at every closed point, we say that X is a smooth variety.
If X is not smooth at a we say that X is singular at a, or that a is a singularity, for short.
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2.2 COORDINATE SYSTEMS AND ETALE MORPHISMS

Definition 2.27 (Vanishing order). Let Z be a variety over a field K, let Oz be its sheaf of
functions, and let a € Z be a smooth point of Z. Given f € Oz 4, we define the vanishing
order of f at a, as

ord¢(a) =max{d € Z>o:f € mg},

where m,, is the maximal ideal of the local ring Oz «, and where m?l = 0z,q. We also
define the vanishing order of 0 as oo.
Similarly, if J # 0 is a sheaf of ideals, we define the vanishing order of J at a point q, as

ordg(a) =max{d € Z>¢ :Jq C mg}.

We also define the vanishing order of the zero ideal sheaf as co.

2.2 COORDINATE SYSTEMS AND ETALE MORPHISMS

Two key concepts in this work are those of simple normal crossings and normal crossings
singularities. These concepts in turn are best stated in terms of what we call reqular and
étale coordinate systems. For convenience, we also present the notion of étale morphism,
but we do not prove any of its properties. A good reference for the properties of étale
morphisms is [AMg9].

Definition 2.28 (Regular system of parameters). Let a be a closed point of a variety X over
an algebraically closed field K. We say that the functions x1,...,x, € Ox are a regular
system of parameters at a if the localization of the ideal (x1,...,xn) at a is the maximal ideal
of the local ring Ox q.

If U is an affine open neighbourhood of a, we say that x1,...,xn € Ox are a regular
system of parameters on U if for all closed points a € U, the functions

{X1 —X1 (a), ceesXn _Xn(a)} C Ou

form a regular system of parameters of U at a.

Definition 2.28 was taken from [AMgg], where it can be found under the name of
uniformizing parameters. I decided to refer to this using the terminology of [AM69] as it fits
better the way we use this notion in this text. Notice that in both definitions of regular
system of parameters above, the domain of definition of the functions are a subset of X.

Example 2.29. If X = AR = Spec(Kl[ts,...,tn]) then ty,...,t, is a regular system of
parameters of X.

Example 2.30. Let X be a variety over an algebraically closed field K and assume that

X is smooth on an open neighbourhood U of a € X. By definition, there is an affine

neighbourhood U € a such that U is isomorphic to a closed subvariety of A" such

that Oy ~ Klty,...,thsrl/{(y1,...,Yr), where the Jacobian matrix has rank r. We claim

that there is a regular system of parameters x7, ..., xn+r defined on an open subvariety

W of Ag"" such that UNW =~ V(xq,...,x;). By rearranging the coordinates if necessary,
ou;

we may assume that the r x r minor defined by the matrix ] with entries J;; := % is
j

invertible, when we evaluate at a. Let W be an open subvariety of Ag*" where all the
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2.2 COORDINATE SYSTEMS AND ETALE MORPHISMS

entries of ] and det] is a unit of Oyy. The adjugate of ] given by M € Mat, «(Ow/) satisfies
M]J = det(]J)L. Define x; as y; for 1 <i<rand t; forr+1 < i< n+r. We want to show
that x1,...,Xnr is a regular system of parameters on W. Fix a €¢ WN U and let n, denote
the ideal of O AR generated by ty,...,t,. The invertibility of | implies that xj,..., X,
generate the K-vector space nq/n%. By Nakayama’s lemma (see Corollary 4.8, part b of
[Eisg5]) we have that the localizations of x1,...,Xnr generate the ideal (t1,...,tnir)a,
giving us what we wanted to show.

Definition 2.31 (Finite type morphism). Let @*:R — Sbea ring homomorphism. We
say that @ is a finite type morphism (also referred to as finite morphism) if S is a finite
@ (R)-module. We also say that S is a finite ring extension of R.

Definition 2.32 (Etale morphism). Given a morphism 7t: X — Y of varieties over an alge-
braically closed field K such that 7t* : Oy — calOx is a morphism of rings of finite type, we
say that 7 is étale at x € X if there exist neighbourhoods U C X,V C Ywitha € U, n(U) C V
such that Oy is isomorphic to some open subvariety of Spec(Ov[t1,..., tnl/(f1,...,fn)),
where 1% : Oy — Oy is the inclusion map and, the Jacobian

of df
det [ : ... i |,
ofn ofn

is non-vanishing at x. In this context, we say that 7t is an étale neighbourhood of m(a). We
say that 7t is an étale morphism on U , if 7 is étale at every point a € U.

2 _s3). We want to find an étale

Example 2.33. Let X — Aé be the curve V(t? —s
map W 5 AZ such that for some open neighbourhood U C X we have that 7' (U)
is the union of two curves. For this, consider the ring R := (s + 1)~ 'Cl[s, t| given by the
localization of Cl[s, t] by the multiplicative set generated by s + 1 and the ring S := v~ 'Cl[r, t]

given by the localization of C[r, t] by the multiplicative set generated by r. Consider the

'
homomorphism R 2= S given by t ~ t,s — 12 — 1. Notice that the respective inclusions of
t—r—13,t+r+13 generate K[t, r], for all points a outside V(1 + 3r2).

Example 2.34. Fix a positive integer d and a non-negative integer n. Let R denote the ring
Clw, x], where x denotes the vector of variables (x1,...,%xn) and consider the R-algebra
given by S := Rv]/(v? —w). Notice that S is isomorphic to C[v,x], and consider the
morphism ¢ : R — S induced by the mappings

w l—)Vd, Xk — Xk.

Thus, the map 7 induced by ¢

n: AFT D) = AT ND(w)

d
’
((XO (X‘]I"'/(X'Tl) — ((XO/O(]/-"/(XTL)I

is étale. We are interested in the particular case where n = d = 2.
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2.2 COORDINATE SYSTEMS AND ETALE MORPHISMS

Definition 2.35 (Etale coordinate system). Let U be an open neighbourhood of a variety X
over an algebraically closed field K. An étale coordinate system of U is an étale neighbourhood
V 5 U together with a regular system of parameters (x1,...,x) defined on V.

Notice in particular that an étale coordinate system of U C X is not a set of functions
defined on U, but rather a set of functions defined on some covering V 5.

Example 2.36. This is a continuation of Example 2.33. Notice that

r1Cr, /(2 =12 (12 — 1))
~r QI (t—r(r2 = 1)) @ 'Clr, tl/(t+r(r2 = 1)).

Thus, there is a surjective homomorphism

T 1Clr, t] — v 'C[v] [t]/(t—r(r2 —-1)) @qu[r][t]/(t +r(r? — 1)),

which induces a map U C Spec(Clr, tl/(t2 =12 (v —1)?) <£> W C AZ, where the compo-
nents of this map x7 :=t—1—13,x3 := t + 1+ 13 form a regular system of parameters on
F-1(D(1 + 3r2)). Thus, we have found an étale system of coordinates x1,x; of an open
subvariety of D(s + 1) where XN D(s + 1) is given by the vanishing locus of x1x;.

Example 2.37. This is a continuation of Example 2.34, for the case d = n = 2. Notice that
v,z —Vx1,z+ VX7 is a regular coordinate system defined on D(v), which in turn gives us an
étale system of coordinates y1,y2,y3 of D(w) which expresses X N D(w) as the vanishing
locus of y,ys3.

We now need to establish the notion of partial derivatives w.r.t. a regular system of
parameters. For this we need to briefly discuss some properties of the power series ring,
and more generally, the completion of a ring.

Let us first discuss some concepts for general topological spaces. Given a topological
space X, we can define the notion of a filter (see Definition A.12 of [AGMog6]) and their
convergence (see Definition 3.1.14 of [AGMg6]). We can use filters to define the notion of
Cauchy filters (see Definition 3.1.20 of [AGMg6]). Just as in the construction of completion
for metric spaces, we can define the completion of a filtered space X as the set of filters on X
identified by the relation of their difference forming a Cauchy filter. A topological space X
is said to be complete if all Cauchy filters have a limit in X.

Let us now discuss how to apply these notions to rings. A ring R is said to be a
topological ring if R is a topological space for which the operations +,- : R x R — R are
continuous in the product topology of R x R. Given an arbitrary ring R and a maximal
ideal m C R, the set {m%}4¢z_, forms a basis of neighbourhoods of 0 (see Proposition 1.2.1
and Proposition 1.2.2 in [AGMg6] for the axioms of a basis of neighbourhoods). On the
other hand, any system of neighbourhoods uniquely determines a topology for which the
system of neighbourhoods is open (see Theorem 1.2.5 of [AGMg6]). Thus, we may use this
system of neighbourhoods to imbue R with a topology, this is called the m-adic topology of
R (see Example 1.2.10 of [AGMg6]) which realizes R as a topological ring. This allows us
to construct the completion Ry, of a ring R with respect to the m-adic topology defined on R.
To simplify our notation, whenever the maximal ideal m is understood we simply notate
the completion of R w.r.t. m by R. If R is a completion of R then R is a complete topological
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ring and there is a ring homomorphism ¢ : R — R such that the image ((R) is a dense
subset of R (see Proposition 3.4 in [AGMg6]). Moreover, for any complete topological ring
S and for any topological ring R, any continuous morphism of rings f : R — S admits a
unique extension f:R—>S satisfying that f(r) = f(r) for all r € R (see Theorem 3.2.27 in
[AGMo6]), we call this the universal property of completions.

Example 2.38. Let R be a local ring, and let m be a maximal ideal of R. Notice that the
sequence of powers
Rom>oOm?>O...

allows us to construct an inverse system {Q4 := R/ ma}4c Z,, With morphisms given by

dd;,d, * de - Qd1
f+md2 o f4md

when d; < d;. Thus, we can construct the inverse limit @ d R/m<. Then the ring

@ d R/m? is isomorphic to the completion R wrt. m (see p-174, Subsection 3.2.6 of
[Boug8)).
In particular, if R = K[ty, ..., tn] where K is a field, and if

m:(t1,...,tn),

then the completion Rof Rwrt. mis K[t1,...,tn] (see the Corollary at p. 175 of Subsection
3.2.6 of [Boug8]).

Remark 2.39. Let i denote the ideal
= {s = (so,$1,...) € R:so =0}
Notice that R/ ~ R/m which is a field, and so i is a maximal ideal.

Remark 2.40. Notice that for each k, R/m* is a local ring. This is because any maximal
ideal n C R/mk is prime, and a prime ideal of R/m* corresponds to a prime ideal P C R
with m¥ ¢ P. Thus, m C P. This shows that n = m.

We now claim that R is a local ring. It suffices to show that if s € R\ 1 then s is a unit.
By definition, there exist representatives {sq} C R such that s = (s, s1,...) where so # 0
(and so sq & m - (R/m?), for all d). Because each R/m¢ is a local ring with maximal ideal
m - (R/m%), we have that for each d, there exists g4 € R/m¢ such that gqsq = 1+ m¢%. Thus,
(go,91,...) € R is an inverse of s, which is what we wanted to prove.

Proposition 2.41 (Definition 3.4 in [BM97]). Let X be a smooth variety over an algebraically
closed field K of characteristic zero, let a € X be a closed point and let x1,...,xn be a reqular
system of parameters defined on a neighbourhood U of a. There is a homomorphism

Ta: Ox,a = K[Z1,...,Z4]
of K-algebras satisfying that

1. Ta(xi) =xi(a) + Z; forall i,
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2. Tq admits a unique extension to the completion of Ox q, To: (?)X,(1 — K[z4,...,Z4], and
this extension is an isomorphism.

Proof. By the argument followed in Example 2.30, there exists an open neighbourhood U;
of a such that

Ou, ~Klz1,...,zn,y1,.. ., Y1/ P12 Y), ..., Pr(z, 1)) (2.2)

where each xy is represented by zi, where the Jacobian with respect to yi,...,yr ] =
(%}) is invertible in some open subvariety U, > a of U;. Consider now the function
P = (p1(ZY),...,p+(Z,Y)) € K[Z,Y] as a power series. By definition P vanishes at a,
and so, by the implicit function theorem for formal power series (see Proposition 3.1 part
(a) in [Sokog]), we have that there is ¢ € K[Z]" such that P(z(a)+ Z,y(a) + ¢(Z)) =0 €
K[Z]. In other words, each px(z(a) + Z,y(a) +Y) € K[Z,Y] is an element of the ideal
(Y1—1(Z2),...,Yr — @+(Z)). By the invertibility of the Jacobian matrix we have that

<Y1 — @1 (Z)/"'/YT - (Pr(z)> = <p1 (Z,Y),. ..,Pr(Z,YD. (2'3)

Given f € Ox q, by means of the isomorphism in (2.2), there exists F € K[z, y] such that the
class of F in K[z, y]/(p1,...,pr) corresponds uniquely to f. This allows us to define,

Ox.a = K[Z, Y]/ (Y1 —91(Z),...,Ys — 0:(Z)) ~ K[Z],

which sends f(z,y) — F(z(a) + Z,y(a) + ¢(Z)), which is well-defined by (2.3). In order
to uniquely determine the morphism above, it suffices to define this function on each
quotient ideal mk/mk*1 where m, is the maximal ideal corresponding to a. But these
values are also uniquely determined by the values at the generators of m,/m2, that is, it
suffices to define the morphism on z; —z¢(a),...,zn —zn(a).

The existence of a unique extension to Ox o follows from the universal property of
completion. On the other hand, this extension is an isomorphism because @X,a is complete
and the generators of the maximal ideal of IK[Z] are in the image of Tj. O

Proposition 2.42 (Lemma 3.5 in [BM97]). Assume the hypotheses of Proposition 2.41. For any
j €{1,...,n}any for any f € Oy there exists a unique function f ;) € Ox q such that

_ 0Ta(f)
Y2

Ta(f(5))

0Tq(f)

Proof. Let us first provide an explicit way of computing 37 expressed in terms of

partial derivatives in Oy. Given f € Oy there exists a function F € K[z,yl/(p1,...,pr) that
corresponds uniquely to f. By construction,

Ta(f) =F(Z, ¢(2)) € K[Z].
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Thus, by the chain rule, it suffices to compute partial derivatives of ¢ w.rt. Z;. To
describe this in terms of partial derivatives in Oy, consider the function P(Z,Y) =
(P1(Z,Y),...,p+(Z,Y)) € K[Z,Y] and the identity

P(Z,9(Z)) = 0.
By considering the matrices of partial derivatives we obtain

J:P+JyP-Jze =0.

Consequently, we have ]z = —J, P~ - J,P. Notice that each of the entries of J,P~' and
J.P are rational functions in terms of elements of Oy (by the formula characterizing

adjugate matrices). Thus,
0T (F) oF 04
0Z; azJ IZ 0y E)ZJ

corresponds to an element in Oy, for some affine subvariety V C U. O

By successively applying the previous proposition we deduce the following.

Theorem 2.43 (Lemma 3.5 in [BMo7]). Under the hypotheses of Proposition 2.41, given & €
(Z>0)"™, and given f € Oy, there exists a unique function f, € Ox o such that

1M T, (1)

Ta(foc) = dZX

In this case, we say that f is the partial derivative of f of order oc w.r.t. x1,...,Xn.

2.3 SINGULARITIES AND EXAMPLES

In general, a singularity can have many possible forms and behaviours. Nonetheless, there
are some families of singularities that are mild enough to be described in simple ways,
just like in the following definitions.

Definition 2.44 (Simple Normal Crossings). Let X be a hypersurface of smooth variety Z
and let a € X. We say that X is simple normal crossings of order d at a if there exists a regular
system of parameters x1,...,xn defined on an open neighbourhood a € U C Z such that
the ideal Jx that defines X < Z is a principal ideal generated by a monomial of the form

X1 ... Xqa-

Notice in particular that d < n. When X is understood we say that a is snc(d) for brevity.

Given a pair (X, E) where X is given as above and E C Z is a reduced divisor, we say
that the pair (X, E) is snc at a € X if XU E is snc(d) at a, for some d. For added specificity,
we say that (X, E) is snc(d, ) at a € X if X, E are snc of order d, 7, respectively.

More generally, given a pair (X, E) where X is an arbitrary variety embedded in a smooth
variety Z, and E C Z is a reduced divisor, we say that the pair (X, E) is snc at a € X if there
is a regular coordinate system (x1,...,Xn) on a neighbourhood U C Z of a such that XN'U
is the vanishing locus of the ideal (x1,...,%¢), and if for every irreducible component E;
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of E passing through a then E; NU = V((xy,)), for some i; € {¢ +1,...,n}. We say that the
pair (X, E) is snc if the pair is snc at every closed point a € XN E.

Let us now present one of the key concepts in this work.

Definition 2.45 (Normal Crossings). Let X be a hypersurface of a smooth variety Z and let
a € X. We say that X is normal crossings of order d at a if there exists an étale coordinate
system x1,...,xn of a neighbourhood a € U C Z such that the local expression in V(£> u)
of the ideal sheaf Jx defining X at a is a principal ideal generated by a monomial of the
form

X1-..."XQ3-

When X is understood, we say that a is nc(d) for brevity.
Given a pair (X, E) where X is a hypersurface in a smooth variety Z,and E C Zis a
reduced divisor, we say that the pair (X, E) is nc(d, r) at a € X if

¢ there is a regular coordinate system (x1,...,xn) on a neighbourhood U C Z of a
such that X N U is the vanishing locus of the ideal (x1...xq),

* for every irreducible component E; of E passing through a then E5 NU = V((xy;)),
for some i; € {d+1,...,n},

¢ there are r irreducible components of E passing through a.

We define the normal crossings locus of X as the set
Sne(ar) ==1{a € X: (X, E) is normal crossings of order (d,r) at a}.

We also define Sp,.(q) = Snc(a,0)-
Remark 2.46.

* Notice that if X is snc at a € X then X is nc at q, this is because the identity morphism
is étale.

¢ Notice also that if X is nc at a then the embedding dimension of X at a is dim X + 1.

¢ Notice that if either X or E are not reduced at a, then X is not nc at a.

Example 2.47. This is a continuation of Example 2.33. Define I := (t? —s?(s + 1)). The
remarks done in Example 2.36 allow us to verify that V(I) is nc at the origin.

Example 2.48. This is a continuation of Example 2.34 in the case d = n = 2. Define
I:= (z> —wx?). The remarks done in Example 2.37 allow us to verify that V(I) is nc at the
origin.

2.4 ELEMENTS OF BIRATIONAL GEOMETRY

Definition 2.49 (Rational map). Given two varieties X and Y, a rational map 7: X --» Y is

an equivalence class of morphisms, where the equivalence relation is described as follows.

Given U, V open dense subvarieties of X and given morphisms U % Y,V >, Y, we say that
(U, @) and (V, ) are equivalent if there exists an open dense subvariety W C U,V such
that @|w = P|w. In particular, notice that a rational map does not need to be everywhere
defined.
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Proposition 2.50 (Theorem 4.4 in [Hary7]). Any rational map of irreducible varieties X --» Y
induces a morphism Frac(Oy) — Frac(Ox).

Proof. Let V be an affine open subvariety of Y such that the rational map 7t: X --» Y admits
a representative ¢ : U — V where @(U) =Y. Let % : Oy — Oy be the morphism of

algebras associated to 7. We can then consider the morphism of stalks ¥ : Ov () — Ou -

Because Oy and Oy are both integral domains, we have that the generic points in each are
represented by their respective zero ideal, and so

Y : Frac(Ov) ~ Frac(Oy) — Frac(Oy) ~ Frac(Ox),
is a field homomorphism. O

Definition 2.51 (Dominant map). Given a rational map 7 : X --» Y, we say that 7t is a
dominant map if there exists a representative ¢ : U — Y of 7t such that the image ¢(U) is
dense in Y.

Remark 2.52. Let m : X --» Y be a rational map, and consider two representatives
@:U—=Y,p:V —=Yof mand assume that ¢(U) = Y. Let W be an open subvariety of
U NV such that W = X and ¢|w = P|w. Notice then

(W)
o

Y(W)

I
EE

I
< 6

(

E

In particular, we obtain that (V) =Y.

Proposition 2.53 (Ex. 7.5 in [Vak24]). Let 7t : X --» Y be a rational map of irreducible varieties.
Then, Tt is dominant if and only if 7t maps the generic point of X to the generic point of Y.

Proof. Let us first assume that 7t is dominant. Let ¢ : U — Y be a representative of 7. Let
X € X be its generic point. Because {x} = X, we have that x € U. On the other hand, we

know that ¢({x}) = ¢({x}), and so ¢(x) € Yis a point whose closure is Y, that is, ¢(x) is
the generic point of Y.

Let us now assume that 7t maps the generic point of X to the generic point of Y, in other
words, if @ : U — Y is a representative of 7t then @(x) is the generic point of Y. Because ¢

is continuous, we have that ¢ ({x} N U) = ¢({x}). In other words,
el =Y.
O

Proposition 2.54 ([Vak24], Proposition 7.5.7). Let X, Y be two irreducible varieties over K such
that there is an injective field morphism @ : Frac(Oy) — Frac(Ox) preserving the subfield K.
Then, there exists a dominant rational map @ : X --» Y such that the morphism on fields of rational
functions induced by @ is @.
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Definition 2.55 (Birational equivalence, birational maps). Given two varieties X, Y over a
tield K, we say that X is birationally equivalent to Y if there exist rational maps ¢ : X --» Y and
P : Y --» X such that there are open subvarieties U C X and V C Y where 1 o ¢|y = Idy
and ¢ oy =Idy. We say that \ and ¢ are birational maps, and they are rational inverses
of each other. A morphism of varieties is called birational, if it admits a rational inverse.

One desirable property of a resolution sequence is that, if X is embedded in a smooth
space Z, and if o : X’ — X is the composition of a resolution sequence, then we would
like the strict transform X’ of X under o to be embedded in the strict transform Z’ of Z.
This can be done if ¢ is the composition of blowings-up o; whose centres C; of blow-up
are smooth subvarieties of the strict transform X; of X;_j. This leads us to the notion of
admissible blow-up.

Definition 2.56 (Admissible centre, admissible blow-up). Given a variety X embedded
into a smooth space Z, we say that the centre C of a blow-up morphism o : Z" — Z is
admissible if C is a closed smooth subspace of X. If o has an admissible centre, we say that
o is admissible.

Given a pair (X, E) where X is embedded in a smooth space Z and E is a reduced divisor
of Z, we say that a blow-up o with centre C C Z is (X, E)-admissible if C is a smooth
subspace of X and if (C, E) is snc. When the pair is understood, we simply say that C is
admissible, for short.

Definition 2.57 (Resolution of singularities, cf. Definition 3.3 in [Kolo7]). A resolution of
singularities of an embedded K variety X — Z, where Z is a smooth K-variety is a sequence
of admissible blowings-up

2 =72, 572t 1. o721 B Zy=2

such that

e The strict transform X’ of X at year t is smooth.

¢ The composition 0 := 0 o...0 07 restricts to an isomorphism outside the exceptional
divisor E C Z; given by the strict transform of all exceptional divisors created in the
blowing-up process.

* The pair (X', E) is snc and for every irreducible component Xj ¢ E.

One extra desirable condition of a resolution of singularities is to prevent unnecessary
modifications to X. In other words, we would like that the set of points where o : X" — X
does not restrict to an isomorphism to be contained in Sing (X). One way of ensuring this,
is by only blowing-up centres C where all the points a € C satisfy that ordx(a) is constant,
and only consider centres consisting of points such that the ideal Jx has vanishing order
> 1.

Definition 2.58 (Equimultiple centre, equimultiple blow-up). We say that a centre C of an
admissible blow-up o : X" — X is an equimultiple centre if there is a positive integer d such
that for all a € C we have that

ordg, (a) = d.

If o has an equimultiple centre, we say that o is an equimultiple blow-up.
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2.5 NORMALIZATION
2.5.1  Normalization of rings

In this section, we provide the necessary definitions of integral elements, integral closure,
normal rings, normal varieties, and normalization of a variety. The goal in this section
is to show that if X is the affine hypersurface associated to a circulant point then the
normalization X is smooth. A side goal is to provide an argument showing that partial
derivatives of integral elements are integral.

Definition 2.59 (Integral elements). Let R % S be a morphism of rings. We say that
f € S is integral over R if there exist elements cq,...,cn—1 such that f™ + ¢@(cy LA
@(cn1)=0.

We say that S is integral over R if every element s € S is integral over R. In this section
we will automatically assume that R < S.

Proposition 2.60 (Corollary 4.6 in [Eisg5]). Let S be an R-algebra, and let f € S. Then, f is
integral over R if and only if R[f] is a finitely generated R-module.

Proof.

Notice that if f is integral over R then 1,f,..., =1 are generators of R[f] as an R-module.
Assume now that R[f] is a finitely generated R-module. By fixing a family of generators

of R[f] as an R-module, we can express R-module endomorphism m¢ : R[f] — R[f] given by

multiplication by f as multiplication by a matrix A. By Cayley-Hamilton we have that there

exists a monic polynomial p such that p(A) = 0. Consequently, we have that p(f) =0. [

Corollary 2.61. If S is an R-algebra which is finitely generated as an R-module then S is integral
over R.

The proof of the corollary is the same as the second part of the proof of Proposition 2.60,
as the proof is fundamentally the same when replacing R[f] with any finitely generated
R-module.

Corollary 2.62. If S is an R-algebra and f1,...,fn are integral elements of S over R, then
R[f1, ..., fnl is integral over R.

Proposition 2.63 (Corollary 5.4 in [AM69]). Let T be an S-algebra and let S be an R-algebra.
Then, T is integral over R if and only if T is integral over S and S is integral over R.

Proof.
If T is integral over R then any element in T satisfies a monic polynomial with coefficients
over R. In particular, notice

* S C T, thus any element in S satisfies a monic polynomial with coefficients in R.
e if t € T satisfies a monic polynomial with coefficients in R in particular the coefficients
are elements in S.

Thus obtaining that T is integral over S and S is integral over R.
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Assume now that T is integral over S and S is integral over R. Let t € T, and consider
$1,...,8n—1 € S such that

st L sy =0.

Then R[sy,...,sn—1][t] is a finitely generated R[sy, ..., sn]-module, and so
R[s1,...,sn—1,t] is a finitely generated R-module. In particular, t is integral over R. ]

Definition 2.64 (Integral Closure, Normalization, Normal Domain). Let S be an R-algebra.
We define the integral closure of R in S as the set Rs of all elements in S which are integral
over R.

In the case where R is an integral domain, we define the normalization of R as the integral
closure R of R in its fraction field.

Similarly, if R is an integral domain such that R = R then we say that R is a normal
domain.

Remark 2.65. Let R be an integral domain and let S be an R-algebra which is a normal
domain. Assume that the morphism R % S is injective. By the universal property of
localizations, there exists a unique injective morphism 1 : Frac(R) — Frac(S) such that
extends ¢. Moreover, the image (R) is a subset of S = S.

In short, any injective morphism R % S, factors uniquely as R = R %, S. We call this
the universal property of normalization.

Proposition 2.66 (E. Noether, Corollary 13.13 in [Eisg5]). Let R be a noetherian normal domain
and let K be its fraction field. Let L|K be a finite field extension. Then, the integral closure of R in L
is a finite R-module.

Proof.

Let S denote the integral closure of R in L. Our first observation is that S is integral over R
by Proposition 2.63. Notice also that span, (S) is an R-algebra, by Corollary 2.62. Next we
may notice that span, (S) is a subfield of L as

K(S) = KI[S] = span,(S).

Because L|K is a finite extension and K(S) C L, we have that K(S)|K is a finite extension,
and so there exist 31,..., B+ € S such that

spany (S) = spany (B1,...,B+).

For each a € R let us consider the free R-module

Ma :z%(R-B] +...+R-By),
and notice that if a/b then My C My, thus {Mg}qcr forms a directed system. Let M be
the direct limit of this directed system, and notice that M = span, (S). Then, notice that
if P is a prime ideal of R and «;, ..., a5 with s > 1, then there must exist D € R such
that o1,..., s € Mp and so [«1], ..., [xs] can be generated with r elements in Mp/PMp.
By theorem 3.2 in [Vasyo] we have that M is finitely generated. Notice then, that S is an
R-submodule of M, thus S is finitely generated. O
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Proposition 2.67 (Corollary 4.12 in [Eisgs]). If R is a normal domain then R[x] is a normal
domain.

Proof. Let K denote the fraction field of R. Notice that R[x] C K[x] C K(x). Thus, any
element f(x) € K(x) integral over R[x] is also integral over K[x]. On the other hand, because
K[x] is a Euclidean domain we have that K[x] is normal. Thus, we may assume that the
normalization of R[x] is a subset of K[x]. But if f(x) € K[x] is such that

fx) 4+ 11 (X)) T+ ... Ta(x) =0,

then the induced equation on degree 0 gives us that the constant coefficient ¢ of f is
integral over R, thus an element of R. Thus, f(x) — c is integral. Using a similar sequence
of arguments we get that f € R[x]. O

Corollary 2.68. Let K be a field and let R denote the ring K[x1,...,xn,yl. If f € Frac(R) is

. of . .
integral over R then 3y 8 integral over R.

