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We examine various aspects of the Superconducting Interface Model

1 . n
Op + 2 [)\90(@2 —-1)+ B|0|2] p =0, in (0,7) x R",

1
Oo + = [Ao(lo]? —m2) + By*| o =0, in (0,T) x R",

for 0 < e < 1, for certain choices of positive parameters (Ay, As, Mg, 3),
and with (p,0) taking values in R x C. This model was introduced by
Kyle Thompson in [34], who considers equivariant solutions with n = 2
and proves, modulo a spectral assumption, the existence of solutions such
that ¢ = +1 or ¢ &~ —1 except in a transition layer of thickness O(g)
around a hypersurface I', while o is exponentially small except near I'. In
this context, o is interpreted as carrying a superconducting current confined
to the transition layer around I'. Moreover, as a result of the equivariant
assumption, I' is required to be a surface traced by a circle whose radius
varies in time. A main contribution of [34] is to derive the laws of motion,
in the form of an ODE, according to which the geometry of I' changes due

to the flow of current within I', in the limit ¢ — 0.



In this thesis, we extend these results in several ways. First, we carry out a
careful analysis of the static 1-dimensional superconducting interface model,
including a proof of the spectral condition assumed in [34] for a range of
the model parameters. This completes the rigorous derivation of the laws
of motion in the 2-dimensional equivariant case. Additionally, in arbitrary
dimensions and without any symmetry assumptions, we provide a rigorous
construction of approximate solutions of arbitrary order for the supercon-
ducting interface model, yielding a formal derivation of the laws of motion
for a superconducting interface in full generality. Finally, we prove the well-
posedness for smooth data of these laws of motion for a suitable choice of

gauge.

iii



CONTENTS

1 Introduction 1
1.1 Background and Problem Statement . . . ... ... .. .. 1
1.2 Literature Review . . . . . . . . . . . ... . ... ...... 11
1.3 Model Assumptions and Notation . . . . . . ... ... ... 17

1.3.1 Notation. . . . . ... ... ... ... ........ 18
1.4 Chapter Overview and Organization of the Thesis . . . . . . 20

2 1 Dimensional Analysis 21
2.1 The 1-Dimensional Lagrangian . . . ... .. ... ... .. 21
2.2 Existence and Properties of Minimizers of Ahd ........ 26

2.2.1 The Integrable Case . . . ... ... ... ... ... 26
2.2.2 Other Ground States . . . . . ... .. ........ 33
2.2.3 Spectral Estimates . . . . ... ... ... ... ... 43
2.2.4 Extension of Properties of ¥V to an Open Set . . . 47
2.2.5 Properties of 1-dimensional Profiles . . . . . . . . .. 54
2.2.6 Proofs of Theorems 2.3 and 2.4 . . . ... ... ... 63

2.3 Further Properties Associated with Ahd: The Shifted Potential 65

3 Laws of Motion 69
3.1 Fermi Coordinates . . . . .. ... ... ... ........ 70
3.1.1 The Wave Operator in Fermi Coordinates . . . . . . 75

3.2 Formal Derivation of the Reduced Lagrangian E(I',0) . .. 77
3.3 Equivalent Forms of the Laws of Motion . . . . . .. .. .. 80
3.4 Existence Theorems . . . ... .. ... ... .. ...... 88
3.4.1 The Case dim(I')=2 Under the Graph Gauge . ... 91

3.4.2 The General Case Under the Graph Gauge . . . .. 97

4 Approximate Solutions 103
4.1 Notation . . . . . . .. ... 106
4.2 Proof of Theorem 4.2 . . . . . . . .. ... ... 110
4.2.1 BaseCase . . . . . .. ..o 111

v



4.2.2 Induction Step . . . . .. ... ... 115
4.2.3 Restricting the Domain of Approximate Solutions . . 119

4.3 Extended Approximate Solutions . . . . . . ... ... ... 120
Concluding Remarks and Future Work 121
5.1 Exact Solutions . . . . . . . . ... 121
5.2 The Neutral Superconducting Cosmic String Case . . . . . . 122
Properties of the Potential W 127
A.1 Some Useful Formulas Involving W . . . . .. ... ... .. 127
A.2 Proofs of Lemma 1.1 and Lemma 1.2 . . . . . .. ... .. 128
1D Analysis: Auxiliary Results 132
B.1 Smoothness of the Map F from Equation 2.6 . .. ... .. 132
B.2 Additional Results . . . . . .. .. ... ... ... .. .. 136
Laws of Motion: Auxiliary Results 139
c.1 Matrix Algebra . . . . . .. ..o 139
C.2 Regularity of Solutions to the Laws of Motion . . . . . . . . 143
Approximate Solutions: Auxiliary Results 148
D.1 Induction Step Computations . . . . ... ... . ... ... 148
D.2 Solutions to Fquation 4.41 . . . . . . . ... 154



INTRODUCTION

The present work is devoted to the study of the Superconducting Interface
Model introduced by Kyle Thompson in [34] under less restrictive assump-
tions than the ones adopted therein. This model may be understood as a
reduction of the Superconducting String Model introduced by Edward Wit-
ten in 1985 [35], which describes the behaviour of cosmic strings carrying
a superconducting current. The end goal of the thesis is twofold and can
be understood as the analysis of two systems of second order PDEs of hy-
perbolic character. The first system of equations (see Equation 1.7) arises
naturally from the Lagrangian formulation of superconducting interfaces
(higher dimensional analogues of superconducting strings) inspired by Wit-
ten’s counterpart for superconducting strings, while the second system of
equations (see Equation 1.26) describes the dynamics of these interfaces and

of the electric current concentrated on them.

1.1 BACKGROUND AND PROBLEM STATEMENT

In what follows, an arbitrary element of R!™™ (1+4n dimensional spacetime)
is represented by (¢,z) = (t,z1, T2, ..., x,). For conciseness, we write dy (or
0) and 0; = 0y, for i = 1,2,...,n, to represent the partial derivatives with
respect to the time variable and with respect to the i*" spatial variable,
respectively. Also, unless otherwise specified, greek indices «, 3, ... run from
0 to n and latin indices i, j,... run from 1 to n. Furthermore, we use n =
(M) p=0 = (77&/8)276:0 := diag(—1,1,1,1...;1) to denote the canonical
matrix representation of the Minkowski metric and its inverse on R™", and
denote its associated bilinear form defined for (v,w) € R*" x R!*" by
(v,w), = vingw.

Witten’s model describes the behaviour of cosmic strings carrying a su-
perconducting current. It can be described via the following Lagrangian
defined in terms of the two complex-valued fields ¢ : R!*3 — C (the
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Higgs field) and o : R'™2 — C (the current carrying field), the gauge fields
Ay, Ag RT3 — R* associated to ¢ and o, respectively, and the parameters
II= ()‘907 )\0'7 meg, 5) € (Oa 00)4:

Lls'[[907 g, AWAG] = K(QD, g, A<p7 Acr) + W(‘P?U; H) (1'1)
with
1 «@ 1 a 1 af3 1 af
K(@7O’7 A<P,A<7) = §(D<P,a907D<p§D) + §(D07040'7 Doa) + ZFw,aﬂFga + ZFO',QBFO' )
A Ao
W(p,0:T0) = 22 (gl = 1)° + 22 (jof? — 2m2) o + Dlllof?,

(1.2)
where, for a,5=0,1,2,3:

o Floup = 0aApp—05Apa and Fyop = 0aAsp — O3Asa.

e Indices are raised and lowered using the Minkowski metric 7, so that
e.g., Fgﬂ = no‘“fnfBJF%,y(;.

® Dy o= 0q—1iqpApq and Dy o := Oy —iGsAs o, Wwhere the parameters

4y, o € R are called the gauge couplings of ¢ and of o, respectively.

° (1)711)) = Re(vﬂ)) = Re(’f}w) = vpwpg + vywy, for all v = (’UR,U]),'LU =
(wg,wr) € C.

In this model, we interpret the gauge potential A, as generating an electro-

magnetic field and o as carrying an electric current. We define
jlo,Ay) = (io, Dy q0)dz® = current 1-form associated to (o, A,). (1.3)

Roughly speaking, the role of ¢ is to form an interface, within which (we
will see) the current is mostly confined. In a moment we will discard A,,

and then we will write simply j(o).

The Superconducting Interface Model is obtained from the Superconducting

String Model, (1.1), by making two assumptions:

1. The fields ¢ and o are decoupled from their respective gauge fields
(i.e., gp = ¢o = 0). In particular, this implies that there is no inter-
action between the electromagnetic field induced by ¢ and any other
electromagnetic fields in the ambient space. This condition is referred
to as the meutral interface case, making reference to the analogous

concept of neutral superconducting strings [26].
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2. The Higgs field ¢ is assumed to be real-valued. This change results in
there being an interface (co-dimension 1 submanifold) instead a string
(co-dimension 2 submanifold). This can be interpreted as a result in
the change of symmetry of ¢ from U(1) to the discrete symmetry

corresponding to changes in sign.

Applying the above assumptions to (1.1), we obtain the Lagragian for the
Superconducting Interface Model:

1

Lulp, 0] := 5 [0% B + (070, 0a0)] + W (¢, 03 10)

(1.4)

=3
1
= 3 |- 0 + IVapl® = (810, 010) + Va0l + [Vaoi ] + W (g, 03 10).

We consider the 4-parameter family of action functionals associated to (1.4)
with an arbitrary number of spatial dimensions n > 2:

1
dnlp.oli= [ {50000 + (000,04 Wi dodr. (19

where a now runs from 0 to n and dt dz represents the standard Lebesgue
measure on R+, We also introduce a (small) scaling parameter € > 0 and
consider the e-weighted Lagrangian version of (1.5):

1
An e[, 0] ;:/ {;[6“@8Q@+(8“0,8a0)]+SW(QQ,J;H)} drdt.  (16)
R1+n

As we will see, the scaling parameter ¢ represents the thickness of the region

around the interface of ¢ in which the current carrying field ¢ is confined.

From now on, we will focus solely on Ar ., and more precisely on its Euler-

Lagrange equations, which can be compactly written as

1
Op + —50,W (p,0;11) = 0, in R,
< 1.7)
1 (1.
Oo + =0, W(p,0;10) =0, in R,
£

where [J := 93 — A, denotes the wave operator (with A, = 93493+ ...+92)
and 0,W is the vector whose entries are the derivatives of W with respect

to the real and imaginary parts of o. More specifically,

(%W(%U;H)) B ( [Apo(p? = 1) + Blof?] s0>
W (p,0:1) ) \[Ae(lo]? —=m2) + Bp?] o)



1.1 BACKGROUND AND PROBLEM STATEMENT

Identifying o with (og,o07), where op and o7 are the real and imaginary
a¢w>

parts of o, respectively, and writing ® := (¢, or,07) and DeW = (8 W
g

(1.7) can be written concisely as
1
O® + —DeW(®;11) =0,  in R (1.8)
€

It is clear that the constant functions &4 = (£1,0) are solutions to (1.8).
Motivated by the underlying physical model, we shall be interested in solu-
tions ® = (¢, 0) to (1.8) that exhibit a sharp transition from one of these
stationary solutions to the other. Particularly, we will be interested in the
scenario where (¢, o) are smooth solutions defined over (0,7") x R™ for some

T > 0, and the domain can be partitioned as
0, T)xR*"=QturuQ-,

where I is a timelike smooth hypersurface and 2~ and QT are open and con-
nected disjoint regions with respect to which ¢ and ¢ present the following

behaviour:

o1 and |o| is strictly positive and concentrated

(1.9)

in an e-neighbourhood of T,
with

)= T BDED (1.10)
-1, (t,z) € Q.

Additionally, we will restrict most of our discussion to a particular scaling
regime for which there is an e-independent interaction between I' and the
leading order phase of o. To present this choice of scaling and illustrate
what motivates it, it is instrumental to introduce coordinates adapted to I'.
In particular, let ¢ : (0,7) x R"~! — T C (0,7) x R" be local coordinates
for I, and v be a smooth Minkowski unit normal vector field to I' (i.e.,
(v,v),, = 1 and (v(p),),, for all 7 € T,T" and all p € I'). Furthermore,

assume the existence of a neighbourhood N of T' containing Im(¢)) in which
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we can project uniquely each point (¢,2) € N onto I' in the Minkowski

sense, i.e.,
(t,z) =VU(y,2) :=¢(y) + 2v(y)  forall (t,z) € N. (1.11)

We call (y,z) Fermi coordinates adapted to I' (see Section 3.1 for more
details). Now, consider the case where I is a flat timelike hypersurface, say
I = {x, = 0}. In this case, writing x = (Z,z,) € R*! x R, we can simply
set v = (0,...,0,1) € R ¢ = (t,7) and z = x,,. We start by considering

solutions of the form
() = (i) -

where a : R® — R is a linear function and (g, o are real valued. Plugging

in (1.12) into Equation 1.7 results in the following system of ODEs

— @0 + 0,W (0, 00; T) = 0, in R )
— 00 + W (¢0,00; 1) + pog =0, inRR, '
where p := — (9;)? + | Dzal* = (Vya, Vya), may be interpreted as the

squared "Minkowski length" of the tangential gradient of a along I'. It then
follows that the presence of the phase a/¢ in o induces a virtual change in

the parameters II, in the sense that Equation 1.13 can be expressed as!
—®( + DeW (P¢;11,) =0 in R, (1.15)

where @ = (g, 00) and

Note that Equation 1.15 are the Euler-Lagrange equations of the functional

Alo, o] for T =11, and o real-valued, where

A (o0 = [

{1 [2(2) + 10/ 2(2)] + W(so(z),o(z);m} dz (L17)
R

2

1 Indeed, a direct computation shows that

W(@;np):W@;n)+g\a\2, DoW(®;10,) = DeW (®;10) + pP,(®).  (1.14)
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whose natural domain of definition is
H := (tanh, 0 4 i0) + H'(R;R) x H'(R;C). (1.18)

In particular, any minimizer (¢r,,om,) of A%fi over ‘H satisfying (1.9) is a
solution to (1.8) with the desired characteristics for the case I' = {z,, = 0}
and (Vya,Vya) = p. For such a solution, the current 1-form defined in
(1.3) becomes

jlo) = éa%p (g) da.

which is tangent to the interface {z = 0} and is concentrated in an e-

neighbourhood of the interface.

Next, consider the case where I' is unknown and not necessarily flat. Moti-
vated by the results corresponding to the case I' = {z = 0}, we consider the

ansatz

(fg 3) - <ew<$?§f,’oz(f)z/g)>, (t,x) =V(y,z) eN,  (1.19)

where (¢p,00) € H and 6 is a smooth real-valued function. Plugging in the
ansatz in (1.19) into the functional A . and making a change of coordinates,

we find that (see Section 3.2 for more details)

Anclipol = [ Al oot ool /= detlgw) dy-+0(), (120

Aolpo,00,I",00]

where g is the metric tensor induced by the Minkowski inner product (-, -),.
on I', and p is the squared “Minkowski length" of the tangential gradient of 6
along I'. More specifically, gqob(y) := (0¥ (y), ¥ (y)),, for a,b=0,....,n—1
and p(y) := (Vré(y), Vro(y)),,, where Vro(y) is the tangential gradient of
0 along T' (see Definition 3.9). From this perspective, we are interested in
configurations for which the e-independent portion of A [, o] (the first

term in the right hand side of (1.20)) are critical. In other words,

(0,00, 00,T) should be a critical point of Ag[pg, oo, T, 6]. (1.21)
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One way to realize the heuristics in (1.21) is to chose ¢y and oq so that?

(po(y,),00(y,-)) minimizes All-[‘i(y), for each y € T (1.22)

Provided that we can solve this minimization problem, the pair (o, 00)
depends on y only through the value of p(y), which in turn depends solely
on I' and 6. Furthermore, if the pair (¢o(p,-),o0(p,-)) is unique for each

possible value of p € Im(p), we may define the function

prr : Im(p) — (0,00),  pn(p) == At (¢o(p, ), 00(p, ), (1.23)
so that pr(p) is minimum value of the energy .A%fi over H. Upon making
this choice for (g, 0¢), the functional Ay depends only on the pair (T, 0),

and we are led to the following natural choice for (T, 0):
(I,0) s a critical point of X[I', 0] := / urr(p) dA, (1.24)
r

where d)\ represents integration against the area measure associated with
(-,),,- We stress the fact that the choices (1.22) and (1.24) are a result of
the particular scaling presented in (1.19). In particular, 1/e is the scaling

on 6, phase of o, which results in a non-trivial interaction between I" and 6.

Motivated by the formal discussion above, we formulate the problem state-

ment in terms of two objects of study:

1. The existence of admissible (I, ) pairs according to (1.24) and the

timelike condition on T'.

2. The construction of solutions (¢, o) to (1.7) which, given an admissible

pair (I, 0), satisfy (1.9) are of the form

®(t.x) = [ o A1)

+0(e), (t,x)=Y(y,2) € Ny, (1.25)
e’ s oo (y,z/e)

inside a neighbourhood Ny C N of ', where (g, 0¢) are the functions
defined via (1.22).

2 Hereafter, we use the abuse of notation y € T' to mean that 1(y) € T for convenience.
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Description of Main Results

The main contributions of this thesis can be summarized as follows: 1) we
provide a thorough analysis of (1.15), which represents the stationary one-
dimensional problem corresponding to (1.8); 2) we provide affirmative re-
sults about the existence of admissible (I, #) pairs according to the criterion
in (1.24); and 3) we make substantial progress in proving the existence of the
target solutions described in (1.25) by providing a construction of approxi-

mate solutions to (1.8) of arbitrary precision with the same characteristics.

In regards to the (1.15), our first main contribution is proving the existence
of an open set of admissible parameters, O C (0,00)%, over which we can

define a smooth map
d:OxR—-RxC,

such that, for each II € O, (¢,0,0) = ®(II,-) is the unique minimizer
of .Alle over H showcasing numerous desirable properties, including those
mentioned in (1.9) with the magnitude of (¢(z) — sign(z),o(z),0) and of
its derivatives decaying to 0 exponentially as |z| — oo (see Theorem 2.3).
Another important property of ®(II,-) is its non-degeneracy (see Defini-
tion 2.2), a technical condition essential for the construction of dynamical
approximate solutions of Equation 1.8. We note that these results provide
the missing details for a full verification of the equivariant case where n = 2
studied in [34]. Additionally, we prove some useful properties of the map pg
from (1.23) (see Lemma 2.29), and address the invertibility of the operator
L(®;1) : H*(R;R x C) — L*(R;R x C) given by

L(®;IN)[V] := =V" + DEW(®(11, -); 1)V,

obtained by linearizing the operator in (1.15) about ®(II,-) (see Theo-
rem 2.4).

Next, we address the problem posed by the requirement in (1.24). As sug-
gested by the heuristics from the previous section, the Euler-Lagrange equa-
tions corresponding to X[I', 0] represent the natural/correct laws of motion

governing the dynamics of admissible interface/current pairs. These laws of
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motion can be succinctly expressed as the following second order quasilin-

ear? system of PDEs:

Hr = — f1(p)I(Vr0, Vro)

(1.26)
DI‘0 = %fQ(p) <VFP7 vF9>m, )

where
e Hr is the mean curvature vector of I' (see (3.55))

e Il is the second fundamental form of T' (see (3.56))

Or is the Laplace-Beltrami operator defined on I" (see (3.26))

Vru is the tangential gradient of u € C*(T") along T' (see (3.28))

p = (Vr0,Vrb), , where (u,v), = u'vin;; is the Minkowski product
of u,v € RM™,

filp) = =2 1og[un(p)] and fo(p) = 245 log (up(p)), where p is
given by (1.23).