Y
Proof. First notice that K[x1] is normal as K[x1] is a Euclidean domain. By successively
applying Proposition 2.67 we get that K[x1,...,%n,y] is normal. Let f € Frac(R) be integral
over R and consider r1,...,T, € R such that

fix,y)™ + 14 (x,y)f(x,lj‘)“_1 +...+1(x,y) =0.

By taking partial derivative with respect to y in the previous equation we obtain elements
a(x,y),b(x,y) € R such that

of

Y a(x,y)+b(x,y) =0,

and so 0f/dy € K(f), and because f is integral we have that K(f) is a finite extension of K.
Thus, by Proposition 2.66 we have that R[0f/dy] is a finite R-module. O

2.5.2  Normalization of varieties

Definition 2.69 (Normal variety). Let K be a field of characteristic zero. Let X be a variety
over K. We say that X is normal if for every point a € X the stalk Ox q is a normal domain.

Proposition 2.70 (Ex. 5.4.A in [Vak24]). If R is a normal domain then Spec(R) is a normal
variety.

Proof. We first claim that if R is an integral domain, and if we realize each stalk R, as a
subset of Frac(R), where m is a maximal ideal of S, then R = N, Ry, where the intersection
ranges over all maximal ideals of R.

It suffices to show that N, Ry C R. Let f € Ny Ry and consider the ideal Dy :={g € R:
gf € R} C R. Then Dy is an ideal that is not contained in any maximal ideal, and so D¢ =R,
and so f € R.

We now want to verify that if R is a normal domain, and S is a localization of R, that
is, if there exists injective morphisms R — S — Frac(R), then S is integrally closed in

July 3, 2025

27



2.5 NORMALIZATION 28

Frac(S) = Frac(R). Let f € Frac(R) be such there exist elements ag, bg,...,an—1,bn—1 € R
such that
frpontgoty 130
bn1 bo ’

ai

where ¢+ € S. Notice then that g := (H{‘;()] bi> - f is a solution of the equation

n—I1 n—1 n—1
Xy ot I7v: N LI [Toer x+ 20 [Tor) =
bnf1 1—0 b1 i=0 bO i=0

That is, g is integral over R, and so g € R C S. On the other hand, by,..., b1 are all
invertible in S, and so f € S.

Finally, notice that a stalk Ogpec(r),q at @ point a € Spec(R) is isomorphic to a localization
of R, R = Ogpec(r),a, and so we obtain that Ospec(r),q 1S @ normal domain, for all (non-
necessarily closed) points a. O

We now provide a definition of normalization.

Definition 2.71 (Normalization of a variety). Let X be a variety over a field K. We say that
a normal variety X is a normalization of X if there exists a dominant morphism X 7 X such
that for any normal variety Y and for any dominant morphism q : Y — X there exists a
unique morphism p : Y — X satisfying mop = q.

Proposition 2.72 (Proposition 12.44 in [GW20]). For any integral affine variety X, the normal-
ization X of X exists.

Proof. Let R be such that X = Spec(R). Consider the inclusion morphism
_——
R — R.

Given that this morphism is injective, we have that the morphism Spec(R) ~ Spec(R)
maps the generic point of Spec(ﬁ) to the generic point of Spec(R), and so this morphism is
dominant as a rational map.
We now claim that if Y is an integral normal variety, then Oy is a normal domain. To
deduce this, notice that
Oy = NmOy m C Frac(Oy).

Let f € Frac(Oy) be integral over Oy, and let ao,...,an—1 € Oy be such that
™+ an ™ T +...+a0=0.

Notice in particular that this identity still holds on the level of stalks and so f is integral
over Oy, in other words, f € Oy . Thus, f € NwOy,m = Oy. This shows that Oy is a
normal domain.

Because X is affine, the morphism q induces a ring morphism q* : R — Oy, which in
turn induces a morphism q : Frac(R) — Frac(Oy). Notice that ¢ maps integral elements
of Frac(R) over R to integral elements of Frac(Oy) over Oy, and because Oy is normal, we
have that G(R) C Oy. Thus, there is a well-defined morphism Y — Spec(R). Given that q is
a map associated to a localization, it is the unique map satisfying q = p* o 7. O
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While normalizations exist for arbitrary (locally noetherian) varieties (see Exercises
10.7.B and 10.7.D of [Vak24]), the proof of this is beyond the scope of this text.

We now want to present a result which proves useful in finding the normalization of
an affine neighbourhood of a circulant point. This result is a corollary of Zariski’s main
theorem. Given the many versions of this result, let us state the version we need.

Theorem 2.73 (Zariski’s main theorem; see [AMq9], p. 209, version I). Let X be a normal
variety over K and let f : X" — X be a birational morphism with finite fibres. Then, there exists an
open subvariety U C X such that f : X" — W is an isomorphism.

Corollary 2.74. If X,Y are irreducible affine varieties where Y is smooth and if q : Y — X isa
finite birational morphism, then X ~'Y.

Proof. Given that q is a birational map, we have that q is dominant. Thus, by the universal
property of normalization, there exists a map Y > X such that q = p o 7t. Therefore, p is a
finite birational morphism, and thus with finite fibres. By Zariski’s main theorem we have
that p is an isomorphism onto an open subvariety U C Y. On the other hand, we know
that p is finite, and thus surjective. O

2.6 MARKED IDEALS

The central objects in which we will develop the ideas for partial resolution are marked
ideals. They present a convenient way of encoding the necessary information for the
problem of finding an embedded resolution.

The problem of finding a resolution sequence of a variety X can be restated purely in
terms of algebraic terms: Consider an ideal sheaf J C O generated by elements f1,..., fn
of order > d, we would like to find an explicit birational morphism ¢* : O — O’ such that
at least one of 0*(f1),...,0%(fim) has order strictly smaller than d. Assuming we are able
to do so then, by applying said strategy finitely many times, we obtain a way of reducing
the order of the ideal until V(J) is smooth.

To help keeping track of all these pieces of information, we use marked ideals. The term
marked ideal appears as early as the work of [Wloo4]. In the present text, the term marked
ideal does not refer to the concept present in [Wloo4], but rather the one that appears in
[BMo8].

Definition 2.75 (Marked ideal). A marked ideal J = (Z,N,E,J, d) is an algebraic structure
given by 5 objects, where:

® Zis a variety without singular points.

* N is a smooth closed subvariety of Z.

¢ L is an ordered collection of divisors such that (N, E) is snc at every point a € NNE,
and N ¢ E.

¢ Jis a coherent ideal sheaf defined on N.

¢ dis a positive integer.

If Y is an open subvariety of N, we will use the notation J|y to consider the marked
ideal (Z,NNY, Ely,JInny, d), where E|y and J|nny denote the respective restrictions to Y.
In case Z, N and E are understood we simplify the notation by expressing J as (J, d).
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The guiding strategy for finding the resolution sequence is to blow-up at each step the
collection of “most singular points”. The Hilbert-Samuel function is the main tool that
we will use for measuring how singular a point is. But for a family of varieties we can
dispense with this function and use instead the vanishing order.

Definition 2.76 (Cosupport of a marked ideal). Given a marked ideal J = (Z,N, E,J, d) we
define the cosupport of J as

cosupp(J) :={p € N:ordy(p) > d}.

In these terms, the resolution strategy is to find a subset of the set of points with maximal
vanishing order, in other words, when J = (Z, N, E, J, d) is arbitrary, we reduce the problem
of finding a desingularization sequence for J, to finding a desingularization sequence
for the marked ideal with the highest possible order, that is, the marked ideal given by
(Z,N,E,J, m), where m is such that cosupp((Z,N,E, I, m+1)) = 2.

The number d in the definition of marked ideal serves the purpose of bookkeeping the
desired order of vanishing for the ideal J. As such we require the definition of admissibility
to be related to this number.

Definition 2.77 (Admissible blow-up of a marked ideal). Given a marked ideal J =
(Z,N,E,7,d), we say that a blow-up o : Z' — Z with smooth centre C is J-admissible if
C C cosupp(J). We also say that C is an J-admissible centre.

Remark 2.78. Later in this text, we present the construction of the desingularization
invariant inv (see Subsection 2.7.4, c.f. [BM9g7]). For this procedure we only consider
marked ideals where the integer d is the maximum value of the vanishing order of J
in Z and so, this procedure only considers equimultiple centres. Nonetheless, if d is an
arbitrarily chosen integer, then a J-admissible blow-up does not need to be equimultiple.

Definition 2.79 (Resolution of singularities of a marked ideal). Let ] = (Z,N,E,J,d) be a
marked ideal. A resolution of singularities of J is a sequence of blowings-up

Z 5. 2 7y=2,
such that, if J, denotes the controlled transform of J in year k, then, for all k < t, o1 is

Ji.-admissible and if cosupp(J,) = @.

2.6.1 Test morphisms and equivalence of marked ideals

Definition 2.80 (Exceptional blowing-up). Given a blow-up morphism o: Z" — Z with
smooth centre C, we say that o is a E-exceptional blowing-up if there exist irreducible
components Eq, ..., E; of E such that C is the intersection N;_, E;.

Because we need three different kinds of morphisms we will give a name to refer to any
one of them.

Definition 2.81 (Test morphism). Given a marked ideal J = (Z,N, E,J, d), we say that a
morphism o : Z" — Z is a test morphism for J if o is either
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¢ a J-admissible blowing-up.
¢ an E-exceptional blowing-up.
¢ a projection morphism of the form o: Zx A" — Z.

Because we want to establish a result for resolution of singularities using blowings-up,
we need to provide the notion of transforms of marked ideals under a blowing-up.

Definition 2.82 (Controlled transform, total transform). Let
J=(Z,N,E7,4d)

be a marked ideal, where E is a reduced ordered divisor Eq,E5,...,Er. Leto: Z" — Z be
an admissible blowing-up morphism for J. We define

1. the controlled transform J' as the marked ideal determined by the following informa-
tion:
* N’ as the strict transform of N under o.
* E'as the divisor given by Ej + Ej +...+E{ + E;y1, where each E] is the strict
transform of E; under o and E, 1 is the exceptional divisor of o.
¢ J’ as the ideal sheaf such that, if g1,..., gs are a family of local generators of J in
U C Z and if w denotes a local generator of the exceptional divisor of o, then the
family of local generators of Jin U’ C Z’ is given by w—4g;j 0 0,...,w™dg5o0.
e d'=d
2. the fotal transform J* as the marked ideal determined by the following information:

N* as the strict transform of N under o.

E* as the divisor given by Ef +E5 +...+E] + E, 1, where each E].’ is the strict
transform of E; under o and E, 1 is the exceptional divisor of o.

e J* as the pull-back o*(J).

o d*=d.

We also need to establish a similar notion for the other two types of test morphisms.

Definition 2.83 (Transform by exceptional blowings-up). Let
J=(Z,N,E,7,d)

be a marked ideal, where E is an ordered reduced divisor with components Eq, E;, ..., E;.
Let 0: Z' — Z be an exceptional blowing-up for J. We define the (controlled) transform 3’ as
the marked ideal determined by the following information:

e N’ as the strict transform of N under o.

e E’ as the divisor given by Ej +E, + ...+ E/ + E,1, where each Ej’ is the strict
transform of E; under o and E, 1 is the exceptional divisor of o.

e J’ as the ideal sheaf o*(J).

o d'=d.
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Definition 2.84 (Transform by projections). Let J = (Z,N, E,J, d) be a marked ideal, where
E is an ordered reduced divisor with components Eq,E;,, ..., Er. Let0: Z' :=Z x AL —Z
be the projection onto Z. We define the (controlled) transform J' as the marked ideal
determined by the following information:

e N’ =01 (N).

* E’as the divisor given by Ej +E) +... 4+ E{ + Er1, where each EJ is o~ '(E;) under
o and E, is the exceptional divisor of o.

e J’ as the ideal sheaf o*(J).

o d'=d.

We finalize this subsection with the definition of test sequence.

Definition 2.85 (Test sequence). A test sequence of the marked ideal J, is a sequence of
morphisms

Ze 25 Zi g — . 2 7. (2.4)

such that each oy is a test morphism of J,,, where Jy, is the transform of J,,_; by ox_1,
and J, :=J.

Definition 2.86 (Equivalent marked ideals). Let J = (Z,N1,E4,J,dy) and J = (Z, N3, E2,J,
d;) be two marked ideals. We say that J and J are equivalent marked ideals if for any open
subset U C Z we have that any test sequence for (U, N; NU, E; NU,resy(J),dq) is also a
test sequence for (U, N, NU, E; NU, resy(d), d2), and vice versa.

In this work, the notation J = J strictly means that both quintuplets are equal.

2.6.2  Constructions associated to marked ideals

Definition 2.87 (Product of marked ideals). LetJ = (Z,N,E,J,d1),d = (Z,N,E, J,d2) be
two marked ideals. We define the product of J and g as

28: (Z,N,E,j'ﬂ,d‘[ +d2)/

where J - J denotes the product of the ideal sheaves J and J.
For a given marked ideal we define J' .= J, and for any n € IN, we define recursively
Qn — Q . Qn—1 )

Definition 2.88 (Sum of marked ideals). Let J = (Z,N,E,J,dy) and let J = (Z,N,E,J,d>)
be two marked ideals. We define the sum of J and g as

J+J:=(Z,N,E, g9/ ecdldid2) | gdi/gedldrd2) Jem(dy, dy)),

where J + J denotes the sum of the ideal sheaves J and J.

Remark 2.89. Notice that, given how we defined the sum of marked ideals we obtain that
J+J # J. Nonetheless, when we identify equivalent marked ideals, some fundamental
properties of operations of ideal sheaves are recovered for marked ideals.

July 3, 2025

32



2.6 MARKED IDEALS 33

For example, we have that for any marked ideal J, we have that J + J is equivalent to the
marked ideal J.
Also, for any marked ideals J;,J,,J3 we have

(31 +3) +33 #3; + (I, +33)-
But, (J; +3,) +33,3; + (I, + J3) are equivalent. Moreover, for any n € IN and for any

marked ideal J, we obtain that the marked ideals J™ and J are equivalent.

Proposition 2.90 (Lemma 3.8 in [BMo8]). Let I = (Z,N,E,J,d), J = (Z,N,E,J, e) be two
marked ideals. A centre C C Z is (] + J)-admissible if and only if C is J- and J-admissible.

Proof. Let a € C, and let mq denote the maximal ideal of the local ring Ox q.
Assume that a € cosupp(J) Ncosupp(d). Then for every f € J we have that ord¢(a) €
md, and for every g € J we have that ordg(a) € m§. In particular, orde/gae (a) €

mge/ ng(d’e), and ordja/geae (@) € mid/ng(d’e). Given that lem(d, e) ged(d, e) = de, we
obtain that a € cosupp(J +J).
The other implication follows a very similar argument. O

Remark 2.91. By successively applying Proposition 2.90 we obtain that C is admissible for
Jq,..., 3, if and only if itis J; + ...+ J,-admissible.

We now present a couple of results that help us in simplifying the computations of the
centres of blow-up of circulant singularities.

Lemma 2.92. Let J = (J,d) and § = (J, e) be two principal marked ideals of maximal vanishing
order, that is, d is such that

cosupp (J) # @ and cosupp((J,d+1)) = g,
and similarly for J. Then,
cosupp (J - J) = cosupp (J) Ncosupp ().

In particular, J - § has maximal vanishing order if and only if cosupp (J) N cosupp (J) # @.
Proof. Let f and g be local generators of J and J, respectively. Notice that

cosupp(3-0) =l € N o g € 5
d+e

= U ({a €N :fq € m]fl}ﬂ{a c’/l: ga € mg+€—k})
k=0

Notice that if k > d then
{aeN:foemk}=g,

and if k < d then
{aeN:g, emdte k=g,

Thus, J2¢ ({a€Z:fqaemf}n{a e N:gq € md+te7*}) is equal to the set

{aGN:fQEmg,ga emé},
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which is what we wanted to prove. O
By successively applying Lemma 2.92 we obtain the following.

Corollary 2.93. Let {J; = (J;,d;)5_¢ be a finite set of principal marked ideals of maximal
vanishing order. Then,

cosupp <ﬁ3> = h cosupp (J;).

j=1 j=1

Definition 2.94 (Derivative of a marked ideal). Let J = (Z, N, E,J, d) be a marked ideal. We
define the ideal of derivatives of J as the ideal generated by the elements f € J together with
their first order derivatives that preserve the ideal J¢ associated to the divisor E.

The marked ideal of derivatives of J is the marked ideal

De(d):=(Z,N,E,De(J),d—1T).
We also define for each n > 1,ab
DE(I) = De(DE(9)),
and when n = 0 we define 2% (J) :=7J. When E = @ we denote D¢ (J) and D¢ (J) by D™(J)
and D"(J), respectively.

Lemma 2.95 (Lemma 3.2 in [BMo08]). Let J be a marked ideal. Then
cosupp(J) C cosupp (D (1)),

forany 0 < k < d— 1. Moreover, if E = & then equality holds.

Proof. By definition, if a € N is such that ordg(a) > d, we have that ord¢(a) > d for any
f € call. Thus, for any f’ € D(J) we have that ord¢/(a) > d — 1, in particular for those
derivatives that preserve Jg. Applying this successively, we obtain the first part of the
claim.

Assume now that E = & and consider f € J such that one of its derivatives ord¢/(a) <
d —1. Then, ord¢(a) < d, and so f ¢ cosupp (J). O

Let us now present the derivation rules for blowings-up. Let 0 : Z — Z be an admissible
blow-up for X — Z with centre C. We can find an appropriate local coordinate systems
(x1,...,%xn) in Z centred at o(a) and (y1,...,yn) in Z’ centred at a such that for some r
we have

. Yk fog<k<r
o (xi) = _
Yryx ifr<k
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Because o defines an isomorphism outside some strict subvariety of Z’ we have that the
derivation rules for functions in Oz and Oz are the same. In particular, we can apply the
chain rule in order to obtain

0
— ,ifo<k<r
aykn
0 Xj 0 0 .
— = = —S—+— ,ifk=r
Oxx j_;ﬂ X2 0yk  Oyk
10
—_— ,ifk>r
Xr 0Yx
Or equivalently,
0 0
B , for0 <k
o dur or <r
d = d d
Xrr— =— ~— T Yrz— ,fork=r
T an k;] Yx ayk Yr ayr
0 0
XkW:ykayik , fork >r

and consequently for all f € Oz we have that

1 of 0 foo (2.5)
g T Ty Lyt )’ 2
1 of foo 0 (fOO‘) i <foO‘>
yi ! oxk yd Yoy, 0yr Z yd
1T of 0 (fo G) (27)

depending on the value of k.
Proposition 2.96 (Lemma 3.3 in [BMo8]). Let I = (Z,N, E,J, d) be a marked ideal and let
0:2' -+ Z,

be a J-admissible blow-up. Let 1’ denote the transform of J by o and let D ()" denote the strict
transform of Dg (J) by o. Then, o is D (J)-admissible and Dg,(3") C D (J)".

Proof. The fact that o is D¢ (J)-admissible is a consequence of Lemma 2.95. We know that
any element of D, (J’) is a partial derivative preserving E’ of an element of J’. Let f € J’
and assume that yy is such that af - preserves E’, then there exists an affine subvariety

U C Z where the local expression of the strict transform of 57— is the left-hand side of one
ha

of the equations (2.5), (2.6) or (2.7). Given that

of D (J)’, we obtain the second claim. O

Corollary 2.97 (Corollary 3.6 in [BMo8]). Any test morphism for J is a test morphism for D*(J)
for any 0 < k < d — 1. Moreover, for any test sequence Zy ~% ... 2% Zo := Z, if ¢ denotes
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the transform of € by the composition ¢ := ot o...o0 01, J; denotes the transform of J by o, and
Q]E (J)+ denotes the transform of Q]E by o, then

DE(I): € DE (9.

Proof. Notice that exceptional blowings-up and projection morphisms are not stated in
terms of the ideal sheaf J, and so they are test morphisms for QE (J) too. The rest of the
claims follow by successively applying Proposition 2.96. O

Definition 2.98 (Coefficient Ideal). We define the coefficient ideal associated toJ = (Z, N, E,J,
d) as

d—1
Ce(D) =) D).
k=0

Similarly as before, when E = @ we simplify the notation to C(J).

Remark 2.99. By Corollary 2.97 we have that any J-admissible centre is also DF(J)-
admissible, for any k. Thus, any J-admissible centre is C¢(J)-admissible. On the other
hand, given that 2% (J) = J we have that any C¢ (J)-admissible centre is J-admissible.

Theorem 2.100 (Theorem 3.10 in [BMo8]).

1. Any test morphism of J is also a test morphism of Cg (J).

2. Let o be an J-admissible blow-up, let £’ be the strict transform of E by o together with the
exceptional divisor created by o and let
ucalCg (J)’ be the transform of Cg (J) by o. Then

cosupp (Cg/ (1)) = cosupp (Cg (9)").
3. Any test sequence for J is a test sequence for Cg (J).

Proof.

1. This is an immediate consequence of Remark 2.99.
2. By Corollary 2.97 we have that cosupp(Cg/(3’)) C cosupp(Cg(J)’). On the other
hand, we have that

cosupp (Cg (9)") = NAZ ) cosupp (DF(9)")
=C cosupp (')
=c NdZ} cosupp (DE,(37))
= cosupp (C¢/ (1)

3. This follows by successively applying item 2 finitely many times.

Proposition 2.101 (Corollary 3.11 in [BMo8]). J and Cg (J) are equivalent ideals.

Proof. Given that J is one of the summands of C¢(J), we have that any test sequence of
Cg () is a test sequence of J. We thus obtain what we wanted to show. O
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Definition 2.102 (Maximal contact hypersurface). Let J = (Z,N,E,J, d) be a marked ideal.
Let z € On be such that H := V(z) is smooth and irreducible in an open subvariety U C N.
We say that H is a maximal contact hypersurface of J at a € U if

¢ the pair (H,E)issncin Uand H ¢ E,
¢ there is some open subvariety a € V C N such that

Jv + (Z,Nly, Elv, (z)lv,1) = Jlv.

Remark 2.103. Let J = (Z, N, E,J, d) be a marked ideal such that E = @. Let a € cosupp (J)
be such that a ¢ cosupp((Z, N, E,J,d + 1)). We claim that there exists at least one maximal
contact hypersurface H of J at a. Given that a ¢ cosupp((Z,N,E,J,d + 1)), we have that
the generators of D%~ (J) have vanishing order 1 in some open subvariety V  N. Let
z € D971 be such an element. Given that E = & the first condition for maximal contact
hypersurface is trivially verified. On the other hand, we know that

and thus, V(z) is a maximal contact hypersurface for J at a.

Notice that if
Ze 25 02 7,

is a test sequence for J = (Zp,N,E,J,d) consisting of admissible blowings-up, and if
Ji = (Z¢, N, E, Iy, d¢) is a marked ideal equivalent to a principal ideal of vanishing order
1, then the test sequence defines a resolution of singularities of V(7).

Informally speaking, finding a resolution of singularities of marked ideals helps us find
a resolution for a variety, because if X < Z is a variety embedded in a smooth variety, and
if J is the reduced ideal associated to X then we can consider the sequence of blowings-up
that blow-up the stratum of points with maximal value of the desingularization invariant
for the marked ideal J := (Z,Z, >, 73, d) with d = maxord(J). Notice that the marked ideal
Jd=1(Z',Z',E,J,d) given by the controlled transform of J under this sequence of blowings-
up satisfies that cosupp(J) = @. Thus, we now consider the ideal J; := (Z’,Z',E,7,d—1)
and use the desingularization invariant to find a sequence of blowings-up such that the
controlled transform of J; under this sequence has empty cosupport. We continue iterating
this process on like this until we obtain a marked ideal with maximal order equal to 1. The
strict transform X’ of X under the composition of these sequences of blowings-up gives us
a resolution of singularities of X.

2.7 DESINGULARIZATION INVARIANT

In this section, we present some key concepts involved in the proof of the main desingular-
ization theorems in [BM9g7] and [BMo8]. The key object in the main result of both works
is the desingularization invariant, inv := invy. Given that the language of marked ideals is
more convenient for the presentation of the tools and techniques involved in this process,
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the construction we present is in terms of marked ideals, as in [BMo8]. Let us provide
a short description of inv. Consider a marked ideal J = (Z,N, E,J, d), and let X denote
cosupp (J). Given an J-admissible blow-up sequence

Ly Zi_q Zo:=71
Xt i} Xt_] — ... 2} XO = X, (2.8)
Et Ei 1 Eo:=E

there exist functions inv : Xj. — A for each 0 < k < t such that each function inv : X — A
depends on the functions inv : X; — A for all j < k; where A is a fixed partially ordered
set. This construction can be carried out even if the sequence of blowings-up is empty, that
is, when t = 0. Two important properties of inv are

¢ the set of points S; with highest inv-value is a smooth closed subvariety of X,
¢ the blow-up o1 with centre S is J;-admissible.

The main desingularization theorem of [BMg7] and [BMo8] states that given any marked
ideal J, we can successively blow-up the collection of points with maximal value of inv,
and after finitely many blowings-up, we obtain that cosupp(J) = @. In particular, if we
apply this theorem to a marked ideal of the form (Z, Z, E,Jx, 1), we obtain that after finitely
many blowings-up we can resolve the singularities of a pair (X, E)".

The goal of this section is to present a procedure that allows us to compute a simplified
version of inv. We do not provide a proof that this construction satisfies the properties that
are involved in the proof of the main desingularization theorems of [BM9g7] or [BMo08]. We
also refer the interested reader to the Crash course on the desingularization invariant in the
Appendix of [BM12], where we can find a brief presentation of the construction of inv.

The construction of inv that allows to find a resolution procedure for all varieties involves
the computation of the Hilbert-Samuel function. In order to provide a simple procedure for
computing the invariant, it is much better to present a simpler version which only involves
computing the order of an ideal.

2.7.1  Posets and the space of values of the desingularization invariant

The purpose of this subsection is to construct the space of values of both version of the
desingularization invariant.

Definition 2.104 (Partially ordered set, totally ordered set). Given a set A, a relation
<C A x A is said to be a partial order on A if it is

e transitive, that is, if x <y and y < z then x < z.
¢ reflexive, that is, x < x for any x.
* asymmetric, that is, if x <y and y < x then x = vy.

If < is a partial order of A then we say that A is a poset.

More precisely, the resolution of singularities of the pair is given by the sequence of blowings-up of the
resolution of the marked ideal J before the last blow-up
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If < is a partial order on A such that for all x,y € A with x # y we have that either
x <y or y < x is satisfied, we say that the order < is a total order. In this case we use the
notation x < y.

Remark 2.105. If X is a totally ordered set with respect to < then any subset Y is also a
totally ordered set with respect to <.

Example 2.106. The extended real numbers R := R U{co, —oo} form a totally ordered set
with the standard order.

Example 2.107. The natural numbers IN C R form a totally ordered set.
Example 2.108. Q>1:={q€Q:q>1}C R is a totally ordered set.

Example 2.109. The set {0, oo} C R with the relation given by 0 < oo is a totally ordered
set. Notice that {0, oo} satisfies that for all x € Q> and for all y € {0, 00}, x <y ory < x.

Example 2.110. The set
H:= {f : Z>0 — Z>o}

can be given the structure of a totally ordered set. For this, consider the order given by
f < g if and only if there exists m € Z>, such that f(m) < g(m) and, for all k < m,
f(k) = g(k).

Notice also that the set of increasing finite (possibly empty) sequences

J:={y1,...,yr) tyx € Z>p, forall 1 <k <r, and y; < ... < yr}

can be given the structure of a totally ordered set. This is because there is an injective
map J — H mapping (y1,...,yr) to the function f(k) :=yxy7 foral 0 < k <r—1and
f(k) = 0, otherwise. This allows us to compare any two finite (increasing) sequences, and
using this relation, we obtain (y1,...,Yr) < (Y1,...,Yr, a1,...,0pr).

Example 2.111. Given a totally ordered set X, the set X x Z3 is a totally ordered set with
respect to the relation (x,n) < (y, m) if and only if x <y or (x =y and n < m).

Definition 2.112 (Dictionary set, lexicographic order). Let n € Z3(. Consider n + 3 totally
ordered sets

(AO/ <O)/ (A] ’ g] )/ ceey (An/ gn)/ (An+1 ’ <n+1 )/ (An+2/ <n+2)

such that there exists a totally ordered set X satisfying that for all 1 < k <n+ 1 we have
that A¥ C X and for all x € A* and for all y € A™*! we have that x < y or x > y. We
define the dictionary set

A= UAOXA1 X ..o x AR x AT s Am 2
k=1

and we equip it with the lexicographic order, which we define as follows. Let a = (a°, ...,

ak), b= (19...,bk2) € A, we say that a < b if and only if one of the two following cases
holds:
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e there exists k < min{kq, k»} such that for each j < k, we have a) = bl and ak <y bk.
e k1 < k3 and for each j < kq, we have @) = bJ.

Example 2.113. Fix n € IN and consider the totally ordered sets

e AO:=H x Zx>o,

o Ak .— Q1 xZso, foralll <k <n,
e AN =10, 00},

o ANt2 ..

See Example 2.110 for the definition of H and J. Notice that if (x,d) € A* (1 <k <n) and
y € A™1, then we may compare them by means of the relation (x, d) <y if and only if
x < Y. Define X as the dictionary set on AO ... ANtZ

Example 2.114. Fix n € N and consider the totally ordered sets

i AO = Z}] X Z}O,

o AK:=Q51 xZso, forall1 <k<mn,
o AN =10, 00},

o ANFZ =T,

See Example 2.110 for the definition of J. Define 1, as the dictionary set on A, ... Ant2,

In general, the values that invy adopts will be of the form

(H,s"), (v?,8%),0, (V7 8™),0, (Y1, -+ yr)),

or
((H,s"), (v2,5%),..., (¥",s™),00),

with the understanding that the latter has an empty sequence in JJ, where H is a Hilbert-
Samuel function (see Subsection 2.7.2) of a closed point.

Definition 2.115 (Upper semi-continuity). Let t : X — X be a function from a topological
space X to a poset X. We say that 1 is upper semi-continuous if

* The image (X) is a finite set.
e Forany s € X, {x € X : (x) > s} is a closed subset of X.

The space of values of invy is the dictionary set L (see Example 2.113) as it uses the
Hilbert-Samuel function to construct an infinitesimal presentation (see [BMgy] for more
details). For simplicity, the construction we present in Subsection 2.7.4 is a simplified version
inv that can be used for the desingularization of hypersurfaces.

2.7.2  Hilbert-Samuel function

The purpose of this subsection is to present the definition and fundamental properties of
the Hilbert-Samuel function, as this function is the first entry of invj.
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Definition 2.116 (Hilbert-Samuel function). Let (X, Ox) be a variety over an algebraically
closed field K, let a € X be a closed K-point and let m, be the maximal ideal of the stalk
Ox,q at a. We define the Hilbert-Samuel function of Ox at a as the function H: Z>o — Z>0
given by

Hxla(n) = dim]K Oxla/m2+1 .

There are a couple of remarks worth pointing out.

Remark 2.117. Let X be a variety over an algebraically closed field K, and assume that
H(1) =d+1.Let g1,...,94 € Ox,q be such that their equivalence classes generate m /mﬁ.
This allows us to construct an embedding U — A, for some neighbourhood U 3 a. On
the other hand, any set of generators of my/m% may be lifted to a set of representatives
g1,...,94 € Ox,q by Nakayama’s lemma. Thus, d is the smallest dimension of a smooth
variety Z admitting a closed embedding U(C X) < Z. Because of the above, we say that d
is the local embedding dimension of X at a, which we denote by ex(a).

Remark 2.118. In the special case where X — Z is a hypersurface, Z is smooth and a is
singularity of X, we have that ex(a) > dim X by definition of singular point. On the other
hand, because X admits a local embedding into a variety of dimension dim X 4- 1, we have
dim X+ 1 > ex(a) > dim X. Thus,

H(1) =dim X + 2.
Remark 2.119. Assume X is a hypersurface where ordx(a) = d. Notice that for any k € IN,
Hx,a(k) = Hx,a(k—1) = dimg (m§ /mg ™).

Moreover, if 1 < k < d, we have

. k+dimg Y —1
dimg (m%/m&1) = ( - )

and if k > d, we have

k+1

dimy (mk /mk+1) = (k+d1maY—1) B <k—d+dlmaY—1).

k k—d

Thus, if X is a hypersurface at a and b of the same dimension, then Hx 4 < Hx p (see H in
Example 2.113) if and only if ordx(a) < ordx(b).

Let us now present the properties of the Hilbert-Samuel function that ensure that the
desingularization algorithm is well-defined and terminates are the following.

Proposition 2.120 (Bierstone, Milman; Theorem 1.14 and Theorem 9.2 in [BM9g7]). Let X be
a variety, and let H : X — H denote the Hilbert-Samuel function, that is

H(a)(n) = dimy (ox,a/mg“) )
Then,

1. H is upper-semicontinuous.
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2. H is infinitesimally upper-semicontinuous, that is, if C C {a € X : S(a) = h} is closed,
and if o denotes the blow-up of X with centre C, then for any a’ € o~ '(a) we have that
H(a’) < H(a).

3. The image H(X) is a finite set.

The proofs of item 1 and item 3 can be found in Theorem 9.2 and Lemma 3.10 of [BM97],
respectively. The proof of item 2 can be found in Proposition 6.13 of [BM9g7] (cf. Theorem
1.14 in [BMo7]).

2.7.3 Main desingularization theorem and relevance of hypersurface case

Let us provide the statement of the main desingularization theorem. Given that the
language of marked ideals is better suited for the techniques involved in the proof, we
present the statement in terms of a resolution of marked ideals..

Theorem 2.121 (Theorem 7.1 in [BMo8]). Let 3 = (Z,N, E,7, d) be a marked ideal, with d > 0.
Then, J admits a resolution of singularities

Zi oo o) Zo=Z
—_ ... — ,
J¢ Jo=1

satisfying the following properties:

1. There exist upper-semicontinuous functions inv defined on cosupp (J;) for each j, taking
values in the partially ordered set defined in Example 2.113,
2. Each centre of blow-up is given by the locus of points with maximal value of inv,
3. The functions inv are infinitesimally upper-semicontinuous, that is, if a € cosupp (J;,1),
b = oj41(a) then
¢ inv(b) =inv(a) if b ¢ C;,
¢ inv(b) <inv(a) if b € C;j.

In order to obtain a result similar to Theorem 2.121, for pairs (X, E), we can construct
the functions inv x g by defining invx g) as the invariant inv associated to the marked
ideal (Z,Z,E,Jx, 1), where Jx denotes the ideal sheaf associated to X.

These functions invy are constructed in such a way that the first entry of inv;(a;) is
the Hilbert-Samuel function of Ox; at a, where X; := V(J5). Let us recall the fact that the
Hilbert-Samuel function at a point a € X is of the form

(],ex(0)+1,...),

(see Remark 2.117 and Remark 2.118). Thus, after finitely many steps, we may assume
that the sequence of blowings-up with centres of maximal values of invy will necessarily
take us from a general marked ideal J to a marked ideal J " such that the entries of the
Hilbert-Samuel function, at any point a € X, are of the form

(1,dimg X +2,...).
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In other words, we can always reduce the general case, to a hypersurface case.

The main relevance of the hypersurface case is that we can exchange inv by an invariant
that can be computed in a simpler way. In particular, it does not require computing the
Hilbert-Samuel function, yet it still determines the same centres of blow-up. More precisely,
we may replace the first entry of inv by the vanishing order of a suitable ideal related to J
in the respective year (see Remark 2.119).

2.7.4 Recursive definition of the invariant in the hypersurface case

Consider a hypersurface X of a smooth variety Z, together with an ordered exceptional
divisor E = D7 + D, +...+4 D,. Consider a blow-up history

X=X 5 Xq = ... I X=X,

and let Ey/ be the respective transform of E at year t’, that is, Ey/ is the collection of strict
transforms of Dy, ..., Dy in year t’ together with the respective transforms of the divisors
created by the blowings-up in all years < t’.

We can define functions inv : Xy — 1, (see Example 2.114) such that inv(xt/,Et,)(a’ ) <
inv(xt,,Et,)(b’) if and only if inv(a’) = inv(b’) for all a’,b’ € Xy.. That is, we can replace
the desingularization invariant which uses the Hilbert-Samuel function in its first entry,
by a simpler desingularization invariant that can be constructed directly using only
information of the marked ideal. Because of this, from this point on, we deal exclusively
with the case where X is a hypersurface embedded in a smooth space Z.

The goal of this subsection is to present a procedure that allows us to compute inv
in year t after having computed inv in years t —1,...,0. Said procedure is recursive in
dimension. Let us be more specific. Assume that we have computed inv at every year
t’ <'t, and that for each year 0 < t’ < t the centre of the blow-up in year t’ is inside the
locus of points Sy/ C Xy with maximal value of inv. Given a marked ideal of the form
1° = (Z,Z,%,9,d) = (Z¢, Z¢, Er, It, d¢) we can compute the first entry (vy,s1) of inv(a),
and the rest of the entries are determined using a marked ideal J 1= (Z,N',E',J,e) where
dimN' = dimZ —1, and 7' and e are defined in terms of 7°. In general, once we have
determined the first k entries (v1,s1),..., (Vk, sk) of inv(a), we may use the marked ideal
J* to construct (Vk+1,8k+1). To proceed to the next step we replace J* with the appropriate
marked ideal 7¢t". The construction of these marked ideals is such that, after finitely
many steps, we have that J™ = 0 or J™ is a principal ideal generated by monomial ideals
in the variables that define the irreducible components of E. Using an inductive argument,
we may assume that ordj«x(a) > d. Thus, we have two cases:

1. the marked ideal 7% has maximal order at a, in other words,
ordgc(a) = d* or
2. ordqx(a) > d*.

Assume that we have already computed (v1,s1),...,(Vvk,sk) entries of inv(a). Ex-
press the ideal gk = (Z,NX,E, Ik, d*). We have two possibilities, either ordsx(a) > d
or ordgk(a) = d. In the case where ordx(a) = d*, we define v**! := 1, and we do not
need to modify J*.
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Assume that ordy« (a) > d*. Our goal is to construct a marked ideal § (9%) = (Z,NXE,
G(7%), e¥), which we call companion ideal, whose cosupport is inside the cosupport of gk
and such that

ordg(gk)(a) =ek.
In this case, v¥ is given by ordj«(a)/d*.

Let y1,...,Yr € Onk be the generators of all the irreducible components of E passing
through a (given that the information for inv is local, we may assume that all components
Dy, ..., Dy pass through a), and define M(J*) as the principal ideal sheaf generated by
the monomial in yj, ..., Yy, such that if R(Qk) is the ideal sheaf satisfying

gk = M(7*) - R(I9),

then no element R(J*) is divisible by any y1,...,yr. We say that M(J%) is the monomial
part of J% and R(J¥) is the residual part of gk,

If M(J*) = J*, then we are in one of the special cases indicated in the paragraph above.
We indicate how to deal with this particular case at the end.

Thus, let us assume that R(J*) is not the zero ideal. We are now presented with two
possibilities, either ordgg)(a) > d® or ordg(gy(a) < dk. If d’ = ordg(g)(a) < d* we
define the ideal

§(3%) := (Z,N¥,E,R(T%),d") + (Z,N*, E,M(3"), d* —d"). (2.9)
In the case where ordg(5)(a) > d* we define
G(9%) := (Z,N¥,E,R(J%), ord g v, (). (2.10)

In short, we may replace gk by a related marked ideal

§(3%) = (Z,N*,E, G(7%),€") (2.11)

such that ordg ¢, = e*. In order to compute s*, we have to consider the first year t’ such
that the image a’ € X/ of a satisfies that the first k couples of the invariant at a’ are the
same as those of a and v¥*! at a’ is the same as that of a. We call this the year of birth of
v<tT Let D{ +...+D{_ be all the divisors of s passing through a’. We define s* :='s.

Define EK+1 .= E — Di, —...—Dj,,and let €= (Z,N, EX*T @, D) be the coefficient ideal
with respect to EX*T of the marked ideal

S
(Z, NS EXTT, 6, 1)+ 3 (Z, NS EXT (yy)), 1),
j=1
where G := §(J%). We define the ideal
77 = (Z,N* N V(2), EXT, e(3%), D),

where z is a maximal contact hypersurface of § on a neighbourhood of a. Because § has
maximal order at a, we have that QkH also has maximal order at a.
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After finitely many steps, we reach the case dim N™ = 0. In this case, the only possible

proper ideal of Onn is 0, and we define v**! := oco.

Let us finally address the case where M(J*) = J¥. In this case, we define vkt := 0.

Express M(J¥) = (y{' ... y%) and express the components of E passing through a
Di+...4Dy=V(y1)+...+ V(yy).

Notice that a centre of the form C = V(yi,,...,yi,) C N¥ is equimultiple if and only
Zf:1 i > d*. In order to uniquely identify an equimultiple centre from all the options,
we select the one minimizing {. In case there are two distinct ordered sets i; < ... <1y,
i{ <...< ié of indices that are minimal, and such that the sum of the respective powers
exceeds d*, we choose the smaller one with respect to the lexicographic order comparing
(i1,...,1¢) and (i},...,1p). If (i1,...,1¢) is the smallest set, we define the J-invariant as
(i1,...,1¢), and in this case inv is of the form

((V]IS1)I (VZISZ)/”'/ (Vklsk)lo/ (i]/"'riﬂ))'

For homogeneity of notation, if v¥ = oo, then inv can be thought of as having appended
a J-invariant with an empty sequence of indices.

From now on, we drop the inner round brackets of the invariant, and we drop the
J-invariant from the notation, as this is only dealt with when J* is monomial, for some k.
In other words, we will use the notation

or
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CIRCULANT SINGULARITIES

A class of singularities that plays a central role in the partial desingularization procedure
we present is that of circulant singularities, an example of which is the pinch-point of the
Whitney umbrella. Circulant singularities are named after circulant matrices, as circulant
matrices can be used to define a simple local expression of a circulant singularity. One
of the defining properties of a circulant singularity is the existence of a local action by a
cyclic group.

This chapter is divided in two parts. The first part concerns the notion of circulant
singularities, and the proofs of the relevant properties to the main results of this thesis. In
the second part of this chapter, we present group precirculant singularities, which are a class
of singularities admitting a local action by an abelian group, thus generalizing the notion of
precirculant singularities. The latter part of the chapter is not relevant to the main results of
this thesis, but I believe that the notion of precirculant singularities could be useful for
partial desingularization in higher dimensions.

3.1 CIRCULANT MATRICES

In this work, we use circulant matrices to define the notion of circulant singularities.
Circulant matrices enjoy a lot of properties, and because of this, let us present the ones
that are used in this work. Two good references on the properties of circulant matrices are
[KS12] and [Dav7y9]. Let us begin by recalling the notion of permutation matrices.

Definition 3.1 (Permutation matrices). Let R be a ring and fix n € IN. Given a permutation
o € S, we define the permutation matrix associated to o as the matrix P, € Maty, xn(R)
whose entries are defined as (Pg)ij := 04(1) j, Where 6 denotes the Kronecker delta function.

Lemma 3.2. The map o — P is a group homomorphism Sy, — GLy (R).

Proof. Let 0,7 € S be two permutations. Notice that, for any 1,j € {1,...,n} we have

n
PU PT ZPle PT
k=1

= (Po)io(i)(Pt)oi)t(oi)

(Pcm)u
Consequently, the association o — Py is a group homomorphism. Moreover, this homo-
morphism is injective, as Py = I if and only if o(i) =iforalli e {1,...,n} O
Definition 3.3. Given a positive integer n € IN, we consider the n-cyclec = (12 ... n) €

S, and we define the matrix E := Pg.



3.1 CIRCULANT MATRICES

Let us depict the matrices E, EZ,E3,E?, in the case n = 4.

— O O O
o = o O
o = O O
— O O O

0
0
1
0

—_ O O O

0
0
1
0

— O O O

0
1
0
0

o o = O
o O = O
o O o =
o O o =

1
0
0
0

o O o =
o o = O

Remark 3.4. Because the group homomorphism that we defined is injective, and given
that E is the matrix associated to a cyclic permutation of order n, we have that the minimal
polynomial of E is mg(A) =A™ —1.

Definition 3.5 (Algebra of circulant matrices, circulant matrix). Let R be a ring and let
n € IN. We define the algebra of circulant matrices as the R-algebra generated by E, that is,

Circn (R) := R[E] =~ R[x]/{(x™ —1).
Any element of Circy (R) is called a circulant matrix.

Definition 3.6 (Induced circulant matrix, A,,). Given indeterminates xo, ..., xn_1 we define
the circulant matrix associated to (xg,...,Xn—1) as

X0 X1 X2 «.. Xn-—1
Xn—1 X0 X1 ... Xpn—2
Clx0,+v-,Xn—1) =
X1 X2 .. ... X0

We also define A, (xg,...,xn—1) :=det(C(xg,...,Xn—-1)).
Given (ro,T1,...,Tn—1) € R™ we define the circulant matrix associated to (rg,...,Tn_1) as

Clro,...,Tno1) =70l + T E+mE*+.. .+ 11 E™ "

Remark 3.7. Assume that R is a ring containing a primitive n-th root of unity, and call it «.
Then, notice that, for each k € {0,...,n — 1} we have

5(n—1)k €(n—l)k

Notice that E admits n linearly independent eigenvectors. Thus, E is diagonalizable. In
fact, Circn (R) C Maty «xn (R) is a collection of simultaneously diagonalizable matrices. Let us
formulate a more precise statement (see Proposition 3.10), but let us first provide a useful

definition.
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Definition 3.8 (Discrete Fourier Transform). Let ¢ € R be a primitive n-th root of unity.
We define the discrete Fourier transform (DFT, for short) as the matrix F whose ij-th entry is
Fij = e(-=D0~1 in other words,

1 1 1

1 € en!
F=

1 snfl 8(‘rL 1)(n—1)

Remark 3.9. Given 1i,j such that i # j notice that

n n
Z£n+171k1)£k1)1 § £n1+) -1)

k=1 =1

:{ 0 ifnt(—1i)

n else

~

An immediate consequence of the previous observation is

1 1 1
] 1 gn! -
n
1 E(n—])(n—l) en—l

Proposition 3.10. Let R be a ring containing a primitive root of unity €, and let (vo,...,Th—_1) €
R™. Then,

A O ... 0
] 0 A ... 0
F'C(ro,...,tn1)F=| _ o ) (3.1)
0 0 ... An_q
where
Mei=To+T1e+.. . +1n_1€¥ foreachO k<n-—1.

Consequently, we have

n—1 [fn—1

det(C(ro, ..., Tn_1) H ZT‘)

k=0 =

3.2 CIRCULANT SINGULARITIES

Example 3.11. Let ¢ be a primitive n-th root of unity, let G be the cyclic group of order
n generated by g € G, let R = Clw,x1,...,xn_1,zl, and consider the finite extension
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S=Cv,x1,...,%Xn—1,2], where v is a formal n-th root of w. We can define a G-action on S
by extending the maps

(g, V) = ev, (g,xk) = xx, (g,2) = z.
For each 0 < k < n— 1 define
fx i =z+ ekvkm + EZkVZkXZ + . ey

Notice that g - fi = fix 1. Then,

H i = det(C(z,vx1,v*x2, ...,V xn_1)).

Remark 3.12. Let us carry out a slightly more general construction as the one in the previ-
ous example, as this will prove useful in Chapter 4. Consider the rings R = C[wy,..., Wy, X,
z] and S = C[vy,...,vr, %, z], where each vj is a formal n-th root of w;. Assume that f € R
is irreducible but f = fy...f,_1 € S. Let ¢ denote a primitive n-th root of unity. Let G
denote the cyclic group of order n with generator g and notice that, for each 1T < j < r there
is a G action on S induced by g - v; = ¢v;, and acting trivially in the rest of the coordinates.
Let us focus on the action of G in one of the coordinates, say v1, as the following remarks
work the same for the rest. Because G acts trivially in vi* we have that G leaves f invariant,
but permutes the roots f;. We may rearrange the indices of the fj in such a way that
gkfj = fj k for all j, k, where g is a generator of G. Then, the entries M; 7 of the matrix of
the diagonal lift are given by

1 n—1 3
yi=— ) & If. (3:3)

n
j=0

Notice that
. P
g- (i) = Z ete Vi (g fy)
— Z e~ tG+1) n 1f]+]

n—
:\)1 yi-

Thus, there exist my,..., mp_1 € Z>o with my =k mod n such that
Yi = V;nigi/
where U; € R and wty;. By Corollary 3.47 we have that

/Mg ).

f = det(C(go, W™/ ™gy,..., W) Un—1

Definition 3.13 (Circulant singularity, Product of circulants). Let X be a hypersurface of
a smooth K-variety Z. We say that a € X is a circulant singularity if there exists a regular
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coordinate system w,x1,...,Xn—1,2Z,U1,...,Uq at a such that the ideal Jx restricted to
some affine neighborhood U of a is of the form

Ixlu = (An(z, W ™xq, ., w1/ ).

If there exists a coordinate system W, X1 1,...,X1n,,-+-,Xd,1,-+-, Xdng Z1s++ -, Zd, Wi, e ..,
Ugq such that the local expression of Jx in some affine neighborhood U around a is of the
form

d
1 —1
<H Ank (Zklw /nkxk,] AR /W(nk )/nkxk,nkfl )> ’
k=1

we say that X is a product of circulants at a.

As a word of warning, notice that the definition above is not an arbitrary product of
circulants. In particular, we require that all the factors share a single common coordinate
which adopts fractional powers.

Let us finalize this section by showing that if X is the zero locus of

(n—=1)/n

f(w,x,z) = An(z,wV“x],...,w Xn—1),

then the normalization X of X is smooth.

To achieve this, we want to construct a smooth variety Y together with a finite birational
morphism 7: Y — X. Let Ry := K[w, x1,...,xn—_1]lz], and let X := Spec(Ro/(f)). Consider
the morphism

* n
Ro — Ry = Ro[\/]/<v —W>.

By (3.3), ¢(f) splits into n linear factors fy, ..., fn in Ry, and so the morphism

8
R] /(f(\)n, X, Z)> 11)—) Rz = R1 /<f1>
is well-defined. Notice that ¢* descends to the quotient, giving us a morphism

$ﬁ
Ro / <f> — Rz.
Because f; is an element of vanishing order 1, we have that Spec(R,) ~ Spec(K[w, x]).
The variety Y we are looking for is Spec(K[w, x]).

We now claim that the morphism Y m X is birational. To achieve this, we want to
show that Frac(Oy) ~ Frac(Ox), and given that R, = Ro+ Rov+...+ Rov™ 1, it suffices
to show that v € Frac(Ox). More precisely, we want to show that there exists s € Frac(Ox)
such that s™ = w.

Remark 3.14. In the same fashion we construct the field of fractions for an integral domain,
we may construct the total quotient ring Q(R) of a ring R, by localizing all the non-zero
divisors of R. If R is a noetherian reduced ring, and p1, ..., pn are its minimal prime ideals,
then Q(R) is isomorphic to the product Frac(R/p1) x ... x Frac(R/pn). Notice that the
minimal prime ideals of R uniquely determine the number of factors in the product.
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Proposition 3.15. Let f € K[x], g € K[y] be irreducible polynomials. Let Ly be the splitting field
of f and let L be the splitting field of g. Then, the number of irreducible factors of g in L[y is the
same as the number of irreducible factors of f in Lg[x].

Proof. Due to Pierre Lairez. Notice that the number of irreducible factors of g in L¢[y] equals
the number of minimal prime ideals of L¢[y]/(g), which is the number of components of
Q(L¢lyl/(g)). On the other hand, we have

Lelyl/(9) ~ Kix, yl/(f(x), g(y)) =~ Lglx]/(f),

giving us what we wanted. O

Define K := Frac(K[w, x]), and consider the polynomials g := v* —w € K[v] and f € K[z].
By Proposition 3.15, the number of irreducible factors of g in L¢[v] is the same as the
number of irreducible factors of f in K[v]. But by (3.3), we have that f € Lg[z] splits into
n irreducible factors. In other words, v € L¢[v]/(g) is algebraic over L¢. Notice also that
Lylz]/(f) ~ Ro. Given that g is a monic polynomial, we have that v is integral. Let us
summarize the previous arguments in the following.

Proposition 3.16. Let X be a variety, let X = be the normalization of X, let a € X be a cp(n)
point of X. Then, X is smooth at all points a’ € ' (a).

3.3 FURTHER PROGRESS

In this section we use the tools of representation theory to present the construction of
group circulant matrices and group precirculant singularities.

The notion of group circulant matrices can be found in [DRgo] and [KW13]. The notion
of circulant singularities can be found in [BM12], under the name of cyclic points. The
notion of group precirculant singularities is an attempt to generalize the notion of circulant
singularities, in the case where the group acting on the splitting factors is an abelian group.
In this case, we may use representation theory in order to define the Discrete Fourier
Transform, allowing us to express a product as the determinant of a group circulant matrix.

Notice that we do not provide a definition of group circulant singularity. This is because
we want to reserve the definition of group circulant singularities for the minimal family
of local normal forms obtained after an application of a splitting theorem followed by a
cleaning procedure, as in Theorem 1.4 and Theorem 5.1; a cleaning procedure remains to
be developed for group circulant singularities.

The objects presented in this section are not relevant to the main result in this text. We
present them nonetheless, as they could be useful for partial desingularization in higher
dimension. At the end of this chapter, we an example of a group precirculant singularity,
and the problems that appear when using our approach to the moving away procedure in
this more general family of singularities.

3.3.1 Elements of Representation Theory

One of the tools that help us in the study circulant singularities is the Fourier transform,
which can be established in the language of representation theory. While the definitions that
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we present are given in a general context, we mainly focus on the case of representations
of a finite abelian group G in a finite dimensional vector space V over C.

Definition 3.17 (Representation of a group). Let G be a group. We call a pair (p,V) a
representation of G if
p:G — GL(V),

is a homomorphism of groups.

Example 3.18. Fix N € Z, let Zn denote the group of N-th roots of unity, and let j denote
the generator of Zn. Notice that we can induce an action of Zy on Clv,x1,...,xm] by
considering the linear extension of the mappings

j-vxP = (jv)*xP.

Definition 3.19 (Sub-representation). If (p, V) is a representation of a group G, and W C V
is a vector subspace such that p(G)(W) C W we say that W is a sub-representation of V.

Remark 3.20. Notice that in Example 3.18 we have that the collection of scalar multiples of
a monomial is a sub-representation of the action.

Definition 3.21 (Irreducible representation). Given a representation (p, V) we say that it is
irreducible if the only sub-representations are the trivial ones, that is, if (po,{0}) and (p, V)
are the only sub-representations of (p, V).

Lemma 3.22 (Schur’s lemma). If G is a finite abelian group then any irreducible representation
(p, V) satisfies that dimV = 1.

Sketch of proof. Let us show that any irreducible representation of a finite abelian group
is finite dimensional. Let v # 0 be an element of V. Notice that the orbit G-v C Vis a
finite subset which is invariant under the action of G. In particular, span(G - v) is a finite
dimensional subspace invariant under G. Thus, any irreducible representation has finite
dimension.

By Lemma 1.7 of [FH13], p is a multiple of the identity, and by irreducibility dim V =
1. O

Definition 3.23 (Class function). We say that a function x : G — C is a class function if
x(ghg™") = x(h) for all g,h € G. We denote the collection of all class functions as C[G].

Remark 3.24. Notice that C[G] is a finite C-algebra, where the dimension as a vector space
is
dim C[G] = |G].

Moreover, in the case where G is an abelian group, then any function x : G — C is a class
function.

Remark 3.25. If G is an abelian group, for each g € G, we may define the class function

1,4 :G — K given by
1 ifh=
14(h) ::{ g

0 otherwise
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Notice then, that
{1g:9€G}

is a basis of the collection of class functions.

But this is not the only useful basis that can be used to describe the space of class
functions. Another good candidate is the collection of characters of G.

Definition 3.26 (Character of a representation). Given a representation (p, V) of a finite
group G, we define the character induced by p as the function 6 : G — C given by 0(g) ==
tr(p(g)).

From now on, we drop the reference to the representation p that gives rise to 6, and we
simply say that 0 is a character of G. In the case that p is an irreducible representation, we
say that 0 is an irreducible character.

Remark 3.27. In the particular case where G is an abelian group, we have that any
irreducible representation is one-dimensional, and so any character 0 can be identified
with a group homomorphism G — C*.

This leads us to consider the following.

Definition 3.28 (Dual group). Given a finite group G, we define the dual group as the
collection of group homomorphisms

G =hom(G,CX).

Notice that G is a group where the product is given by point-wise multiplication, that is, if
x,0 € G then

(x-9)(g) =x(g)0(g),

for all g € G. In the case where G is an abelian group, by Remark 3.27, we have that G is
the collection of characters of G.