The second main goal of this thesis is to establish the local well-posedness
of the system in Equation 1.26 for arbitrary n € N>y subject to suitable
initial conditions on (I",#) linked to the timelike character of I' and the
smallness of p. Our first result in this direction, Theorem 3.16, asserts that a
(uniform) timelike condition on the submanifold I'y :=T'N{(0,z) : z € R"}
and a smallness condition on the initial value of p (see (3.73)) guarantee
the existence of ' > 0 (whose value depends on these initial conditions)
for which Equation 1.26 admits solutions where I' is the graph of a map
v :[0,T] x R — R*~ 1.

Our second result, Theorem 3.22, provides a generalized version of Theo-
rem 3.16 that applies to interfaces I' of arbitrary codimension k& € N,
under stricter conditions on the initial data (compare (3.73) to (3.92)). In
particular, in addition to p being small, in this case the initial data are

required to satisfy the following Lorentzian condition for some A € (0, 1):

C’]‘-‘b = g™ + fi(p)d°00°0 € Cor» j=12 and a,b=0,..,1+p,
(1.27)

The fact that this system is quasilinear is more easily seen by writing (1.26) in coordinates,
see Lemma 3.12.

9
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where (gab):gi o Is the inverse of the metric on I' induced by the Minkowski
metric on R (see Section 3.1), 90 := g®8,y0, and C, , is the set p x p
matrices with real entries which are canonical Lorentzian with bound A (see
Definition 3.21). Under the initial conditions on (I, §) above, it is concluded
that there exists T' > 0 for which Equation 1.26 admits solutions where I"
is the graph of a map v : [0,T] x R? — R¥, where p =n — k.

In both Theorem 3.16 and Theorem 3.22, the solutions, expressed in terms
of the coordinates v of the form (3.66) for I and the function 6, exhibit the

following regularity* provided the initial data is of type H*:
9 € Cy ([0, T] x R”;R),v € Cy ([0, T] x RP;R™P) (1.28)

whenever s > r + 1 + [p/2], with [z] := the integer part of x € R. The
idea behind the proofs of these theorems consists in exploiting the structure
of Equation 1.26, under the assumption that I" is the graph of a function,
to express them as a symmetric hyperbolic system of PDEs whose well-

posedness is revealed thanks to the results from [19].

Our last result (see Theorem 4.2) is the construction of a sequence (®1)32,
of approximate solutions to (1.8) of the form (1.25), whose error of approx-
imation is of order ¥ in the sense explained below. This construction is
possible as long as the pair (T, 0) is admissible according to (1.24) and the
condition (1.27) holds, the second condition being sufficient to ensure that
the system (1.26) and its linearization about admissible (T',6) pairs sym-
metric hyperbolic over I' (see Definition 3.19 and Lemma D.1). From this
perspective, the construction of approximate solutions gives an additional
formal justification for the corresponding law of motion in (1.26) in the scal-
ing regime (1.25) that we consider. In proving our results, we assume that
(1.28) holds with r = oo for convenience, but analogous lower regularity

results can be obtained with minor modifications to the proofs.

Let » € Zy, myn € N and U C R™ be open. Here and in what follows, Cj (U;R")
denotes the set of functions from U to R™ with bounded derivatives of order k for all
k € {0,1,...,7}. In a statement like 8 € C7 ([0,7] x R”; R) we mean that 6 can be
extended to a function 6 € Cf (U;R), where U C R'*? is open and [0,T] x R? C U.

10
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The functions ®j are approximate solutions to (1.8) in the following sense.
First, let A/ be as in (1.11) and § > 0 be small enough so that A contains

a tubular neighbourhood of radius § around T, i.e.,
Ns={(t,z) eR"™"™: (t,x) =p+z-pforsomep €T,z € (—68)} CN.
Then, for any k > 0, we have that

O, + E%DQW(% =0, in ([0,T] x B")\Nj.

Near I', we have that for every indices k,l € Z,, and every multi-index
«, there exists constants ¢ > 0, Cyi, Ckio, > 0 depending on (I, 6,1I) but
independent of €, such that for all small enough 0 < e < 1 and all (t,z) =
U(y,z) € Nsjo:

2]

< O (14 |2/e[F+2)e M (1.29)

1
oL [D@k + €2D¢W(<I>k;1'[)} (t, )

and

1
oLDg [e—? X (Dq»k + €2D<1>W(<I>k;ﬂ)>] (t,z)

2|

< Chias™ (1 + |2/e[F2)e = (1.30)
where we have employed the notation

ax (b,c) := (b,ac) for all b€ R and all a,c € C.

The term e~ ¢ premultiplying the expression for the error in the estimate
(1.30) is required to compensate for the rapid oscillations associated with
the 6/e term in (1.25).

1.2 LITERATURE REVIEW

Most of the relevant literature to the present work pertains to the study
of differential equations with solutions which have features (e.g., zero sets
which are interfaces, point vortices, or vortex filaments) that can be de-
scribed by means of an associated geometric problem. Below are some of

the main themes in the literature that lie at the heart of this thesis.

11
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In what follows, 0 < ¢ < 1, and for k = 1l or k = 2, W : RF — R>o
denotes the function W (u) := (|u|?> — 1)2?/4, which is the standard double-
well potential for k£ = 1 (commonly referred to as the Allen-Cahn potential).
Furthermore, let 2 C R™ be an open bounded subset, where n > k.

1. Elliptic case: in the limit as e — 07, solutions to the equation
Lo
Au(z) + ?W (u(x)) =0, x €, (1.31)

which exhibit a phase transition do so around a surface of co-dimension

k with zero Euclidean mean curvature (see e.g., [22, 33, 20, 25, 29, 28]).

2. Hyperbolic case: in the limit as ¢ — 0% and for suitable initial data,
solutions to the equation ((1.8) with o = 0)

Cu(t, z) + E%W’(u(t, D)) =0, (ta)eSr,  (1.32)

where Sp = (0,7) x Q or (0,00) x £, which exhibit a phase transition
do so around a surface with co-dimension k with zero Minkowskian

mean curvature (see e.g., [27, 16, 17]).

The scalar case (i.e., k = 1) is closest to our case of interest, in the sense that
the phase transition of the unknown ¢ takes place close to a co-dimension 1
surface (i.e., a hypersurface). The case k = 2, on the other hand, is closer to
the original model for superconducting cosmic strings proposed by Witten,
in which ¢ exhibits vortex filaments corresponding to the cosmic strings
themselves. A survey of relevant results in the hyperbolic setting for both

cases is presented in [17], some of which we list below for the case k = 1.

In the case of k = 1, the general heuristic principle behind most, if not all,

the cases above is that the solutions of interest are of the form

u & tanh < (1.33)

Z >
\/56 ’
where z is the signed-distance to a minimal hypersurface I' C €2, just as in
(1.11), where v is a unit normal vector field to I' in the Minkowski sense

(resp. Euclidean sense) for the hyperbolic case (resp. elliptic case)®.

5 In the elliptic case, z : 2 — R is characterized by the property that

z=0onT, Vz> =1 near I'.
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1.2 LITERATURE REVIEW

The fact that I' is minimal can be understood, at least formally in the
elliptic case, by noticing that (1.31) are the Euler-Lagrange equations of

the functional
1
I.(u) == / [|Vu|2 +— (Jul* - 1)2 dx. (1.34)
Q 4e

Heuristically (see e.g., [20], [32] for more details and precise statements), for
u to be a local minimizer of I that exhibits a transition layer, u is expected
to be approximately equal to +1 in most of 2 due to the cost associated
with the potential term in I.. In this case, the energy corresponding to the
term |Vu|? is expected to be concentrated around a hypersurface T' (aka
the interface of u), and therefore minimized if such hypersurface locally
minimizes surface area. In the limiting case ¢ — 0, it is expected that the
thickness of the transition layer around I' goes to 0 since the cost associated

with the potential term in I goes to co in this case.

On the other hand, the specific form of u in (1.33) stems from the fact
that the function ¢(z) = tanh(z/4/2) is the solution to the one dimensional
analogue of (1.31) and (the static case of) (1.32), namely:

—q" +W'(q) =0, q(0) =0, and ¢q(z) — +1 as z — +oo. (1.35)

In Fermi coordinates (y, z) adapted to I', one expects (formally) that u(y, -)
showcases a similar behaviour to ¢ in (1.35) for each y € I', since u is
required to have a transition around I' = {z = 0}, in the same way that ¢

has a transition around 0.

The above principle has been investigated in multiple settings. For instance,
in the case of (1.31), the works of [32] and [20] rely on the idea of T'-
convergence to describe the limiting behaviour of the sequence of function-
als I. appearing in (1.34), as well as the associated limiting geometrical
problem describing the energy concentration in the elements of a sequence

(ue)$° € HY(Q) of minimizers of these functionals.

In the hyperbolic case, z is a function defined on a neighborhood of I' C [0,T) x R",
characterized by

z=0onT, — (c’),gz)2 + |sz\2 =1 near I.

13



1.2 LITERATURE REVIEW

In regards to (1.32), in [5], the authors find travelling wave solutions for
(1.32) for k = 1, each of which has its energy concentrated around a minimal
surface in R™. They also show that, in the limit as ¢ — 0% and under some
technical assumptions, the energy density of solutions u. to (1.32) thought
of as a measure on R!*" concentrates around a co-dimension 1 set I' as
¢ — 0, where I' is a timelike Minkowski minimal manifold whenever it is
smooth. The conditions under which this last assertion holds, however, are

not easily verified.

On the other hand, given a timelike minimal surface I' which is smooth in
a time interval (—7,7), and well-prepared initial data close to the right
hand side of (1.33), where z is the (Minkowski) signed distance to I', [16]
establishes the existence of solutions to (1.32) whose energy is concentrated
around T, at least up to time 7. Further L? estimates are provided for the
size of the deviation of these solutions to the right hand side of (1.35). More
recently, in a collaboration by the same author in [10], these estimates are

refined for the case n = 2.

In contrast, the existence of solutions of the form (1.33) is established in
the elliptic setting in |25, 29, 28], and on the hyperbolic setting in [27]
by linearizing (1.31) around an approximate solution, and using the spec-
tral properties of a given operator to show that there is an exact solution
which is e-close to the approximate solution. Due to the nature of this ap-
proach, a very detailed description of the solutions is obtained. The general
methodology followed in this works is often associated to the method of
Lyapunov-Schmidt reduction (see e.g., [30]), and is identical in spirit to
the general approach followed in [34] and in this thesis. We present a more
detailed review of [27] and [34] below.

Finally, other two component systems, including the k = 2 case for (1.32)
have been studied in |1, 2, 9, 8, 14], among others. We highlight the work of
[14] in connection to the Abelian-Higgs model, due to the proximity between
the general methodology followed in that work and the one followed in this

thesis.

Most Relevant Literature

The most relevant literature on the subject consists of Kyle Thompson’s
doctoral thesis [34] and the work of del Pino, Jerrard and Musso in [27].
In [34], the system (1.8) is introduced and the problem of finding solutions

14



1.2 LITERATURE REVIEW

satisfying (1.9) around a smooth timelike hypersurface I' is considered. The

main assumption made in this work is that

n = 2, so that I" is 2 dimensional. Also, I is a surface of (1.36)
revolution about the t axis. .

This assumption allows one to obtain solutions to (1.8) which are equivari-

ant, in the sense that
o(t, ) = ue(t, |z]), and o(t,z) = e 8@y (1, |z]),

for some functions ue,ve : [0,7] x R — R and € € {1/k:k € Z\{0}}.
Furthermore, more detailed information is provided about the functions u,
and v. in terms of Fermi coordinates adapted to I'. In particular, one has
that

(u£> (y, ) = Right hand side of Equation 1.25, (t,z) =V(y,2z) € N5.  (1.37)

Ve

In contrast to our case, however, the leading order phase of ¢ is set to be
equal to 0(y) = arg(x)/e upfront, and I is found by imposing the condition

(1.26) given this choice of 6. In particular, this means that

1. 0 is independent of time and linear on arg(z), which can be thought of

as a variable parametrizing each time slice I'y := TN {(t,z) : « € R?}.

2. Due to the radial symmetry of each time slice I';, I' can be parametrized
as (t, R(t) cos(a), R(t) sin(«)) for t € [0,T] and o = arg(z) € [0, 2m).
Consequently, solving (1.26) translates to solving an ordinary differ-

ential equation in terms of the time variable for the function R.

The existence of the solutions (¢, o) described above is achieved in a four
step process. Namely, the existence of choices for T' that satisfy (1.36) and
that solve the equation (1.26) is established appealing to results from clas-
sical ODE theory. Next, (1.8) is written as an expansion in terms of powers
of epsilon, and it is shown that there exist “profiles” (g, 0g) with the char-
acteristics outlined above which reduce the size of the left hand side of (1.8)
(thought of as the error of approximation) by a factor of . Subsequently, a
correction term of order ¢ is added to this profile to reduce the error by an

extra factor of €. Finally, calling the resulting approximation ®(y, z), it is

15



1.2 LITERATURE REVIEW

shown that for a suitable function h defined on I', the linearization of (1.8)
about ®p(y, z) := ®(y,z — eh(y)) satisfies energy estimates which allows
one to ultimately deduce that ®(y, z) can be altered by a perturbation of
order at most € to attain an exact solution of (1.8), thereby proving the

existence of the solutions with the desired properties.

On the other hand, [27| treats the particular instance of (1.8) where o =0,

namely:

2o — Agp + 6%(& ~1)p=0, in0,T] xR™ (1.38)
The authors find solutions ¢ to Equation 1.38 which exhibit a transition
layer close to a Minkowski minimal surface I' which is timelike, smooth,
and divides [0,7] x R™ into two open and disjoint connected components
Q_ and Q4 , with _ being bounded. More precisely, using the same type of
coordinates (t,z) = ¥U(y, z) adapted to I" as the ones described above (see
also Definition 3.2), it is shown that (See Theorem 1 in [27]) for each j € N,
there exists solutions ¢, of (1.38) which satisfy®

¢e(t,x) = tanh (é) + O(e), (t,x) = ¥(y,2)

in a neighbourhood N5 of I', and such that ¢.(¢,z) — I(t,z) in the C7 sense
as ¢ — 0 in compact subsets of ([0,T] x R™)\Ns, where I is as in (1.10).

In a nutshell, the procedure followed in [27] consists of three main steps.
Firstly, an expansion in powers of epsilon of the left hand side of (1.38)
(thought of as the error of approximation) in (y,z) coordinates is made,

z

and it is found that setting ¢(y, z) = w(z) := tanh <\/§€) reduces the size

of the error by a factor of €2. To note is that the reduction of the error being
of order £? as opposed to a smaller power of € is a consequence of the fact
that I' is a Minkowski minimal surface (cf. Step 1 of Section 4.2.1). Following
this, it is shown via an inductive argument that for each k& € N, there is
an approximation ¢, with error of order at most £*. These approximations
can be easily extended to the whole of [0, 7] x R™ to obtain a corresponding
global approximation ¢; with error of order at most k. Finally, it is shown

via energy estimates associated to the linearization of (1.38) about ¢ that,

6 In.fact, inside N5, ¢:(t,z) = tanh(Z) + ¢:(t,x), with le:"ﬁ:l |D&¢e| +
Y lai=o D5 0| < Ce.

16



1.3 MODEL ASSUMPTIONS AND NOTATION

as long as k > 3n + 2, ¢}, can be perturbed into an exact solution of (1.38)

by adding a perturbation of order at most ¥/2.

As suggested in Section 1.1, our results share an intimate relation to the
above two works; we further investigate and extend some of the results
presented in [34], while shifting the focus to a strategy most closely related
to that of [27]. In particular, we address the well-posedness of (1.26) in the
absence of the symmetry assumption on I' (alternatively, the equivariant
assumption made on the form of (¢, 0)) and the assumption on the form of
6 from [34]. Under these milder assumptions, we also broaden the analysis
of the one dimensional static problem (1.15) presented in [34] and, in the
same spirit as in [27], use these results to obtain approximate solutions of
arbitrary degree of accuracy in the sense explained in Section 1.1. As noted
throughout the thesis, some of the results presented here can also be found
in [6] and in [34], albeit with a different presentation or argumentation in

some cases.

1.3 MODEL ASSUMPTIONS AND NOTATION

Before proceeding, we state some assumptions on I' and some important
facts about the potential W which we will use throughout the thesis. First,

for some T' > 0, the interfaces I' that we consider satisfy:

1. T is a timelike smooth hypersurface embedded in [0, 7] x R™.

2. T divides the space [0,T] x R™ into two disjoint sets 2_ and .
Also, we always consider the potential W : R x C — R from (1.2), namely

W(p,oiT1) = 22 (o7 — 172 4 22 (ot — 2m2lof) + B2l (139
where IT = (Ay, Ay, Mo, B) € (0,00)%.

Note that the potential (1.39) is a generalization of the Allen-Cahn potential
Wa(u) = £(1 — u?)%. The key properties of W that we will abstract from
W4 are provided by the following two lemmas whose proofs can be found
in Appendix A. These lemmas apply to a special set of parameters called

the set of regular parameters, O°, given by

0° := {(Ap, Aoy o, B) € (0,00)*: B > \ym?2 and A, > )\Umﬁ‘_}. (1.40)

17
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Lemma 1.1. Let W : R x C — R be of the form (1.39). Then, II € O° if

and only if the following two conditions hold:

DAW (£1,0;11) is positive definite. (1.41a)
W (g, o;II) > 0, with equality only if (|¢|, o) = (1,0). (1.41b)

Lemma 1.2. Let W : R x C — R be of the form (1.39). There exists
c€ C(0%(0,00)) such that

W (p,o;10) > c(II) [(9* — 1)* + |o] for all (p,0) e R x C. (1.42)

Some of our results apply to any smooth W : R x C — R of the form
W(p,0) = W (||, |o|) such that (1.41a), (1.41b), and (1.42) hold, where W

is always assumed to be even with respect to both arguments.

1.3.1 Notation

Throughout this thesis, we will write

Amin (IT) : = minimum eigenvalue of D3W ((+1,0);TI) L3

= min (2A¢,,B — )\Um?,) . (1.43)
We denote by n = (nap)5 5=0 = (no‘ﬁ)gﬁzo := diag(—1,1,...,1) the canon-
ical matrix representation of the Minkowski metric on R'™”, and write
(v,w), = vinw for (v,w) € RF™ x R Also, we denote by Ry the
set of non-negative real numbers, and by Rs, (resp. R>;) all real numbers
greater than (resp. or equal to) x € R. A similar notation is used with < x
and < z, and with Z and N, the latter of which we identify with Z>;.

We denote elements in the domain of a function F : R x C x (0,00)* — R
by (¢,0,1I), where ¢ € R, 0 = or +io; € C and II = (Ay, A\s, M0, B) €
(0,00)%. Partial derivatives with respect to Ay, Ay, My, 8 will be denoted by
Op, » Opy, Ops, and 0,,, respectively. Also, the gradient of F' with respect to II
(resp. ® = (p,0p,07) € R? 2R x C) will be denoted as D F (resp. Do F),
the Hessian by DF (resp. D3F), etc., and DEF := OpL 05200204 @ (resp.
DgF = 8516512?85?}7) for any multi-index o = (v, a2, a3, as) € Z% (resp.

B = (B1,B2,B3) € Z3). Lastly, we write 9, F := (%;1;5)

18



1.3 MODEL ASSUMPTIONS AND NOTATION

On the other hand, we define
Xo := L*(R) and X, = H*R), (keN), (1.44)

equipped with the norms

k
1fll, == _ZO||f<J‘>Hiz<R>~

Also, we equip X with the norms ||(f1, f2, e S xp = 207 HfjHXk. We
will often make the standard identification of X§ (resp. H) with L*(R;R3)
or L2(R;R x C) (resp. H*(R;R?) or H*(R;R x C)).

The set of all bounded linear operators from the normed space (X, ||| y)
to the normed space (Y, ||-||y) is denoted by L(X,Y). As usual, L(X,Y) is
equipped with the standard operator norm defined on £ € L(X,Y’) by

1Ll Lxyy = sup [IL(2)]ly -
zeX,|z|| xy=1

Also, we introduce the following sets corresponding to each L € L(X3, X3):

(ker L)+ := {Vexg : / V.K =0 for allKEkerL},
R (1.45)

¢ (L) := (ker L) N X}

In particular, (ker L) = €o(L).