Remark 3.29. Using the notation of Example 3.18, we have that for each character x : Zn —
C, there exists k € Z such that x(z) = z*. Moreover, each k is unique up to equivalence
modulo N. In other words, the map

V:Z Iy,

o (2 z%),

is a surjective group homomorphism satisfying ker1{p = NZ. Using this notation, notice
that for any h € Zn

h-v® = () (h)ve. (3-4)

Given a finite group G we can consider the o-algebra of all the subsets of G. Let us call
this o-algebra 2. Then, we can consider any finite measure i defined on 2€. Notice then
that (G, 26, 1) is a measure space.

Remark 3.30. Notice that, when we consider the o-algebra 2G the space of measurable
functions
Lt (2%):={f: G — C: f is measurable},
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is the collection of all functions f: G — C. Moreover, if we consider any finite measure p
defined on 26 then the collection of p-integrable functions

LP(u):= {f: G —>C:J’ [fPdu < oo},
G

satisfies that
LP(n) =L"(29),

for all p > 1. Because these LP spaces are the same independently of the finite measure p

considered, we use the notation
LP(G) :=LP(n).

Definition 3.31 (Haar measure). We define the Haar measure as the o-additive extension p
of the constant function p,({g}) = ‘]@, for each g € G.

Definition 3.32 (Inner product). Let G be a finite group and let f,f, € L%(G). We define
the inner product of f1 and f; as

(f1,12) = JG fifadp.

Theorem 3.33 (Schur’s orthogonality relations, see Theorem 6 in Section 2.5 of [SS96]). If
G is a finite group, then the collection of all irreducible characters of G is an orthonormal basis of
CIG].

Corollary 3.34. If G is an abelian group, then G is an orthonormal basis of L?(G).

3.3.2 The Discrete Fourier Transform as a Change of Basis

Definition 3.35 (Group algebra). Let G be a group. We define the group algebra C[G] as the

collection
C[G] := {Z agg:aq € C}

gea

Remark 3.36. The group algebra C[G] is a finite C-algebra, whose dimension as a vector
space is
dim C[G] = |G|.

Remark 3.37. Consider the injective map t: G — L2(G) given by g — (x — x(g)). Assume
that G is an abelian group. Notice then that dim 12(G) =G| =G|, and by Theorem 3.33 we
have that the images {t(g1),...,t(gn) is a basis of 12(G), where G ={g1,..., gn ) Taking
the linear extension of . we obtain a linear transformation C[G] < L%(G) which is an
isomorphism between C[G] and L2(G).

Remark 3.38. In a similar way, we can embed L?(G) into C[G]* by noticing that a map
f: G — C can be linearly extended to a map L¢ : C[G] — C, and this extension is unique.
By noticing that dim(C[G]*) = |G| = dim(L?(G)) we obtain that this embedding is an
isomorphism.
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Definition 3.39 (Endomorphism space). Let G be a finite abelian group and let G denote
its dual. We define the endomorphism space of C[G] as
End(CI[G]) := C[G] ®c C[G]".

Remark 3.40. Notice that we can endow End(C[G]) with a module structure over C[G],
where the action is given by

s- (Z Aijgi ® fj) — Z)\i,j(sgi) ® fj.
2] Lj
Notice then that if B = {fy,...,f|g} is a basis of the vector space C[G]* then B=01®
f1,...,1®f|g|} is a free basis of End(C[G]) as a C[G]-module.
Definition 3.41 (Diagonal lift). Let
L : End(C[G]) — End(CIG])
be the C[G]-module homomorphism given by the C[G]-linear extension of the maps
Ll®ly) =g®1,.
We call this C[G]-module homomorphism the diagonal lift of G.

Remark 3.42. Consider an enumeration of an abelian group G = {e,g,g%,...,g" "'}, and
consider the basis $ :={1® g1,...,1® gn} of End(C[G]). Notice that the matrix D := [L]
of L expressed in the basis {3 is

J1 0 0
0 g2 ... 0
C (3.5)
0 0 ... gn

Remark 3.43. Let G = {g1,...,gn} be an enumeration of a finite abelian group, and let
G ={x1,...,Xn} be an enumeration of its dual group. Two notable bases that we can use
to express the diagonal lift as a matrix in Maty xn (C[G]) are

YZ:{]®]191/---/]®]19n}’

and
B={1T®x1,..., 1 @Xnk
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geq

= % D (5, 8)L(1®38)

geaG

—Z (Xj,8g)g ®8q

geG

*ZZX]/ ngt g Xi

QEGI 1

fZZx) 9)9 ®Xi-

i=1geG

Notice then

Thus, the matrix M := [L]g expressing L in the basis {3 is such that
1 _
Ml] = E Z Xj(g)X ( )
geG

Remark 3.44. Let {x1,...,xn} be an enumeration of the elements of G and let i, ,12,91,92,
k € {1,...,n} be such that xi,xx = Xi, and xj,xx = Xj,- If M = [Llg where § = {1 ®
X1,+.+.,1®@Xn} C End(C[G]), then

M

i2,)2

=M

t1d1e

In particular, notice that given 0 < 1i,j < n—1, we may define k € {0,...,n — 1} as the
index satisfying xix = x1X;X;i. Then,

Mij =Mik,

in other words, all entries of M are uniquely determined by its first row. A similar remark
shows that M is uniquely determined by its first column.

Remark 3.45. Given that det is multiplicative, we may define detL := det[L], for any
C[G]-basis « of End(C[G]). In particular,

det[L]g = det[L],,

where 3,7y are the bases defined in Remark 3.43. Let us single out the following case. Let
B be the basis of End(C[G]) induced by a different enumeration of G, then there exists a
permutation matrix P such that P P =I[L] B and so

det([Llg) = det([L]g),

and a similar remark holds for a different enumeration of G.
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Proposition 3.46. Let G be an abelian group of order n. Then, there exists a C[G]-basis (3 of
End(C[G]) such that the matrix M expressing the diagonal lift L : End(C[G]) — End(CI[G]) in
the basis B is circulant.

Proof. Let g be a generator of G, let ¢ := e?™/™ ¢ C and define p ={1®%x0,..., 1 @Xn_1}
as the C[G]-basis of End(C[G]) such that x(g) = ¢* for all k € {0,...,n — 1}. Consider
M = [L]g, and notice that

1 _
Mij=— 3 xi-1(g")Xi1(g")g"
k=0
1 n—1
— k(G—1)—k({1i—-1) jk
n ’

1 n—I1
k(j—1) .k
— E ek l)g
k=0

In particular, notice that M ; = M ¢ ;¢ for all i,j, ¢, if we consider the indices to be the
respective representative modulo n in {1, ...,n}. In other words, M € Mat, x(C[G]) is a
circulant matrix. O

Corollary 3.47. Let S be a finitely generated C-algebra admitting a G-action, for some cyclic group
G of order n. Then, the product of all the elements of the orbit of fo € S can be expressed as the
determinant of a circulant matrix.

Proof. Assume that f =] cg g fo. Let g be a generator of G. Then,

1-fg 0 0
f =det o 9 "fo °
0 0 g™ fo
gk - fo ekgk - o L gkn=Tgk g
k=0
ek(n—Tlgk gy e—k(n=2)gk £ . gk - fo
which is what we wanted to show. O

3.3.3 Group circulant matrices and group precirculant singularities

Notice that the constructions done in Remark 3.42 and Remark 3.43 can be carried out for
any abelian group, and so we can use an enumeration of the dual group G to generalize
the identity in Corollary 3.47. Moreover, Remark 3.44 leads us to a definition of G-circulant
matrices for abelian groups. Let us provide the explicit construction in this context.
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Definition 3.48 (Group circulant matrix, cf. Group matrix in the introduction of [KW13]
and Permutation matrix representation in p. 298 of [DRgo]). Let G be a finite abelian group
and fix enumerations G = {g1,...,gn}, G = {x1,...,Xn}. Define the permutations o :
{1,...,n} —={1,...,n}tfor T <1< nsatisfying that X, (j) = XiX;- Given elements ry,...,Tn
we define X(r1,...,Tn) as the matrix A whose entries are given by A;; := 14, (j). We say
that X(r1,...,mn) is the G-circulant matrix associated to the vector r1,...,Tn.

Example 3.49. Given an integer n, let Z, denote the group of n-th roots of unity. We
define the group Py, q as the direct product

d
Pn,d = H Zn/
i=1

which is a finite abelian group. Notice that we can induce an action of PN g on Clvy,...,vq,
X1,...,Xn] by considering the linear extension of the maps

d

G1,--erda) - voxP = (H(jkvk)“k> xP.

k=1

This action induces a representation of P;, 4, and any 1-dimensional subspace spanned by
a monomial is a subrepresentation.

For each character x : P, g — C, there exists a vector of integers k = (k1,...,kq) such
that

k k
x(z1,...,24) :zk::z1‘ ceoezgt

Each k; is unique up to equivalence modulo n. In other words, the map

$: 2% = Prg,
o (2= 2% ... z%a),
is a surjective group homomorphism satisfying ker\{p = (nZ)9. Notice that for any
h e Pn,d
h-v* =9 ()(h)v*. (3.6)

The following is relevant example later in this chapter, that allows us to showcase the
problems that arise when following our approach to the moving away algorithm for group
precirculant singularities.

Example 3.50. Let G = Z /27 x Z/27Z. We want to construct the matrix

1/2 1/2. 1/2 1/2
X(z,w; "x1, Wi " w, Txo, wiw,’ “x3)

associated to the enumeration of G = {x1,X2,X3, X4} given by x1 = 1, x2(g9,°) = —1,
x3(-,g) = —1 and x4 = X2X3, Where g is the generator of Z/27Z. Consider the permutations
0; € S4 given by

o1 =1d, 0, = (12)(34), 03 = (13)(24), 04 = (14)(23),
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define
1/2 1/2.1/2 1/2
fo ::z—l—w]/ x1—|—w]/ wz/ X2 —|—w1wz/ X3,
1/2 1/2..1/2 1/2
f1 ::z—w1/ x1—w]/ wz/ xz+w1w2/ X3,
1/2 1/2. 172 1/2 (3.7)
fz :Z+W] X1 =W Wy X2 —WiW, X3,
1/2 1/2.1/2 1/2
f3 ::z—w]/ x1+w]/ Wz/ xz—w1w2/ X3,
and notice that
1/2 1/2.1/2 1/2
fof1f2f3 = det(X(z, w;" %1, w;" "W, “x2, wiw,’ “x3)) (3.8)
1/2 1/2.1/2 1/2
z Wit X1 Wit W, X2 WiW, X3
1/2 1/2 1/2.1/2
Wi X1 z WiW, X3 Wit W, X2
= det (3.9)
1/2.1/2 1/2 1/2
W] Wy X2 Wiw," X3 z W] X1
1/2 1/2.1/2 1/2
W1W2 X3 W] WZ X2 W] X1 Z

Remark 3.51. Let G be a finite abelian group, let N := |G| and fix f € C[v, x]. Let
P:2Z4 = G,

be a surjective homomorphism. Let ¢ be the inverse of the isomorphism induced by taking
1 modulo its kernel. Given an enumeration

{x1,.-., XN}

of G, which allows us to define the ordered basis {1 ® x1,...,1®xn} of End(C[G]), we
can define the map

0:6— (Z/nz)¢
p— @(x1)—o(p).

Notice that @ is a bijective map but not a group morphism unless x1 =1, as ®(1) =P(x1).
)

Instead, notice that @ is the analog of an affine transformation, as the map @(-) — ®(1
—@(-) is indeed an isomorphism of abelian groups. Let us also consider the map

L (Z/nZ)4 - z4

such that t maps each entry in Z/nZ to its reduced representative mod n in the integers.

Notice that @ and t allow us to associate to any p € G some non-negative exponent vector
xp = (Lo @)(P).
Given p € G, and f € C[v, x], we may define

1
foi= 5y 2 X1(Wp(Rh-+. (3.10)
heG
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Fix p € G and let f € C[v, x]. Notice that for any hp € G we have

ho - (vVofy) = < (@ (p)))(holv™ 3 x1(W)p(h)ho - h-f

heG

z

= Lo 3 xa(h)p(hhe - f

heG

1 _
=V 2 xi(hoh)p(hoh)ho b f
heG

1 _
=V 2 xa(hp(hh-f
heG
= v f, (3.11)

z

Because v*f, is invariant under the action of G, we have that
v f, e Cvh,xl =CPMT, ..., vi, X1, Xml.

In particular, we have that for each p € G there exists a vector of integers k = (kq,...,kq) €
Z4, where n divides each of the entries of k, and an element Cp € Cv™, x] such that

f, :vkﬂcp(p)fcp(xﬂ)ocpl (3.12)

where (@(p) — @(x1))o € Z9 is some representative of ¢(p) — ¢(x1) mod (nZ)¢ with
positive entries, and such that for any i and any p we have that v; does not divide (,.

(3.12) is a generalization of Example 3.11 and Remark 3.12. In the cyclic case, these
identities are useful in the procedure of reduction to normal forms. But in order to
adequately generalize this result to arbitrary finite abelian groups more work is needed.

We conclude this section with the definition of group precirculant singularity.

Definition 3.52 (Group Precirculant Singularity). Let K be an algebraically closed field
of characteristic zero. Let X be a hypersurface over K embedded in a smooth space
Z, and let a € X be a singular point. Let G be an abelian group, and fix an enumer-
ation G = {xo0,...,Xn_1}. We say that X is a G-precirculant singularity at a if there ex-
ists an étale coordinate system uj,...,uq, Wi,..., Wy, Go,...,(n—1 locally defined at a
such that X is the zero locus of the determinant of a G-circulant matrix of the form
X(Co, WY/ ™4, ..., WY1/ 1), where Y; is an integer (associated to the irreducible
character x;) of the form (3.12), and (o, ..., (n—1, and where N = |G].

Unfortunately, this definition is not restrictive enough to be a good family of normal
forms for the limits of the normal crossings locus. More specifically, notice that the
polynomials

Az = det(C(z,w'3x7,w?3x3)),

and
A} = det(C(z, w*/3x1,w¥/3x,)),

both satisfy to express the origin as a Z/3Z-circulant singularity, but only the former
satisfies minimality in the powers of w, which is a restriction we ask to our definition of
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circulant singularities. Thus, in order to provide a definition of group circulant singularity
an extra reducedness condition on the powers o, ..., xn_1 is necessary.

3.3.4 Notable Examples and Future Endeavors

In this work we present the techniques required for a partial desingularization preserving
normal crossings for varieties of dimension at most 4, but new techniques are needed
for any attempt at partial desingularization in dimension 5. Let us follow through the
tirst steps in our moving away procedure (cf. Chapter 7) for a particular case of a group
precirculant singularity, and let us point out the precise problem that appears in this case.

Example 3.53. Consider a singularity a € X such that, in some affine chart U with local
coordinates w1, w2, x1,x2,%2,z centred at a = 0 € U we have that the local expression of X
is the vanishing locus of

fw,x,z) := det(X(z,w}/zm,w:/zw;/zxz,w1w;/27<3)),

where the matrix X(z, ... ,wwv;/ 2X3) denotes the (Z /27 x Z./2Z)-circulant matrix in (3.9),
and where D_,; = {w; = 0} and D_7 = {w, = 0} locally describe exceptional divisors
passing through the origin.

We claim that there exists a suitable sequence of admissible and equimultiple blowings-
up after which, we can cover the fibre of a = 0 € U with affine charts {Uy }xcx, where the
singularity at the origin in each affine chart can be expressed in local coordinates as the
vanishing locus of

A; (Az(z,l_ﬂ 7200 FywutAs (x52, 41/ 2x3?),

1/2.83

z y'/ox

241201728 det <y1/2x51 X523 )) , (3.13)
1 2

where {y = 0} is one of the distinguished divisors for which the original normal crossings
locus is a collection of neighboring singularities, {w = 0} is an exceptional divisor, each
{u; = 0} is an exceptional divisor intersecting the chart, &; € Z, and ; € {0, 1} where
6; = 0 if and only if {x; =0} N Uy = @.

Let us show our claim. Let us denote by Y, the locus of points locally given by {z = 0}.
Similarly, we define Yy as the locus of points {xx = 0} for k € {1,2,3}. Let us denote by
D_; and D_; the exceptional divisors associated to w; and w,, respectively.

Let us declare the year in which we begin this process as year zero. We begin by moving
away D_; from the limit points of the stratum with invariant inv(nc(4, 0)) by blowing-up
D_2 N Sye(4)- This introduces a distinguished divisor, which we call Do.

The following is a table containing the local information of the ideal in the standard
charts that intersect the strict transform of X, together with the list of exceptional divisors
that intersect the respective chart. The exceptional divisors intersecting the respective chart
are listed to the right, and below the name of each divisor, we write the local coordinate
defining said divisor.
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Name of chart Ideal in local coordinates Exc. divs.
U(wq) <z4,w%x?,w%w%x‘2‘,w?w%x‘3‘> D_1:wy Dg:w;
U(x7) (14,w%x%,w%w%x?x‘z‘,w?w%x‘]‘x? D_7:w; D_j:wy; Dp:xq
U(x2) (24,w%x?x%,w%w%x%,w?w%xﬁxé‘) D_o:w; D_7:wy; Dg:x2
U(x3) <z4,w%x?x%,w%w%xéx%,w?w%xé) D_s:w; D_7:wy; Dg:x3

We now move away D_; from the limit points of inv(nc(4, 0)) by blowing-up D_1 N S;.(4).

This introduces another distinguished divisor, which we call D;.

U(wi,w3) <z4,w%x‘]‘,w%w%x‘2‘,w‘]‘w%x‘3‘> Do :wq Di:w>y

U(wq,x1) <z4,w%,W%W%X%x‘z‘,w?wﬁx%x@ D_1:wy; Dp:w; Dj:ixg
U(w1,x2) (%, wixT, wiwixd, wiwixix}) D_jy:w, Do:wi Di:ixp
U(w1,x3) (24,w%x?,w%w%xix%,w?w%x@ D_1:wy; Do:w; Dj:xs

From this point and on, blowing-up the centre Cy in year k creates an exceptional divisor
Dy. Some of these divisors will work as distinguished divisors, but they will be declared
as such later in the process.

Centre of blow-up: C2=D_, N Do NYp.

Charts intersecting Co: U(x7), U(x2), U(x3).

4 .2 224 42 4 4 . ) .
U(xq,w1) (2%, X7, WX X5, WIW5X[X3) D_1:wy; Dgp:x7 Djy:w;

4 4.2 2.2 A2 4 4 } } )
U(xz,w1) <z4,x‘]‘x§,w%x‘2‘x§,w?w%x‘3‘> D_1:wy; Dpo:x3 Djz:wy

Centre of blow-up: C3=D_1 N D1 NYyNYj.
Charts intersecting C3: U(w1,x2), U(w1,x3).

U(wq,x2,w2) (z{w%x‘f,w%x%,w‘]‘x%xg) Do : Wy Di:x2 D3:w>
U(w1,x2,%x2) (sz%x‘]‘,w%w%,w‘]‘w%xg) D_1:wy; Dpo:w; D3:xo

U(wi,x2,%x1)

(z%, w%, w%w%x%, w?w%x%x@

D,] W Do:W] D] X2

D3 :xq
4 2.4 242 4 2 } } )
U(wi,x3,w3) (2%, Wix], Wix5x5, Wix3) Do :wq Di:x3 D3z:wy
4 2.4 .2 2 4 4 2 } } )
U(wq,x3,%x3) (2%, Wix], wiwsx;, wiw3) D_1:wy; Dg:w; D3:x3

U(W1IX3/X1 )

4 02 122,42 4.2 2
(2%, Wi, wiwagxs, wiwaxs)

D,]:Wz Do:W] D1:X3
D3:X1

Notice that at this stage all of the affine charts have a local expression of the form

det(X(z,y 1 /ZX?1 Y 1 /Zuocxgz,yuﬁxga)),

where y is the local expression of Dy, u is a monomial in the exceptional divisors that
intersect V, 8; € {0, 1} and 6; = 1 if and only if Y; NV # @, and |«, [B] > % We want to
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continue blowing-up in those charts that contain more than two exceptional divisors which
do not have powers divisible by 4 in every monomial. For this, we need a remark.

Remark 3.54. For any a, b, ¢, d we have that

a d
Acp(Z)xcp(z)(arb/ c,d) =A; <A2(a/ b) +Az(c,d), 2det (b C))

In particular, we get that A := det(X(z,y1 /2,y1/2u°‘xgz,yuﬁx§3)) is equal to

A, (Az(z,y‘/ 2) Fyu? Ay (xS, y T 2ubB g,

1/2B—v4 3

z Yy’ u X

2y'/2uY det <y‘/2 uoc—va’Zg))’ (3.14)
2

where v is the exponent where the entry y; is min{o, 1}

We want to continue blowing-up these expressions until the powers in all monomials are
divisible by 4, except for at most 2 exceptional divisors at each chart. Notice that we cannot
continue blowing-up with combinatorial centres using the coordinates z,x1,x2,x3,1,y,
because we will not be able to reduce « nor 3 with equimultiple blowings-up.

0A
Instead, notice that ay = 0 is a maximal contact hypersurface of the form

zz—y—Hﬂs =0,

for some function s. Thus, if we want to continue moving away all non-minimal singu-
larities we need to consider centres which are no longer coordinate subspaces in these
variables. Thus, a new approach is required for further progress.

This problem of our approach to the moving away algorithm appears for a general
group precirculant singularity.

July 3, 2025

63



SPLITTING RESULTS

This chapter is dedicated to the proof of the splitting theorem. As mentioned in Chapter 1,
there are two versions of splitting that are needed in this text. One of the statements is
Theorem 1.3. Let us provide a statement for the other splitting result.

Theorem 4.1 (Splitting theorem of order three). Let (X, E) be a pair consisting of a hypersurface
X < Z where Z is a smooth variety over K with dimZ =n+1, that is, dimX =n,and E C Z
is a snc divisor. Assume that for some open U C Z, and after a finite sequence of inv-admissible
blowings-up, the maximal value of inv of (X, E) in U is inv(nc(3,0)) = (3,0,1,0,1,0, 00), so that
the stratum S3,0 C U of points with inv > inv(nc(3,0)) is a (closed in X) smooth subvariety of
dimension n— 2. Assume moreover, that X is nc generically in S3 0. Then, there is a finite sequence of
inv-admissible blowings-up such that, if the transform (X', ) of (X, ) is not nc at a’ in the strict

transform sg/o of S3,0, then there exist étale coordinates uy, ..., uq, W1, ..., Wy, X1,X2,Z defined

at a’ satisfying that Sz is locally defined by {z = x; = x, = 0} and f(u,w}/G, ... ,w1/6,x, z)

splits into 3 irreducible factors of vanishing order 1, where {f = 0} is a local equation defining X'.

Theorem 1.3 is used as stepping stone in the proof of Theorem 1.4. Similarly, Theorem 4.1
is involved in the proof of reduction to normal form for the limits of triple normal crossings.
Let us motivate the structure of the hypotheses of the theorems above.

Let X — Z be a hypersurface of a smooth variety Z over an algebraically closed field KK
of characteristic zero, where n = dim X. Given that a normal crossings singularity a € X of
order k satisfies that invx(a) = inv(nc(k, 0)), where k < n, if we perform the blow-up of
any inv-admissible stratum of singularities with invariant strictly greater than inv(nc(n, 0)),
then all normal crossings singularities are preserved. Thus, the first step of the partial
desingularization procedure is to follow the classical desingularization algorithm until
invy at all points of the strict transform X’ of X is < inv(nc(n, 0)).

Notice that if X’ is normal crossings of order k at a’, then there is an open neighbourhood
U’ c Z’ around a’, where X’ is normal crossings at any point b’ € U’. In short, the
condition “ X’ is normal crossings at a’ ” is an open condition. Thus, any irreducible
component S C X’ of the stratum with highest value of the invariant is either generically
nc(n) or does not contain any normal crossings singularities. We then apply the classical
desingularization algorithm on the irreducible components that do not contain any normal
crossings point, allowing us to assume that, after performing an adequate inv-admissible
sequence of blowings-up if necessary, every irreducible component of the stratum with
highest value of the invariant is generically inv(nc(n)).

Fix an irreducible component S of the stratum whose value of inv is inv(nc(n, 0)) and
assume there is a point a’ € S which is not nc(n). As inv is constant on S, S is the
intersection of n hypersurfaces in snc, thus dimS = 1. We can now use Weierstrass’
preparation theorem to find an adequate coordinate system w, x1,...,xn—1,z at a’ defined
on an affine neighborhood U C Z’ of a’ such that the local generator f of the ideal Jx:
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is an element of K[w, x]J[z], where {z = 0} is a maximal contact hypersurface of X and
SNU={z=x=0}

Given that we want to find a finite family of local normal forms for all singularities that
remain after partial desingularization preserving the normal crossings locus, in particular
we need a finite family of normal forms for the limits of the normal crossings locus. And
so, as a preliminary step, one would like to find a ring extension of K[w, x][z] together
with an adequate coordinate system, that expresses the ideal Jx/ associated to X’ in a
simple fashion. More precisely, that we can split a local equation defining X into terms
of order 1, even if we need to consider to a finite formal extension of the original ring of
functions.

4.1 SPLITTING AT THE LIMIT POINTS OF THE NORMAL CROSSINGS LOCUS OF TOP
VANISHING ORDER

One of the technical tools used in our approach for finding the splitting results is the main
result found in [SV11]. Let us briefly discuss the notions that appear in said work.

4.1.1  Newton-Puiseux Theorem and Polyhedral Transformations

The main theorem in [SV11] provides an effective way of splitting a polynomial f(x,z) =
2"+ en1 ()2 ...+ co(x) € K[x, z] into irreducible factors in the polynomial ring
over the Puiseux series field K{x}[z], after an adequate transformation of the monomials
defining f.

Definition 4.2. We define SLl(e_;)(TL,Z), as the multiplicative semigroup of SL(n, Z) of
upper triangular matrices of with positive entries above the diagonal, and 1 at every entry
of the diagonal.

Remark 4.3. Notice that ZZ, admits a right semigroup action by SLl(eJrX)(n,Z), given

by («, A) — «A. Similarly, given a ring R, the ring R[x1,...,xn] admits a right monoid
action by SLI(:X) (n, Z) by letting SLI(;Z) (n, Z) act on the exponents, that is, by the linear

extension of (x*,A) — x*A. Given A € SL(+)(n,Z) let us denote by W the R-algebra

lex
homomorphism Wa : R[x1,...,xn] = R[x1,...,xn] induced by A.

The main result of the paper [SV11] can then be stated as follows.

Theorem 4.4 (Soto, Vicente; [SV11]). Let K denote an algebraically closed field of characteristic
zero. For each monic polynomial

f(x,z) =24+ c1(x)z4 T+ ...+ cq(x)

where each cy(x) € K[x1,...,xn], there exist
* a positive integer p,
e AcSLi ) (n,2Z),

such that W o (f) splits in the ring K[x1,...,xn][zl.

Remark 4.5. An important caveat about this theorem is that the polyhedral transformation
depends on the choice of an ordering in the variables.
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4.1.2  Splitting at the limit points of a normal crossings locus of dimension one

Let K(w) denote the fraction field of the polynomial ring K[w] := K[wq,...,w;]. Let
K((w)) denote the fraction field of the formal power series ring K[w] := K[w1,...,w;],
and let K((w)) denote the algebraic closure of K((w)). Given that there exists a subfield
of K((w)) which is isomorphic to K(w), we can identify K(w) as a subfield of K((w)).
Moreover, under this identification, K(w) is the collection of elements K((w)) which are
algebraic over K(w).

Notice that in the case v = 1, K((w)) is the field of Laurent series. By the Newton-
Puiseux theorem (see Newton'’s theorem of Lecture 12 in [Abhgo]) we have that K(w)) ~
(i K(w'/¥)), and so any field L C K((w)) which is a finite field extension L|K((w)) is
contained in K((w'/¥)), for some k.

Definition 4.6 (Formal splitting at a point). Let

fw,x,z) =f(wi,...,Wr,X1,...,Xm, Z)

=284 ci(w,x)+...+calw,x) (4.1)

be a monic polynomial in z, where the coefficients ci (w, x) are regular functions in an open
neighbourhood U of the origin 0 € A™™. We say that f splits formally at a = (wo, x0,0) € U
(or f splits in K[w —wyp,x —x0][z], or f splits over K[w —wy, x — x0]) if the expansion in
formal power series of f at a, that is, the expansion as an element of K[w —wg,x —x¢][z]
factors as

d
f(w,x,z) H b;(w —wo,x —x0)), (4-2)
j=1

where for each j, b; € K[w —wo,x —xo] and bj vanishes at a := (wo, xo).

We also consider splittings in K((w))[x — xo][zl, but we do not assign a name for this
type of splitting.