Additionally, for any r € Z4, m,n € N and U C R™ open, C}(U;R")
denotes the set of functions from U to R™ with bounded derivatives or
order k for all k € {0,1,...,7}. In a statement like # € C7 ([0,T] x RP;R) we
mean that 6 can be extended to a function § € Cr(U;R), where U C R
is open and [0,7] x RP C U.

On the other hand, the symbol O° C (0, 00)* always refers to the set defined
in (1.40), and It : R — R x C denotes the function

I (z) := (sign(z),0) € R x C for each z € R,

where sign : R — {—1,0, 1} is the standard sign function.
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Finally, for any ® = (p,0) € R x C and 6 € R, we define
Py(®) := (0,0), i®:=(p,i0) and ¥ x ®:=(p,es),  (1.46)

and we often identify R3 = R x C, so e.g., (1.46) is treated as

0 @ ¥
Py (®):=|og|,i®:=|—0;| and e’ x ®:= [ op cos(f) —orsin(f) | . (1.47)
or OR orsin(6) 4 or cos()

1.4 CHAPTER OVERVIEW AND ORGANIZATION OF THE THESIS

The rest of the thesis is organized as follows. Chapter 2 is devoted to the
study of a particular family of solutions to (1.8) that serve as the fundamen-
tal building block for the construction of the leading order terms (i.e., the
initial approximation) of the more general approximate solutions to (1.8)
introduced in Chapter 4. These solutions, for which ¢ and ¢ are real-valued
and depend on a single variable, as well as the properties of the linearized
version of (1.8) about them, are described in detail. In Chapter 3, we inves-
tigate the coupling between the leading order phase of the current-carrying
field, o, and the interface, I', that needs to take place in order to improve
the accuracy of the initial approximations. In particular, a heuristic argu-
ment justifying the role of (1.26) in this context is presented, relying on
a “reduced action principle” closely resembling that utilized in [24] in re-
lation to (1.32). Apart from the derivation of (1.26), the well-posedness
of this system is established under the assumption that I' is the graph of
a function of timelike character, and some additional smallness conditions
associated to the tangential gradient along I' of the phase of o (i.e.,  in
Equation 1.25). In Chapter 4, we present a construction of approximate
solutions to (1.8) which can be used to reduce the error to order O(e*) for
arbitrary k € N, and that fit the description of ® in (1.25) for (I, #) pairs of
the type described in Chapter 3. Finally, Chapter 5 is devoted to conclusions

and recommendations for future work.
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I DIMENSIONAL ANALYSIS

This chapter consists mostly of results from joint work with Mauro Bonafini,
Giandomenico Orlandi, and Robert Jerrard and can also be found in [6].

Some of the results here can also be found in Kyle Thompson’s thesis [34].

2.1 THE 1-DIMENSIONAL LAGRANGIAN

In this chapter, we consider solutions (¢, o) of (1.7) of the form

(Coa) = () w=e o
where ®g = (¢, 09) belongs to the set

H = {(p,0) € HY(R) x H'(R;C) :

) ) (2.2)
(p*—1) € L*(R), p(z) — £1 as = — +oo},

where H'(R) is the set of functions with L?(R) weak derivative!. By the
definition of the set H, these special solutions, which we shall call one
dimensional profiles, are in the domain of (1.6) for n = 1 and are the
desired solutions to (1.8) for the case where the interface I is the hyperplane
{zy, = ¢} for some ¢ € R. We intend to use these special solutions as guiding
models for building approximate solutions to (1.7) which exhibit the desired

behaviour (1.9) with respect to interfaces I' with more intricate geometries.

Plugging the ansatz (2.1) into (1.7), we obtain the following system of equa-

tions
— o+ 0,W (po,00;11) =0, inR

— 0o + 0eW (¢0,00;I1) =0, inR (2.3)
i (go(z), a0(2) = (£1,0),

1 More simply, H = (tanh,0,0) + H'(R;R x C) (see Lemma B.9).
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2.1 THE 1-DIMENSIONAL LAGRANGIAN

The first two equations in (2.3) are the Euler Lagrange equations of the
following Lagrangian defined over H, which we shall refer to as the 1-

dimensional Lagrangian corresponding to II:

At eo) = [ {3126+ 10 PE] + W oGrm s (2a)

The main results of this chapter address the existence and basic properties
of minimizers of A in H for all IT in either O or in an open subset O C 0°,
where O is defined in (2.20). The properties that we consider are better
expressed in terms of some operators related to .A%[d that we now define. Let
(®,11) € H x O° and introduce the (quadratic) functional

d2
QM[V]:= 5| OAﬁi(cb +hV) :/ UV’\Q + VTD?DW(@;H)V} :
= R
acting on functions V € H'(R;R x C). Furthermore, let
H := (tanh,0,0) + X3 = (tanh,0,0) + H*(R;R x C),

and note that Equation 2.3 implies that? & € H. Moreover, for any ¥ € X3

da 1d _/ 1)
| Al @+ he) = [P,

o (2.5)
W’h:OAh‘i@ + ) = /RL(CI);H)[\II] 7
where
F:Hx0" = X3, F(ViII) = =V" + DeW (V;11), (2.6)

L:Hx0" = L(X3,X3), L(V;ID)[¥]=—0" 4+ DIW(V;I)¥.

Thus, F(®;1I) = 0 are the Euler-Lagrange equations of A shown in (2.3),
L(®;1I) is the linear operator obtained by linearizing (2.3) about ®, and
since Q (®;1II) [V] = (V, L(®; H)V>Xg, we refer to Q (®;1I) as the quadratic
form associated with £(®;II).

Once we address the question of existence of a minimizer of Ahd in H for
each IT € O we prove that the operator £ (®;1I), where ® € H is any such

minimizer, exhibits a spectral gap in the following sense:

2 In fact, ® € (tanh,0,0) + H™(R;R x C) for any m € N (see step 3 of Lemma 2.12).
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2.1 THE 1-DIMENSIONAL LAGRANGIAN 23

Theorem 2.1 (H' Spectral Estimate). Let IT € O° and ® be a minimizer
of AX in H. Then, there exists ¢ = c(I1) > 0 such that

Q®; V] > c(M)||V[[3 mrxcy,  for all V e & (L(B;1)).  (2.7)

A useful observation for proving Theorem 2.1 and some other properties of
minimizers of A}[d (e.g., their exponential decay established in Lemma 2.15)

is that Q(®;II) can be viewed as a perturbation of the quadratic form
Q" (&;10) [V] ::/ [|V’]2 +VTD2W ((1,0); 10) V}
R
> min (1, Awin () [V 171 mxcy s Amin(ID) as in (1.43).

Another crucial property of the minimizers that we will consider is a non-
degeneracy condition that stems from the fact that the kernel of the map
L(®;1I) is at least two dimensional for any ® € H which minimizes AL

Indeed, for any minimizer ® = (¢,0) € H of Al we have that
F(e? x (- — h);II) = 0, for all h,0 € R, (2.8)

which may be interpreted as a direct consequence of the translational and

rotational symmetries exhibited by A%Id:
Ald(@) = AL(B(- — b)) = Al (ew X q») . forallh,0 e R
Using (2.8) we readily obtain
@ by = £ (@10 (¢ 0) =0
dh In=0 ’ ’ ’
d it D) — £ (B Y] —
|, Fe % @(2):10) = £ (@) [(0,i0)] = 0,
and thus, in terms of the notation introduced in (1.46):

@' P, (i®) € ker (£ (®;11)), for any miminizer ® of A in H, (2.9)

In view of the lower bound in the dimension of the kernel of £(®;II) implied
by (2.9), we will be interested in minimizers of AL? which are non-degenerate

in the following sense:
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Definition 2.2. Let IT € 0 and ® be a minimizer (aka ground state)

of All-ld in H. We say that ® is nondegenerate with respect to 1l if
dim (ker £(®;11)) = 2.

Our second main result, Theorem 2.3, establishes the existence of an open
set of parameters for which Al admits unique (modulo symmetries) non-

degenerate minimizers in the set H* C H given by

He = {(go,a) eH

o is real-valued, o(z) € [0,m,] for all z € R, o is even

A typical example of these 1D profiles is depicted in Figure 2.1.

P1
,,,,,,,,,,,, },,,,,,,,,

(TH’/ z

,,,,, T+

Figure 2.1: Sample 1D profiles.

Theorem 2.3. There exists an open O C O° and a map ® : OxR — RxC
such that for all TI € O, one has that @1 = (o1, 011, 0) := O(I1,-) € H® and:

1. @ minimizes AL over H, and thus F(®y; 1) = 0.

2. If (p,0) minimizes Ahd in H, then there exist zg, g € R such that
(90) (2) = ( A >(z - 2p), for all z € R.
I

3. ®11 is non-degenerate for 11. In particular,
ker (£ (®r; 1)) = spang { (¢4, 011, 0) , (0,0, 0m) } .

4. o is a strictly positive function.

zp(z) > 0 and |p(x)| <1 for all x € R, ¢ is odd, }
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2.1 THE 1-DIMENSIONAL LAGRANGIAN

5. @ is smooth.

6. For each compact set K C O, k € Zy and multiindex «, there exists
a constant Cyy. depending only on K such that

_V Amin (IT) ‘
2

D{oL [@(I1, 2) — I+(2)]| < Car(K)e 4, (2.10)

for all (11, z) € K xR, where Amin(II) > 0 is the minimium eigenvalue
of D3W (£1,0;1I).

Our strategy for proving Theorem 2.3 relies on identifying a 3-dimensional
submanifold in the space of parameters II (i.e., V! defined in (2.15)), for
which we can explicitly identify minimizers of .Ahd and directly verify their
uniqueness and nondegeneracy (see Theorem 2.5). We will refer to this spe-
cial structure as the “integrable case.” We then argue that this submanifold
is contained in an open neighbourhood in which the same conclusions hold
(i.e., O from Theorem 2.3 and Definition 2.22). The smooth dependence of
ground states on parameters follows as a bi-product of the implicit function

theorem, whose application will be partly justified by Theorem 2.1.

The next result deals with the solvability of a slightly more general version

of the equation
L(®;IN[V] =G, (2.11)

where ® is the map from Theorem 2.3 and G € C*°(O xR; RxC) is given. In
particular, it is shown that V inherits the smoothness and decay properties
of G which will be necessary for the construction of approximate solutions

in Chapter 4. Our main result in this regard is:

Theorem 2.4 (Inversion of Linearized Operator (part II)). Let ®11 be as
in Theorem 2.3, and U C R™ be open. Also, let f € C*°(U;0O) and G €
C*®(U x R;R x C) be such that:

1. The image of f is contained in a compact subset K C O.
1
2. G(y,-) € ker (L (D (); fW))” forallyeU.

3. There exists ¢ > 0 such that for each k € Zy and each multi-index a,

05DSG(y, 2)] < Car(y)e ™!, forall (y,2) €U xR,  (2.12)
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for some smooth function Cey.
Then, there exists a function V- € C°(U x R;R x C) such that

2. V(y,-) € ker (L (@) f(y)))J‘ forally € U.

3. For each k € Z4 and each multi-indez a,
05DV (y, 2)| < Dar(y)e ™, forall (y,2) e U xR, (2.13)

for some smooth function Dsy and 8 = min (% Amin (I1), c).

Finally, Section 2.3 contains some remarks about the so called shifted po-

tential which will be used and built upon in Chapter 3 and Chapter 4.

2.2 EXISTENCE AND PROPERTIES OF MINIMIZERS OF A}d
2.2.1 The Integrable Case

We start by finding explicit solutions to (2.3) which will serve as “one-
dimensional profiles” for solutions to the more general equation, (1.8). In
particular, we find conditions on the parameters II under which ® = (¢, o)

solves (2.3), where
¢(z) = tanh(az) and o(z) = bsech(az), for some a,b>0. (2.14)

Furthermore, we will restrict our attention to solutions of this type that min-
imize .All-[d and that are non-degenerate in the sense of Definition 2.2. These
additional properties play a central role in establishing the coercive charac-

ter of Q(®,II) from (2.7). The results of this section can be summarized as:
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Theorem 2.5 (Integrable Parameters). Consider the following sets of pa-

rameters:

= {(A‘p,)\g,ma,ﬁ) € (0,00)4 : B € ()\Umg,Q)\gmg) ,

Ap =B+ (f — 1) (2AomZ — B) } (2.15)

SML = LNy Aoy, B) € B 1 B < N\ (m2 +2)},

= {(
= {(\os Ao 0, B) € SL 1 B < Ap(m2 +2)},

NI .

and the map m : X1 — H* whose action on Il = (Ay, Aoy Mg, B) € BT is

given by

m(IT)(2) = (b (F{iiiﬁi?ﬁ%@) forallz€R,  (2.16)

where a(Il) = m and b(I1) = m
Then,
1. A pair (@,0) of the form (2.14) solves (2.3) if and only if (p,0) =
m(I) for some I € X1,

2. m(I1) minimizes Al for each 11 € XML, Moreover, if I1 € XN, any
other minimizer of Al is of the form €% x m(II)(- — zy) for some
fized 0y, zp € R.

3. For each T1 € ¥N m(I1) is non-degenerate for 11 and
Ker £ (m(I1); 1) = spang ({[m(I1)]', P, (m(I1))})

Remark 2.6. Ttem 2 from Theorem 2.5 implies that for each IT € XN/ Ald

admits a unique minimizer in H* given by (2.16).

Definition 2.7. In view of Theorem 2.5, we will call the sets (three dimen-
sional submanifolds of (0, 00)*) of parameters ¥/ and ¥V from (2.15) the
set of integrable parameters and the set of non-degenerate integrable

parameters, respectively.

Remark 2.8. let (Ay, Ao, My, B) € (0,00)* be such that

Ao =B+ (8/As —1) (2Agm2 — ). (2.17)
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Then,

Moro — (Aom2)? = B2 420, (m2 +1) 8= A2m2 (m2 +2)
== (B=Aomg) (B=Ao(m7 +2))

which shows that, under the condition that (2.17) holds, A, > Asmp if
and only if 3 € (A\;m2, \s(m2 +2)). As a result, 2V = B N O°. Also, if
me > 0, then my < V2 <= 2\,m2 < \,(m2 + 2). Therefore, defining
O, = {H c0%:m, € (0, \/ﬁ] }, we have that (see Figure 2.2):

Mo, =xno, and N nos celnoe.

In other words, all integrable parameters with m, < v/2 are non-degenerate.
On the other hand, there are integrable parameters with my, > /2 which

fail to be non-degenerate.

5
< Aemd |

Aot 22,m2 A (m2 +2) Aem2  Ag(mZ+2)  2A,m2
5 B
Figure 2.2: Representation of XN'1 N U (red solid line) and X/ N U (blue dashed

line) for: U = {(Ap, A, My, B) € (0,00) : Ay =my =1} (left), U =
{()\@,)\g,mg,ﬂ) €(0,00)*: Ny =1,my = 2} (right).

Proof of Item 1 from Theorem 2.5. Plugging in (2.14) into (2.3), results in

(2a2 + 28 — /\@) ©(2)

0
[a? = Ao(mZ —b*)] + [B— (2a® + A\ob?)] ¥*(2) = 0
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Therefore, solutions to (2.3) of the form (2.14) exist if and only if the fol-

lowing relations are satisfied:

be (0,mg)
a =/ As(m2 — b?)

(2.18)
B =2a® + \,b?

Ay = 2a%(1 4 b%) + A%
A direct computation shows that these conditions can be rewritten as

B € (Aom?Z,2X,m2)

a=+/fB—Aom2

. /ng_f (2.19)

Ao =B+ <f—1) (2XomZ — B) .

The first and last conditions in (2.19) are the defining properties of the
parameters in ¥/ in (2.15), while the two middle ones are the conditions

appearing in the definition of the map m in (2.16). O

Remark 2.9. Based on (2.18), we may alternatively write

= U COme.b),

Ao ,mg€(0,00) bE(0,m0)

where

C(Aoamoab) = {(A§07U7U76) € (0700)4 U= /\U,’U = Mg,
B =2a* + N\b* N, = 2a%(1 + b%) + \,b*, with a := /A, (m2 —b2)}. (2.20)

Proof of Item 2 from Theorem 2.5. Let II € %! and let a and b be as in
(2.18) (or equivalently as in (2.19)). Direct computations show that the

functions (pg, 0p) = m(II) satisfy the following relations

/

=all-¢?), o =-apo, o*=(1-¢?),
lim ¢(z) = +£1, lim o(z) =0,

z—+00 z—+o00

(2.21)
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and that

(p,0) € H solve (2.21) ((%0) = (o(- = 20), €0 0ro(- - ZO))> . (2.22)

for some constant zg, a9 € R

Therefore, in order to show that (yg,00) is the unique minimizer up to
symmetries (i.e., up to constant translation and constant rotation) of Allfl
suffices to relate the functional .A%[d to a non-negative functional which van-
ishes at (p,0) € H if and only if the conditions (2.21) are satisfied. To this
end, note that

Hex! —= Al (p,0) = Jule,o) — C(II), (2.23)

mnipi)i=g [ |lo—ai=+

2
+ (2/\08 | /R [lof? = 52(1 = )]

where C(II) = 3a (1 + %) with @ and b as in (2.18), and
2
42 [|o'|2 —v’(1— @2)]‘ + |0’ + agpaﬂ

(2.24)
To see this, let ¢ = a (1 + %) and 6 = w and rearrange the terms in

Jm as follows:

a 12
Ju(p, o { @ +c(p? —1) + 5\0\2] + ‘U’+acpa‘2+9[\a\2+b2(<p

5

% L@+ @)+ @+v0) 17+ (% +0) 1)
/R{ (ac + 26%0) |o]? + (ac + a® + 2b%0 )802\0\2}
+;/R[2c<§—gp>+w|a|2]/.

Then, (2.23) is obtained by plugging back the definitions of a, b, ¢, 0 and by

using the boundary conditions of ¢, o to evaluate the very last integral. In

M\b—‘%

view of (2.23), (0, 00) minimizes Ji if and only if (g, o9) minimizes AL,
Also, by looking at (2.24), it is clear that (¢, o) is a global minimizer of Ji
over H if the following condition, written in three equivalent ways under
the assumption that IT € !, holds

a’> <2X\,, e, B<A(MEZ+2), e, mi-2<b. (2.25)

30
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We thus have the following three possible cases for all IT € %7

1. If (2.25) is not satisfied: a direct computation shows that for ¢(z) =

tanh (¢z) and o(z) = 0, one has that J(p,0) < Ju(poe,00) = 0, and

therefore (g, 00) is not a minimizer over H in this case.

2. If B = Ay (m2+2), then for ¢(z) = tanh(cz) and o(z) = 0, one
has that Jy(p,0) = Ju(pe,00) = 0, so (o,00) is not the unique

minimizer (modulo symmetries) over H.

3. If B < Ao (mZ+2), then Ju(p,0) = 0 for (¢,0) € H if and only if
(p,0) solves (2.21), which implies that (g, 0p) minimizes Ji in this

case, and it is the unique minimizer (modulo symmetries) over H due
to (2.22).

The last two cases imply the result from item 2 of Theorem 2.5 by the
definitions of LM and RN

O]

Remark 2.10. Figure 2.3 depicts the values of b and a as functions of m, for

which m(TI) from (2.16) is the unique minimizer of A modulo symmetries

over H (i.e., whenever I1 € 1) according to .

2Xs 1

Figure 2.3: Ranges of values of a and b as functions of m, (gray areas) for which
(tanh(az), bsech(az)) is the unique minimizer of A up to symmetries.