Lemma 4.7. Let f be as in (4.1). If f splits formally at a point (w,x,z) = (Wo, x0,0) then f splits
in K(w)[x — xo][z]

Proof. By translating if necessary, we may assume that xo = 0. Given that K(w) is isomor-
phic to K(w —wy) it suffices to show that f splits in K(w —wy)[x][z]

Because f is monic, we have that each b; (as in (4.2)) is algebraic over K[w —wy, x]. By
[l .
Corollary 2.68 we have that the partial derivatives % together with their evaluations at

y = 0 are also algebraic for all « and all j. Thus, the coefficients in w of the power series
expansion of each bj can be expressed as elements of K(w) O

Lemma 4.8. Let f be as in (1.1). Suppose that f splits in K(w)[x — xo][zl. Then, there is a finite
normal extension LIIK(w) such that f splits in L[x —xo][z]

Proof. By translating if necessary we can assume xo = 0. Given that power series rings
with coefficients over a field are unique factorization domains, we have that K(w)[x][z] is a
unique factorization domain. Let us show the claim for a polynomial f which is irreducible
in K[w, x, z|, as the general case follows from this case.
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Letfq,...,fq € K(w) w)[[x][z] be irreducible elements such that f = f7 ...fgq,and f; = z—b;,
where the elements bj are given as in (4.2). Express each b; in formal power series expansion

S by Wi,

YEN™
where each b;, € K(w). Let L be the subfield generated by
{{bj:j€{l,...,d},y e N™}

We claim that L is a finite normal extension of K(w).

Consider the group I := Auty ) (K(w)) of automorphisms of K(w) that fix the subfield
K(w). Given 1 < k < d and « € ZT, we have that 0 € I" maps by, to by, for some
1 < k/ < d, by the uniqueness of the power series expansion. In particular, o(L) = L.

We now want to show that L is a normal extension. Given an irreducible polynomial
p € K(w)[t], with a root « € L. Notice that the different elements of the orbit Or(«) of «
under the action of I are also roots of p. Because L is invariant under the action of "' we
have that Or(«) is the set of distinct roots of p in L. Notice that q(t) := [[5cop(a)(t —B)
is invariant under the action of T', and so q € K(w)[t], and q[p. Thus, q=7p,and therefore
all the roots of p are elements of L.

Consider now the group Autg (L) of automorphisms of L fixing KK(w). Notice that
given o € Autg,,)(L) and a root b;, we have that o(b;) = b; € {bs,...,bq}. Notice also
that if o(b;) = b; for all 1 < i < d, then we have that o fixes by, for all i and all v, and so,
0 = Idk(w). Thus, there is an injective morphism Auty,,)(L) = S4 onto a subgroup of
the symmetric group Sq. In particular, Autg,,(L) is a finite group, and thus L is a finite
extension of K(w). O

Lemma 4.9. Let f be a polynomial satisfying the hypotheses of Lemma 4.8, then there exists p € IN
such that the roots (as in (4.2)) satisfy by, ..., ba € K(W'"/P)[x —xo]. Moreover, if f = [[{_; fi
where each f; € K[w,x —xo](z] is irreducible, then f; splits into d; factors

dl
—Ti),
J:1

where d; = deg_ (i) and ri; € K(w'/9t)[x — xo].

Proof. By translating if necessary we can assume that xo = 0.

Let L be the finite normal extension of K(w) such that f splits in L[x][z], as in Lemma 4.9.
Because L is a finite extension of K(w), we can identify L as a subfield of IK((w)). Let 3 be
a basis of L as a IK(w)-vector space. For each v € 3 there exists q such thatv K(w'/9)).
By taking the least common multiple of all such q, we obtain p such that f splits over
K((w'/P)[x]. Given that L is a finite extension of K(w), each of the roots bj is an element
of K(w'/?)[x].

Let us now assume that f = [[{_; f; where each f; € K[w, x][z] is irreducible. Let p € N
be such that f splits in K((w'/P)) [[x]] ]. Let Z,, denote the finite cyclic group of p-th roots

of unity, with generator ¢ := e . Notice that K(w'/?)[x][z] admits a Z,-action given
by ¢- g(w,x) = g(Cw, x). By relabeling if necessary, we may assume that by is a root of
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f1. Notice then that the distinct elements of the orbit of by by Z,, is the collection of all
the roots of f; (as fy is invariant under the action of Z,,). By relabeling if necessary, we
may assume that by,...,bg, are the distinct roots of f1 and that (- by = by, for all
0 < k < dj — 1. By the orbit-stabilizer theorem, there exists a morphism Z, 21, C,, where
C; is bijective to the orbit of by. Given that f; is irreducible, we have that C; is isomorphic
to some subgroup of Sq,. Repeating this argument for each f; we obtain surjective group
homomorphisms Z, P4 C; where each Cj is a cyclic subgroup of the symmetric group
Sa,- Given that C; must act transitively in the collection of roots of f; we have that |C;| = d;.
Thus, f; splits in K((w'/4))[x][z] O

Similarly as in Lemma 4.7, the statements of Lemma 4.8 and Lemma 4.9 hold for the
rings IK(w)[x —xo][z], L[x —xo][z] and K((w'/P)). Using this lemma and the main theorem
from [SV11] we can obtain the following.

Proof of Theorem 1.3.

Fix a € C such that X is not nc(n) at a. We know that C is smooth at a and so there
exists a regular coordinate system w, x1,...,xn—1,z at a such that C is locally described by
{z = x = 0}. By Weierstrass’ preparation theorem, and by performing a coordinate change
if necessary, we may express X in local coordinates as the vanishing locus of a polynomial

flw,x,z) =z"+c1(w,x) +...+cnlw,x),

where each ¢; € K[w,x]. Because C is generically nc(n,0), there exists b = (w,0,0)
such that f formally splits at b, where wy € IK*. By Lemma 4.7, there exist by,..., by €
K(w)[x][z] as in (4.2). By Lemma 4.9, there exists p € IN such that f splits in IK(w'/P))[x] [z]
Now, using the ordering
X1 <X <. oo < Xp1 <W

and Theorem 4.4 we can find an upper triangular matrix A € SLleX (n,Z) with non-
negative entries such that Wa (f) splits in K[w'/9,x!/9] for some q € N. By replac-
ing p with lem(p, q), we may assume that f splits in K((w 1/P)[x] and WA (f) splits in
K[w'/P,x!/P]. Notice then

YA () (w,x,z) = (z=Ya(b1)(w,x)) ...  (z—¥a(bn)(w,x)).

Alc
A= ,

where A € SLI(;) (n—1,2Z) is an upper triangular matrix with non-negative entries, and
¢ € Z%,. Notice then

Express A as

11/ bk w, X Zbky WY'CXYA,
and so we can assume that the Puiseux series expansion of by -, satisfy that

by, (WWY€ € IK[[WVP]],
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for each k and each v.
Consider a blow-up o7 with centre

{z=x1=x2=...=%xn_1 =w=0L

Notice that the strict transform of the nc locus of X is inside the standard chart U,,.
Moreover, in U,, we have

07 (bi) = ) iy (Wwrx.
Y

Notice also that the origin in U,, is a limit point of the nc locus, and so the strict transform

of f is of the form N

[1E=D auy w1y,
k=1 Y
and |y| —1 > 0. Notice that g # qx, but because §y , is still a regular function, for
economy of notation we still denote the function obtained after considering the total
transform by q. And so, after taking t consecutive blow-ups each with centre locally
described by

{z=x1=...=xn_1 =w =0},

we obtain the following local expression of the total transform

0*(br) = D iy (wwtlhY,
k,x

in the unique chart U” that intersects the strict transform of the normal crossings locus.
Because tly| > ¢ -y for any y € IN™ we have that 0*(by) € IK[[WV P], and because after
each blow-up the vanishing order of the respective origin is d, we have that the factors of
the strict transform of f are also in K[w'/?].

The argument above shows the desired splitting at the isolated point a’ over a in the
strict transform C’ of C. By repeating this argument for each isolated point of C, we obtain
the desired result. O

4.2 SPLITTING AT THE LIMITS OF TRIPLE NORMAL CROSSINGS IN ANY DIMENSION

In this section, we provide the details of the proof of Theorem 5.1. One crucial object
that we use to prove Lemma 4.14 is the discriminant. More precisely, we require the
discriminant with respect to z of the defining equation of X to be a square. As such, we
provide a blowing-up procedure, using only inv-admissible centres after which we can
assume the discriminant to be a square. This is described in Lemma 4.11.

4.2.1  Lemmas on the Discriminant

Given that we want to find a blow-up sequence after which the discriminant of the local
equation of X is a square, it is reasonable to first establish a factorization result for the
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discriminant for equations satisfying to split generically (see Lemma 4.10). We then use
that factorization to determine the sequence of blowings-up (see Lemma 4.11).

Lemma 4.10 (Lemma 3.2 in [BLM12]). Let K be an algebraically closed field of characteristic
zero, and let
f=zm4+a;(w,x)z™ " +.. 4 am(w,x), (4-3)

where a; € K[wy,..., Wy, X1,...,Xm—1,U1,...,Uq] satisfies ord(a;) > j. Assume that f is in
the ideal generated by z,x1,...,xm—1 and that f completely splits into m formal factors at every
point of

{z=x1=...=xm_1 =0}\{w7...w, =0}

Let D denote the discriminant of f with respect to z. Then, D factors as
D =VYo?,
where ¥, ® € K[w, x,u], ® € (x1,...,xm—1) and ¥ does not vanish outside {wy ...w, = 0}.

Proof. Letb € {z =x = 0}\{w7 ... w, = 0}. Given that f is a polynomial in z, and given that
f splits into linear factors, we have that D is a unit times a square in an étale neighbourhood
U of b. Notice also that if D = g19g2, where g7 vanishes at some point p € U outside
{w1...w; =0}, then g; cannot be a unit in a neighbourhood of p. Thus g%ID, giving us
the desired result. O

Lemma 4.11 (Lemma 3.4 of [BLM12]). Assume that f satisfies the hypotheses of Lemma 4.10 for
some étale coordinate system at a = 0. Then, there is a finite sequence of blowings-up with centres
of the form {z =x1 = ... = xm—1 = 0} N{wj = 0} such that if D’ denotes the strict transform of
D then D’ (v%, .. ,v%,x,u) is a square in some étale neighbourhood of the point a’ over a.

Proof. Fixj = 1 and consider the blow-up o7 induced by the centre C = {z =x = 0}N{w; =
0}. Let f’ denote the strict transform of f by oy. Notice that f’ still satisfies the generic
splitting hypothesis of Lemma 4.10, and so the strict transform of ®? is still a square. On
the other hand, if we express

Y=w - oowirgow,u) +x1g1(w, %, u) + .+ X1 Gmet (W, x, ),
where go is a unit outside {u; ...uq = 0}, we have that the total transform Y of V satisfies
T -1 - - ~
Y=wiwi" W Go+ X181 4o+ Xmo1Gm—1),

for some regular functions §o, g1, ..., §m—1. Thus, after performing «; blowings-up with
centres of the form {z = x = 0}N{w; = 0} we may assume w?“ Y. Following a similar
sequence of blow-ups for each «;, where each centre of blow-up is locally given by

{z=x=0}Nn{w; =0}, (4-4)

repeated «; times, we may assume that w{" - ... - w2 [W. After |«| blowings-up we may
assume that ¥ is a unit times a monomial in w, outside {u; .. .uq = 0}. The desired result
follows by considering an étale neighbourhood in which the unit go + Z?;T] X{g; is a
square. t
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Remark 4.12. Notice that the closure of the local centres in (4.4) can be globally described
as
S 3,0 F,

for some irreducible component F C E. Notice also that the order in which we perform the
blow-ups does not affect the final expression of the total (or strict) transform of ¥. Thus,
by blowing-up the component F C E with the largest year of birth such that

ords, ,nr¥ > ords, ¥,

after finitely many blowings-up we obtain the desired result.

4.2.2  Splitting theorem for triple normal crossings

The main goal of this subsection is to provide the proof of a local version of Theorem 4.1,
from which Theorem 4.1 follows.

Remark 4.13. Let (X, E) be a pair where X — Z is a hypersurface of a smooth variety Z,
and E C Z is a snc divisor. Assume that in a neighbourhood U C Z, the pair (X, E) satisfies
the hypothesis of Theorem 4.1. Assume that after finitely many inv-admissible blowings-up
we have that inv(b) < (3,0,1,0,1,0,00) for all points b in (the strict transform of) X. By
blowing-up the irreducible components of the stratum S C U of points with inv-value equal
to (3,0,1,0,1,0,00) which are not generically nc(3,0), we may assume that S is generically
nc(3,0). Let f be a local equation defining X at a non-nc point a € S. Given that inv(a) =
(3,0,1,0,1,0,00) there is an étale coordinate system (uj,...,uq, W1,..., Wy, X1,%2,2) at
a, in which we can express a local equation {f = 0} defining X as f € K[u, w, x, z] with

f € (w,x,z) and where {w;...w; = 0} is a local equation of E at a. By Weierstrass’

preparation theorem, we may assume f € K[u, w,x][z], and by applying a Tschirnhaus
transformation we can write

f(u,w,x,z) =z° —3B(w,x)z+ C(w,x), (4-5)

and where f splits into 3 factors of order 1in {z =x =0} \ {wy...w, =0}
Let us now provide the statement of the local version of Theorem 4.1.

Lemma 4.14. Let Z, X, U be as in Remark 4.13, and express X at a point a = 0 with inv(a) =
inv(ne(3,0)) as in (4.5). Then, there exists a finite sequence of blowings-up with centres of the

form {z = x = wj = 0} for some 1 < j < 1, such that the strict transform g of f satisfies that

glu, V8, ..., v8 x1,x2,z) splits into 3 factors with vanishing order 1.

The lemma above, in turn, relies on the following splitting lemma, which is conditional
on the discriminant of f being a square.

Lemma 4.15. Under the hypotheses of Lemma 4.14, let f be as in (4.5). Let D be the discriminant
of f as a polynomial in z. If D is a square, then f(u,v%, e, V3,X1,%2,2) splits.

Proof. Express f as in (4.5) of Remark 4.13. We know that

D := Disc,(f) = —27(C%(w, x) —4B3(w, x).
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Let G := Autg ) (K(w)) be the group of automorphisms of the algebraic closure K(w)
fixing IK(w). The action of G on K(w) induces an action on K[w,x] and this induced
action permutes the roots of f. Given that the discriminant is a square, we may identify
the action of G on the roots of f with the action of the cyclic group Az. Thus, we can
enumerate the roots by, by, b, of f (as a polynomial in z) in such a way that j - b; = by,
where j denotes a generator of A3, and where the indices are taken to be reduced modulo
3.

Then, we can define yo,y1,y2 as in (3.3) with n = 3. Given the condition that z is a
maximal contact hypersurface, we have that bp +b; + b, = 0 and so yo = z. Notice also
that if ¢ denotes a primitive cubic root of unity, then

f = (yo+y1 +v2)(yo + eyr + e%y2)(yo + £*y1 + eya)

= 2> —3y1y22+ Y3 + 3. (4.6)
. e 1/3 1/3 .. .
We claim that y7,y> each are a monomial in w;"~,...,w;"” times an element in K[w, x].
To achieve this, we show that y3,y3 € R and that they do not share any common irreducible
factors.
We can express the discriminant in terms of y1,y2 as D = (y3 —y3)?. Let S = ﬁ(y% —

y3). Notice that
C+1iv27S = 23, C—iv27S = 23, 4B3 = (C—S)(C+5).

Given that both C, S € K[w, x], it suffices to verify that the only common irreducible factors
(in R) of C +1v/27S and C —iy/27S are monomials in w. For this, let us show that there are
no common irreducible factors of C and S in K(w)[x], and then apply Lemma 4.16 that
we write below.

Notice that the vanishing order of each y; at a is one, as (yo,y1,y2) can be obtained by
multiplying (z —bo,z— b1,z — b, ) by an invertible matrix, and each z — b; has vanishing
order one at a. On the other hand, if {x = 0} denotes the subspace {x1 = x, = 0}, we have
that yilx—o = 0 for i = 1,2. By the implicit function theorem, we deduce the following
identity of ideals

(Y1,92) = (x1,x2) C K(w)[u,x]. (4-7)

Thus, C and S have no common irreducible factors in K(w)[u, x].

Consider the marked ideal J := (Z,Z,E,(f),3), and notice that the coefficient ideal
J = C(J) restricted to the maximal contact subspace {z = 0} admits a local expression of
the form J = (Z,{z = 0}, E, (B3,C?),6), or equivalently, J = (Z,{z =0}, E, (S§2,C?),6). Lety
be the largest exponent such that J = wYJ, for some ideal J. Notice that both generators of
J are squares, and so each entry of y is even. Let « be such that 2cc = y. In particular we
have that w* is the largest common monomial in w of C and S.

Given that inv(a) = (3,0,1,...), we have that

ord(w™YS?) =ordy (W YS?)  or ord(w YC?) = ord,(w Y C?).

By Lemma 4.16, we obtain that w®* is the only common factor in R of S and C. From this,
the result follows. O
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4.2 SPLITTING AT THE LIMITS OF TRIPLE NORMAL CROSSINGS IN ANY DIMENSION

Let us provide the proof of the following, to finalize the proof of Lemma 4.15.

Lemma 4.16. Let F € K[u, w,x], and suppose that ord(F) = ordy (F). If © is an irreducible factor
of F in K[w, w, x|, then 0 is an irreducible factor of F in K(w)[u, x]]

Proof. Let [];; 0; be a factorization in irreducible elements of F. By hypothesis, we have
that

n n
ord H 0; | = ordy H 0; (4.8)

j=1 j=1
By the properties of ord, we have that ord(0;) < ord«(0;), for each j. If at least one 0;
satisfies that 0; is a unit in IK(w)[u, x] then ord(8;) > ord(6;), contradicting (4.8). O

Proof of Lemma 4.14.
By Lemma 4.11, there is a finite sequence of blowings-up with centres inside the stratum
S3,0 (and thus inv-admissible in U) after which we may assume that the discriminant D of

a local equation {f = 0} defining X in U, is a square in K[u, w;, V2w x]] Then, by
Lemma 4.15 we have that f splits in K[u, w]/6, .. .,wl/G,x]]. O

Notice that Theorem 4.1 follows by performing the blowings-up with centres at each limit
point of the curves C which are generically nc(n,0). Thus, after finitely many blowings-up
with this description of the centres, we obtain the desired splitting.

Remark 4.17. In Section 7.7 we make use of a slightly more general version of Lemma 4.14,
where instead of assuming that inv in U is at most inv(nc(3,0)), we assume that inv
in U is at most inv(nc(3, 1)) but X is generically nc(3,r) in the stratum of points with
inv = inv(nc(3, 1)). A similar statement is needed for inv(nc(2, 1)) in Section 7.8.

Remark 4.18. Let f € K[u,w,x,z] as in Theorem 4.1 and assume f is irreducible. By
Lemma 4.14, we may consider the actions of the cyclic group of order 6 generated by g on
IK[[W1 / 6, wl/ 6 ,x][zl, where the j-th action satisfies

l .
g-wj—e3™w

and leaves the rest of the generators of K[u, w1/ 6, r x]] ] fixed. Each of these
actions permutes the roots of f and leaves f invariant. leen that f is irreducible, if one
of these actions does not act trivially, then it acts transitively on the roots by, b1, b, of
f. By the orbit stabilizer theorem, an action which is not trivial descends to an action of
the cyclic group of order 3. In particular, we obtain that f splits in K[u, wé‘ . .,wf*, x][z],
where each o; € {1,1/3}.
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REDUCTION TO CIRCULANT
NORMAL FORM

The main goal of this chapter is to provide the tools needed for our approach at establishing
normal forms for the limits of the normal crossings locus. Just as in Chapter 4, the results
we obtained are divided in two cases: for the (isolated) limit singularities of the locus
Sne(n) of nc(n) singularities of a variety of dimension n (see Theorem 1.4), and for the
limit singularities of the stratum nc(3) in arbitrary dimension. The statement for the latter
is the following.

Theorem 5.1. Let (X, E) be a pair consisting of a hypersurface X — Z, where Z is a smooth
variety over K and € C Z is a snc divisor. Assume that there exists an open U C Z such that,
after a finite sequence of inv-admissible blowings-up, the stratum with highest inv value in U is
S3,0 :={inv = inv(nc(3, 0))}, and that S3 ¢ is generically nc(3,0). Then, there is a finite sequence
of admissible and equimultiple blowings-up for (X, E) that restrict to an isomorphism on the (X, E)-
normal crossings locus, after which (the strict transform of) X is one of the following normal forms
at every point in (the strict transform of) S3 o:

1. cp(3).
2. nc(1) x cp(2).
3. nc(3).

Because the proofs are clearer in the irreducible case, we provide the proof of the
irreducible case first and later we treat the general case.

The proofs of these theorems follow a similar structure. We first use a splitting theorem
to establish a factorization of f into functions of order 1, we then find an equivalent marked
ideal whose generators are expressed in terms of the factors of f and use the properties
of inv together with Corollary 2.93 to successively find more terms of the power series
expansion of these generators. Finally, we use a cleaning sequence to reduce the monomials
in the variables defining the local equations of the exceptional divisors. After this, the
desired theorem follows.

A cleaning sequence of a pair (X, E) is a sequence of admissible blowings-up, after which,
the marked ideal associated (X, E) is clean. A clean marked ideal is a marked ideal satisfying
that the monomial part of the companion ideals in the sequential restrictions to maximal
contact have empty cosupport (see Subsection 2.7.4 for the definition of monomial part).
Let us provide a more precise definition.

Definition 5.2 (Cleaning ideal, Clean marked ideal). Using the notation in Subsection 2.7.4,
we define the cleaning ideal of J in codimension k as

L(T%) := (Z,N,E,M(7%), d).



5.1 NORMAL FORMS OF LIMITS OF THE NC LOCUS, TOP ORDER CASE

See Subsection 2.7.4 for the definition of the monomial part M(J) and for the definition of
J*. We refer to the (non-marked) ideal sheaf associated to £(7) by £(7) := M(J).

We say that J is clean if the cleaning ideals at every codimension level have empty
cosupport.

Remark 5.3. If the cosupport of a cleaning ideal is non-trivial, then it is a hypersurface.
Also, if we express g% = (Z,N,E,7,d) then

cosupp(@(gk)) C cosupp(gk).

5.1 NORMAL FORMS OF LIMITS OF THE NC LOCUS, TOP ORDER CASE

We are now ready for the proof of Theorem 1.4. We first provide the proof in the case
where f is irreducible, and later on we provide the argument for the general case.

Proof of Theorem 1.4 in the irreducible case.

Let a € C be such that X’ is not nc(n) at a. By Theorem 1.3, there exists a sequence
of inv-admissible blowings-up after which, there are étale coordinates w,x1,...,xn—1,2,
the local equation f = 0 defining (the transform of) X in U splits into formal factors
f =f1-...-fn, each with ord(f;) = 1 in K[w'/P,x][z], for some p € N. Let R := K[w, x],
define v :=w'/? and let S := K[v,x].

We can now consider the action of the cyclic group of order p generated by g on
K[w'/?,x][z], given by g-w!/P s ¢ “*"w!/P. This action permutes the roots of f and
leaves f invariant. Given that f is irreducible, by the orbit stabilizer, following a reasoning
similar to the one in Remark 4.18 we may assume that p = n (and so v = w'/™ and
S =K[w'/™,x]).

Let ¢ be a primitive N-th root of unity and let ¢o,..., $n—1 denote the collection of
roots of f in K[[v, x]. We may assume the chosen indices satisfy

m-dj = djrm,

for all m € Z, and where j + m is taken reduced modulo n. Define yo, ..., yn—1 as in (3.3).
By Remark 3.12, there exist (; € R and m; € Z3 such that

Yj (VIX’) = vmjn+j C] (Vnix)- (51)

Notice that yo = z, and that yo satisfies an identity similar to (5.1), but in this particular
case we have m; = j = 0. Combining the above with Proposition 3.10 we obtain

f = det(C(Co, v T™ ™My, ... VT TN ), (5.2)

Notice that the marked ideal ((f), n) is equivalent to its coefficient ideal which in turn is
equivalent to the ideal

n—1

Z W™ ), m), (5.3)
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5.1 NORMAL FORMS OF LIMITS OF THE NC LOCUS, TOP ORDER CASE

as the vector of functions (g, ..., vt 1HtMnane 1) is the product of an invertible matrix
(with coefficients in K) times the vector (z+ @g,...,z+ Dy _1).

We now want to prove that there exists a finite sequence of blowings-up that avoid the
normal crossings locus such that the strict transform of f under the composition of these
blowings-up has the origin as a circulant singularity. For this, we first find an ordered
sequence of smooth sections CJT“ Jreees C ) that help determine the centres of the

mt(n—1
sequence of cleaning blowings-up. Let us emphasize that the superscripts j in C;m are not
exponents.

We follow a sequential reasoning. In the rest of the proof, the superscript in C}‘ and oc}<
denotes the codimension (or nesting level) at which we are considering these objects. The
hypothesis we work with is the following.

For k > 0 there exist

¢ a bijective function 7t :{0,..., k—1} = Sx C{0,...,n—1} with [Sy| =k,
¢ a finite set of functions {Cf 15 & Sk},

* a finite set of exponents {oc}‘ 1) & Sk}
such that

o Nk—1T.— {C?T(O) = C;rﬂ) =...= C];t(*k]i” = 0} is a smooth maximal contact subspace
of J of codimension k,

¢ the exceptional divisor w does not divide de for all j,

e the restriction of the coefficient ideal of ({(Zo)™,..., W 1FMnan (¢ )™ n) to
Nk—T is equivalent to (Z, N1 E, <{w°‘}<(C}‘)“ 1§ € Skh),m),

¢ each function C}‘ has order > 1 and the collection of exponents {oc}‘ :j ¢ Sy} contains
at most one representative for each class of integers modulo n.

This information allows us to construct then the functions C}‘H , as well as the exponents
k+1
s

; and consequently, to extend the function 7t:{0,...,k} = Sx41 C{0,...,n—1}%

For homogeneity of notation, define CJQ =G forall 0 < j < n-—1, ocg = 0, and
ocJQ :=j+myn for all 1 <j <n—1. Notice that the conditions are then trivially satisfied
for the case k = 0.

Let us also work out the case k = 1. Given that oc8 =0and inv(a) = (n,...), N":={8 =
0} is a maximal contact hypersurface of the marked ideal (({w"‘? (C?)“ 0<j<n—1}),n).
This leads us to define 7t(0) := 0. We want to restrict to maximal contact, and so, let us
express

C? = E]Q -l-WBJ] o, (5.4)

for each j, where &? € <C8> and w does not divide any of the functions C).] . Notice that the
restriction of J to {C8 = 0} is the ideal

(W)™, W B (] )™), m).

Define oc)-] = ocg) + [3]-1 n. Notice in this case that {«],...,«! ;} contains exactly one rep-
resentative for each class of integers modulo n, except 0. In short, the case k = 1 is also

satisfied.
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5.1 NORMAL FORMS OF LIMITS OF THE NC LOCUS, TOP ORDER CASE

Let us consider an integer 1 < k < n — 1 satisfying the inductive hypothesis. Given that
inv(a) = inv(nc(n, 0)), we have that

ni(k) := arg min{oc}‘ 1) € Sy},

satisfies that N¥ := Nk¥=1n {Cli(k) = 0} is a maximal contact hypersurface of the marked

k
ideal (<{w“}<(C}<)“ :0 <j <n—1}),n). In other words, we define (k) such that w*7(® is
the generator of the monomial part M (J*). We want to restrict to maximal contact, and so,
let us express

Bk+]

=g +whi ot (5:5)

for each j ¢ Sy, where E,J!‘ € <C(T)[(O), e, Cl‘r(k)> and w does not divide any of the functions
C;“L] . Thus, after removing the monomial part from the marked ideal, and then going to

maximal contact we obtain the following exponents (in w)

k+1._  k k+1_ k
= +n[.’>]- (k)

Given that there is at most one representative of each class of the integers modulo n in
{cx}< :j ¢ Sy}, the same holds for {oc}“q 1) & Syl

Thus, we verify the inductive hypotheses for k + 1.