Proof of Item 8 from Theorem 2.5. Let 1 € XN and (g, 00) = m(II). Us-
ing (2.23), we compute for any ® = (p,0) = (¢, 01,02) € X3:

[ @£ mmsm 9] = 7

d2

h=0

Aift (0, 00) + h®)
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a2 Ju ((¢o, 00) + h®)

h=0

— / [((p/ + 2cppp + a0001)2 + (o} + apoor + agoao)ﬂ
R
/R [(0’5 + a¢002)2 +6 (0001 + b2¢0¢)2} )

where the last equality follows from a direct computation using the labels
c=a(1+b?/2) and § = \,[2— (m2 —b*)] /4. Therefore, if ® = (¢, 01,02) €

ker £(m(II);II), the above expression vanishes and one must have that

@'+ 2cp0p + acgor = 0 (2.26)

ol + apooy + apog =0 (2.27)

oh + appoy =0 (2.28)

0001 + b?pop = 0. (2.29)

Recall that of, = —aypyog, which implies that (02) = —2appoi. Now, com-

bining (2.26) and (2.29) and noting that ab® — 2c = 2a results in
¢’ = —2ap0p,
which means that ¢ solves the same linear ODE as o = %gpé, and thus
© = c1¢}, for some constant c;. (2.30)

On the other hand, (2.28) implies that o9 solves the same linear ODE as

00, and therefore
09 = c09 for some constant cs. (2.31)

Finally, using (2.27) along with (2.30) and the identity @gof = —apioo, we

obtain

o1 + appor + apoy = o) + apoor + acip|oo
= o + apoor + (ac1poon)’ — acipoo)
= (o1 + aclgooao)/ + app (01 + ac1pp00)

= (01 — 0106)/ + apo (01 — 0106) =0.
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By the same logic as the one behind (2.31), we conclude that o1 = ¢j0(+c300
for some constant cs. Now, plugging in this expression for o1 and (2.30) into
(2.29), we find that

0308 =—C (0006 + b2¢0cp6) . (2.32)

The expressions for ¢ and og in (2.16) imply that the right hand side of

(2.32) vanishes, and thus c3 = 0. As a consequence,
o1 = 10, for the same constant ¢; from (2.30). (2.33)

Putting together (2.30), (2.31) and (2.33), we conclude that

v\ (0
® € ker L(m(IT);II) = ® € span oy |,] 0 . (2.34)
0 0o

The reverse implication to (2.34) also holds in view of (2.9), and thus
dimker (L) = 2. O

2.2.2  Other Ground States

Some of the properties of the ground states from the integrable case are
shared by ground states corresponding to parameters II € O\XNM! (see

Lemmas 2.12 and 2.15). We begin with a useful compactness result.

Lemma 2.11. Let ((¢n,0n))pey C H® be such that (1 —¢3) (@) > (0n),,
and (o!), are bounded in L*(R). Then, there exist (¢,0) € H® such that,

after possibly passing to a subsequence,

n

On = @, 0n = o locally uniformly
o= ¢ weakly in L*(R) (2.35)
op =0 weakly in H'(R).

Proof. Let M > 0 be such that ||¢}, |2, ||onl 1 < M for all n € N. By the
Banach Alaoglu theorem, (¢/,), (resp. (0y,),,) is weakly precompact in L?(R)
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(resp. H'(R)). Thus, after passing to subsequences (still labelled (¢, 0,))
we find that there exist (1, p) € L*(R) x H'(R) such that

¢!, — n weakly in L*(R) and o — p weakly in H'(R). (2.36)

On the other hand, a standard Sobolev inequality implies that

/

on(y) — on(@)] < |y — 2| ||@h]| o < My —2'?  ae z,yeR,
(2.37)
As a result, the sequence (¢y),, is equicontinous, and it is also pointwise
bounded since ¢,, € H? for each n. By the Arzela-Ascoli theorem (see e.g.,
[12, Theorem 4.44]), the last observations imply the existence of ¢ € C(R)
such that, after possibly passing to a subsequence, ¢, — ¢ uniformly on
compact sets of R. Standard arguments then show that ¢’ = 7. We conclude
that ¢ € C(R) N H'(R) is the function for which the statements in (2.35)
involving (y,),, hold. A similar argument yields the existence of o € H'(R)
such that the remaining statements in (2.35) hold.
It remains to show that (¢, o) satisfies all other properties in the definition
of H®. To this end, note that the boundedness of (Hl — QO%HLQ)H, along
with the local uniform convergence of ¢, to ¢ (which implies pointwise

convergence) and Fatou’s lemma, imply that
/ (1 — 4,02)2 < liminf/ (1 — @,21)2,
R R

so that (¢? — 1) € L?(R). Also, by the local uniform convergence of (¢y,, o)
to (¢, o) and the properties of each (¢, 0y, ), we have that

@\ . (odd
0,1] x [0 0, my] for all z, .
()l (o), o) € [0.1] x [0.09) x [0.m] for a2 s (200
Finally, (1 — ¢?),¢’ € L*(R) imply that (1 — ¢?) € H' ¢ C%/2 and it
follows that ¢?(x) — 1 as * — oo and hence, since zp(x) > 0, that
o(x) = £1 as © — +oo. Thus (p,0) € H". O

Lemma 2.12 (Existence, regularity and symmetry of minimizers). Let IT €
O°. Then, infy ALe is attained by a minimizer (p,0) in H¥NCFP(R; R x C).
Also, if (¢1,01) minimizes AL in H, then there exist zo and o € R and
(p,0) € H® such that (¢1,01)(x) = (p,eY0)(z — x0).
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Existence of a minimizer for more general multi-well potentials W is well-
known, see for example [33], without the symmetry assertions, which require

specific properties of the potentials W that we consider.

Proof of Lemma 2.12. Step 1. Symmetrization. We first claim that given
any (¢,0) € H, we can find (p,6) € H® such that

AM(,5) < A (g, 0). (2.38)

Since p(r) — £1 as * — +o0, we can define xg := argmin{z | p(x) = 0}
and z1 := argmax{z | ¢(x) = 0}. The definition of H implies that both xg

and x7 are finite. We have either
o 2 2 1 1d
Iy = §(§0 +o ) + W((,D, ag; H) dr < 5"41_[ (807 U)

or

o 11 1
I = / [2(90’2 +0"%) + W(p,0; H)] d < S At (¢, 0).
1

Assume that the first inequality holds and define

max{p(z +zp),—1} ifx<0
min{—¢(—x + x9),1} ifz>0 7

min {|o(z + zo)|, M} ifx <0

min {|o(—x + zo)|,ms} if x>0 .

The construction implies that (@, &) € H* and that (2.38) holds®. A symmet-

ric argument applies when the second inequality holds, proving the claim.

Step 2. Existence of an odd/even minimizer. Consider a minimizing sequence
((¢nyon))n C H. In view of this and Step 1, we can assume without loss
of generality that ((¢n,0n))n C H®. By property (1.42) of the potential W,

we have

2
C(H)/IR (@2 =1)" + 02+ o2+ 02| < Al (¢n,0m) < Ali(e1,00), (239)

Consider the functions f(a) = 22(a®> — 2m2)a® + 1B¢%a” and g(b) = %’(bQ —1)2 +
%5 |(r|2 b2. Then, f and g are non-decreasing for a > m2 and b > 1 for all possible values
of ¢ and of |o|, respectively.
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for all n and a continuous strictly positive function c. As a result, the se-
quence ((p7 —1,¢,,)), (vesp. (9,),) is bounded in the standard L*(R) x
L?(R) norm (resp. H'(R) norm). Thus, after passing to subsequences (still
labelled (¢p,05,)), Lemma 2.11 implies the existence of (p,0) € H* such
that

oy — o weakly in H'(R), (¢n,0n) = (p,0) locally uniformly
{go% — ¢/ weakly in L*(R)
(2.40)
Then Fatou’s Lemma and the weak-lower semicontinuity of the L?(R) norm
imply that
Al (p,0) < lim inf Al (o, 0n) = inf Al

Step 3. Regularity of minimizers. Standard elliptic theory implies that

3" = DeW (®;10)

in the weak sense, and then that ® € C;°(R). Let ® = (p,0) € H be a
critical point of AM. For each ¥ € X3, we have that
4 AL(® + hl) =0 «— / U = / [—DeW (®;11)] - ¥, (2.41)
dh 1h=0 R R
which implies that ®” = DgeW (®;1I) in the weak sense. As a result, the
fact that 0,W (¢, o; 1) and 0,, W (¢, o;1I) are polynomial functions of (1 —
©%),p,0 € HY(R) and that H'(R) is a Banach algebra, readily provides
¢" € HYR) and o” € HY(R), and hence ¢’ € H?(R) and o/ € H?*(R).
Differentiating the equation ®” = DgW (®;1I) repeatedly and applying a
similar argument shows that ¢',¢’ € H™(R) for all m € N, which implies
that ¢, o € C2°(R) by the embedding H™(R) — C7" ' (R).

Step 4. Parity of minimizers up to translation and rotation. Let (u,v) be a

minimizer of AL in H and note that for any (p,0) € H:

o Ald(p,lo|) < Alf(p,0), with equality if and only if o = e'®|o| for

some constant o € R.

o If we define ¢(x) := max{—1, min{1, ¢(z)}} and 6(x) := min{m,, |o(z)|},

thanks to (1.39) and (1.41), we have that AM¥(3,5) < Al (p, o) with
equality if and only if |p(z)| < 1 and |o(z)| < m, for all z € R.
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In particular, we have that (u,v) € H?, where

HE = {(p,0) €H :
Ja € Rs.t. e @o(x) € R,0 < |o(x)] < my and |p(z)| < 1 for all z € R}.

Let a € R be the (constant) phase of v. We now argue that there is 2* € R
such that u(- + 2*) is odd and e™**v(- + z*) is even. To this end, define
xo, 21, 1o, and I; as in Step 1. Also, let

urL () = Xqa<o} () - u(z +20),  vL(T) = X{a<o} (@) - € v (2 + 20)
uR(T) = X{z>0}(T) - u(r + 21), vR(T) = X{2>0}(7) - e (x4 21),

and

p1(x) = ur(z) — ur(—=), p2() = up(z) — ur(—x),
o1 () = vp(x), x<0 ’ oa() = vr(—z), <0
vp(—z), x>0 vr(z), = >0.

We claim that

(ul- + x0), ™0 (- + 20)) = (p1(), 01()) = (pa(),0a(-)) € H'. (242)

Indeed, note that the minimality of (u,v) requires that Iy = I; and that
xo = x1, for otherwise either (¢1,01) or (p2,02) would have strictly less
energy than? (u,v). Therefore, both (¢1,01) and (2, 02) are elements of
‘H? which minimize Ahd. As a result of this and Step 3, these functions are

smooth and solve the same initial value problem given by

(" OpW (p,0510) | _ .
<0”> i (f%RW(%G;H)) " * (2.43)
(0, 9)(0) = (0,4 (x0)), (0,5")(0) = (e~ *v(x0), 0).

By the boundedness of (¢1,01), (p2,02), and of their first derivatives, and
the fact that DgeW (-, +;II) is locally Lipschitz continuous, standard ODE
theory results imply that (¢1,01) = (p2,02). Using this and unravelling the
definitions of (p1,01) and (p2,02), we conclude that (2.42) must hold. [

Note that xo # 1 = f;ﬂl [$(u + |v'[*) + W (u,v;IT)] dz > 0, as u is continuous and
u(zo) = u(z1) = 0.
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Remark 2.13. Note that if ® € H is a minimizer of Ahd, the fact that ® sat-
isfies the Euler-Lagrange equations ®” = DgW (®;II) implies the following

equipartition of energy identity:

Vz e R <; }@’(z)|2 = W(@(z);ﬂ)) for all minimizers ® of A in H.
(2.44)

This can be seen by multiplying both sides of the equation ®” = DgW (®;11)
by ® and integrating from —oo to z for each z € R, while keeping in mind
that both ®'(z) and W (®(z);1I) tend to zero as |z| — oo since ® € H.

Lemma 2.14 (“Stability” of minimizers). Consider II € O° and a sequence
(I1,)n, C (0,00)* converging to I1. For each n, let ®, = (pn,0,) be a min-
imizer of .A%fi in H®. Then, the sequence ((¢n,on))n is pre-compact with
respect to the (HQ(]R))2 norm, and each corresponding cluster point is a

minimizer of AX in HS.

Proof. For each n, write Il,, = (Ap,, Ao,y Mo, Bn). Also, let ¢ 1 (0,00)% —
(0,00) be the function appearing in Lemma 1.2. By the continuity of ¢ and
since II,, = II = (A, Ao, Mo, 3), there exist m, M, N > 0 depending only
on II such that

sup,, max {/\wna /\Una maann} S (m7 M)u (2 45)

inf,, ¢(Il,,) > m, for all n > N.

We start with some consequences of (2.45). First, the definition of H® and
(2.45) imply that

lpn(2)] < Ljon(2)| <M,  forallz€ R,neN. (2.46)

Secondly, let (¢,0) € H*. The pointwise boundedness of ¢ and o, together
with the form of W in (1.39) and (2.45), imply that for all n:

)\ n 2 )\Un Bn
W(p,03l0) = =22 (62 = 1)" + 2= (o] — 2m2, ) | + 5% |o?
M
< [(902 ~1)" + (m2 +2) |o—|2} € L'(R).
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Therefore, by the dominated convergence theorem,
.All—fi (,0) = A, 0), for all (p,0) € H°. (2.47)

Also, a direct computation shows that .A%fi ((tanh,0)) = (2 + Ay,)/3 <
C = (24 M)/3 independently of n. Combining this with the minimality of
®,, we deduce that (A}[dn(@n))n is bounded (by C') and thus has a conver-
gent subsequence. We will pass to this subsequence in the remainder of the

argument.

Step 1. Stability in weaker sense. As a result of (2.45) and Lemma 1.2, we
have, for all n > N,

m/ [(w%—1)2+o—i}+1/(¢2+0—3) < Aff, (pn,on) SC. - (248)
R 2 Jr

(2.48) implies that (¢ — 1), (on), ,(¢}), , and (a},),, are bounded in the
L?(R) norm, and therefore, by Lemma 2.11, there exists ® = (p,0) € H*
such that (2.35) holds. We claim that ® minimizes Ap. To see this, note
that by the positivity of All—ld for all IT and since ®,, — ® locally uniformly

(and thus pointwise), Fatou’s lemma yields:
Alf(@) < lim Al (@,). (2.49)

On the other hand, let ® € H* be a minimizer of Ahd, whose existence is

guaranteed by Lemma 2.12. By the minimality of ®,, for each II,, and by
(2.47), we have that

(vn > N) (Al (@) < AlL(®)) S tim Al (@,) < A(@). (250)

Combining (2.50) and (2.49) and using the minimality of ® we arrive at

~ (2.49) (2.50) .
Al(@) < AH(@) < limAn, (Bn) < AL(D),

which shows that lim,, All-[dn (®,) = A(®) = App(®). In particular, ® mini-
mizes AL
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Step 2. Stability in L?(R) sense. In view of (2.44), the minimality of each
®,, and the fact that Aff (®,) — Aff/(®) imply that

/RW@H;Hn)e/RW(cD;H) and /R\q>;\2—>/R\q>'\2. (2.51)

Also, (2.45) and the local uniform convergence of ®,, to ® yields the following

conditions everywhere in R:

(92 — 1)2,0% <m~W(®,;10,), foraln>N

(2.52)
(gp% — 1)2 — (<p2 — 1)2,0% — o2

The first limit in (2.51), (2.52), and a variant of the Dominated Convergence
Theorem (DCT) (see e.g., [11, Sec 1.3, Theorem 4]) imply that

/R(cpi—1)2—>/R(<p2—1)2 and /Ra,%—>/Ra? (2.53)

The weak L?(R) convergence o, — o, together with the second limit in
(2.53), implies that o,, — o strongly in L?(R). Moreover, since |¢, ()] < 1
for all x € R and n, we have that (2 — 1)2(p? — 1)2 < (p? — 1) € LY(R).
Thus, by (2.53) and the DCT we conclude that

162 = e = [ L2 -0 = (=0 >0, (@50)

To show that ¢,, — ¢ strongly in L2(R), let R > 0 be such that |p(z)| > 1/2
whenever |z| > R. Then, [p,(z) + ¢(2)]* > 1 whenever |z| > R and thus

lon — @llizm) = llon = @lli2g<r) + 100 = €122 R)
< llen = @lI72(01<ry + 405 = 722> )

from which we conclude that ¢,, — ¢ in L?(R) by the local uniform conver-

gence of ¢, to ¢ and (2.54).

Step 3. Stability in H'(R) sense. The second limit in (2.51) together with
the weak- (LQ(R))2 convergence of (¢, 0}) to (¢, 0’) yield

2
I = ¢ ey + ot = o'y = [ [ = 9 5o
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Step 4. Stability in H*(R) sense. The minimality of ®,, implies that
O = DeW (®,;11,,) = 0, for all n. (2.55)

We obtain the following pointwise bounds holding in all of R:

1.39 2
8¢W2(<Dn§ﬂn) ( = : P‘eon (80121 - 1) + ,Bnag} ‘P%
(2.45),(2.46)
2M3(1) [ (92— 1)° + o2]
(1.42),(2.45),(2.46) 2
< R M1D
N m(II)

W((I)nS Hn)v

where m and M are the constants appearing in (2.45). Since the same
inequality holds when (®,,,1I,) is replaced by (®,II), we have that

2
o — @"|" = 0,W (P IL,) — 0, W (®; IT) [

(2.56)
< C(IN) [W(®,; IL,) + W (@;10)]

everywhere in R for some constant C(II) > 0. Also, note that (2.55), the
continuity of DeW and the pointwise convergence of ®,, to ® imply that
¢ — " pointwise. Using these facts together with (2.51), (2.56), and the
variant of the DCT from [11], we conclude that ¢! — ¢” in L*(R). A similar
argument shows that o/ — o” in L?(R). O

Lemma 2.15 (Exponential decay). Let I1 € O°, I.(z) = (sign(z),0) €
R x C and ® be a minimizer of Allfl in H. Then, for each k € N and all
z € R\ {0}:

d 3
_ _ < —alz| , — . .
pp: (@ — L) (2)| < Cge ) with « 1 Amin (IT), (2.57)

where Amin(I1) > 0 is the minimum eigenvalue of DEW (£1,0;11) and Cy, >

0 is a constant depending only on II and on .

Proof. Step 1. k = 0. Let

u(2) = 3 19(2) ~ La(a)P,

41



2.2 EXISTENCE AND PROPERTIES OF MINIMIZERS OF A}? 42

so that

lim v(z) =0 and V'(z) = |9 (2))? 4 [®(2) — 1L(2)] - ®"(2).
|z| =00
The minimality of ® implies that (2.44) holds and that ®” = DgW (®;11).
Using this and the fact that both W (Iy;1II) and DeW (Iy;II) vanish every-
where, the computation of the Taylor expansion around I (z) of W (®(z);II)
shows that

V'(2) = |9 (2)|* + [@(2) — L ()] - @"(2)

CLY oW (@(2); T0) + [8(2) — L (2)] - DeW (B(2); IT)

(2.58)
= [®(z) — Lt] - [2D3W (I 10) - (D(2) — L+(2)) + O(v)]
> Amin (v (2) + 032 (2)).
Let M > 0 such that
V'(2) > (3/2)* Amin(ID)v(2),  whenever |z| > M. (2.59)

It follows from (2.59), Lemma B.7, and the parity of ¢ and o, that
v(z) < V(M)e%a(Mﬂz‘) whenever |z| > M,

where @ = \/Apin(II) and M depends on ¢ and II. Additionally, since
v(z) < 2+m2 for all z € R, we conclude that for Co(II, @) := (2 + m2) e2aM

one has that
|B(I1, 2) — Io(2)] < Co(IL, ®)e 12 for all z € R. (2.60)

The inequality (2.60) gives the estimate in (2.57) corresponding to k& = 0.

Step 2. k = 1. Note that the fact that |p(z)| <1 for all z € R implies that

(@2 —1) <2(p —sign).

Combining this with the fact that o(z) € (0,m,) for all z, and the form
(1.39) of W, we obtain

W (®(2); 1) < C(IT) |®(2) — [(2)]?, for all z € R, (2.61)
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where C(II) = 2max {A, 28 + Aom?2}. In view of (2.61) and (2.44), the

estimate for £ = 1 follows from that of k = 0.

Step 3. k = 2. Note that
0,W (@ ID)| = A, (9* = 1) ¢ + Bo®| < 2X, [(p — sign)| + fmoo

< max {2A,, Bme} [@ — 14|
oW (B T1)] = [ A (02 = m2)o + B®a| < Blo] < B1® — L,
which together with (2.44) and the estimate for k = 0 proves the estimate
(2.57) for k = 2.

Step 4. k =n > 3. Each of these estimates follows by differentiating k — 2
times the identity ®” = DgW (®;1II) and applying a similar argument to
that of k = 2, using the pointwise boundedness of ® and of its derivatives
(Step 3 of Lemma 2.12), the fact that W (®,II) and its derivatives are all
polynomials in terms of ¢ and o, and the estimates in (2.57) for all k <
n—2. O

2.2.3 Spectral Estimates

We now show the coercivity result appearing in (2.7).

Lemma 2.16. Let I1 € O° and let ® be a minimizer of Al in H. Then,
Q(®; T)[V] > 0, for all V € X3, (2.62)

with equality if and only if V € ker (L£(P;11)).
Proof. Let V € X3 and write Q := Q(®;1I) for convenience. Since

2
% Alf(@n + hV) = QV], (2.63)

h=0

and ®r7 is a minimizer of AL on H, the quantity on (2.63) must be non-

negative, and (2.62) follows.
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The statement V' € ker(Lr1) = Q[V] = 0 follows immediately from the
definition of Q. To prove the reverse implication, let V' € X3 be such that
Q[V] = 0. Since V minimizes Q by (2.62), it follows that

Q[V+h\If]:2/\II-£(\IJ;H)[V]dz,

h=0 R

for all ¥ € C2°(R;R3), where the second equality follows by the definition
of Q and the fact that (F,G) — [ F'- L(¥;V)[G] is symmetric. As a result,
we conclude that V' € ker £(®;II). O

Lemma 2.17 (L? Spectral Estimate). Let I1 € O and ® be a minimizer
of A in H. Then, there exists v(I) > 0 such that

Q(®; TI)[V] > 7(H)||V||§(g, for all V € €1(L(®D;10)). (2.64)

Proof. For convenience, let £ := L(®;1I) and Q := Q(®;II). By the linearity
of £, (2.64) is equivalent to

V] >, forall Ve A, (2.65)

where

A= {V:V e (£@;M) and V] =1}.

Or, equivalently,

7= jinf Q[V] > 0. (2.66)

Let (V})3° C A be a minimizing sequence for Q over A. We have that

/ VI = Q] — / ViD3W (&; )V,
R R
< Q[Vi] + 3| DEW (®; 1) / Vil
R
< Q[Vi] + 3| DEW (®;11) oo
where

D3 (@), = sup ID§W (@) 101,
o=
z€R
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which is finite since W (-; II) is smooth and & is pointwise bounded. It follows
that (HV,;HX(?) 20:1 is a bounded sequence, and as a result, so is (HVk HXi”) :):1’
since ||Vi]| x3 =1 for all k. For convenience, we pass to a subsequence for
which the norms [[V}||ys converge. Now, for similar reasons to the ones
outlined in the proof of Lemma 2.11, there exists a function V € X3 and a

subsequence of (Vj)$°, also labeled (Vj)$°, such that

Vi — V weakly in X7 (and thus in X3) (2.67a)
Vi — V' weakly in X3 (2.67b)
Vi = V locally uniformly in R. (2.67¢)

In particular, by the above and the lower semicontinuity of norms,

HVHXS’ < klggo ||VkHXg =1 and HV’HX3 < klgglo HVICIHXS (2.68a)
Let Iy := [-N, N] for every N > 0, and define

A= DgW(1,0;1I), B(z) := DeW (®(z);1I), and C(z) = B(z) — A.
For any N > 0 we have that

/ v.IBV, = / VI BV, + / viicev,+ | VIAV,.
R

Iy I I5

Also, by (2.67c), limg o0 [; VIBV, = . VTBV, and thus

lim [ VBV > / VIBV — / vIBV
R R I

k—o0 c
N
— lim inf / V' CVi + lim inf / VI AV, (2.69)
k—o00 IIC\I k—o0 I]C\I

Now, note that A, B(z),C(z) are symmetric for each z € R, A > 0 and
B(z) — A as |z| — oo. Therefore, denoting by Apfmin and Apsmax the
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minimum and maximum eigenvalues of the 3 by 3 matrix M, respectively,
we infer from (2.69) that

lim [ V'BV, > / VIBV —{ sup Ap(z)max | IIVI7201)
k—oo JR R |z|>N

(2.70)

. 2
>\A,min - |zS|l;IJ)V )‘C(z),max] klinc}o HV/CHL?(IJC\,)

46

. N . 2 L _ 2 B
Additionally, by (2.67¢), we have that klingo HVkHL2(I;;,) = kll}rglo [1 HVkHLg(IN)] =

1— HVH%Q(IN). We also have that lim ||V]|32 (I5) = 0, lim,_x, AB(z),max =
N—o00 ’
AA,min and li_>m AC(z)max = 0. Thus, taking the limit as N — oo in (2.70),
z oo
we find that

lim [ VBV, > / VT BV + Mtanin (1 - HVH?XS,) . (271
R

k—o00 R

Using (2.71) together with (2.68a) while noting that A4 min = Amin(II), we
find that

v = hm QVk]
hm/|Vk + hm /Vk BV,
k—o0

z/R(}v/] FVTBY) 4 Amin() (1= [V132)
= QIV] 4+ Amin(11) (1= V1133 -

(2.72)

Now, since Vy — V in X§ and (Vj)22, C (ker £)*, we have that V €
(ker £)*. As a result, Q[V] > 0 with equality if and only if V = 0 by
Lemma 2.16. The result follows from this observation, (2.72), and the fact
that HVH)(g <1. O

The proof of Theorem 2.1 follows as a direct consequence of Lemma 2.17:

Proof of Theorem 2.1. Let II € OY and ® be a minimizer of Ald in H.
By Lemma 2.12, ® = (¢, e0) for pointwise bounded ¢, 0. Therefore, the
continuity of D2W implies the existence of C = C(II) > 0 such that

sup sup }v Dq)W(q)(z);H)v’ <C.
z€R peR3
[[o]] =1
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In particular, we have that
(V(2)"DIW (®(2); IV (2)| < C|V(2)]?, forallze R,V € X5. (2.73)
Let V € € (L(®;11)). By Lemma 2.17, there is a v = «(IT) > 0 such that
/R [}v’f + VIDIW (®; 1)V — 5 |V|2} > 0.
Using this and (2.73),
0< /R IV + (1+ 5) viDiw (@ myv |
= (1+2) Q[V]—ZY/R]V’

from which we conclude that

Y 12
Q[V]20+7/]R|V\ :

The result follows from this last inequality and Lemma 2.17. O

2
)

2.2.4  Extension of Properties of NI to an Open Set

In what follows, we will denote by X3 the normed space ((HZ(R))37 HH)@»)

as before, and we will write X3 to denote the normed space <(H2 R)3, |- HX3> .

Furthermore, we introduce the Banach spaces
Xg = {(¢,0r,01) € X} : o is even and ¢ and oy are odd} .

as subspaces of X ,i’ for each k.

Definition 2.18. Let IT € ¥/ and, in relation to the operators defined in

(2.6) and in (2.16), introduce the following shifted operators defined for all

P € (0,00)* and all V € (H%(R)):

Fu(V,P) :
Ln(V, P)[¥] :
Lr(V) :

F(m(II) + V51 + P),
L(m(IT) + V11 + P)[¥],
£11(0,0) [¥] = —9" + DEW (m(I1); I1) .
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With these definitions, we have that F1(0,0) = 0 and

m(II) =: (¢m, o1, 0), where ¢r is odd and oy is even by (2.16), (2.74a)
ker L1 = spang { (¢, 011,0), (0,0, 011) } by Theorem 2.5. (2.74b)

In what follows, we use the above properties to justify the application
of the Implicit Function Theorem (IFT) to the restriction map Fj} :=

I 5 x(000)t P OIQ[ — X around the origin. By doing so, we are
able to (smoothly) extend the properties (parity, exponential decay and
non-degeneracy) of the (unique) minimizers of A} in H® for I € XN/
to minimizers of .A%Id corresponding to all II in an open set of parame-
ters containing ¥/, The main result, Proposition 2.21, relies on the fact
that (a) X5 C €3(Ly) whenever IT € N by (2.74a) and (2.74b), and
(b) Dy F5(0,0) = £11(0,0) oo - A5 = &G s bijective for cach TT € UL

2

(see Corollary 2.20). The latter property in turn follows from the following

pivotal result:

Lemma 2.19 (Lp Properties). Let Il € X! Then, Ly : X3, — X§,
where Lr1(V) := —V"+D2W (m(I1); )V, is Fredholm. Moreover, Im (Lyy) =
ker (EH)L and therefore,

L €y (L) = € (Ln),V — L(V) is bijective. (2.75)

Proof. Ly : Xg’,o — XS’ is a self-adjoint operator, and therefore it is closed.
Furthermore, dim (ker(Lr)) = 2 by Theorem 2.5, and by Lemma 2.17 we
have that

Je > 0 such that HEH(V)HXg >c HV||X5, , for all V' € €(Lr).

This last property, together with e.g., [18] (Theorem V-5.2) or [15] (Theorem
3.3), allow us to conclude that the image of Ly is closed in Xg. In particular,
we have that (Im Eﬁ)l = Im L. On the other hand, the self-adjointness
of L11 implies that (Im L))" = ker Ly (see e.g., [18]). Therefore,

Im Ly = (ker Lyt (2.76)

Since ker Ly is closed (being a finite dimensional subspace of a Hilbert

space), we have that X3 = ker L1 @ (ker £7)" and thus, the codimension
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of Im Ly in X3 is finite by (2.76). Therefore, Ly is Fredholm. Lastly, (2.75)
follows by the second equality in (2.76) and the definition of €o(Lry).

Alternative proof that Ly1 is Fredholm: If we take into account that

lim DWW (®n(z); 1) = D3W ((1,0);1I) = diag (2Ay, B — Aom?Z, B — Aom?) ,

|z| =00

we may decompose L1 as L1 = Lo,1 + Lo 2 with

—u" + 2 u
Loi(u,v,w) = | —v" 4+ (8 = Agm?)v
-+ (8- )\Um?,) w

and

[2W (@11 1T) — 2, 1 + D Op W (Pr; )
Lo (u,0,w) = | 05, 0,W (®r; Mu + [02, W(@r; IT) — (B — Agmd)] v
(02, W (@ I0) — (B — Aem?2) ] w

The spectrum of the operator Lg: Xg:o — X§ is equal to [min(2\,, 8 —
Aom2),00) and it is purely essential, while the operator Loo: X§ — X§
is relatively compact with respect to Lo (compactness is provided via an
Arzela-Ascoli argument using the continuous embedding H?(R) < C1:1/2(R)).
By Weyl’s Theorem [18, Theorem 5.35| the essential spectrum of a closed
operator is stable under relatively compact perturbations, hence the essen-
tial spectrum of Loj + Lo2 is again equal to [min(2\,, 8 — Agm2),00).
Now observe that 8 — A\,m2 > 0 since IT € O, and we know that 0 be-
longs to the spectrum of Lr(0,0) because of (2.74b); thus L£y1(0,0) is a
Fredholm operator and therefore the image of Ly is closed. In particular,
Im Ly = (ker L) (see, for example, [18, Theorem 5.13)). O

Corollary 2.20. Let Il € ¥N!. Then, £} := L o X5 — X3 is bounded
and bijective. ’

Proof. Let ®1; = m(II). The form of D3W (®y; 1), (2.74a), the boundedness
of @, and (2.74b) imply that

Xy C €(Lrr) and Xg C (L), (2.77)
Lu(V) € Xg for all V € X3, (2.78)
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I£n(V)llxs < CAD ||V x5 for all V € X3. (2.79)

Thus L3 : X5 — Xj defined by L5(V) = Lp(V) = L(V) for all V € X5
is well-defined and bounded.

The injectivity of Lf; follows from that of ﬁﬁ. To prove that L{; is surjective,
let U € X§ and note that (2.75) and (2.77) imply that £ (V) = U for some
V € €(Lr). Decompose V = (uy + Ue, Up + Ve, Wy + We), Where uy, Vo, We
are odd functions and ue, ve, w. are even functions. Then, by the linearity
of L and the form of D2W (®yy;11), one has that

X5 > Eﬁ(V) = [Zﬁ(ue,vo,we) —i—ﬁﬁ(uo,ve,wo),

(%) €%

and thus L (e, Ve, wo) = L5 (V). Since (g, ve, w,) € X5 C €o(Lry) and L

is injective, we deduce that V' = (u,, ve, w,) € X5. O

Proposition 2.21 (Extension of m). There exist open sets O', 0%, 03 C

(0,00)* and a map ™ defined over O such that

YN codco?col co°, (2.80a)
m — (tanh,0) € C* (O X5) and E‘ENJ =m, (2.80b)
wW(II) is the unique minimizer of AX in H* for all 11 € O, (2.80c)
ker (£ (m(I1); 1)) = spang {m(I1),iP, (m(I1))} for all I € O%, (2.80d)
m(Il) = (¢, o11,0) € H* with oyy strictly positive for all TT € O3, (2.80¢)

Proof. Step 1. Existence of O' and m.
We have that Fij € C*°(X3 x (0,00)%, X3) by Lemma B.1. Also, £ is the

Fréchet partial derivative of F1 with respect to V. This fact follows since

d
en(V, P)[¥] = - Fu(V +he,P), for all P,¥ € X3,1I € (0, 00)?,
h=0

meaning that £17 is the Gateaux derivative of Fpp everywhere. By the
smoothness of JFrr, this implies that £ is in fact the Fréchet derivative
of Fi1 (see e.g., [4]).

Consider now the restriction map F3 : X5 x (0,00)* — &§, F(V, P) =
Fu(V, P) for all (V,P) € X§ x (0,00)%. This map is well defined since the
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form of DeW (®rp;1I), (2.74b), and (2.74a) imply that Fr(V) € & for all
V e X5. Also, Fj} € C*°(X5; &) by the smoothness of Fip, and £5(V, P) :
X5 — Ay given by £5(V, P)[¥] := L£n(V, P)[¥] for each ¥ € XS is the
Fréchet derivative of Ff at (V, P) for each (V, P) € X5 x (0,00)%. Finally,
£4,(0,0) = Lf;, where L : X5 — Aj is the bijective and bounded linear
map from Corollary 2.20. We may therefore invoke the Implicit Function
Theorem (see e.g., [4]) to the map Fj} around (V,P) = (0,0) to conclude
that there exists of open sets Dy C (0,00)* and Uy C &3 with (0,0) €
U X Dy, and a map My € C°°(Dyg; Upp) such that

1. fﬁ(MH(P),P) =0 for all P € Dr.
2. If F3(V,P) =0 and (V, P) € U x D, then V = My (P).

By the definition of Fy1, we see that Dy := II+ Dy and Uy := m(I1) + U C
H are neighbourhoods of IT and m(II), respectively, such that, together with
the map my : D — U given by myp(P) := m(II) + M (P — II) for each
P € Dy, satisfy:

1. For all P € Dy, the function V' = my(P) € H solves

F(V;P)=-V"+DeW(V;P)=0. (2.81)

2. If (V, P) € Ur; x Dy satisfies (2.81), then V' = my(P).

Claim: There exists an open set D C Dy N O° such that mp(P) is the

unique minimizer of AY in H* for each P € Dyy.

Proof of claim. Dy N O° is a non-empty open set since both D and O°
are open and contain II. Also, the existence of a minimizer of .A}Jd in H? for
each P € O° is guaranteed by Lemma 2.12. Suppose that the statement of
the claim does not hold. Then, there are sequences (II,,)$° € Dy N O° and
(®m,,)7° C H®, with II, — IT and such that @y, is a minimizer of Af{ in
H* and myp(I1,,) # @, for each n. On the other hand, since both V' = &y,
and V' = my(Il,,) solve

—V" 4+ DeW (V;1I,,) = 0,

o1
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for each n, we have that ®,, = mp(Il,,) unless ®,, ¢ Uy by the conclusion
from the IFT. Therefore, @y, ¢ U for each n, and thus

| P, — mH(H)ng > €, for some € > 0 and all n,

which contradicts Lemma 2.14 since myp(IT) is the unique minimizer of AL%
in H® by Item 2 of Theorem 2.5. O

The above argument proves that for each II € YN/ there exists an open
set D1 containing II, and a map myy : O — H* such that mp — (tanh, 0) €
C*° (D1, X3) and myy(P) is the unique minimizer of A in H?® for each
P € ©y. In particular, myy agrees with m over LN/
defined in (2.16). Therefore, letting O! := Uniesyv.s O, the map m o —»
H* given by m(P) = mp(P) if P € @ is well-defined and satisfies the

conditions outlined in Proposition 2.21.

, where m is the map

Step 2. Non-degeneracy: existence of O?.
Consider the map L : O' — L(X3, X3) defined by

L(P)[V] := L(w(P); P)[V] = V" + DiW (m(P); P)V, Pc OV € X3,

so that m(P) is non-degenerate for P if and only if dim(ker L(P)) = 2. Fix
V € X5 and IT € O, and let P € O! be such that |P —II| < 1. Then, by
the local Lipschitz continuity of D?DW, the pointwise boundedness of m(P)
for each P € O!, the continuous embedding H?(R) — L*°(R), and the

continuity of m, we have that

IIL(P) ~ LAV = [ |[DAW ((P); P) - DRW (sw(rn: 0] v

< Co(11) /R ™ (P) (2) = m (I1) (2)| + |P = TI[J*[V]?
< Gy [[W(P) = W) + 1P — 1P| VI3

< Cy(mm) [P~ 112 V.
(2.82)
for some constants (depending only on IT) Cy, C1,C2 > 0. As a result,

L(P) = L(II) + T(P,1I), (2.83)

where T(P,1I) := L(P) — L(Il) € L(X3,X3) and | T(P,I)|| = O (|P —11|).
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Let IT € M. Since m(II) = m(Il), L(II) is a Fredholm operator by
Lemma 2.19 and dim (ker L(IT)) = 2 by Theorem 2.5. This, together with
(2.83) and e.g., [18, IV - Theorem 5.22|, imply the existence of an open neigh-
bourhood Q; € O of II such that dim (ker L(P)) < 2 whenever P € Q.
In view of (2.9), the specific form of the kernel of £ (m(II);II) in (2.80d) fol-
lows for each P € Qq1, and consequently O? := Uniesv.r O satisfies (2.80a)
and (2.80d).

Step 3. Ezistence of O3.

Let IT € O° and @ = (¢m,0m,0) be a minimizer of AL in H®, whose
existence is justified by Lemma 2.12. By Step 2 of the proof of Lemma 2.12,
on € C;°(R) and op(z) > 0 for all z € R. Suppose that or(z9) = 0 for
some zg € R. Since oy is bounded by 0 from below, we must have that
of;(z0) = 0. Therefore, both o and the zero function solve the initial value

problem (cf. second equation in (2.3))

0" 4+ Ao(0? —m2) + Bp¥lo =0, in R,

U(Zo) = U/(Zo) =0.

As a result, standard ODE results imply that oy is the zero function if it

vanishes at any point.