Let us now consider the effect of performing a single blowing-up o with centre

C=1{Cxi0) = Cn(1) =+ = Cnig) =W =0}, (5.6)

First, let us notice that the strict transform of J over a point contained in the z-chart
gives rise to a regular ideal. Now, let us consider the pullback of J over a point d in the
C;( r)-chart. Consider the identities,

k+1
CH

(L) == 0" (E) + WP ()BT o (),

fork<r—1,and
* —_ 3 — T k
(L) = o (E )+ WP (g )BT,

A particular consequence of this sequence of identities is that the restriction to the maximal
contact subspace N" gives us a monomial ideal, and so inv has been decreased in the chart
corresponding to -

There is only one chart left to consider, and so let us consider a point d contained in the
w-chart of 0. Notice then

" (CF) = o* () + WP o ()
for all k < n—2, and for k = n — 2 we obtain
n—1
o (CR2 ) = ot (ERL2 ) FwPrmnor (e 1)

_ y(En—2 Brin_n)—1n—1
= WE gy + Wi T ),
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5.1 NORMAL FORMS OF LIMITS OF THE NC LOCUS, TOP ORDER CASE

for some regular functions E;(*nzq )7 Z;‘ajq )
n—2

And so, if we perform LMJ successive blowings-up with centre
n

(@ =Chiry=---= C;(fnzfz) =w =0} (5.7)

we reduce to the case where (x;‘(_nz_]) € {1,...,n—1}. Similarly, we can now consider a
n—2
n—3) J

sequence of L(i successive blowings-up with centre
n

(@ =Chy ==l 5y =w=0}

n—2 c . . .
to assume o~ 5) € {l,...,n—1}. Continuing this cleaning sequence, we may assume

that all the exponents [5}‘ are zero, for k > 2. We can now perform m, ;) blowings-up
with centre {z =w = 0} to reduce to the case m, (1) = 0.
By (5.5), we may perform a change of variables to express

f =det(C(Co,v"M g, v P, ... v ),

where 1 is a permutation of the set {1,...,n— 1}, and each (y, ..., (n—1 can be completed
to an étale coordinate system. Expressing f as a product we obtain

n—1 n—1
f= Z gkyrllg
k=0 \j=0
n—1 [fn—1 :
= D& VNG,
k=0 \j=0

Let @o := Z?;J W Cr1(5) and notice that the rest of the factors of f can be obtained by
letting the n-th roots of unity act on ¢¢. Then, following a reasoning similar to the one in
Proposition 3.10, and by performing a relabelling of the variables if necessary, we obtain
that the transform of X at the point a’ over a is circulant of order n. O

Remark 5.4. Notice that our selection of centres of blowings-up in the cleaning procedure
is equivalent to a desingularization procedure similar to the sequential maximal contact
subspace construction for the invariant, but instead of considering the marked ideal E(Qk)
we consider the ideal £(J%). In other words, each of the centres considered in our cleaning

procedure are -admissible, where ( is a truncation of inv at some codimension level k > 1.

Sketch of proof of Theorem 1.4 in the general case.
The hypothesis of f being irreducible is only used to obtain (5.2), as we claim that the rest
of the argument follows similarly for the case where f is not irreducible. Assume also that
f is given by

f==f-...-fg,

where each f; is an irreducible element of Oz. For each { € {1,...,s}, let n; denote
ord¢, (a). Notice that f satisfies the hypotheses of Theorem 1.3, and so there is a suitable
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5.1 NORMAL FORMS OF LIMITS OF THE NC LOCUS, TOP ORDER CASE

sequence of blowings-up each of which has a centre given by a single point, after which f
completely splits in a punctured étale neighbourhood centred at a. Moreover, given that

n=7J ;_;n¢ =dimX, by Weierstrass’ preparation theorem we can express f € K[w, x][z].

This allows us to express each f; as

T\.e71

fo = H (z— o),

j=0

where each ¢¢; € K[v,x][z], x and z are understood to be multi-index variables, and
where v is a formal N-th root of w, for some positive integer N. Because each of the
factors fy is irreducible, we may assume WLOG that N = lem(nj,ny,...,ns). Notice that
we have an action of Z/NZ on K]v, x][z] that leaves each f; invariant. We can use this
action to re-label the sections ¢¢; in such a way that if g is a generator of Z/NZ then
g™ - dej = doj+m, where the subindices are considered to be reduced modulo n,. We
then use the Discrete Fourier Transform with respect to the relevant group action to define,

1 ne—1 Ny
Yej = — Z e " (z—dex),
Ty
k=0
where ¢ is a primitive N-th root of unity. Similarly to the irreducible case, we may notice
that

ne—

1 )

N— N 1 Nip NyTe—)

v oMye; = — E (E“B V“@) (z—dex),
L —

and consequently, for a generator g of Z/NZ we have

ne—1
-] £

N—ﬁj ﬁ(k+1) N T
g-v "Uye = > (5““ Ve (z—bex+1)
¢ x=o
,ﬁj
=V e ye,

Thus, given £ € {1,...,s}and j € {1,...,n¢ — 1} there exist (¢ ; € K[w,x][z] and m¢; € Z>o
such that .
ye; = v R g5 (WM, x). (5-8)

We also define my o := 0 for all {. We then have that

N\ Mgine+1 N mg,ne,ﬂlerTl@f]
fo =An, | G0/ (V“‘> Cotyeves (V“‘> Cone—1 ),

foreach ¢ € {1,...,s}. By Corollary 2.93, we have that the marked ideal ((f), n) is equivalent
to the marked ideal

S Tl@—1

Z Z <<wm“"'N+%jCE§>,ne>.

(=1 j=0
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5.1 NORMAL FORMS OF LIMITS OF THE NC LOCUS, TOP ORDER CASE

We now need to construct a permutation 7t for this case. This construction, is also carried
out sequentially, but the index family is different. Consider the index family given by

I={(j):0e{1,...,s},j€{0,...,ng—1}}1

We want to sequentially construct a function 7 that allows us to index the sequential maxi-
mal contact subspaces, as this helps us determine the centres of blow-up. The hypothesis
we use is that there exists a subset Sy C I of size k together with

* a family of smooth sections {Cle‘,j 2 (€,9) ¢ Sk},
¢ a family of exponents {(x‘g’j 2 (4,3) € S},
* an injective function : {0,..., k—1} = S C I

such that

¢ the subspace Nk .= {C;[(O) = ... = C];c(k—n = 0} is a smooth maximal contact
subspace J of codimension k,
¢ the exceptional divisor w does not divide C]fe ) for all (¢,j),

. ok . k \n .
¢ the marked ideals J and Z( 07) ¢Sk <<w (%) (C“) @> ,ne> are equivalent,

¢ each section C]g,j has order > 1 and for each { we have that the set of exponents
{oc‘g,j :j €1{0,...,n¢ —1}} contains at most one representative for each class of integers
modulo n,.

The base case is verified by taking C%,j = (g5, with ocg/j = j+mg;ne and Sy defined as
the singleton determined by a subindex of the functions C?,o' as any maximal contact
hypersurface of {f; = 0} is a maximal contact hypersurface of {f = 0}. In order to verify
that given k < [I| — 1, we can construct Sy 1 together with the rest of the data, it suffices
to follow a similar reasoning as in the irreducible case, mutatis mutandis. And so, let us
provide the identities satisfied by the analogous constructions for the non-irreducible case,
without repeating the arguments for their existence, as they are exactly the same. If the
inductive hypothesis is satisfied for some k < |I|, we may then define

K
o ) %5,
ni(k) := arg mm{Tl 1 (€,5) € I\Sk}.
¢

Just as in the irreducible case, we want to restrict to a maximal contact hypersurface. Notice
that {let(k) = 0} is maximal contact, and so we consider the identity

Kk _ ¢k BE! Fk+1
Coj = &5 +W9 oy,
where E}fj S <C'(r)r(0)’ e, Cﬁ(kﬁ' This in turn allows us to define
k+1 . ok+1 k 13
ai =B+ Xy~ G-
Let us emphasize that two consecutive indices

(k) = (€, jx), ik +1) = (b1, jx+1)
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5.2 NORMAL FORMS OF LIMITS OF TRIPLE NORMAL CROSSINGS

do not need to satisfy that {x = {1, as what determines these indices are the exponents
k+1

oy
(]

We can then use the function 7t to verify that blowing-up with a centre of the form
0 1 -2
{0y =Cry =+ =i 2) =0},

reduces the value oc;‘(*nziz) by n¢. Thus, we can successively perform blowings-up of this
form until oc;‘(_nz_z) is reduced modulo n¢, where ny is the first entry of 71(n —2). In general,

we perform blowings-up with centres of the form
{CSE(O) = CJIU) T Cg(d) =0}, (5.9)

until we reduce to the case where ocg( ) is a residue modulo the first entry of 7t(d). We
repeat this for d =n—2,n—3,...,1. After cleaning and changing coordinates we obtain
that f can be expressed as the product of circulant expressions

f=f ... fs,

where
fj = det(C(Zj,W1/anj,1, .. .,W(njil)/anj,nj,] )),

which is what we wanted to prove. O

5.2 NORMAL FORMS OF LIMITS OF TRIPLE NORMAL CROSSINGS

Lemma 5.5 (Reduction to circulant normal form of order three, local version). Let X be a
variety defined over an algebraically closed field K of characteristic zero. Assume that, after a finite
sequence of inv-admissible blowings-up, the maximum value of inv is (3,0,1,0,1,0, co) and the
stratum S of points with highest inv value satisfies that X is generically nc(3) on S. Let a € S
be such that X is not nc at a. Let wy,..., Wy, u1,...Uq,X1,X2,Z be an étale coordinate system
defined at a where {w1 ... wy = 0 is the local expression of the exceptional divisor E. Then, there is
a finite sequence of admissible and equimultiple blowings-up that restrict to an isomorphism over
the normal crossings locus after which the limit points of the nc(3) locus are products of circulants.
Moreover, if f is irreducible then the limit points of the nc(3) locus are circulant singularities of
order 3.

Proof in the irreducible case.
This proof follows a similar structure as that of the proof of Theorem 1.4.

Following the reasoning in (4.7), the ideal (z—bg,z— b7,z —b;) can be generated by
the sections yo = z,y1, Y2 (see (4.6)). Assume that invx(a) is the highest possible value as
in the hypotheses. Then, we can factor a monomial

.
w = | | wt
i=1

from both y; and y, and at least one of the pair w~%y;, w~*y; has vanishing order 1. We
follow the case where w~*y; has vanishing order one, and we do not present the other
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5.2 NORMAL FORMS OF LIMITS OF TRIPLE NORMAL CROSSINGS

case, as it follows from a similar reasoning. By (3.4) we have that o; = 3m; + k;, for some
non-negative integer m; and for some k; € {0, 1,2}. Similarly to the previous proof, let us
express
X B
Y2 =wh; +wP(y,

for some {3 with 3; > «; for all i, for some regular section h; € (yj), and for some smooth
section (.

Let v := B — « and express yi = 3{; + si, where {; € Z>o and s; € {0,1,2}. Let us
now provide a local description of smooth centres that, after blowing-up, allow us to
reduce to the case where Y i_;vi < 3. For this, let | denote the smallest (with respect
to cardinality) subset of {1,...,1} such that } ;. jYi = 3. In case there are two subsets
with equal cardinality satisfying this condition we pick the one with the highest value
for Zie]Yi; and in case there are two subsets J;,], with same cardinality and with
2 ic), Yi = 2iej, Yi we select the one with the highest lexicographic order. We then
consider the centre

C={z=y1 =0In ﬂ{wi =0} (5.10)
ieJ
Remark 5.6. Notice that this selection for the components of E is similar to the selection
done in the J-part of the invariant, but truncated to some codimension level prior to the
final one. In other words, the closure of these centres of blow-up can be globally described
as the component of
{inv > (3,0, 1)} N cosupp ((M(72), 3)),

with highest J-invariant (see Subsection 2.7.4).

Notice that C is an equimultiple centre. Notice also that the only charts of the strict
transform that contain the normal crossings locus of order 3 are those associated to the w
variables, and by the minimality condition for ], we have that the value of v; in the strict
transform is strictly reduced for any i € J.

By sequentially performing blowings-up with centres selected as we mentioned, we can
reduce to the case where each chart centred at limit points of the nc(3) locus intersects at
most 2 exceptional divisors, and the power of } (i — i) € {0,1,2}. After this, we can
now select the smallest subset I of {1,..., 1} (we use the same disambiguation criteria as
before) such that } ;.; o; > 3. We now blow-up with centre

C:={z=0In m{wi =0}, (5.11)
iel

and sequentially performing these blowings-up allow us to reduce to the case where

Remark 5.7. Similarly to Remark 5.6, the topological closure of the centres of blow-up
defined as in (5.11) can be globally described as the component of

{ord > (3)} N cosupp ((M(3"),3)),

with highest J-invariant.
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5.2 NORMAL FORMS OF LIMITS OF TRIPLE NORMAL CROSSINGS

Thus, after these sequences of blowings-up, we may assume that the local expression of
f is one of the following

91;‘/\’2/392))/

zZ, W2/3U1IW4/3UZ))/
1/3.1/3 2/3

2/3

zZ, Wy w, Ty, Wi Tws Y1),

Notice that all the singularities of item 1 are nc(3), and that item 2 is a circulant singularity
of order 3. Notice that for item 3 we can blow-up one more time with centre C = {z =
y1 = w = 0} to reduce to item 2. Finally, notice that we can perform 3 more blow-ups
for points with a local expression of the form item 4. The first centre is described by
Co ={z=vy1 =w; =w, =0} and if we denote by E, the exceptional divisor created by
blowing-up then the next centres are given by C; = {z = w; = 0} N Eg. This allows us to
reduce item 4 to the item 2 in all the relevant affine charts. O

Remark 5.8. Notice that in the case where f is not irreducible, factorizing f in its irreducible
components, we obtain that either f splits into 2 factors, one of order 2, or into 3 factors,
all of them of order 1. The latter yields a factorization of the form nc(3). Thus, assume
that f factorizes into 2 factors. We can still apply the same reasoning on the orbits of the
roots of f, allowing us to express f as the product of a smooth section with a generalized
circulant of order 2. A similar sequence of blowings-up, that is, blowings-up with centres
of the form
{ord > 2} N cosupp ((M(3"),2))

determined by the highest value of the J-invariant, allows us to reduce to a product of a
smooth section with a circulant of order 2.

Remark 5.9. Because the centres of blow-up in the previous algorithm are all given by
a maximal contact hypersurface and a globally well-defined selection of components of
E, we may use truncation of inv together with the J-part of the invariant and blow-up
admissible centres for this upper-semicontinuous function to deduce Theorem 5.1 at every
point of (the strict transform of) X (see Remark 5.6 and Remark 5.7).

Remark 5.10. There is a technical generalization of Lemma 4.14 and Lemma 5.5. More
precisely, if X satisfies that after an inv-admissible sequence of blowings-up the stratum
with highest value of the invariant is S3 , := {inv = inv(nc(3, 1))}, then there is a suitable
sequence of admissible and equimultiple blowings-up restricting to an isomorphism over
the nc locus after which the limit points of the nc(3) locus are the product of the form
exp” x cp(3) or exp” x nc(1) x cp(2). To deduce this, it suffices to notice that the local
equation {g = 0} defining X U E at a limit point of S3 ;. can be expressed as

g=1uj...u,f,

where f is as in Lemma 5.5. The sequence of blowings-up that lead to the normal forms
is almost the same, with the only modification being that we need to blow-up inside
{u1 =...=1u, =0} to ensure that the centres are inside the r components of E indicated
by inv.
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PARTIAL DESINGULARIZATION
RESULTS

The goal of this chapter is to provide the proofs of Theorem 1.1 and Theorem 1.2, assuming
the existence of a moving away algorithm as in Algorithm 1.5. We postpone the proof
of Algorithm 1.5 until Chapter 7, as we need multiple versions of it for different specific
cases of products of circulants, and the statements indicating the necessary hypotheses are
clearer once the procedure for partial desingularization has been explained.

The proof we present for Theorem 1.1 and Theorem 1.2 rely on proving the following
claim.

Claim 6.1. Let X be a hypersurface of a smooth variety Z over an algebraically closed field K of
characteristic zero, and let E C Z be an snc divisor. Given (p,1) € INZ there exists a sequence

X =X 25 ... I Xo =X (6.1)
of admissible and equimultiple blowings-up such that

1. the sequence (6.1) restricts to an isomorphism over the locus of nc points of order at most
(p,7),

2. if (Xo,Eo) isncin U C Z, then the centres Cy. C U of the sequence (6.1) are the centres given
by the classical desingularization algorithm (see [BM97]) until we have inv < inv(nc(p, 1)),
after this point, the centres are empty,

3. all the singularities of the pair (X¢, ) are minimal singularities.

Remark 6.2. If X is an n-dimensional variety, then the statement of Theorem 1.1 for
dimension n follows from Claim 6.1 in the case (p,r) = (n+1,0), as the highest possible
order for a nc singularity of X is the embedding dimension of X, which is n+1.

The proof of Claim 6.1 we present follows an inductive structure over the pairs (p, )
ordered lexicographically.

Notice that Claim 6.1 in the case (p, ) = (1,0) is a consequence of the classical desingular-
ization theorem (see [BM97]) if we stop before blowing-up the stratum S o of points with
inv = inv(nc(1,0)) := (1,0, 00). And so, we verify Claim 6.1 in the base case (p,r) = (1,0).
For uniformity of notation, let us define D1 = @ and X1 := Sy .

For the inductive step, we proceed as follows. Assume that we want to verify Claim 6.1
for (p, ). We proceed in stages.

First stage. We start by following the classical desingularization algorithm until inv <
inv(nc(p, 1)) at all points. We now split the stratum S, := {inv = inv(nc(p, 1))} into
irreducible components, and we blow-up those components that do not contain any
nc(p, r) points. Given that X is nc at a implies that X is nc in a neighbourhood U around a,
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after finitely many steps, we may assume that S;, ; only contains irreducible components
in which X is generically nc(p, r). Furthermore, we may assume that the non-nc points in
Sp,r are inside E’ C E, where E’ is transverse to Sy, ;.

Second stage. We use a splitting result, to deduce the existence of an inv-admissible
blow-up sequence after which, we can split the local equation defining X, in a finite
extension of Oz.

Third stage. We follow a cleaning procedure, that is, we perform a sequence of admissible
and equimultiple blowings-up as in (5.9) (p. 81) after which all limit points of the nc(p, r)
locus reduce to a (circulant) normal form. This sequence of blowings-up is admissible and
equimultiple but it is not inv-admissible. Notice that Theorem 1.4 and Theorem 5.1 both
account for the application of the second stage followed by the third stage’.

Fourth stage. We follow a moving away procedure to deduce the existence of a sequence
of admissible and equimultiple blowings-up after which, there are a strict subdivisor
Do C E, which we call distinguished divisor, together with an open set U containing Dy
such that

* Dy contains all non-nc(p, r) singularities in U,
¢ all the singularities of (X, E) in Dy are minimal singularities,
¢ all the singularities of (X, E) in U\ Dy are nc(p, ).

All the centres of blow-up involved in the stages above avoid all nc points of (X, E), and
as such, they satisfy item 2 of Claim 6.1. Define Dy, - as the union of all the distinguished
divisors created in the fourth stage. Define L, . as the union of the strict transform of
Sp,r and Dy . We now apply Claim 6.1 to the pair (X\ L, +,E — Dy ;) at the predecessor
(p~,77)? on X\ L+ to deduce Claim 6.1 for (p, ).

Remark 6.3. In stages 3 and 4 we performed blowings-up with centres that might fail to
be inv-admissible. As such, in order to resume performing the classical desingularization
algorithm so that we may drop the maximal value of inv in X\ £, ;- to be at most (p~, ™)
we need to reset to year zero.

Remark 6.4. By construction, the centres of blow-up of the classical desingularization
procedure are closed in X\ L,  but they will, in general, fail to be closed in X. To correct
this, we blow-up with centre given by the topological closure in X. This introduces a new
problem. Namely, there are singularities of (X, E) in X ; that will be blown-up, and so,
we need to verify that, for all the normal forms that admit a curve of singularities which
are not nc, all future inv-admissible blowings-up do not introduce new normal forms. We
address this problem in Section 7.7 and Section 7.8.

6.1 PARTIAL DESINGULARIZATION IN DIMENSION 4

When dim X < 4, the sequence of pairs that need to be treated in the strategy of partial
desingularization we presented in the introduction to this chapter is (5,0), (4, 1), (4,0), (3,2),
(3,1),(3,0),(2,3),...,(2,0),(1,4),...,(1,0). Let us present the details of the first iterative
steps as in out strategy, and provide the general argument for the cases < (3,1).

1 Recall that in the proof of these theorems, we begin by applying a splitting theorem.
2 We define the predecessor of (p,r) as (p,r—1)if r > 0 or (p—1,1’) for some r’ > 0 in the case r = 0.
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6.1 PARTIAL DESINGULARIZATION IN DIMENSION 4

Let X be a variety over an algebraically closed field K of characteristic zero of dimension
4. Because the normal crossings locus of X is contained in the collection of points where the
embedding dimension of X is 5, we can follow the classical desingularization procedure
where we blow-up the stratum of points with maximal value of inv until the first entry
of inv given by the Hilbert-Samuel function H satisfies H(1) = 5, at all points of the strict
transform of X. Thus, we may assume that the ideal sheaf J associated to X is principal.
Notice that the maximal possible value of a nc point a is

inv(ne(5)) = (5,0,1,0,...,1,0,00),

where the invariant has 11 entries. Thus, we may continue blowing-up the stratum with
highest inv-value until the stratum S5 of points with inv value equal to inv(nc(5,0))
is the stratum with highest inv value. Notice also that, by the construction of inv and
S50, we have that S5 o has codimension 5 in Z. Thus, dim S5 = 0. This implies that
{a € S50 : a ¢ nc(5)} is a discrete collection of points of S. Notice also that if a is nc(5),
then there is an open neighbourhood U of a such that the only singularities of X in U\ {a}
are nc of order < 5. Consequently, we can continue blowing-up the stratum of points with
maximal value of inv outside the nc(5) locus. For homogeneity of notation, let us define
D50 :=2, T5,0 = 35,0, and 25’0 = T5,0 UDs .

We continue blowing-up the stratum with maximal value of inv in X outside L5 ¢ until
the maximal value of the invariant is inv(nc(4, 1)). Notice that the locus of points with
value of the invariant equal to inv(nc(4, 1)) is zero-dimensional, and so we can blow-up
only those isolated points that are not in the nc(4, 1) locus. Similarly as before, there is an
open neighbourhood U around each nc(4, 1) point a such that (the strict transform of) X is
nc in U\ {a}. We define S4 1 as the stratum of points outside X5 o with inv value equal to
inv(nc(4, 1)), T4,] = 54,1 U T5,0, D4,1 = D5,0, and Z4’] = T4,] @] D4,1 .

We have now reached a case that exemplifies the general structure of our argument.
We begin by applying the classical desingularization algorithm outside X4 until the
stratum with maximal value of inv is S4 ¢. Furthermore, we can continue blowing-up the
locus of points with maximal value outside the locus of nc(4,0) singularities, which is
open in S4 0. This allows us to reduce to the case where S, ¢ is generically nc(4,0). Notice
that the locus of non-nc(4) points inside the stratum S4 of points with inv value equal
to inv(nc(4,0)) is discrete. By Theorem 1.4, for each non-nc point a € S4, and after a
suitable sequence of admissible and equimultiple blowings-up, we may express (the strict
transform of) X (locally at the point a’ over) a as the product of circulant expressions with
orders np,...,ng (see Remark 5.1), where Zi:1 Ny = n. In this particular case, we obtain
that the normal forms for the limits of the nc(4,0) locus are

* cp(4),
* cp(2) xcp(2) A (z1, W/ 2x1) Az (22, W
* nc(1) xcp(3),

1/245).

We address a moving away algorithm for each of the above:

® cp(4): Section 7.4,
* cp(2) x cp(2):Section 7.6,
* nc(1) x cp(3): Section 7.7, case v = 1.
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6.1 PARTIAL DESINGULARIZATION IN DIMENSION 4

In the case of cp(4), the moving away algorithm finds a sequence of admissible and
equimultiple blowings-up after which, the limit singularities of the neighbouring locus of
cp(4) can be expressed, in some local coordinate system of the form x1,x2,%3,Y, z, as the
vanishing locus of one of the following:

o cp(4): Aglz,y"/*x1, 9% %2, 43/ 4x3)
o Aylz,y/4xq,y?/*

o A4z, y'4x1,y% %y
Ag(z,y" 4%, y%/4,y3/
Ag(z,y'/*

X2, 93/4),
3/%%2x3),
4x3),

X1 192/4, 3/4)/

where the latter 4 are analogues of the degenerate pinch-point in dimension 4. Notice that,
for each of the normal forms above, X is nc at every point outside of {y = 0}. Moreover,
the moving away procedure is such that {y = 0} is the local equation of a component Dy
of the exceptional divisor E.

In the case of nc(1) x cp(3) the moving away procedure (see Section 7.7 in the case r = 1)
helps us express X in some local coordinate system u,x1,x2,y, z as:

1/3 2/3

* nc(1) xcp(3) : uAs3(z,y
* cp(3) : Az(z,y!/3
* dpp: As(z,y'?x1,y?3),

e nc(1) x dpp:uA3(z,y1/3x1,y2/3).

X1,y XZ)

x1,Y%/3%2),

Again, the moving away algorithm is such that {y = 0} is the local expression of a
component Dy of the exceptional divisor E, and all singularities outside {y = 0} are nc.

In the case of cp(2) x cp(2), the moving away procedure (see Section 7.6) leads us to
two more normal forms:

* nc(1) xcp(2),
* cp(2).

Similarly, as in the other cases, the normal forms obtained by the moving away algorithm
are contained in an exceptional divisor Dy C E.

We define Z;,0 as the union of the components of E that contain the normal forms
(that is, those divisors whose local expressions we denoted by {y = 0}), we also define
T4/0 = 84,0 @] T4/1 , D4/0 = @4,0 @] D4,1 and 24,0 = T4/0 U D4,o.

We then move on to the next pair (3,2). We resume the classical desingularization algo-
rithm outside of X4 o(by resetting to year zero) until inv drops to be at most inv(nc(3, 2)).
The stratum S3, is discrete, and so we may resolve all non-nc points. Again, we define
T3/2 = 53,2 @] T4/0, Dg/z = D4/0 and )._.3/2 = T3,2 @] Dg/z.

We then move on to the pair (3, 1), and we follow the 4 stages of the process. There are
no new normal forms found by Theorem 5.1 nor the moving away algorithm. Notice that
when we move on to the pair (3,0) the issue of having limits of the stratum S3 o inside
23,0 appears. Nonetheless, we take care of this issue at the end of sections Section 7.7 and
Section 7.8.

We continue this process for the pairs (3,0),(2,3),...,(1,4),...,(1,0). The only new
normal form found by the moving away algorithm (see Section 7.7 and Section 7.8) is in
the case (2,2), where we add the normal form nc(2) x cp(2).
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6.2 PARTIAL DESINGULARIZATION PRESERVING TRIPLE NORMAL CROSSINGS

Putting all these normal forms together we obtain Table 1.1, thus completing the proof of

Theorem 1.1.

6.2 PARTIAL DESINGULARIZATION PRESERVING TRIPLE NORMAL CROSSINGS

Proof of Theorem 1.2. The proof follows a similar structure to that of Theorem 1.1. More

precisely, we blow-up with inv-admissible centres until the stratum S with highest inv-

value is generically nc of order (p,r) with p < 3. We then apply Theorem 5.1 to express all
the non-nc points in S as exp” x c¢p(3) or exp” x nc(1) x cp(2). We then follow the moving

away procedure stated in Section 7.7 (for the former) or Section 7.8 (for the latter)’ Let
23, be the union of all the exceptional divisors that admit a deleted neighbourhood in

which all singularities of (X, E) are nc, as indicated by the moving away procedure, and
define X3, := S3+ U Z3,. We then apply Claim 6.1 to (X\ Z3,, E — D3 ;). By the remarks

at the end of each of those two sections, future blow-up whose centre is the closure of

an inv-admissible centre outside X3, will necessarily preserve the local expression of the
minimal singularities we have established. Thus, we obtain the desired result.
t

3 Notice that the moving away sequence of exp” x nc(1) x cp(2) is the same as the moving away sequence of a
singularity of the form exp™! x cp(2).
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MOVING AWAY ALGORITHM AND
NORMAL FORMS

The main goal of this chapter is to provide the details of Algorithm 1.5. Given that this
algorithm needs to desingularize a local expression of the form {A, = 0}, we first find a
simpler ideal that allows us to determine centres of blow-up in a more straightforward
way. More precisely, we replace the marked ideal sheaf ((A;,), n) associated to a circulant
singularity by a (marked) monomial ideal sheaf (M, n). We then show the existence of a
desingularization procedure for the ideal (M, n)

Given that we need to deduce explicit local normal forms, we need to apply Algo-
rithm 1.5 to the cases that are relevant in Theorem 1.1 (and Theorem 1.2). Thus, we
provide the explicit sequence of blowings-up leading to the normal forms of limits of the
neighbours of cp(4) in Section 7.4. For varieties of dimension < 4 we also need to find
normal forms for the limits of the neighbours of singularities which are locally of the form
cp(2) x cp(2) (see Section 7.6).