By the above argument, and since oy is known to be strictly positive for each
II € N1 the positivity of or can extended to an open set of parameters
O3 by e.g., the continuity of the quantity HO'HHL2(]R) with respect to II. As
a result, the set O3 := 0% N O? satisfies (2.80a) and (2.80¢). O

Definition 2.22 (Admissible Parameters). The set O := O3 from Propo-
sition 2.21 is called the set of admissible parameters. Additionally, we

define the restriction map
ﬂﬁ::ﬁo O — H?, (2.84)

where m is the map from Proposition 2.21. The image of 91 is called the set

of one-dimensional profiles.

Based on Lemma 2.12, Lemma 2.15, and Proposition 2.21, the map 971 has

the following properties:

M € (tanh, 0,0) + C°(0; X5), (2.85)
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M(ID) € C (R;RY) (2.86)
[N(ID)]" = DeW (IM(TI); 11) (2.87)
ker £(9M(IT); IT) = spang {M(IT)’,iP, (IN(ID)) } (2.88)
L ()| < e VA (2.89)

for some Cy(II) > 0 and all IT € O.
Note that the Sobolev embedding H!(R) < L>°(R) implies that

[9(1D) — ML) || < C||9M(ID) — MAT) ||z for all ILTT € O, (2.90)
2
where C' > 0 is a constant independent of IT and II'. Thus by (2.85):

sup ’931(1‘[)(2) - QJI(H')(Z)‘ — 0 whenever 1T — II'. (2.91)
z€R

Corollary 2.23. Let Il € O. Then, L(ON(II);1I) : X%,o — X is Fredholm

and

L(ON(II); 1T : € (L) = € (L) s bijective.

¢(Lr)

Proof. Let II € O. The argument is virtually identical to the one from the

proof of Lemma 2.19 since Ly := L(M(IT); T1) is self-adjoint and O < O°.

The latter justifies the application of Lemma 2.17, which ultimately implies
that Im Ly = (ker £11)*. Moreover, Ly is Fredholm as a result of this and
the fact that ker Ly is two-dimensional by (2.88). O

2.2.5 Properties of 1-dimensional Profiles

Lemma 2.24 (Inversion of Linearized Operator (part I)). Let II € O and
®rp = M(I). Suppose that’ G € € (L(Pyy; 1)) NC> (R) and that there are

positive constants (Cy)pe, such that

d*G

w(z) < C’ke_% VAmin (2] forall z€e R and k € Zy. (2.92)

5 Note that (2.92) implies that G € X3 for each k € N, so that G € €4 (L) for each k € N.
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Then, there exists a unique function F € €y (L(Pr;1I)) N C* (R) such that
L(Pm;IN)[F] = G. Moreover, for each k € 7, there exists a constant
Dy (IT) > 0 such that

d*F

W(z) < Dk(H)e_% VAmin(I]2] for all z € R. (2.93)

Proof. For convenience, let £ := L (®yq;1I). The existence and uniqueness
of F € €(L) such that

LIF] = —F" + DiW (o INF = G (2.94)

follows from Corollary 2.23. The smoothness of F' follows from the fact
that ' € X ,:;’ for each k£ € N, which in turn follows from differentiating
equation (2.94) repeatedly and by the smoothness and the exponential decay
of W(®1;1I) and G.

To prove the exponential decay of F and of its derivatives, noteS that the
form of D2W in (A.3) and the fact that % —1 < 0 and o1 € (0, m,], where
(¢r1, o1, 0) := @y, imply that

VT [DAW (®yr; TT) — DEW((+1,0);T0)] V| = ) [3A, (0% — 1) + Bo%] V2+

(8 (k= 1) +300h] Vi + [B (¢ — 1) + Aok VE + 48pon ViV

< [BAemg + B(mg +2)] on [V]*. (2.95)
Therefore, for K(II) := 3A\;my + B (M +2) >0 and all V € R3 :

VIDIW (o INV = VIDIW(1,0; IV + VT [DEW (®p; IT) — DFW (1,0;1I)] V
> Ain (1) [V|* = K (TT) |51 + (1,0)[ [V,

where Amin(ITI) > 0 is the smallest eigenvalue of DZW (1,0;1I). Next, let
a € (0,1) use the fact that ®r(z) — (£1,0) € R x C as z — £o00 to obtain
a N(IT) > 0 such that for all V € R3:

VIDZW (O IV > admin(I1) |[V|?, whenever |z| > N(II, a).

Alternatively, note that the local Lipschitz continuity the entries of DZW (-, -; 1) for each
IT € O implies the existence of K (II) > 0 such that the same inequality holds.
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Then, using (2.94) and Cauchy-Schwarz, we obtain for each b € (0, 2a):

(1#1)" =2|Pf 4o
> 2F - [DaW (om; 1) F — G]

) (2.96)
> - i ™ B
= (2a b))‘mln(ﬂ) ‘F’ b)\min(H) ‘G|
02
. R S A w vy ¥
= (2(1 b))‘mln(H) ‘F’ b)\min(H ’ |

whenever |z| > N(II,a) and where Cy > 0 is as in (2.92). Choosing a and
b such that 2a — b > 1 and applying Lemma B.7 to the case z > 0, and a
similar argument for z < 0, it follows that there exists K (II,Cy) > 0 such
that

|F(2)| < K(IL, Cy)e 2V mnMIzl - for a1l 2 € R, (2.97)

which implies (2.93) for k£ = 0.
On the other hand, differentiating (2.94), we see that

LIV =G — [D3W (o;1)] V.

Therefore, applying the same argument used to obtain (2.97) with V' in
place of V and G’ — [D%W(CI)H; H)}/ V in place of GG, we obtain the desired

exponential decay of |V’|.

Similarly, the exponential decay of [V *)| for k > 2 follows by an inductive
argument on k obtained by differentiating (2.94) repeatedly, together with
the exponential decay of the derivatives of G, of [DZW (®y;11)], and of
(V)| for all m < k. O

We now verify the smoothness and the exponential decay of the derivatives
of the 1-dimensional profiles. We will follow the notation introduced in Sec-
tion 1.3.1.

Lemma 2.25. The function ® : O x R — R x C defined by ®(I1, z) :=
M(II)(2) for all (II, 2) € O x R, where O and M are as in Definition 2.22,

18 smooth.
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Proof. Step 1: continuity of ®. Fix (II, z) € O xR. For any (II1,21) € OxR
such that ||(II, z) — (ITy, 21)||gs < 1, we have that

(1L, z) — (11, 21) ||
= M) (z) — M(I1)(21) s
< |9 (2) — M) (1) s + 9R(AL) (21) — M(IL1) (1) | s
< C(I)|z — 21| + C [|MY(IT) — M(TTy )| x5
< C(II) |(TT = Ty, 2 — 21) ||s

where the second to last inequality follows from the local Lipschitz continuity
of ®(I1, ) and (2.90), while the last inequality follows from the continuity

of 9. This proves that ® is continuous.

Step 2: Existence and continuity of I derivatives of ®. Since M € (tanh, 0,0)+
C>®(0; X3), for h € R and I € R%, we have that

|t + ity — am(rm) — nDaw () |

o = oD,
Therefore, by the (continuous) Sobolev embedding H?(R) < L*(R):

Hcp(n AL 2) — B(IL, 2) — hDS)Jt(H)[ﬁ](z)‘

R3
= [ + w1y (2) — () (2) — RO T 2)|
<C HEJJI(H + AIT) — M(IT) — thm(n)[ﬁ]‘ = ollh)).

2

This shows that Dp®(II, z) exists. Also, denoting the " standard unit
vector in R* by e; and setting IT = e;, we find that 9, ®(T1, z) := Dp®(TI, 2)-
e; = DIM(II)[e;)(2) for each (II,z) € O x R and i = 1,2,3,4. Using this
equality, the continuity of 0,,® for each i € {1,2,3,4} can be deduced with

a similar argument used to show the continuity of ® in Step 1. In particular,

Hayiq)(nv Z) - 8yiq)(H17 ZI)HR3 <
IDM(ID)[e:](z) — DIM(IT) [es] (21) || s+ DMAD) €3] (21) — DML )[ei] (21) [|ges

and

[DM(M)[eq] (2) — DM(AD)[ei] (21)[|ps < Clz = 21
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by the Sobolev embedding H'(R) «— C%1/2(R), and

| DI(IT)[e:](21) — DM(TTy)[e:]) (21) | es
< sup [|[DIM(ID [es] (2) — DIM(I)[ei] (2) s
< [[DMAD)[e] — DM(TLy)[es][] x5
< |[DIM(IT) — DML g gy — O s Ty — IL

We conclude that ||0p, ®(I1, 2) — 0, ®(I11, 21)|lgs — 0 as (II1,21) — (II, 2).
An induction argument following this logic shows that for any multi-index
a = ()i € Zi:

a1 times oo times a4 times

Di®(11, z) = D*M(II) ey, ell,\..., €1,€2,€2, ..., €2, ..., €4, €4, ..., €4](2),

and thus D&® is continuous and DE®(IL, ) € X3.

Step 3: Continuity of DEO%®. Let o = (o)}, € Z% and k € Zy. Differen-
tiating both sides of (2.87) with respect to D}, we find that the continuity
of DZ9?® follows from that of Dﬁ@ for all B = (B;)}, with 8; < «; for
i = 1,2,3,4, which follows from step 3. The continuity of Dj0,® follows
from the continuity of Dﬁ@f@. For any k& > 2, repeated differentiation of
(2.87) with respect to 052 followed by D shows that the continuity of
Dﬁ‘&ffb follows from that of that of Dﬁ@;”@ for all 8 = (B;)i_, with 8; < a;
fori=1,2,3,4and all m < k — 2.

Step 4: Permuting derivatives. Since mixed weak derivatives commute, step 4
shows that weak derivatives of ® of all orders are continuous. This, together
with Lemma C.8 shows that ® is smooth. O

Lemma 2.26. Let Il € O and let ® be as in Lemma 2.25. There exists an
open subset O, C O containing Iy such that for every k € Zy and every
multi-index «, there exists a constant Cyr(Ily) for which

\//\min(n)
- (2.98)

DY [B(IT, 2) — I1(2)]| < Cor(Ilp)e
holds for all (II, z) € O, x (R\ {0}).

Remark 2.27. As shown in the proof of Lemma 2.26, the exponent on the

exponential term can be changed to —aAyin(I1)|z| for any a € (0,1) for

58



2.2 EXISTENCE AND PROPERTIES OF MINIMIZERS OF A}

the cases corresponding to |a| = 0. Also, a slight modification to the proof

shows that the 5 item of Theorem 2.3 holds. The argument in the later

case is easier since no uniform lower bounds on |z| (i.e., N(Ilj)) are needed.

The only reason for proving locally uniform bounds as they appear in (2.98)

is to justify the passing of a limit in the proof of Lemma 2.29.

Proof. Let IIy € O be arbitrary and v(IL, 2) := 3 |®(IL, 2) — I:(2)]?* as in
Lemma 2.15. A direct computation using a Taylor expansion about (+1,0)

shows that there is a positive constant M independent of II such that

V'(2) = 2W (®(I, 2); 1) + D W (®(I1, 2); IT) - [®(IT, 2) — 1]
> |4\ (D) — M|my1/2(z)] v(z).

As a result, we have that

V2
AM ]

Aain(Il) —> 1(2) > <3> A (D0 (2). (2.99)

|D(I1, 2) — I4] < 5

Let Um, be any open bounded subset such that 1Iy € U, C UHO C O and

] 2 —
ml(UHO) = min {WAmln(H) 1l e UHO} . (2100)

Let N(IIp) > 0 be large enough so that
|®(Ilp, 2) — I+(2)| < my (Un,) /2,  whenever |z| > N(IIp).  (2.101)
Also, let 0(IIp) > 0 be small enough so that

sup |®(Ip, z) — (I, 2)| < my (Un,) /2, whenever [IIo — II| < §(I1p).
z€R

(2.102)

The fact that 6(Ily) exists follows from (2.91). Finally, let O, := U, N
Bs(11) (o).
Step 1: a = 0. By construction, whenever II € Ory, and |z| > N(Ip) :

@I, 2) — I (2)] < [@(Ilo, 2) — ®(IL, 2)| + |@(Tlo, 2) — [(2)] < ma (Unyy) -
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By (2.99) and (2.100), we thus have that for all IT € Oy, :
3 2
V(I 2) > (2) Amin (ID)v (11, 2), whenever |z| > N(IIp),

Therefore, by the same logic as the one leading to (2.60), we have that for
all IT € Oy, and all z € R:

|D(IL, 2) — Lo (2)| < Co(IIp)e 1V Amin(DIz] (2.103)

where Cy(Ilp) = max {\/4 + mge%)‘m‘n(H)N(Ho) = (A, Ag, Mo, B) € OHO}-

This proves the result for £ = 0. The proof for the cases k > 1 follow exactly
as in Steps 2 and 3 of Lemma 2.15.

Step 2: || = m > 1. The analysis here is similar to the one from Lemma 2.24,
except that the coefficients of the exponential bounds are taken uniformly

on the closure of Ory,.

Recall that for K (IT) = 3\,my + B(me +2) and all V € R3 (see (2.95)):
VIDIW (@ IV > Awin(ID) [V[* = K(I1) |11 — (1,0)[ [V]*. (2.104)

Let

ma(Un,) = % - min { A‘}“{‘?I(II}) 1l e U} .

Then, by possibly making N(IIy) (resp. 6(Ilp)) from step 1 larger (resp.
smaller), we obtain the estimates (2.101) and (2.102) with m; (U, ) replaced
by r(Ilp) := min (m1(Umn,), m2(Un,)). Using these estimates together with
(2.104) yields the following inequality that holds for all IT in Oy, = Uy, N
Bj(m1y)(Ip) (same definition as before, but using the possibly smaller §(Ip)):

A min (IT)

VIDIW (®; IV > .

(2.105)

Let IT € Ory,. Assume that (2.98) holds for all a with || < m and consider
the case || = m. Differentiating (2.87) with respect to Dfj yields

L(@(IL,-); I [F(IL, )] = G(IL, ), (2.106)

[V|?, whenever |z| > N(Ilp), for all V € R®.
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where F(I1,z) := D&®(II, z) and”
G(IL, z) := —Df [De W (®; I0)] (T1, 2) + D W (®(IL, 2); IT) D (T, 2).

As in Lemma 2.24, we use the estimate (2.105) to arrive at the following
inequality, this time holding uniformly for all IT over the open set Or,

containing Ilj:

o2 <\F\2) > 2F - [DAW (@ ) F — G]
5

oo () |G|?,  whenever |z| > N(I).

(2.107)
Now, write ® = ®(II,-) = (¥) and note that the form of W implies that:

> i () [ FI* =

ol &

,

[(,04 + (14 9?)o? + m2(4Xs — 1)] o2
+ [P+ 1)) (p = 1)%, lal =1,
IDEDsW (2117 < { 4(2m2 + A2)02, laf =2,
1202, la| =3,
0, af = 4.

< C(D)|® — I+]?, for all a,
(2.108)

for some continuous function C. Also,
|B(IT, 2)|> < 1 +m2, for all (I, 2) € O x R. (2.109)

Now, let P be any polynomial on six variables. The bound (2.109), together
with the exponential decay of D® for all multi-indices v with |y| < m
coming from the induction hypothesis, implies the existence of D, (IIp) (de-
pending on P) such that for all v with |y| < m and all (II, 2) € O, x R:

[[Dhp(IL, 2)| + [ Do (IL 2)[] [P (11, 2), o (11, 2), TD)|

Vv Amin (1T |
2

< Do(Ily)e™ 2. (2.110)

As a result of (2.108), (2.110) and the continuity of Apin, we conclude that

7 We use the notation Dl@[ to mean total derivative. For instance, DS’O‘O’O)W(CD;H) =
ﬁW(@; IT) = De W (®;1)0x, P + Or, W (P; II).
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there exists D(IIp) > 0 such that for all (IL, z) € Oy, x R:

S [GIL2)? < Da(1Tg)e Vw1 (2.111)
min(IT)

Applying Lemma B.7 together with (2.107) and (2.111) to the case z > 0,

and a similar argument for z < 0, it follows that® for all z € R:
|DED(IL, 2)|* < K (ITy)e VAmin(DI2] (2.112)
where K(II) := maxp g, {A(1I), B(IT) } for

ErinMN () 5Da(Tlo)

>\min (H)

B(Il):= max |DEB(L, z)|? eV min(DN (o)
2€[0,N (Ip)]

A(Il) = |Df @ (IL, N(Ip))[* e

Likewise, differentiating (2.106) k times with respect to z results in
L(@(IL-):10) |95 DR(IL )| = G(IL ),
where
G(IL,-) ==05G(IL, -) — 0% (DEW (®; ) D{D(IL, -)) + DWW (®(IL, -); 1) 95 D (1L, ).

As a result, proceeding again inductively on the value of k, the exponential
decay of ﬁiDﬁCID for all [ < k — 1, the pointwise boundedness of |8i<1>| for
| < k, and the smoothness of W, imply the existence of D,x(Ily) > 0 for
which

~ Vv Amin ID
‘G(H, z)‘ < Do (Ip)e™ 2 21, for all (II, z) € O, x R.

Finally, by a similar argument to the one used to arrive at (2.112) from
(2.107) and (2.111), we conclude that there exists Cyx(Ilp) > 0 for which

)‘min(n)
’D%a’;@(l’[,z)‘ < Cop(Ip)e™ 31 for all (I, 2) € Opy, x R.

O

Note that we need a decay with exponent bigger than /Amin (IT)/2 in the end so that we
can then repeat the argument for higher derivatives, taking into account that Lemma B.7
requires a # c.
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2.2.6  Proofs of Theorems 2.3 and 2.4

Proof of Theorem 2.3. Let 9t be as in (2.84), and let ®: O x R - R x C
be given by ®(II, z) = M(II)(z) for each (I, z) € O x R. Assertions 1, 3 and
4 follow directly from Proposition 2.21, whereas assertion 2 follows from
Lemma 2.12 in view of assertion 1. Finally, assertions 5 and 6 follow from

Lemma 2.25 and Lemma 2.26, respectively. O

Proof of Theorem 2.j. Step 1: Existence and Smoothness. Consider the map
A:U x X3 — X3 given by

=L (@505 f()) V] = G(y, ).
For every y € U, Lemma 2.24 implies the existence of a smooth function

Vy € € (L (P4 f(y))) such that A(y,V,) = 0. Define F : U xR - RxC
by F(y,z) = Vy(z) for all (y,z) € U x R, so that

L ()i f W) [Fly: )] = Gly,-),  forally e, (2.113)

thus proving Item 1 of the statement. To show the smoothness of F' with

respect to y, consider the map A : U x X3 — X§ given by

Aly,V) = Ay, V) + P(y)[V],

where P : U — L(X3, X3) is given by

V. ® > ,
< "Prw) )y (V,iPo (@ () vs
P)V] =~ B + P, (D). (2114)
‘ <I>'f( ’ HPU((I)f(y))HX3
Y) X 0

Note that P(y)[Vy] = 0 for each y € U, and thus

3
0

A(y,Vy) = Ay, V) =0, for all y e U. (2.115)

Also, the map A is smooth, which can be seen by writing it as a compo-
sition/sum of smooth maps. Additionally, DyA(y,V) = L(®y; f(y)) +
P(y) € L(X3, X3) is bijective for each (y,V) € U x X3. To see this, write
Ly = L(Py(y); f(y)) for brevity and note that Theorem 2.5 implies that

63



2.2 EXISTENCE AND PROPERTIES OF MINIMIZERS OF A}

ker L,y C X, for each m € Z and therefore the following decompositions
hold:
X3, =€ (Lyy) PkerLyy),  forallmeZ.

The bijectivity of Dy A then follows by the bijectivity of the maps P(y) :
ker [,f(y) — ker [,f(y) and Ef(y) 1 &y (Ef(y)) — & ([,f(y)), which in turn fol-
low from Theorem 2.5 and Corollary 2.20, respectively. A similar argument
shows that A(y,-) : X3 — X3 is bijective for each y € U.