Finally, because part of our procedure involves performing inv-admissible blowings-up
after having performed equimultiple (but not necessarily inv-admissible) blowings-up, we
need to reset the desingularization history to year zero, but we need to verify that blowing-
up these strata does not modify the normal forms that we have previously obtained. And
so, for those normal forms that admit a curve of singularities that are not nc that could be
blown-up in subsequent years we verify that the local expression does not get modified.
These details are provided in Section 7.7 for singularities that are locally of the form
exp’ x cp(3) and in Section 7.8 for singularities that are locally of the form exp™ x cp(2)
and exp” x nc(1).

7.1 LOCAL EQUATION AT SINGULARITIES RELEVANT TO MOVING AWAY

A key intermediate step in our moving away algorithm is to be able to reduce the local
expression of X to one of the following.

Definition 7.1. [Raw family of local equations, N] Consider a hypersurface X of a smooth
variety Z over an algebraically closed field K of characteristic zero, with dimZ =n + 1.
We say that a € X is a singularity in the raw family of local equations N if there exist smooth
functions® wt,..., Wy, X1,...,Xn_1,Y,z satisfying that the local equation of X at a is

1/n (da-1)/ d/n

nXd—]/y ’

Sa+1 n—-1)/n 101y
Wpd+1xd++1,___/y( )/Myp,Pn o] )) =0,

x1,y2/nx2,...,y
(d+1)/n

ATL (Z/y
Y

1 some of the functions xy may fail to vanish at a



7.1 LOCAL EQUATION AT SINGULARITIES RELEVANT TO MOVING AWAY

where d +1 <1, pasi1,...,Pn-1 € (Z30)", and 8; € {0,1} with &; = 1 if and only if x;
vanishes at a, and

Wi, oo, Wy, x0,%1, .00, Xa—11U{X; 1 d <j <nwith §; =1},
can be completed to a étale coordinate system at a.

Remark 7.2. Notice that the vanishing order of a singularity in N equals the power of the
monomial with the lowest degree that is only divisible by y.

Remark 7.3. Notice also that if U is an affine chart that realizes a = 0 € U as a singularity
in N of order d, and if C C U is such that C ¢ Y; for some j < d, then the maximal value
of the vanishing order of J along C is at most j.

Remark 7.4. Let a € X be such that a is a singularity in N and a ¢ {y = 0}. Because
a ¢ {y = 0} we can find an étale neighbourhood V of a such that the local expression of J
in Vis

<det(C(z,vx1,v2xz,. cov8T Ixgg,ve L ),

where v* =y. We claim that Sing (X) N V'\ {v = 0} is a subset of the normal crossings locus
of order at most d. To verify this, define

Fi(y,x1,...,Xa-1,%,...) = z4+(ev)xq +...+(5v)(d_”jxd_1 +...,
where j € {0,...,n— 1}. Because the vanishing order of
1

det(C(z,vm,vzxz,...,vd* Xda—1,v%,...))

is at most d, there exist at most d functions F;,, ..., F;, that vanish at a. Notice also that
the matrix of partial derivatives of

F(ylx]l"'lxd—llzl"‘) = (FOI'-'/FTL—1)

with respect to z,x1,...,xq—1 is

1 v v2 yd-1
1 eV g2 gvd—1

7
1 en—ly g2n=1)2 = (n=1)%,(d=-1)

which is a matrix of maximal rank as v # 0. Using the Implicit Function Theorem, we
obtain that {{F;, =0},...,{F;, = 0}} are normal crossings.

Remark 7.5. Fix a combination (pg+41,--.,Pn—1,9d+1,-.-,0n—1), and fix an affine chart
U in which a coordinate system w, x,y, z as in Definition 7.1 is defined. Notice that the
local expression at all singularities of X in U can be parametrized by the coordinates in
{x2,...,%Xn—1} which vanish in U.
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7.2 REDUCTION TO A MONOMIAL IDEAL

Definition 7.6 (Neighbouring singularity). Let X be a variety, fix a € Sing (X). We say that
b € Sing (X) is a neighbouring singularity of a if for every open neighbourhood U of a there
exist ¢ € Sing (X) N'U and an étale isomorphism

OX,b — oX,c'

Equivalently, if on every neighbourhood U of a we can find a representative of the
equivalence class of étale isomorphisms of the stalk Ox p.

Example 7.7 (Local expression of neighbouring singularities of cp(4)). Let X be the complex
variety given by the zero locus of A4(y,x1,%2,%3,2). Let a be a non-zero singularity of
X inside {y = 0}. We claim that a is a neighbouring singularity of the origin. Let us first
notice that in order for a to be a singular point we have that a = (0,0, Ao, po,0) for some
Ao, Lo € C. Assume that Ag, 1o are both non-zero. Notice that we can also describe X as
the vanishing locus of

X;Z / / !
XS A4(U /X]/1/1/Z )/
3
4 2
/ X3 / X3 / X3 : : sps
where y' = =y, x] = X1, 2/ = —z. This shows that the stalks of X of singularities
x4 ! X2 x3

2 2 2
outside all coordinate subspaces but inside {y = 0} are equivalent up to étale isomorphism.
Similar computations allow us to find the normal forms described by

A4(UIX1/X2/ 112) and A4(1—J/X1, ]/X3/Z’)'

While the family N is infinite (there is one element per combination (pg4+1,...Pn—1,
dda+1,.+.,9n—1)), the moving away algorithm we present satisfies that after performing it,
all limit singularities of the neighbouring locus of cp(n) belong to a collection of finitely
many elements of N.

We may notice that performing the necessary computations for maximal contact sub-
spaces of A,, and its subsequent companion ideals is a considerably difficult task, as we
need to consider arbitrary years in a blow-up sequence and arbitrary values of n. Because
of this problem, we reduce the problem of finding such an algorithm for A;, to finding a
similar algorithm but for a specific monomial ideal that we can construct using A,,.

7.2 REDUCTION TO A MONOMIAL IDEAL

In this subsection we consider X to be a variety of dimension n + 1 > 2 such that for any
b € X we have
inv(b) < inv(nc(n)),

where the latter expression has 2n + 1 entries. Notice that nc(n) has dimension at most 1,
as dim X =n+ 1, and by Theorem 1.3 we have that the cp(n) locus has dimension 0.

Let a be a cp(n) singularity of X and let U be an affine chart centred at a expressing X
as the vanishing locus of

A=A (Clz, W/ ™xg, .. Lwneh /s )) =0. (7.1)
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7.2 REDUCTION TO A MONOMIAL IDEAL

In particular, notice that the origin is given by intersection of n + 1 divisors, 1 of which
corresponds to an exceptional divisor. Let Y; denote the locus {x; = 0}, let Y, denote the
locus {z = 0} and let W denote the divisor associated to w. For simplicity of notation, if o
is a blow-up we use the same notation for the strict transform of each of these divisors by
o.

Notice that we can define a ramified n-covering of U ~ A' given by

mo:C'i=A' - C:= A
vyt
Using 1y we can construct a ramified n-covering

e An—l—] N An—H

(v,x,z) = (V' x, z)

Remark 7.8. We formally define the vanishing order of v at the origin as 1, and extend
this definition to the algebra K[v, x, z]. This allows us to express the vanishing order of
any function in the variables w, x, z in terms of the vanishing order of v, x, z.

Remark 7.9. Notice that the pullback X, of X — Z by m factors into n irreducible
components
A=Afy...fr_1,

where fj =z + Jvxy H ... dMDyn=Ty .

n—1
< fj>,n
j=0

1

Define J := ((A),n) and notice,

cosupp (J) = cosupp

T

= cosupp ((f5),1)
j=0
n—1
= ﬂ cosupp ((fj), 1) by Corollary 2.93
j=0
n—1
= cosupp ((f;),1) by Remark 2.91
j=0

= cosupp (({fo,...,fn—1),1))
= cosupp ((fo,...,fn—1)) (7.2)

On the other hand, notice that

1 n—1
— Z 87]81:)' :\)eXg.
n

j=0
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7.2 REDUCTION TO A MONOMIAL IDEAL

In other words, the vector (z,vx1vZx2,...,vV™* "xn_1)T € K[v,x,z]™ can be obtained by
multiplying the vector (fo,...,fn—1 )T by an invertible n x n matrix with coefficients in K.
Therefore,

cosupp (J) = cosupp(((z,vm,...,v“_1xn,1>,1))

= cosupp (((z™, wxT, ..., W Ix_1),n)). (7.3)
Notice that if we blow-up the ideal J and the monomial ideal

M = ((z", wxT,. ..,w“qxﬁ_ﬁ,n)

by a coordinate subspace inside cosupp (M) then the cosupports of I’ and M’ are also the
same. This identity is preserved after any finite sequence of blowings-up with equimultiple
centres given by coordinate subspaces.

Proposition 7.10. Let X be a variety embedded in a smooth space Z, and let U be an affine chart
with a regular coordinate system w,x1,...,xXn_1,z on U. Assume that the local expression of the
ideal sheaf J associated to X is

J(U) = (A" :=det(C(myg,...,mn_1))),

where My, . .., M1 are monomials in w' /“,x:/n, .. .,X:L/:L] ,Z1/m Define M as the ideal sheaf
defined on U given by
(mg, m7,...,mpg_q). (7.4)

If d denotes the vanishing order of J at a then,
cosupp((J,d)) NU = cosupp ((M, d)) N U.

Proof.
For each j, define

n—1
f = Z e*my,
k=0

where ¢ is a primitive n-th root of unity.

Our first claim is that these functions have a common maximal vanishing order. Assume
that do is the maximal vanishing order of fy. Notice that if m is a monomial of fy such
that its associated coefficient is not zero, then m is also a monomial of f; with non-zero
associated coefficient.

We know that
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7.2 REDUCTION TO A MONOMIAL IDEAL

thus,

n—1
cosupp(((A'),d)) = cosupp < fj> ,d

]:
n—1

= cosupp ((f;), d/m)

j=0
n—1
= () cosupp ({f;),d/n) by Corollary 2.93
j=0
n—1
= cosupp ((f;),d/n) by Remark 2.91
j=0

= COSUPP((<fO/ oo /fnf] >r d/n))/

But we can use a similar identity as before:

1 n—1
— Z Silzfj = my.
n
j=0
Therefore,

cosupp (((A"),d)) = cosupp (({mo, my, ..., mn_1),d/n))
= cosupp (((mgy, m7,...,my_4),d)). (7.5)

O

Remark 7.11. Notice in particular that at points satisfying the hypotheses of Propo-
sition 7.10, the local candidates for a centre of an equisingular blow-up are given by
coordinate subspaces. Moreover, if o is a blow-up whose centre C is equimultiple, then we
can cover the strict transform X’ by affine charts {U«} satisfying that the strict transform
of the coordinates w, x1,...,xn_1, z together with the newly created exceptional divisor E
form an étale coordinate system that still satisfies the hypotheses of Proposition 7.10.

In the paper [BMo6], the authors define an algorithm that finds a resolution of toric
singularities. The main idea behind this resolution is to reduce this problem to the problem
of finding a resolution of singularities of monomial ideals. In particular, in Theorem 8.5 (p.
32-36), the authors establish that we can use a simplified version of the desingularization
invariant (see Subsection 2.7.4) that does not depend on the previous history of blow-ups
to find a resolution of singularities of monomial ideals. More precisely, this monomial
desingularization invariant, which we denote by minv is the same as inv after removing
the entries si. Because this algorithm is applied to monomial ideals, we can assume that
in each of the affine charts in which we perform our computations, the local centre of
maximal value of minv is a coordinate subspace. In particular, the stratum with maximal
value of the invariant passes through the origin of each of the standard affine charts that it
intersects.
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Notice that Proposition 7.10 makes the subsets given by coordinate subspaces defined by
the monomial ideal M good candidates for centres of blow-up. Nonetheless, an arbitrary
centre determined by the ideal M does not satisfy the condition of preserving the closure
of the normal crossings locus, so we need to impose certain restrictions which we discuss
in the next subsection.

Remark 7.12. Because we want to perform blowings-up that are contained inside Dy,
instead of performing (partial) monomial desingularization to M directly, we instead
perform (partial) monomial desingularization to the monomial ideal plus boundary

N:=M+(Z,ZE,(y),1).

The reason behind this is that, in the charts where this is possible, we want to separate
cosupp (M) from Dy, and in any other chart we want to express the origin in normal form.

We finish this subsection by providing a couple of useful remarks about the powers of
generators of exceptional divisors defining M.

Remark 7.13. Notice that the couple (U, a), where U is the affine chart we use to express a
in circulant form, satisfies that for any local coordinate s of U, there exist two non-negative
integers D, R such that if p; denotes the power of s in the monomial at the j-th position of
the ideal M then for all j we have

pj =jD+R mod n.

This is a consequence of the fact that cp(n) singularities satisfy this, and this fact is
preserved by any equimultiple blow-up.

7.3 NORMAL FORMS ASSOCIATED TO THE CIRCULANT LOCUS

In this section, X denotes an n-dimensional variety that can be locally embedded into an
(n + 1)-dimensional smooth ambient space Z, and J denotes the ideal sheaf associated to
X. Moreover, we assume that for any point b € X we have that either

e bencin+1),or
¢ inv(b) < inv(nc(n)).

Proof of Algorithm 1.5.

Notice that cp(n) C X is a collection of isolated singularities. Thus, it suffices to show
that the theorem holds for a single element a € cp(n). Recall that a can be described as
the intersection of the closure of the nc(n) locus with some exceptional divisor, which
we denote by F_;. As we mentioned in the introduction to this chapter, we begin by
performing an initial blow-up centred at a,

Go:X/—)X.

This creates an exceptional divisor, which we call Dy. Because this centre of blow-up
is given by the intersection DE;(} Yk NW, (the strict transform of) Yy,...,Yn_1, W are
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well-defined on all of the standard affine charts associated to this blow-up, allowing us to
treat these loci as divisors.

Remark 7.14. Notice in particular that any further sequence of blowings-up whose centre
is inside (the strict transform of) Dy preserves the strict transform of any nc singularity of
X.

We now proceed to describe inductively a sequence of blowings-up, as well as a condition
that indicates when there are no more valid centres of blow-up, such that,

1. the sequence is finite,

2. at each step, the centre of blow-up is smooth and equimultiple,

3. if o denotes the composition of the blowing-up maps in the sequence, all the singu-
larities in a punctured neighbourhood of the strict transform (under o) of Dy are
nc.

4. all the singularities inside the strict transform of Dy can be covered by affine charts,
each of which is centred at a singularity in normal form.

Notice that for each standard affine chart U from the open cover of the strict transform
X’ of X under o we are able to express the ideal sheaf M in U as an ideal generated by n
monomials of the form

2 —1
Mlu = (mp, My, may~, ..., muy_1y™ ),

where y denotes the local expression of Dy in U. For example, the standard affine charts
associated to the initial blow-up oy can be described as U(w), U(x;) for eachj € {1,...,n—
1} and U(z). In U(w), the local expression of M is

2 —1
"y, X3y ox oyt ).

In U(z), the local expression of M is

n

1 —1
n—1 " >

2.2 -
(1, xTwy, x5woy~, ... x_wh 'y

For a given j € {1,...,n — 1}, the local expression of M in U(x;) is

n 1

j—1, j— 1. n—1
™, xfwy, ... X w Ty " .

. m j+1, 3+1 n—
,w’y’,xjﬂw] Yy, xnogwht Ty

Notice that cosupp (M]y(,)) = @, and so it is a chart in which we do not need to continue
to perform blowings-up. We call such charts irrelevant. Let us provide a precise definition
of all the charts we consider irrelevant.

Definition 7.15 (Irrelevant Chart). Given a standard chart U of a (the strict transform X’
under a blow-up sequence of a) variety X, we say that U is an irrelevant chart for X if one of
the following conditions is satisfied

* a =0 € Uis a singularity in N,
¢ a=0¢€ Uisacp(n) point of X,
e (the strict transform of) Dy does not intersect U,
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¢ (the strict transform of) X does not intersect U.

We perform partial desingularization to the marked monomial ideal plus boundary
given by
NTL = (ulul E/ Mln) —"_ (ul ul E/y/ ] )I

where (U, U, E,M,n) is a marked ideal with maximal vanishing order. For each non-
irrelevant standard chart U, compute the maximal value of minv of N at points inside U,
together with the respective local centre of blow-up Cy inside U.

In this case, the points with maximal value for the desingularization invariant can be
found in U(w), but we may notice that U(w) is an irrelevant chart for X and so we need to
compute the values of minv in the rest of the standard affine cover. In particular, we claim
that the locus of points with maximal value of minv of N inside the union

Ux7)UU(x2)U...UU(xn—-1)

is the intersection
Ci=F_1nDoNnYon...NYn_2.

Consider the origin a; € U(x;), and notice that
minvy(aj) = (1,1,...,1,0),

where the total length of the invariant is j + 1. In particular, we have that the locus of
points with maximal value of the desingularization invariant is in U(x,_1) and the centre
is locally described by

Ci={y=z=x1=...=xp1 =w=0}

Notice that C; is closed in X and that C; does not intersect the closure of the nc(n)
locus (or more specifically, C; does not intersect any irrelevant chart), and so we perform
the blow-up o7 with centre C;. This finalizes the description of the first blow-up step. Let
us describe the rest.

In the following, if D is a divisor intersecting cosupp (N), we also use D to denote its
strict transform after performing any sequence of blowings-up.

Consider the finite covering % of relevant standard charts of the blowing-up sequence.
Let ¢ denote the collection of irrelevant charts in %7 and let % denote the relevant charts.
If

cosupp((Z,Z,E,M,d) +(Z,Z,E,Do, 1)) C | J U
uey
then we cannot further improve N4 := (Z,Z,E,M,d) + (Z,Z,E, Dy, 1) while preserving
the singularities in normal form, and so the next step in the algorithm is to consider the
partial desingularization of

Ny 1:=(Z2ZEMd—1)+(Z ZFE, Do1).

In this sense, our proof is inductive in d.
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Thus, let us assume that cosupp (N := N 4) is not completely covered by irrelevant charts.

Then, there exists at least one standard chart U for which the origin is not in N. We then
compute the locus C of points with the highest value of minv inside | Ji;¢ 5 U, and consider

its closure C in Z. If C does not intersect an irrelevant chart then we proceed to blow-up C.
Otherwise, there is an irrelevant chart V such that C NV is a coordinate subspace of V.

Let us first determine some properties of the general expression of M restricted to U.
In general, the local expression of M in U is of the form

nod o4 nod o« d_nd o
My = ("™ou™, yx; 7'u™, oo, yTx g tue, L),

where each u® is a monomial in terms of the non-distinguished exceptional divisors that
intersect U, and where §; € {0,1} and 8; = 1 if and only if ;N U # @.

By the construction of minv, we have that all the points in C have vanishing order d,
and by upper-semicontinuity of the vanishing order we have that d < {, where { is the
vanishing order of M at the origin of V.

It is convenient to also consider the local expression of M in V. By the definition of
irrelevant chart we have that

My = ™ yxt, oy Xy,

Let D, be the exceptional divisor associated to the newest exceptional divisor in U given
by u,. If C C {u, = 0}, notice that the local expression of u, in the first { — 1 monomials in
Vis zero, and so o = ... = otq,r. In particular, the only positive exponents in oy, ..., &,
are those of exceptional divisors that do not intersect V. In particular, we have that

CcDoNYyNYiN...NYqa_1,

as otherwise we would have that the vanishing order of M along C is strictly smaller than
d.

We now claim that Yq N U = @. Assume that Y4 N U is non-empty, and notice that the
maximal value of the vanishing order for points in U is then > d + 1. A very similar
argument shows that g is the zero vector.

Briefly, we have that

n,, o n, o d—1_n g d
My = "u®, yx7u™, y¢ Ixg_uet, oL, ys, L),

where {y,x1,...,X4-1,11,..., U, z} denotes a collection of sections that can be completed
to a local coordinate system of U and u*°,...,u*4-1 are monomials purely in terms of
exceptional divisors that intersect U but not V.

For each coordinate u;, let «;; denote the power of u; in the j-th generator of M. Fix
now the coordinate u = u; such that

max ;i =max max k.
0<j<d—1 k 0<j<d—1
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In case there are two elements achieving the maximum, we select the newest exceptional
divisor created in the blowing-up process. Let

A =max{ej;:j€{0,...,d—1}}
Let S be the closure of the vanishing locus of the ideal generated by

y=u= O}ﬂﬂ{xj =0:045,1+j < dh (7.6)
j

By construction of S, for all b € S we have that ordx (b) is constant. On the other hand,
the vanishing order of the points in S N U is maximal inside the relevant charts, using the
fact that the vanishing order is upper semi-continuous we deduce that all the points in S
have constant vanishing order.

We claim that S does not intersect any irrelevant chart and that, if os denotes the
blow-up of X with centre S, then for any standard chart U’ such that = 1(S) N U’ # & we
have that one and only one of the following is satisfied:

1. UNDy=2.

2. U’ intersects the strict transform of {u = 0}. In this case, there issome k € {0,...,d—1}
such that U’ does not intersect at least one of sets Y. Let C denote the locus of points
with maximal value of minv in U’. If the closure C of C in Z intersects an irrelevant
chart then the vanishing order of the points in C is less than d.

3. U’ is the standard chart associated to the local coordinate u. In this case, we further
separate in two cases.

3.a) If A > n, we let o ; denote the power of the local expression u’ of the excep-
tional divisor created by os in U’, and define

Al =max{oj; :j€{0,...,d—1}.

Then, A’ < A.

3b) If 0 < A < mn, then A’ < n and ocgf],i = ®g—1,i — 1. Moreover, after at most
n — 1 blowings-up with a centre defined as in (7.6), we obtain that the residue
of aj; mod n is constant in j for j € {0,...,n—1}

First we want to show that S does not intersect any irrelevant chart. Assume that W
is an irrelevant chart for which SN'W # &, and consider the local expression of M in W
given by

(zn,yx?,...,ye,...>. (7.7)

But notice that the local expression of the exceptional divisor associated to u in W satisfies
that oj; =0 for all j € {0,...,d — 1}, leading to a contradiction.

Let us now focus on the case item 2. If U’ is a standard chart associated to the strict
transform of X with =1 (S) N U’ # @ and if U’ intersects the distinguished divisor Dy and
the strict transform of the divisor associated to {u = 0} then there is some k € {0,...,d — 1}
such that the strict transform Y| of Yy under o satisfies that U’ N'Y, = @. Thus, we claim
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that we can continue blowing-up the strata with maximal value of minv until we have
reduced the maximal value of the vanishing order of M in U below d. Indeed, this is the
case as per Remark 7.3 we have that the centre C of maximal value inside U’ of minv
satisfies that C intersects an irrelevant chart only if the vanishing order of M at the points
of Cis<k<d.
For item 3.a), it suffices to notice that
o — Ocl',i—f—j—d ifOCj,i—{—]'Zd

" oi+j+n—d ifoi+j<d ’

and so if for some j € {0,...,d — 1} we have that o;; > n then ocj’,i < a1, and if for some j
we have that o ; <n then oc].’,i < n. Notice that this also shows that when A < n, and if
0 < ®q—1,i we then have that

06217111 =&d—1,i— 1.

And so, after at most d — 1 blowings-up with centres defined as in (7.6) we can assume
that xq—1i = g1 = 0. From Remark 7.13, we deduce that there is some integer R such
that for all j we get

®i=j-0+R modn.

Because aq_1,i = ®q,i = 0 we obtain that R = 0 mod n, and given that we can assume
that 0 < o3 <nforallj €{0,...,d— 1} we obtain that

Xoi=&1i=...=&q,i =0.

We have now cleaned the local expression of N from the exceptional divisor with local
expression given by {u = 0}. We repeat this process for the next exceptional divisor with
the highest exponent in the chart of type item 3, until we obtain a chart U’ satisfying

max max ;i = 0.
k 0<j<d—1

When this is the case, U’ is an irrelevant chart.

Remark 7.16. Notice also that it may occur that minv after some blow-up in this sequence
is strictly increased. Nonetheless, if U is an affine chart that does not intersect the divisor
Y; and if the global locus of points C with maximal value of minv is such that CN'U # &,
then the vanishing order of any point a € C is at most j, by a similar reasoning as in (7.7).

After this, we continue blowing-up the centre C with maximal value of minv inside
relevant charts until C intersects an irrelevant chart, in which case, we apply again the
cleaning blowings-up defined as in (77.6). Eventually, all standard charts covering (the strict
transform of) Dy become irrelevant.

This proves the first part of Algorithm 1.5. In order to verify that all singularities in the
irrelevant charts that intersect (the strict transform of) Dy, for a variety X with dim X < 4,
can be also expressed as a singularity in N we first find the explicit finite list of singularities
of N which will be part of the minimal family of local normal forms. As such, we postpone
the proof of the second part of the statement until Section 7.5 (see Remark 7.17). O
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7.4 EXPLICIT BLOW-UP SEQUENCE FOR CP(4) AND NORMAL FORMS

Given that we need to find the explicit family of local expression for the minimal singulari-
ties, we need to carry out explicitly the algorithm for cp(4).

Assume that X is such that the first value of the desingularization invariant is at most
inv(nc(4,0)) at all points a € X. Let S4 ¢ be an irreducible component of the closure of the
locus of points nc(4,0) containing a point a whose local expression is circulant of order 4,
that is, the local expression of X at a is of the form

3/4

det(C(z,w1/4x1,w2/4x2,w x3)),

where w is the local expression of an exceptional divisor.
Let U denote the chart in which a admits this local expression. Notice that the origin
can be identified as the intersection of 5 locally smooth divisors:

* Y, whose local expression in U is {z = 0},
* Y; whose local expression in U is {x; = 0} for j € {1,2,3},
¢ the exceptional divisor F_; whose local expression is {w = 0}.

In order to simplify our notation, we replace the circulant expression for the ideal
associated to X by instead considering the monomial ideal expression as in (7.4). In other
words, the local expression of the ideals we consider from now on are ideals generated by
4 monomials, for example the ideal associated to a cp(4) point is

(2, wx], w3, wix3).

Blow-up o. We start by blowing-up the origin in U. This blow-up creates an exceptional
divisor which we will call Dy, which is what we refer to as a distinguished divisor. From
this point and on, all the subsequent blowings-up that we will perform will be inside Dy.
We can cover the inverse image of U under this blow-up with 5 standard affine charts,
which we now describe.

U(z)-chart

This chart intersects the strict transform of the divisors Y7,Y3,Y3, Doy but not Y;. One
family of uniformizing parameters for U(z) is

{W/ X] ’ XZ/ X3/ U},

where x; = yXi;, w = yW and z = y. In order to compute the local expression of the
strict transform of X in U(z) we perform the previous substitutions, and we divide by the
highest power of y that divides the ideal. Giving us the local expression

(1, WX7y, W2X3y2, W3X3y3).

The local expression of the strict transform of the divisor Y; is {X; = 0}, the local expression
of F_1 is {w = 0}, and the local expression of Dy is {y = 0}. Notice in particular that U(z)
does not contain any point of the strict transform of the variety X.
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For economy of notation, from now on we use the same notation
W, X1,X2,X3,Z

for the collection of local coordinates of the affine charts covering the strict transform, and
we reserve the variable y to denote the local expression of the strict transform of D in the
given chart. To prevent adding too many variables to keep track of the exceptional divisors
created by the sequence of blowings-up, and because the divisor Dy is important in our
procedure, y is the only new variable that we will add, that is, the rest of the exceptional

divisors will be named the same as the local expression of the variable that was blown-up.

U(w)-chart
This chart intersects the strict transform of the divisors Yy, Y1, Y3, Y3, Z but not F_;. The
local expression of the monomial ideal in U(w) is

4 4 2.4 3 4
(z7,Yx7,Y°x3,Y7x3).

This chart contains a circulant point of order 4 and so it contains a singularity in N, and outside
Dy all singularities are nc(k) for some k < 4.
U(x1)-chart

The local expression of the strict transform of X in U(x1) is

4 4334>
7

(2%, wy, w?y?x3, wiy3x3
and the local expression of the exceptional divisor F_j is {w = 0}.
U(x2)-chart

The local expression of the strict transform of X in U(x1) is

4 3y3xd).

<Z nyX?/WZUZIW Y X3
From now on, we use the notation F_; : w to signify that the local expression of F_; in the
given chart is {w = 0}.
U(x3)-chart
The local expression of the strict transform of X in U(x1) is

(', wyxt, whyixg, wiy?),
F_1 :w = 0.

From this point on, we blow-up with centres inside Dy, allowing us to treat Yj and F_;
as globally defined divisors. Moreover, all centres will be given by intersections of subsets
of the strict transforms of these divisors and newly created exceptional divisors, allowing
us to treat all of each of these divisors as a coordinate hyperplane.

Blow-up 1. We blow-up with centre equal to

F_.1NDoNYoNY;NYs.