Now, Let y € U be arbitrary. Since A(y, V) = 0 and Dy A(y, V,) is bijective
and bounded, the Implicit Function Theorem implies the existence of open
sets U, C U and ), C X3 with (y,Vy) € Uy x Qy, and a smooth map
M Uy — Q, such that

>

1. Ay, M(y)) =0 for all y € U,,.

2. A(y,V) =0and (y,V) € Uy x Qy, then V = M(y).

By the bijectivity of A(y, -), and given that A(y, V,) =0, for all y € Uy, we
find that

F(y,-) = Vy = M(y), (2.116)

for all y € U,. Since the above argument works for each y € U, we have
that (2.116) holds for all y € U and for some M € C°°(U; X3). A similar
argument to the one in Lemma 2.25 used to show the smoothness of ®
can be used to show the smoothness of F, using the form of A and the
smoothness of V;, for each y, of M, of G, and of @, (both as a function of

y and as a function of z, which follows by Lemma 2.25 and the chain rule).
Step 2: Exponential decay. We proceed by induction on the value of |a|.

Case |a| = 0. This case follows directly from property 3 of G together with
(2.113) and Lemma 2.24.

Case |a| = k+ 1. Suppose that the claim holds for all multi-indices of order
less than |a| = k + 1. Differentiating (2.113) with respect to Dy, we obtain

L (@ f(y) [DyF(y, )] = DyG(y,-) — Saly,), (2.117)

where S, is a sum of products of the form D8 [D%W((bf(y)(z); y)] DFF(y, 2)
with || + |u| = k + 1 and |u| < k. Therefore, as a result of the induction
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hypothesis, the form of W, and the pointwise-boundedness of ® and f and
of their derivatives, we deduce the existence of functions C : U — R+ for

k € Zy for which the following exponential decay holds:

_ min( vV >‘min(n) ,C) ‘Z‘
108 S o (y, 2)| < Crly)e : , forall (y,z) eUxR. (2.118)

Using the exponential decay of DEG and (2.118), one may apply the same argu-
ment in the proof of Lemma 2.24 to (2.117) to conclude that

— min( Y2min(D s
002 P52 < Doty " CF )T ol (2 e U xR, (2119

for all k € Zy and some Dgj, : U — Ryg. ]

2.3 FURTHER PROPERTIES ASSOCIATED WITH All—[d: THE SHIFTED
POTENTIAL

Based on the computations presented in Section 1.1, the presence of a non-
zero current carrying field o with varying phase 6 induces a virtual change in
the parameter m,, an effect which we refer to as a “shift” in the potential W.
Effectively, given the parameters IT = (A, Ay, My, B) € (0,00)? fixed from
the outset, we will be eventually lead to consider the following modified

parameters

Hp = (Awa)\oa W? 6) ) for some pe (—OO, )‘O'mg')' (2120)

In connection to this effect on the parameters, we want to consider the map

wrr mentioned in (1.23):

Definition 2.28. Let II € O and Iy := {p € R:II, € O}. We denote the
energy of the unique minimizer of Allﬂ, in H*® by p(p), so that:

pn I — R, pn(p) == Aff, (M(I1,)) (2.121)
where 91 is the map from Definition 2.22.

We have the following results regarding pur:
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Lemma 2.29 (Properties of pyy). Let Il € O and define (¢(z,p),0(z,p),0) =
P (z,p) :==M(IL,)(2) for each p € It and z € R. Then, for all p € Iry:

() = [ {00 p)f +0otap)} dz (2122
h(n) = 5 [ e (2123)
pi(p) = —Q@(, p):TL,)[0,(:,p)]. (2.124)

In particular, pn(p), p(p) > 0 and pii(p) <0 for all p € I.

Proof. Let II € O and p € Iy1. Since ®(-, p) minimizes .A%ff], we have that

pr(p) = Aff ((-,p)) = / E 10,9(2,p)|2 + W (®(2,p);11,) | dz, (2.125)
R
and also
82(1)(’27])) = DQW((I)(Z’p);Hp)' (2126)

Applying the equipartition of energy identity (2.44) yields (2.122). On the
2 2
other hand, let Qn(z,p) := |8Z¢(Z’p+h)|h_|az¢(z’p)| . Then, by the mean value

theorem and the exponential decay of 9,® given by Lemma 2.26, we have

that for small enough |h|,
|Qn(z,p)| < Ce~ 9| for all z € R,

where a = minp,«_,| <4 (Amin(Ip+)) and C' = max|,« _p, < C(p*). Therefore,
by the dominated convergence theorem, we may differentiate with respect

to p under the integral sign in (2.125) and obtain

uh(p)z/ 6p6z<1>-82<1>+iW(<1>;Hp) dz
R dp

= /R [—0,® - 92® + Do W (®;11,) - 0,@ + 0, W (®;11,,)] d=
L 9 (2.127)
(1.14) / [(_a§¢ + DQW(cp;Hp)) - 0p® + mgp)w dz

R
5 196 2
@120) [ [Po(®)]" ,
R 2
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where the second equality (2.127) follows by applying integration by parts
together with the limiting behaviour of the derivatives of ®.

Also, differentiating (2.126) with respect to p yields
L(2(,p); 11p)[0p (-, p)] = —Po(2(:,p))- (2.128)

Using this last equation and integrating (2.123) under the integral sign
(justified by a similar reasoning to that used to prove (2.123)), we have that

= [ Po(0,30) - Pa(@(z.) d:
= [ 800 Pal(zp) s
/ 0p0(=,p) - L(B(,p): T1,)[0,8(-,p)](2) d=
P[00, ),

which is (2.124). Finally, the fact that d,¢(-, p) (resp. 9,0 (-, p)) has the same
parity as ¢(-,p) (resp. o(-,p)), implies that 9,®(-,p) € € (L(P(-,p);1L,).
Together with Lemma 2.16, this shows that Q(®(-,p);1I,)[0,®(-,p)] > 0,
and therefore that uf}(p) < 0. O

Remark 2.30. Let II € O. Then, uy is defined for all p such that II, € O,
or in other words, for all p € (p_,p+) for some p_ < 0 < p,. However,
according to Lemma 2.12, Ay admits a minimizer in H* for each II € O,
and we may therefore extend pyy to the interval (P-, P} ), where P

Aom?2 — min (\/W, ﬁ) and P, := \,m?2. Indeed, the first equality corre-
sponds to the simultaneous attainment of the conditions A, = Ay [mq (P-)]*
and 8 = A\,[my(P-)]? which determine the containment in O°, while the
value of P is determined by the condition that m,(p) > 0. Note however,
that despite the requirement that m,(p) > 0 for physical purposes, we may

consider the following extension of ury:

i1 :(P—,00) = R, where fi(p):= inf Apm,(p,0),
(p,0)€EH

/ 2
since A, (¢,0) = [ [M + W (e, O’;Hp)] dz with

>

Ao
2(p* —1)% + \0|4+ @ lof” + (20) o

W (p,03TTy) = 5
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which allows one to make sense of Ay, for p > AomZ even though IL, is not

an element of (0,00)* in this case.

Two observations follow:

1. If p > P, = A\,m2, it is more energetically favourable to set o = 0. As
a result, changes in p, and thus in m,(p), will not alter the optimal
value of the energy in this regime and fi(p) = i (Py) for all p > Py.
Also, consequently, the point p = Py corresponds to the critical point

for current-quenching.

2. For any p < P, we have that A, < \;[m,(p)]*, and therefore W (0, e?¥m(p); I1,) <
0 for any fixed § € R (see proof of Lemma 1.1).

The expected behaviour of iy is depicted in Figure 2.4.

i -

\

Figure 2.4: Sample graph of fii; (dotted and solid) and pr (solid only).



LAWS OF MOTION

As noted in the introduction and as suggested by the construction of ap-
proximate solutions presented in Chapter 4, any realizable configuration de-
scribed by the superconducting interface model in the scaling regime (1.25)
is expected to exhibit a coupling between the interface I' and the leading
order term of the phase, 6, of the current carrying field ¢ which is sup-
ported around the interface. Given an admissible parameter II € O, this
coupling can be expressed as the Euler-Lagrange equations associated with

the functional
En(T,0) = / pr ((Vrb, Vb)) dA, (3.1)
T

acting on timelike manifolds I embedded in [0, 7] x R™ for some 7" > 0 and
n > 2, and on smooth real-valued functions 6 defined over such manifolds,

where

e ur(x) is the energy of the ground states (i.e., minimizers) of Ahdw over
H* (see Definition 2.28).

e V0 is the tangential gradient of # on I' (see Definition 3.9).
e (-,-),, is the standard Minkowski (pseudo) inner product (see (3.3)).

e d) denotes integration with respect to the area element associated to
<'7 >m
In local coordinates (¢, V), where V' = (0,T) x U for some open subset

U C R ! we may rewrite Equation 3.1 as a functional acting on v €
C®(V;R™) and § € C®(T';R) (see Section 3.2), namely:

S, 0; V] := /V (Y6, Vr6),,, (5)v/ o) dy. (3.2)

where g is the metric on I' induced by (-, -), represented in the coordinates

(1, V) and dy is the Lebesgue measure on R"™.
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3.1 FERMI COORDINATES

The fact that the functional in Equation 3.1 (and therefore the one in Equa-
tion 3.2) is invariant under reparametrizations of I', suggests that the prob-
lem of finding the solutions to the Euler Lagrange equations of Equation 3.1
via Equation 3.2 is underdetermined, and a choice of gauge has to be made
in order to establish its well-posedness. As a result, we will restrict our at-
tention to the case in which the interface I' is the graph of a function (aka.
the graph gauge condition).

The purpose of this chapter is threefold. First, we introduce a set of coor-
dinates (Fermi coordinates) adapted to the interface I' in terms of which
one may conveniently write (3.1) and carry out the construction of the ap-
proximate solutions in Chapter 4. Next, we provide a formal derivation of
(3.1)/(3.2). The relevant sections, Section 3.1 and Section 3.2, follow very
closely the exposition of [27] and [6], respectively. Lastly, we establish the
existence of solutions (I'*, 0*) to the Euler Lagrange equations (aka. laws of
motion) associated to X (and thus to those of &) under the graph gauge

assumption on I'* in Section 3.4.

3.1 FERMI COORDINATES

We now introduce (under conditions (3.4) and (3.7)) a choice of coordinates
adapted to the interface I' called Fermi coordinates. Introducing Fermi co-
ordinates can be interpreted as a straightening of I', as depicted in Fig-
ure 3.1, and it is for this reason that we will use them for asymptotic ex-
pansions. This is analogous to standard procedures for expansions of elliptic
(see e.g., [25], [29], [28]) and parabolic [23] equations , except that we use the
Minkowskian rather than the Euclidean unit normal, which is natural for a

wave equation (see e.g., [27], [16]) and standard in the physics literature.

We start by introducing some notation and the conditions on I" under
which the existence of Fermi coordinates is guaranteed. To this end, let
N = (Nag)n 50 = diag(—1,1,1,...,1) € RU+mx(1+n) “anq

(v,w),, = vInw, for v,w € R'™™, (3.3)
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3.1 FERMI COORDINATES

which is the standard Minkowski (pseudo) inner product. We say that

spacelike if  (v,v),, >0orv=0
a vector v € R"™ is ¢ timelike if (v, v),, <0

lightlike if ~ (v,v),, =0 and v # 0.

Additionally, a subspace U C R is called spacelike if all vectors in U are
spacelike, and timelike if U+ := {v € R : (u,v),, =0 forallu € U} is
spacelike. It is a well-known fact that if u € R'*" is timelike and v € R!*”
is such that (u,v),, = 0, then v is spacelike. As a result, if U c R'™"

contains a timelike vector, then U is timelike.

Definition 3.1. Let n € N. A k dimensional manifold M embedded in R*"
is timelike if the tangent space at each point in M is timelike. Equivalently,

M is timelike if the metric on M induced by the Minkowski metric has one

negative eigenvalue and k — 1 positive eigenvalues (i.e., if it is Lorentzian®

with signature (— + +---+)) everywhere in M.

In what follows, unless otherwise stated, I' and v denote:

1. T':asmooth, timelike and orientable n—dimensional manifold (3.4)
embedded in R!T™.
2. v :a smooth Minkowski unit vector field normal to I'. That is,
v is smooth and (3.5)
(v(p),v(p)),, =1 and (v(p),7p),, =0 forall p € I and 7, € T,T.

Also, given any such I' and v, we define for each § > 0 and U C T,
Ns(U) :={Y +2v(Y):Y €U,z € (=6,0)} c R™, (3.6)

which represents a tubular /normal neighbourhood of radius ¢ around U.

A symmetric (1 + p) x (1 + p) matrix A is called Lorentzian with signature (1,p) or
(=++---+) (with p +’s) if it has p positive eigenvalues and 1 negative eigenvalue. The
same definition applies to Lorentzian with signature (p,1) or (+ — —--- —) if the roles of
negative and positive eigenvalues is reversed.
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3.1 FERMI COORDINATES

Figure 3.1: Fermi Coordinates.

A necessary condition for defining Fermi coordinates associated to I' which

we will assume from now is that

>0 st I x (=508 — Ns(T)

(3.7)
Y, 2) = (t,x) =Y 4+ zv(Y) is bijective,

a condition that is automatically satisfied when I" is asymptotically flat or

compact, the latter shown in e.g., |16, section 2.4].

Definition 3.2. Let § > 0 be such that (3.7) holds and (¢, V') be a smooth
coordinate chart for . Due to (3.7), the map

UV x (=6,8) = U (V x (=6,8)) = N3((V))

(3.8)
(y,2) = (t,2) = P(y) + 2v((y)) is bijective,

and the coordinates (y,z) = (yo,y1, -, Yn—1,2) € V x (=6,0) C R* x R
defined by (3.8) are called Minkowskian Fermi coordinates or simply

Fermi coordinates associated to the local coordinate system (¢, V') for T.

We introduce some additional notation related to the Fermi coordinates
described via (3.8). Namely, we will write ¥ = (U9 ¥l . W) and ¢ =
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3.1 FERMI COORDINATES

(40,91, ..., p™) for the coordinate maps appearing in (3.8). We will also

adopt Einstein’s summation convention and employ the nomenclature

«a, B,7,90... run from 0 to n,
a,b,c,d, ... run from 0 to p, where 1 + p = dim(I"),
O = 0y,, a€{0,1,2,..,p}, (3.9)

Op =0, if dim(T") =n,

A*l = (AlJ)ZL]:O for any A= (A”)ZL]:O c R(1+m)><(1+m)'

For y € V we define the tensor g given by

Jab(y) = <aa¢(y),ab¢(y)>mv a,b=0,...,n—1. (3.10)

Thus g represents, in the given parametrization, the metric on I'" induced
by the Minkowski metric in R!*". We will also write

W) = (97 ®) g 9] = —det(g(y)). (3.11)

Similarly, for (y,z) € V' x (=4, ) we write

go&ﬁ(ya Z) = <aa\11(ya Z)a (95\11(?;, Z)>m ) Q, B = 07 N2

and
(gaﬁ(y’ z)) = (g_l(y> z))a,é’ ) ‘g(ya Z)‘ == det(g(ya Z))

Thus g expresses the Minkowski metric on N3(¢) (V)) with respect to the
(y, z) coordinates. Now, since v is a unit normal vector field to ¢(V) C T,
it follows that (gas) and thus (g®”) have the form

Gap = ((gab) +z (Tab) On><1> : gaﬁ _ ((gab) + O(Z) On1><1> ’ (3.12)

len 1 OIX'I’L

where 744(y, 2) = (Oat, Opv),,, + (Opt), Oav),, + 2 (Oav, Opv),,, and F'(y,z) =
O(z) means that there exists a smooth function C' such that |F(y,z)| <
C(y)|z| for all (y,z) € V x (=4,9).

Finally, since gog = 0, V*05V" 7, and det(n,,) = —1, it is clear that

gl = (det D)* >0 and  |g(y)| =|a(y,0)| > 0. (3.13)
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3.1 FERMI COORDINATES

Remark 3.3. According to the above definition, the following conditions are

equivalent

1. M is timelike

2. TyM is timelike for each p € M.

3. T, M contains at least one timelike vector for each p € M.
4. (T, M)™* is spacelike for each p € M.

5. The metric on (T,M)* induced by the Minkwoski metric is positive
definite for each p € M.

It follows from this that if M is an orientable timelike hypersurface in R+,
then M admits a non-vanishing normal vector field v in the Minkowski sense
which is everywhere spacelike. That is, (v,v), > 0 and (v, 7), = 0 over M

and for all vector fields 7 tangent to M.

Remark 3.4. The Fermi coordinates described above parametrize a neigh-
bourhood of I" given some coordinates for I'. As such, Fermi coordinates are

not unique, and there is freedom as to how I' is parametrized.

Remark 3.5. Let I' be a smooth timelike manifold of dimension n embedded
in R and define

' =Tn{(t,z) eR":zeR"}, teR

Then, as shown in [27, Section 3.1|, the timelike character of I" allows one
to show that I'! is either empty or an n — 1 dimensional smooth manifold.
Moreover, coordinate charts (¢, V') can be assigned to I' so that i(y) =
(yo,7(y)), where ~v(yp, -) are coordinates for I'% for each yy, and the metric
on I' induced by the Minkowski inner product in R with respect to each
of these charts has the form

[(g00(y) <0 | 0 0\

0
9ab(y) == (0atb(y), Otb(y)),,, = . ; (3.14)
: (9i5 () j=1 = 0

0

If T is a smooth timelike manifold of dimension 14+p withp € {2,3,...,n — 1},
a similar argument can be applied to show that the same result holds, with

gij being a p X p matrix instead of an n x n matrix.
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3.1.1 The Wave Operator in Fermi Coordinates

We will derive an expression for the wave operator 0 := 9y — A, in
terms of the Minkowski Fermi coordinates (y, z) from (3.8). To this end, let
T,v,9, ¥, V,0 beasin (3.4),(3.5), and (3.8), and define Vs := V x (=6, 4), so
that NV(T") = ¥(V3) is the neighbourhood over which Fermi coordinates are
defined. Consider a function u € C* (R'*";R) supported in N5(I") along

with its representation in (y, z) coordinates:

v(y, z) = u(t, x), whenever (¢,2) = U(y, z). (3.15)

Upon defining Du(t, x) = [v@tu((tt, :1:))] and Du(y,z) = [Zyv(y,z))], the
2u(t,

chain rule implies that
Du(t,z) = B(y,z)~" Du(y, 2), (t,z) = ¥(y, 2), (3.16)

where B(y, z) = [80111 0w .. (‘)n\Il] (y,2) € ROA>4n) - Ag o result
of (3.16) and the identity BTnB = g, we find that

(Du, Du)n (t,z) = Du(y, z)Tg_l(y, 2)Du(y, z), (t,z)=V(y,z). (3.17)

Now, let

Iu] ::/ [1Vaut, )~ |deu(t, 2)?] di d

¥(7s) (3.18)

:/ (Du, Du), (t, ) dt dz.
U(Vs)

Using the change of variable formula for integration over N3(T') = ¥(Vj),
together with (3.18) and (3.17), we obtain

M= | 82000 90500V lal D dydz. (319)
8
Next, let £ € C°(N;R) be arbitrary and define £(y, z) := £(t, z) whenever

(t,x) = ¥(y, z). Due to (3.18):

1d

i bl 1 = [ 0u) 056) dtds = [ (Ou)gards. 320

(0]



3.1 FERMI COORDINATES 76

On the other hand, in (y, z) coordinates we have

1d
5%’};0[[“ el

Sl 0 08) () Vi

= / g*? (95v) ((%g) Vel dy dz

Vs

(3.21)

1 -
= | ——=0a (V]8lg*?9sv) &\/|g| dy dz.
/Vs V ’g‘ < g )

As a result, upon defining

_1)|8a ( 9(y, Z)lgaﬁ(yvz)aﬁ”(y’z)) ’

Doly.2) == s

it follows from (3.20) and (3.21) and the change of variable formula for

integration, that
Du(t, z) = DOu(y, 2), whenever (¢,z) = U(y, z). (3.22)

Thanks to the form of g® from (3.12), the operator [J can be decomposed

conveniently as
O=—-0?+ Hp, 9.+ Or,, (3.23)

where, for each z, zp € (=4, 9):

—— 0, [V/Ialy, 26" (4 )0y, 0)]

Ur,v(y, 20) i= ———F——
r.0(Y; 20) hg(y,z)! (3.24)

Hr, (y) = 50 [lo(y. =)

Definition 3.6. Let 2y € (—0, ), where 6 > 0 is such that (3.7) holds, and
Iy ={Y+2v(Y):Yel',z=2}. (3.25)

The map Or, defined on (3.24) acting on functions defined on I', is called
the wave operator associated to the manifold I',. Note that Or_ acts

on functions of the y-coordinates for I',. Also, the map Hr,(y) defined in



3.2 FORMAL DERIVATION OF THE REDUCED LAGRANGIAN E(I',0)

(3.24) is called the mean curvature in the Minkwoski sense of the
manifold I', at the point (¢,2) = ¥(y, z), and we will write Hp := Hp,.