Notice that this centre of blow-up is the origin in the affine chart U(x3). Because we want
our sequence of blowings-up to be inside the respective strict transform of Dy when
we blow-up, we do not need to pay close attention at the local expression of the strict
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transform of X in U(x3,x3). Also, similarly to what happened in the affine chart U(z), the
strict transform of X does not intersect the chart U(x3,z). From this point on, we only
mention the relevant charts without explicitly stating the reason as to why we do not
consider those charts we do not present. This leaves us to consider only 3 affine charts,
and the relevant local information at each chart is:

Name of chart Local expression of ideal Exc. Divs.
U(xs,w) <z4,w2x‘1‘7<3,w4x‘2‘x§,w2x§> Di:w
U(x3,%x1) <z4,wx%x_z,,wzx‘]‘xgx%,wg‘x%x%) F_1:w Dj:xy
U(x3,x%x2) <z4,wx?x%x_g,wzx‘zlx%,wg‘x%xg) F_i1:w Dj:xp

Blow-up 2. We blow-up with centre equal to
DonNDiNYoNY;j.

This centre intersects the charts U(x3, w) and U(x3,x2). The new relevant affine charts that
we obtain from this blow-up are thus,

U(xz, w,w) (24,w3x‘]‘x_a,,w2x‘2‘x§,wx§> Dy :w

U(xsz,w,x1) <z4,w2x?>c3,w4x%x‘21x§,w2x1xg) Di:w Djy:ixy
U(x3,%2,%1) <z4,wx?x%><3,wzx%x‘z‘xg,w3x1x%x§‘> F_1:w Di:x2 Djz:xq
U(x3,%x2,%x2) <z4,WX?X§X3,WZX%X§,W3XZX§> F_1:w Djy:xp

Blow-up 3. We blow-up with centre equal to
DonND>NYp.

This centre intersects all the charts created after performing Blow-up 2. The new relevant
affine charts that we obtain from this blow-up are thus,

U(x3, w,w,w) (24,x‘]‘><3,x‘2‘x§,x§> Dy :w

U(xsz,w,x1,%x1) <z4,WZX3,w4x‘2‘x§,w2x§> Di:w  Dj3:x
U(x3,%2,%1,%1) <z4,wx§X3,w2x‘2‘x§,w3x%x§) F_1:w Dj:x2 D3:xq
U(x3,%x2,%2,%2) <z4,wx‘1‘X3,w2x§,w3x§> F_1:w D3:x2

Notice that the chart U(x3, w, w,w) contains a singularity in N, and that all singularities
outside Dy are nc (see Remark 7.4).
Blow-up 4. We blow-up with centre equal to

F_1NDoNYoNYj.

This centre intersects the charts U(x,) and U(x3,x2,%2,%2). The new relevant affine charts
that we obtain from this blow-up are thus,
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U(xz, w) <z4,w2x‘1‘x2,x§,w2x§x‘3‘> Dys:w

U(x,%x71) (z4, wx%xz,wzxﬁ,w3x%x§x§) F_1:w Dg:xq
U(x3,%x2,%x2,%2, W) (z4, wzx?x&x%,wzx@ D3:x; Ds:w
U(x3,%2,%X2,%2,%1) <z4 WX%X3,WZX§,W3X%X§> F_1:w D3:x2 Dj:xq

Blow-up 5. We blow-up with centre equal to
F_1NDoND4sNYp.

This centre intersects the charts U(x,,x1) and U(x3,x2,%2,%2,%x1). The new relevant affine
charts that we obtain from this blow-up are thus,

U(xz,x1,W) <z4,x%x2,x%,w4x%xgx‘3‘> Dg:x7 Ds:w

U(xz,%x1,%1) <z4,wx2,w2x%,w3x?x§x‘3‘> F_1:w Ds:xy
U(x3,%x2,%X2,%X2,X1, W) (z4, XZX3,X§,W4XZX§) Ds:x Ds:x; Ds:w
U(x3,%x2,%x2,%2,%1,X1) (7,4,WX3,WZX§,W3X‘1‘X§) F_1:w D3:x2 Ds:xg

Blow-up 6. We blow-up with centre equal to
F_1NnDoND1NYp.

This centre intersects the charts U(x3,x7) and U(x3,%x2,%x1,%x1). The new relevant affine
charts that we obtain from this blow-up are thus,

U(x3,x%x1, W) <z4,x%m,w“x?xéx%,w“x%x%) Di:x17 Dg:w

U(xz,%x1,%1) (z*, WX3,WZX?X‘2‘X§,W3X]X§’) F_1:w Dg:xq
U(x3,%x2,%1,%X1,W) (z%, X%X3,w4x‘2‘x3,w x2x3> Di:x D3:x; Dg:w
U(x3,%x2,%1,%1,%2) (z4, WX3,w2x‘2‘x§,w3x‘21x§> F_1:w D3:x7 Dg:x2

Blow-up 7. We blow-up with centre equal to
DoN D1 NYp.

This centre intersects the charts U(x3,w,x1,%x1), U(x3,%x1,w), and U(x3,x2,%1,%x1,w). No
new relevant affine charts are obtained after blowing-up. More precisely, X is either smooth
or has been separated from Dy in all of the standard charts created by Blow-up 7.

In this point of the moving away procedure, we may notice that the closure of the locus
of points with maximal value of minv outside the irrelevant charts is

DoNnYyNYs,

which intersects the closure of the nc locus of points. Consequently, we blow-up instead
the closure of the local centre defined as in (7.6).
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7.4 EXPLICIT BLOW-UP SEQUENCE

Blow-up 8. We blow-up with centre equal to
DoND4NYp.

This centre intersects the charts U(x,, w), U(x3,x2,%x2,x2, W), U(x2,x1,w), and U(x3,x2,%x2,
x2,%1,w). The new relevant affine charts that we obtain from this blow-up are thus,

U(x2,w,w) (wzz4,wx?x2,x%,w3x§x§> Dg:w
2 .24 2 1,2.3.,4 } }

U(xz,w,z) (27, Wwoxx22, X5, W x§x3z3> Ds:w Dg:z
U(x3,%2,%2,%X2, W, W) (wzz4,wx‘]‘><3,x§,w3x§) D3:x; Dg:w
U(xs,Xx2,%2,X2,W,Z 22, wox3x3z, x2, wix3z3 D3:xy Dg:w Dg:z

1 3 3
4 )
U(x2,%x1,W,%x1) <x%z ,x1xz,x§,w4x?x§x‘3‘> Ds:w Dg:xg
2 .2 2 4,234 } } }
U(xz,x1,W,2) (z7,x7%x22, X5, W x1x§x323> Dsg:x7; Ds:w Dg:z
2.4 2 4 } } )
U(x3,%2,%2,%X2,%X1,W,X1) (x7z%,%x1x3,X3, W x?x§> D3:x2 Ds:w Dg:xg
Dg:Xz D4:X1 D5:W
U(x3,%2,%2,%2,%1, W, Z 22, x?x3z, X%, wix?x323
1 3 1X3

Dg:Z

We perform another blow-up defined as in (7.6).
Blow-up 9. We blow-up with centre equal to
Do N Dsg.

This centre intersects all the charts created after performing Blow-up 8. The new relevant
affine charts that we obtain from this blow-up are thus,

4 4 2 43,4 )
U(x2, w, w, w) ‘ (2%, x7%2, X5, W'x5%3) ‘ Do :w
4 2 .4 } )
U(x3,%2,%x2,%2, W, W, W) ‘ <Z4,X]X3,X3,W x%) ‘ D3:x2 Do:w

Notice that both charts contain a singularity in N, and outside Dy all singularities are nc (see
Remark 7.4).
Blow-up 10. We blow-up with centre equal to

F_1NDyNYp.

This centre intersects the charts U(x1), U(x2,x1,%1), U(x3,%x2,%2,%2,%x1,%1), U(x3,%1,%1),
and U(x3,x2,x1,%x1,%2). The new relevant affine charts that we obtain from this blow-up
are thus,
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7.5 NORMAL FORMS FOR LIMIT SINGULARITIES

U(x1,2) (z?, wx1,w2x%x‘2‘zz w3x%x‘3‘z4> F_i1:w Djg:z
F,1 w D5 X1
2 2.2.2 ..3.,4.3.4_4 : :
U(xz,x1,%1,2) (27, Wx2, Wox52%, WXTX5X32")
D]o 1z
F,1 w D3 1 X2

U(X31 X2,X2,X2,X1,X1, Z’) <Zz wXx3, WZX%ZZ W3X] X§Z4>

Ds:x7 Dig:z

F,] w D61X1

U(xz,x1,%1,2) (z?, WX3,W2X?X§X3Z w3x4X§z4>
Dio:z
F_] w D3 X1
U(x3,%x2,%1,%X1,%2,2) (z?, WX3,W2X4X32 w3x4x§z4)

D6:X2 D]o:Z

Blow-up 11. We blow-up with centre equal to
F_1NDyNDjp.

This centre intersects all the charts created after performing blow-up 10.
No new relevant affine charts are created.

To summarize, at the end of this procedure, the local expression of the singularity at the
origin of those standard charts intersecting the distinguished divisor Dy are:

1/4 3/4y,

a) A4(z,y XMJZ/ X2,Y
b) A4(Z,y1/ 4x1 ,y ,y3/ 4wx3), where {w = 0} corresponds to an exceptional divisor

and Y3 = {x3 = 0} is the local expression of a locally smooth non-exceptional divisor.
Q) A4(z,y1/ x4 ,yz/ 4,y3/ 4w), where {w = 0} corresponds to an exceptional divisor.

7.5 NORMAL FORMS FOR LIMIT SINGULARITIES

While it is not true that the neighbouring singularities of a singularity in normal form
is in normal form, we can append to our list of normal forms new normal forms that
encompass all the neighbours of the given normal forms, at least when n < 4.

Let us focus on the case item a). Notice that all neighbouring singular points of item a)
satisfy that x, # 0. In this case, if we consider the collection of coordinates

-y
Y=z
X2
.z
Z=—
X3
. X
X1 = —~
2
X3

we obtain that

/4, ,2/4 5274 x3g3/4)

x2,y%/ 4):A4(X§im391 X1, %35%%, %37
3
=x304(2,9" 1,571

As(z,y' " x1,y
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76 PRODUCT OF TWO CIRCULANTS OF ORDER TWO

and so we append to our list of normal forms the new normal form given by
d) TAV (Z/U ! /4X1 ’ 92/4/ 93/4)-

Remark 7.17. We can apply a similar reasoning to the other singularities found in
Section 7.4. This completes the proof of Algorithm 1.5.

We now analyze the normal form item b). Notice that, for the neighbouring singularities
of item b) given by y =z = x; =w =0, x3 # 0, by means of the change of coordinates

.4
Y =YXx3
s 2
Z = zx3
g =X1X%3,

we obtain that

1

1/4 ,y3/4WX3)) :X;ZA4(Z,Q1/4X~1,g2/4,g3/4w),

2/4

A4z, 9 "x1,yY

which is in the normal form item c). A similar reasoning gives us that the neighbouring
singularities of item b) given by {y = z = x7 = x3 = 0} require us to append a new normal
form to the aforementioned list, given by

e) A4(z,y"/*x1,y%/*,y3/%x3), where Y3 = {x3 =0} is a locally smooth non-exceptional
divisor.

The neighbouring singularities of item c) can all be expressed in one of the previous
normal forms.

In short, at the end of the moving away procedure, applied to cp(4), we obtain that all
the singularities inside Dy can be locally expressed in one of the following normal forms:

3/4

a) Aglz,y'/ 4,92 4%, y3 /).
b) As(z,y'*x1,y?/4, y3 fwxs).
) Aslz,y"*x1,y2/ 4, y3 ).
d) Aslz,y'/4xq,y?/4,y3/4).

(

e) A4z, y'/ "1, y?/%, 43 %3).

76 PRODUCT OF TWO CIRCULANTS OF ORDER TWO

One essential component of our argument for the existence of a partial desingularization
algorithm requires finding a procedure for moving away all the limit singularities of the nc
locus that are not in normal form. In particular, to complete the proofs of Theorem 1.1 and
Theorem 1.2 we need to establish a moving away procedure for the product of circulants
cp(2) x cp(2). Let us carry this out in this section. Let S be an irreducible component of
the closure of the locus of points nc(4,0) containing a point whose local expression is a
product circulants points of the form

1/2

Az (z1, W' 2x1) Az (22, W1/ %x32).
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76 PRODUCT OF TWO CIRCULANTS OF ORDER TWO

Notice that the origin in this chart can be identified as the intersection of 5 locally
smooth divisors:

* Z; whose local expression in U is {z; = 0} for j € {1, 2},
* Y; whose local expression in U is {x; = 0} for j € {1,2},
¢ the exceptional divisor F_; whose local expression is {w = 0}.

Similarly as before, we first blow-up S to introduce a divisor Dy, and from that point
onwards, we blow-up with centres in (the strict transform of) Dy. Our goal is to find
a suitable sequence of admissible and equimultiple blowings-up after which, all the
singularities of (X, E) in Dy are in N, and in a deleted neighbourhood U around Dy
all singularities of (X, E) are nc. We follow the same monomial ideal notation as in the
previous subsection.

Blow-up o. We start by blowing-up the origin in U. This blow-up creates an exceptional
divisor which we will call Dy and we follow the same notation for Dy as in the previous
subsection. From this point and on, all the subsequent blowings-up that we will perform
will be inside Dy. The new relevant charts are:

U(w) (22, yx$)(z3,yx3)
U(x1) (27, wy) (23, wyx3) Foi:w
U(x2) (27, wyx7)(z3, wy) Foqw

Notice that the origin in the U(w)-chart has a local expression of the form cp(2) x cp(2),
and moreover, notice that any equisingular locus inside U(w) is nc(4) for the pair (X', Egq)-
Notice that the local expression for the origin in the chart U(x;) is symmetric to that of
the origin in the chart U(x1), as such the local resolution procedure for the chart U(x;) is
the same as that of the chart U(x;) by exchanging the role of Y, with Y;.

Blow-up 1. We blow-up with centre equal to

F_1NDoNZiNZ,.

This centre intersects the charts: U(x7) and U(x,). The new relevant affine charts that we
obtain from this blow-up are thus,

U(xq,w) {z1,y){z3, yx3) Dy :w
U(x1,21) (z%,wyx%> F_1:w Dj:z
U(x1,22) (z%,wyx%} F1:w Di:2;

Notice that the singularities in U(x7, w) admit a local expression of the form exp® x
nc(1) x cp(2), where d € {0, 1}. Notice also that the local expression of the origin in the chart
U(x1,2z2) is the same as the local expression of the origin in U(x1,z;) after substituting z;
by z,, as such we only need to consider the resolution sequence of the origin in U(x1,z7).

Blow-up 2. We blow-up with centre equal to

F_1NDyNZs.
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This centre intersects the chart U(x1,z1). The new relevant affine chart that we obtain from
this blow-up is,

U(x1,2z1,wW) ‘ (z%,yx§> Di:w Dy:xy

7.7 PRODUCT EXP(R)XCP(3)

In this section we focus on the proof of one of the inductive steps needed for the proofs of
Theorem 1.1 and Theorem 1.2. More precisely, we want to establish a moving away proce-
dure for the points of the stratum S3; = {inv = inv(nc(3, r))} where the local expression of
XUE is of the form

1/3 2/3

ug .. wrAs(z, W 3xq, w2 3x).

We can partition the set of exceptional divisors E into two subsets: E.4 given by the
collection of r divisors determined by the second entry of inv, and E,ew which is the
collection of exceptional divisors introduced in the sequence of blowings-up performed
after reaching inv(nc(3, r)).

Let Eyq denote the collection of exceptional divisors associated to the second entry of
inv(nc(3,1)), and express Eqg = E1 + ...+ E;. In the following, we denote by u; the local
coordinate associated to the exceptional divisor E;. By hypothesis, the local expression of
(X, E)olq at a has the form

1/3 2/3

ur ... A3z, W' 7x, w7x,),

where {w = 0} is the local expression of one of the components F_; of Epey.
Year 0. We perform an initial blow-up oo whose centre is given by C = S3 . N F_;, which
in local coordinates can be expressed as

C={ui=...=ur=z=x1=x2 =w=0}

This creates r + 4 affine charts. Because all the charts associated to exceptional coordinates
u; are symmetrical, we present only the procedure for u, with the understanding that an
analogous sequence of blowings-up leads us to the desired result.

We know that o creates an exceptional divisor. This works as one of our distinguished
divisors. Let us denote it by Dy, and let y denote the local expression of Dy in all the
subsequent affine charts. From this point on, all the blowings-up have centres inside Dy,
and we want the sequence to satisfy that all the non-nc singularities of the final transform
X" of X whose first entry of the desingularization invariant is 3 to be inside the strict
transform of Dy. The local information of the collection of affine charts created by oy can
be summarized with the following table.
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7.7 PRODUCT EXP(R) X CP(3) 110

Ufw) As(z 0y xay?) Fold # 1 -+t
Enew 1 YVvi...Vg
F_1:w
U(uy) A3(z, W' 3xy1/3, w2/ 3xy?/3) Eold :UT -v e U
Enew 1 WYVT ... Vg
F_1:w
U(x1) A3(z,w!/3y1/3, w2/ 3xy?/3) Eolg : U7 -- .Uy
Ehew : WYVT ... Vg
F_1:w
U(x2) g . wAs(z, w3yl /3, WP/ 3y2/3) Ed : 11 .- Uy
Enew : WYV1 ... Vg

Notice that the chart U(w), contains the strict transform of the stratum S3 ,, and all the
non-nc singularities with vanishing order 3 are contained inside Dy.
Year 1. We now perform the blow-up o7 with centre

C={b e X:ordx(b) >3}n () ExNF_1 NDo.

i=1

Notice that this centre of blow-up intersects the chart U(x;).

D;:w
U(x2,w) As(Z,XIy]BWZ/a/UZ/sW]/3) Eolg :up ... ur
Enew 1 WYVT ... Vg

F_1:w D :u,

U(x2,ur) Az(z,w!3xyl/3, w2/3y2/3) Eolg : W1 +v Uy g

Enew @ UrYvy ... Vg

F_1 w D] X1
U(x2,%1) Ag(z,w‘/3y1/3x$/3,w2/3y2/3x1/3) Eolg i u1...up

Enew 1 WX1YV7 ... Vg

Year 2. Let us now consider the blow-up o, with centre
C={beX:ordx(b) >3}n (] E:NDoN Dy
i=1

This creates the collection of charts
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7.7 PRODUCT EXP(R) X CP(3)

Dy:w
U(x2, w,w) As(z,x1y'/3,y%/3) Eord S UT -+ Ur
Enew 1 WYVT ... Vg
Dy:w Dy:u,
U(x2, w, ur) Az(z,x1y'3w?/3,y2/3w1/3) Eold : UT ... Upq
Enew @ UrWyvy ... Vg
F_.1:w Dij:x1 Dz:u,
U(x2,%x1,uy) Ag,(z,w]/3y1/3x$/3,w2/3y2/3x}/3) Eold i U7 ve e Up_7

Enew : WX1UrYVT ... Vg

U(x2,%x1,%x1)

A3z, w13yl /3, w2/ 3y2/3)

F_1:w Djs:xq
E01d2u1 e Uy

Enew 1 WX1YV7 ... Vg

Notice that the singularities in U(x,, w, w) are in normal form.
Year 3. We now perform the blow-up o3 whose centre is given by

C={beX:ordx(b) >2}n () ExNF_1 NDo.

This creates the charts

i=1

D3 :w

U(xq,w) Az(zw'/3,y1/3 xoy?/3w?/3) Eoug U7 .- Uy
Enew 1 WYVT ... Vg
F_1:w D3:u,

U(x1,ur) A3(z,w!/3yl/3, w2 3x,y2/3) Eold : U7 +--Up g
Enew : WUrYVT ... Vg
F1:w Dj3:z

U(x1,2) A3z 3, W13yl 3 w3x,y2/322/3) L Eggtug .y
Enew : WYzv7 ... Vg
Dy:x; Dz:w

U(x2,x1,%1, W) Az(zw'/3,y1/3,y2/3w2/3) Eold : UT ... Ur

Enew : WX1YVy ... Vg

u(XZI X1,X1 /ur)

A3(Z,W1/3y]/3,w2/3y2/3)

F_1:w Dy:x7 Dj3:u,
Eold U7 ..o Up

Enew 1 WX1UrYVT ... Vg
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U(x2,x1,%1,2)

As (21 /3,W1 /391 /3/W1 /3y2/322/3)

7.7 PRODUCT EXP(R) X CP(3)
F_i1:w Dy:xy Dj3:z
E01d2u1 e Uy

Enew : WX1YzVy ... Vg

Notice that X is smooth on any of the charts intersecting E..
Year 4. We now perform the blow-up o4 with centre given by

r—1

C={beX:ordx(b) >3}n (] EsNF_; N Dy.

i=1

This creates r + 3 charts. Again, the charts associated to the components E; are symmetrical,
and so we just write the one associated to E,_7. The relevant charts are the following.

D4 :w
U(uwr, w) A3(z, w2 3xqy! /3, w1/ 3xy?/3) Egg i ut...urg
Enew @ UrWyvy ... Vg
F_i:w Dy iue_q
U(wr, Uy—1) Az(z,w!Pxqyl /3, w2/ 3xy?/3) Eold : U1 ... Ur_2
Enew @ Ur—1WYVT ... Vg
F_i:w Dy x4
U(wy,x1) A3 (z,w1/3x$/3y1/3,w2/3x1/3x2y2/3) Eolg i Wy v Up1
Enew : WX1YV1 ... Vg

Year 5. We now perform the blow-up o5 with centre given by

r—1

C={b e X:ordx(b) >3}n () ExND4 N Do.

i=1

The relevant charts are the following.

U(ur, w,w)

As(z,x1y'/3,x2y%/3)

D5 w
Eold U7 L U

Enew : WYVT ... Vg

u(ur/ W, Ur_1q )

A3(z, W 3x1y1/3, wl/3x,y2/3)

Ds:w Ds:uy_g
E01d2u1 ceo W2

Enew @ Ur—1WYVT ... Vg

U(uwr, X1, Ur—1)

2/3
A3(Z,W1/3X1/ y1/3,

1/3
W2/3X1/ XzyZ/S)

F_1 w D4 X1 D5 Uy
Eold:m R ¥ P )

Enew : Ur—1WX1YV] ... Vg
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F_1:w Ds :xq
U(ur, x71,%1) Az(z,w!/3y1/3 w2/3x,y2/3) Eold t U7+ Ur1

Enew 1 WX1YV7 ... Vg

Notice that the singularities in the chart U(u,, w, w) are all in normal form.
Year 6. We now perform the blow-up og with centre given by

r—1
C={b e X:ordx(b) > 23N () E:NDs N Do.
i=1
The relevant charts are the following.
Ds:x; Dg:w
U(ur, x1,x7,W) Az (w!/3z,y1/3, w?/3x,y?/3) | SRR R VR TR VA
Ehew : WX1YV7 ... Vg
F_1:w Ds:x7 Dg:ur_
U(uwr, x1,%7,Ur—1) Az(z,w!/3y1/3 w2/ 3x,y2/3) Eold : U7 - Up2
Enew @ Ur—1WX1YV] ... Vg
Ag(z]/3,w]/3y]/3, F_1:w Ds:xq Dg:z
u U7 .. U
(ur,x1,%1,2) W/ y2/322/3) Eold : UT .o Upg
Enew : WX1YzVy ... Vg

X is smooth in the charts U(u,,x7,%7,w) and U(u,,x1,%7,2).

Notice that the singularities of the chart U(u,,u,_1) in Dy can be taken into normal
form by performing a similar sequence of blowings-up to the one taking the singularities
in U(u,) to normal form, but where the centre is defined by one divisor less. A similar re-
mark applies to the charts U(x2,u,), U(x2, w,u;), U(x2, x1,ur), W(xy,ur), Ulx2, x1,%7,Ur),
U(ur,x7,ur—1), U(ur, x1,%7,Ur—1). At the end of this finite sequence of blowings-up all
singularities in D¢ have been put in a local expression of the form

1o, ..y, As(z, Y 3%, y73x2),
2wy .- ui, Az(z,y " 3%,y%/3),
3. Uy, ...u;, s, where ord(s) = 1.

In short, for each irreducible component of the stratum Sz, consisting entirely of
limits of exp™ x nc(3) we create an irreducible distinguished divisor D. The divisor D3 »
(see Chapter 6) is the union of all the divisors Dy that are created for each irreducible
component of Sz, whose limit singularities are of the form exp™ x cp(3), together with
the divisors created for each irreducible component of Sz whose limit singularities are of
the form exp™ x nc(1) x cp(2). Notice that the moving away procedure can be carried out
in a similar way to the case exp™ ' x xcp(2), which we cover in Section 7.8.

Now we need to verify that the subsequent blowings-up with centres given by the strata
of inv after resetting to year zero do not modify the local expression of the singularities
we have found.
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7.7.1  Subsequent blowings-up with limit points in distinguished divisor

It is important to our partial desingularization strategy to continue performing the classical
desingularization algorithm outside D3, U S3 ;. More precisely, we want to continue
performing the sequence of blowings-up given by centres with the highest value of inv
outside U +y>(3,r) Dpr UU(pr7)>(3,+) Sp,rv- Thus, we need to verify that future inv-
admissible blowings-up do not modify the singularities we found in Section 7.7, even if
they have limits inside an irreducible component Dy C D3, .

Consider an affine chart in which (X, E) has a local expression of the form item 1 (e.g.
the local expression found in the chart U(u,, w, w)). Notice that any inv-admissible centre
with inv-value greater than inv(nc(3, — 1)) is necessarily inside at least one component
of Enew, and by hypothesis, outside {y = 0}. Thus, any blowings-up with inv-admissible
centres with inv-value larger than inv(nc(3, r — 1)) preserve the collection of nc points of
the (strict transform of the) original pair (Xo, Ep). Once we reach inv = inv(nc(3, v —1))
the only inv-admissible centre is the collection of nc points. For example, in the chart
U(uy, w,w) we have that

Ww=v=u=x=2z=0}

is an inv-admissible collection of points (after resetting to year zero), and the collection
S :={z =x1 =x2 =y = 0} will be preserved by any inv-admissible blow-up until inv
drops to inv(nc(3, v — 1)). In this case, there is a deleted neighbourhood around (the strict
transform of) S containing only nc singularities of (the strict transform of) (Xo, Eo).

In the chart U(x,, w, w), we may continue blowing-up with inv-admissible centres, until
inv drops to inv(nc(2,r + 1)). At this point, there is a deleted neighbourhood around
{z = x1 =y = 0} in which there are only nc singularities of (Xo, Eo). This deals with
singularities of the form item 2.

We postpone the case item 3 to Remark 7.19.

7.8 PRODUCT EXP(R)XCP(2)

In this section we present the argument for moving away the singularities whose local
expression is of the form exp” x cp(2). The overall argument follows a similar structure as
exp” x cp(3), but the sequence is shorter.

Let S, ; be an irreducible component of the closure of the locus of points exp™ x nc(2)
such that S, » contains a singularity a which is circulant of order 2. Let E,jq denote the
components of E that are associated to the second entry of inv(nc(2,1)), and express
Eolqa = E1 + ...+ Er. In the following, we denote by u; the local coordinate associated to
the exceptional divisor E;. By hypothesis, the local expression of X at a has the form

1/2
u...urAx(z,w / x),

where {w = 0} is the local expression of one of the components F_; of the exceptional
divisor Epew := E\ Egg-

We begin by performing an initial blow-up op whose centre is given by C =S, ., NF_;,
which in local coordinates can This creates r + 3 affine charts, one of them consisting
entirely of monomial singularities, that is, singularities of the form exp”. Similarly as
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before, we only follow the computations for the chart U(u,) which models the case for all
the charts U(u;).

U(w) ug ..o urAs(zxy'/?2)
U(u,) uq ...urqu(z,w]/zxy]/z) F_1:w
U(x) wy .. As (z,w/2y1/2) F_1:w

We now perform the blow-up o7 whose centre is given by
C - SZ,T N F—] N DO/

giving us the following charts.

U(x, w) ‘ uq ...urAz(z,sz) ‘ Di:w

U(u,,w) ‘ up .. w1 A (z,xy'/?) ‘ F_1:w

Notice that the singularities in the chart U(x, w) are nc(1) and, restricted to U(u,, w),
the singularities inside Dy are cp(2) and the singularities outside D¢ are of the form nc(k)
for some 0 < k < 2.

Remark 7.18. Similarly as in the case of exp™ x cp(3), we need to verify that the centres of
blow-up after resetting to year zero do not modify the local expression of the singularities
in normal form inside %; ;. Similar remarks to the ones done in Subsection 7.7.1 apply to
the chart U(u,, w).

Remark 7.19. Notice that an inv-admissible centre in a chart where the local equation of X
is s = 0, for smooth s, is of the form {u =v = s = 0}. A centre of this form cannot contain
any nc point of (Xop, Eo) or it consists entirely of points of this form. Thus, we preserve the
local expression of these charts.
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