Remark 3.7. As a consequence of the timelike character of T and (3.12),
(gap) has n positive eigenvalues and one negative eigenvalue everywhere,

which justifies the name and notation for the operator Or, .

Remark 3.8. The operator Ur := U, is the Laplace-Beltrami operator on I'.
This operator acting on C?(I';R) functions can also be defined in a similar
manner to Or, above for Riemann or pseudo-Riemannian manifolds I' of

arbitrary dimension. It is given in local coordinates (¢, V') by

1

V| det g|

where gqp, g%, and g are as in Equation 3.10 and (3.11).

Opf = — 0 (V/1det glg™anf ) (3.26)

Finally, another definition we will employ later is

Definition 3.9. Let f : I' — R be a C' function, where I' is a smooth
manifold embedded in R'*". The tangential gradient of f along I' is defined
as the unique vector field Vrf on I with the property that

(Vrf, X),, =df (X), for all smooth vector fields X on I',  (3.27)

where df is the total derivative of f. In local coordinates (1, V'), using (3.27)
we find that Vi f(y) = ¢°(y)0af (y)Opb(y), where f := fot), or with a slight

abuse of notation:

Vrf = g 0,00, f = 0% fOuth = 00 fO™. (3.28)

3.2 FORMAL DERIVATION OF THE REDUCED LAGRANGIAN E(I', )

Let I v, ¢, W, V,0 be as in (3.4),(3.5), and (3.8), and define V5 := V x (-4, )
as before. In this way, (1, V) are coordinates for the relatively open subset

(V) C T, and Fermi coordinates are defined in N3(¢(V)) = ¥(Vj).
Consider the action functional A, from (1.6) restricted to N := ¥(Vj).

Following a standard practice in the physics literature, we will change to

7



3.2 FORMAL DERIVATION OF THE REDUCED LAGRANGIAN E(I',0) 78

the adapted coordinates for I' (i.e., the Fermi coordinates ¥(y, z)) and then
integrate out the degrees of freedom corresponding to the directions normal
to I (i.e., in the z direction), thus obtaining an reduced action/Lagrangian in
the tangential variables (i.e., in the y variables). For this, consider (¢,d) €

C®(N;R x C) and introduce their representations in Fermi coordinates:

e(y,z) == @(t,x), o(y,z):=a(t,x),  whenever ({,z) = ¥(y,2).
By changing variables and using (3.12):

AH,E [95

7]
1
= / { 0P 0a@ + (096, 0,0)] + 6W(@&;H)} dx dt

2 ab (329)
:5/ [W+(aa¢ab¢+ 040, 0p0) ] )| Vgl dz dy
Vs 2 2
1
1 [ o) Vsl dz .
S5

Guided by the form of the 1D solutions with variable phase from (1.12), we
posit that (¢, o) are of the form

Py, 2) = v(y, Q) oly,2) =" Wu(y,Q), (= z/e

where v,w and # are smooth and real-valued with all derivatives of (v —
sign,w) decaying exponentially to 0 as |(| — co. Then, changing variables

again, the quantity in (3.29) may be written as

2 2
/ [(agu) J;(agw) _’_%gab(y’eg) (00 p0) W + W (v, w; 1) | /]a(y, 20)| dCdy
Vs/e

9

w5 L 8020 @ty + o) Vialy, ) dé dy
s/ €

Noting that g (y,e¢) = ¢*(y) + O(e¢) and using the exponential decay of

W (v, w;II) and of the derivatives of v and w, while recalling the definition

of I, from (1.14), we may rewrite the above expression as

—d/e

5/e (5pv)2 w)?
Andg.dl = [ [ [ (i) dc| Il dy+ OC)
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where the symbol O(e) is used to denote a quantity bounded in absolute
value by Ce as e — 0%, and p(y) € R is the given by (see Definition 3.9):

p(y) == g*(y) ab(y) 00(y) = (Vr,Vrb),, .

Formally, the resulting action in the limit ¢ — 0% thus becomes

Anlv,w,60,T] = /V A () w(,) Vig@l dy,  (3.30)

p(y)

where AL is given by Equation 2.4.
Now, consider the set of admissible parameters O from Theorem 2.3. The

family of critical points of (3.30) that we consider arises from the fact that

for any fixed y such that 1I,.,) € O, we can minimize All—l‘i(u) by setting

(v(y; ), w(y, ) = (M), -), (3.31)

where @ is the map from Theorem 2.3. The choice (3.31) implies that (v, w)
depends only on II,, and Ay in (3.30) therefore reduces to the following
functional acting solely on the triplet (II,T', 6):

S, 6; V] = /V up)VIgW) dy,  p=g™0.008,  (332)

where g is defined in (2.121). Given that (3.32) is independent of the choice
of coordinates for ¢(V) C I, we conclude that the limiting functional of

interest associated with Ay, from (1.6) in the limit as e — 07 is

En(T,6) == /F un((V0,V16),,) dA, (3.33)

where d\ represents integration with respect to (-, -),. in the sense of (3.32).

The above non-rigorous argument thus predicts that I' and 6 should satisfy
the Euler-Lagrange equations associated to (3.33). We will see in Chapter
4 another argument which suggests why this is a necessary condition on I’
and @ for constructing approximate solutions to (1.7) which near I' are of
the form (3.34) below.
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Remark 3.10. In relation to Equation 1.7, and motivated by the above dis-
cussion and by the form (1.12) of the simple explicit solutions found in

Chapter 2, the approximate solutions we will build are roughly of the form

;) w2) = w(;)/(sy,g)t... ) (3.34)
(Do (s

Ve
where (v, w) are given by (3.31).

Remark 3.11. The above analysis applies to the case where of I" is a manifold
embedded in R'*™ of codimension k = 1. In Section 5.2, we present an
argument similar to the one above for the neutral superconducting strings
case, which corresponds to the case k = 2. Motivated by these heuristics, we
will consider I' of arbitrary codimension k, together with a reduced action
functional of the form (3.33), where py is a function which is strictly positive,

increasing, and concave down on an open interval containing 0.

3.3 EQUIVALENT FORMS OF THE LAWS OF MOTION

Motivated by the heuristics from the previous section, we turn our atten-
tion to the critical points of the functional ¥y defined in Equation 3.2 (and
therefore of &1 from Equation 3.1). We begin by establishing the equiva-
lence of different forms in which one can state the relevant Euler-Lagrange

equations (aka laws of motion or equations of motion in this context).

Lemma 3.12 (Different Forms of Laws of Motion). The Euler-Lagrange
equations of € in Equation 3.2, defined for C? manifolds T of dimension 1+p
embedded in (1+n) dimensional Minkowski space, and for € C%(T;R), are

Hy = —f1(p) H(Vr6, Vr6)

with p :==(Vrb,Vrb), .,  (3.35)
Or6 = 3 f2(p) (Vrp, Vrb),,

where Hp, II,Op, Vi f are the mean curvature vector of T (see (3.55)), the
second fundamental form of T' (see (3.56)), the Laplace-Beltrami operator
defined on T (see (3.26)), and Vrf is the tangential gradient of f € C1 (T; R)
along I' (see (3.28)), respectively.
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Moreover, in terms of any local coordinates (1, V') for T', the restriction of
(3.35) to (V) C T can be written as

Oa (L(D1p, DO)CF (D, DO)Dyip) = 0

(3.36)
0q [L(DwaDe)fl(p)gababO} =0,
or, alternatively,
Ce (D, DY) [Oapth — (0, Oapth),y, Oetp] = 0 (3.37)
C5b (D, DY) [Dapf — (9, Dapth), . Debl] = 0, '
where
Gab(DY) := (Bath, D)),
p(Dy, DO) = g**(D1))0,00,0
L(D, DO) := pri(p(Dv, D))/ |g(Di))| (3.38)
Ce(Dy, DY) == g** (DY) + f;(p(Drp, DB))g**(Dip)g" (D) 00046,
e _ohh(@) ) hh(@)
e M )

for all a,b € {0,1,...,p}, j € {1,2}, and = € Iy (see Definition 2.28).

Proof. We first show that (3.36) are the Euler Lagrange equations of (3.2).
Then, we show that (3.36) is equivalent to (3.37) and finally that (3.37) is
equivalent to (3.35).

We will drop the explicit dependency of the functions above on Dy and D#.
As before, we denote by g = (gab)z,bzo the metric induced by (-,-), onT', by
g the (a,b)*" entry of the inverse of g, and |g| := — det(g). Additionally,
we lower and raise indices using g and its inverse, so that e.g., 9?0 := ¢g**9,0

and thus gq,0°0 = 9,6. Also, we will use the following identities:

|9 = 191 9" (Dagee) (3.39)
029" = —9""9° (Dugac) (3.40)
1
——0a (V1919™) = —9°g" (Dact), Dat)),,, - (3.41)
00 (VIsla™) = =

Equation (3.39) follows from Jacobi’s formula for matrix valued functions:

%det A(t) = [det A(t)] tr [A(t) 4/ (D)] .
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Equation (3.40) follows by writing ¢®®gy. = 02 and using the product rule.
Equation (3.41) follows directly from the other two equations and the iden-
titY gab = Goa = (Oa, Op¥)),,

Step 1. (3.36) are the Euler Lagrange equations of (3.2). let § and 1 be
compactly supported smooth functions of the same character as that of ¢

and 1, respectively, and define the following functions over R :
l1(h) == Sulv) + hap, 0; V] la(h) == Sn[v,0 + ho; V).
In particular,
i) = [ n (a0u00) Iy
la(h) :/ ( B 3a(0 + h0)Dy(0 + 1) ) Vgl dy,

where G, = (8a(v + hib), 0,10 + hab) )

m
It follows from the definition of § that the identities (3.39)-(3.41) hold with
0, replaced by d%‘h o Using this fact, a direct computation shows that

1(0) = /V <MH() 2 (0ath, O)m — 201(p) 99" 000040 (Oct), Oa)) >J|? dy

1(0) = /V 214y (0) /919400, dy.

As a result, the Euler Lagrange equations corresponding to (3.2) are:

Oa (un(p) 9] 9 0p — 2u11(p)V/ 9] g“bé’bHVr&) =0. (3.42)

On (u’n(p) |g|gababe> 0 (3.43)

We can write (3.42) and (3.43) more concisely as (3.36) by rearranging the

expressions in the parenthesis and using the definitions in (3.38).

Step 2. (3.36) is equivalent to (3.37). The positivity of p and /|g| im-

82



3.3 EQUIVALENT FORMS OF THE LAWS OF MOTION

ply that L := ur(p)+/|g| is everywhere positive. Using the product rule and
dividing by L in (3.43), we find that (3.43) is equivalent to

"

:U'H(p) ab f2(P) a
Opf = g¥(0ap)0pl = 0%p) 040, 3.44
o w0 = 2 @) (3.4
where [r is defined in Equation 3.26. Alternatively, we may expand both
sides of (3.44) using (3.26), (3.28), (3.40), and (3.41) as follows

1
000 = g 00 — ——0a (V/19lg™) bt

Vldl

= g0 + g°°g° (Dupt), Buth) 0.0
= —g® (80 — (Dapth, V),,) ,

(3.45)

and

(990) 9 = g™0ypda = 9?0, <gcdacead0) 9,0

= (8y9°M) 0004000 + 20%00°00,0 (3.46)
= 29000 (Oap — (Dapth, Vr0), ) .

Based on (3.44)-(3.46), we conclude that (3.43) is equivalent to
C$ (D, D) (aabe — (Dapth, O°Y), . ace> =0. (3.47)

On the other hand, upon expanding and dividing by L, equation (3.42) can

be expressed as

~Or = f(9) | 500010 — 00, (710)]
~ fi(p) [Dr9 - L) (aap)aae} Vo =0, (3.48)
or, using (3.44) as
O + f1(p) B(aamaw ~ 900, <vr9>} —0. (3.49)

Also, just as in (3.45)

~Ortp = g 0upt) — g™ (D), O°), , O (3.50)
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and

8°00, (Vr8) = 900, (gbcabeac¢)
— 9% [—abeacwaagbc + 0PpAwl + 3698ac¢] (by (3.40))
= —0"00°00°) ((Dapth, D)), + (O, Ducth),,)
+ (awabe) B + (aaeabe) B
= 2 (@) — 07600 {0y, 0°) ., Ot

+ (0°00°0) O,
(3.51)
where the last identity follows from a nearly identical computation as (3.46)

used to conclude that (9%p)0,1 = 2090 (0gp8 — 00 (Opeth, Duth),,) 0.
Using (3.49) together with (3.50) and (3.51), we can rewrite (3.42) as
(o + fi0120078 )t~ ( (3 + F(0)0%60%0 ) Q.00 ) 0 =0,

which is simply
csb (aabz/; — (D), D), a%p) = 0. (3.52)

Step 3. (3.37) is equivalent to (3.35). Note that (the restriction to ¥ (V') of)
the second equation of (3.35) is equivalent to (3.44), and therefore to the
second equation of (3.37). As for the remaining equations, first note that

(3.52) is equivalent to

<Cfb(9abd}, u> =0, for all unit vector fields v normal ( )
m 3.53

(with respect to (-,-),,) to (V) C T

Indeed, since (0°¢, 0q)),,, = g°* (0a¥, Oaqt),,, = 05, it follows that

{((Oapt) — (Oapt), 6c¢>m oY) ,8d¢>m =0 d=0,1,...,p. (3.54)

Consequently, C{ (Opptp — (Oap ¥, Oct),,, 0°) is everywhere orthogonal to
['. As a result, and since 0°Y(y) = ¢g*dutb(y) € Tyl for each y, the

equivalence between (3.52) and (3.53) follows.
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To see the equivalence of (3.53) and the first equation in (3.35), and analo-
gously to the procedure from Section 3.1, we parametrize a neighbourhood
of (V) C I. To this end, let {v;}¥_; be a list of smooth maps defined over
I such that {;(y)}¥_; forms an orthonormal basis for (Tw(y)F)J‘ at each
Y(y) € T', and consider the following map parametrizing a neighbourhood
of I' in R+7:

UV x (=6,0)F c R — R

k
U(y,2) =y(y) + > 2nly), z=(2"...,2") € (=6,8)",
=1

for small enough § > 0. As before, we will use Greek letters for indices
that run from 0 to n and Latin letters for those that run from 0 to p. Also,
we write 9 = 9y = 0y, whenever a = a € {0,...,p}, and O 4p)4; = Oz
for each j € {1,...,k}. Additionally, we write gog := (0o ¥,05¥),  (resp.
Gab = (Oa®, Op¥),, = Babl-—0) to represent the metric induced by (-,-), on

the image of W (resp. on I') in these coordinates, and denote by (g*%)" =0
(resp. (gab)gbzo) its inverse.

In this notation, the Minkowskian mean curvature vector of I' at ¥ (y) is

given in terms of the coordinates ¥ by (see e.g., [17, Section 7.5]):

Hr(y) := —% > [(g“b@agab) 8&} ‘

= g*°(y, 0)IL(0u), By0) (y),

,0) (3.55)

where TI(-,)(y) : Tyl x Ty’ — (Tw(y)I‘)J‘ is the second fundamental
form of T" at ¥(y). ﬁ, in turn, is defined in the coordinates v by its action

on the basis vectors of Tyl given by the formula

T(0ath, 0) (y) = > T%(1,0)0a¥(y,0), (3.56)

a>p

where FZ,@ denote the Christoffel symbols (I" here is not to be confused with
the manifold):

1
Fgﬁ = §gu5 (604955 + 8ﬂga5 - 8(59015) ) «, ﬁa n= Oa 17 ey T2
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A direct computation using the properties of the basis {Vi}le, shows that

_ ({(ga) +O(lz])  O(lz])
(%/3)—( (1) I ) (3.57)

where I}, is the identity matrix in R¥**. Therefore, for each a,b € {0, ..., p}
and o > p:

8agab(ya 0) = Ou (

) <aa¢ + Z 2 0,v;, Ot + Z ziabvl->

k
1 k)

Y,
m

= (<8a¢7 abVa>m + <8b”(/1, aaVa>m)
= -2 <aab¢7 Va>m ’

where we have used the identity

<3a¢, abl/>m = - <8ab¢7 l/>m ; (358)

which holds for every smooth (Minkowski) normal vector field v to I" and
follows from differentiating both sides of the identity (9,v,v),, = 0 with
respect to Op.

As a result, for all & > p and a,b € {0, ..., p}:

1
5(1,0) = =g (0abba + OBaa — Oalab)
2 (y,0)

1
_ Ly (3.59)
g%fab] o)

= <aabw(y)a Va(y)>m .

Finally, 0,V = v, for each o > p, and therefore, by (3.59), the formulae
(3.56) and (3.55) may be written in terms of the coordinates ¢ and the

normal vector fields {Vi}le as

N

( alb,abiﬂ Z abw >mVi(y)7 (3'60)

=1

k
®) D (Dt (y)s Vi) vily). (3.61)

=1
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Consequently, using (3.60) we have

k
(Vr0, Vro) = 1(0°00a1), 9°00y1p) = 0°00°0 > (D), Vi), Vi,

i=1
from which we readily obtain, thanks to (3.61),
Hp = —f1(p)I(Vrh, Vrb) < (3.53) holds.

O

Remark 3.13. There is a simple relationship between the expressions (3.61)
and (3.24) when T is of codimension 1. In this particular case, denoting by

v a Minkowski normal vector field to I" with (v,v), =1 on I, then
ﬁp = HF V. (362)

To see this, note that

azgaﬁ (y7 Z) =
otherwise.

{<aa¢, D).+ (951, 0ar), + 22 (001, Opv). . B € {0,...n— 1},

Therefore, using (3.39), (3.57) with £ =1 (i.e., (3.12)), and (3.58):

_ of
o8 0 o[ = 19(y)| 9°” (y,0)0; (0037
= —2[g(W)|g"* ¥) (Oas (1), v(Y))p, -
Therefore,
Hrly) = —50:| | 1ol = 4 0) @ub@) o)) (363)

Comparing this expression for Hr with (3.61) shows (3.62).
Another useful expression that applies to the case where I" has co-dimension

1 and follows from the above discussion is the following equivalent form of
the first equation in (3.35):

Hyp = —f1(p)0“00"0 (Oapth, V)., = —%fl(p)azg“”(y, 0),000. (3.64)
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We now present some existence results for (3.35), the Euler Lagrange equa-
tions of the functional X[, -, V] from Equation 3.2, for given initial con-
ditions on I' and #. In order to express this problem as a standard PDE
initial value problem, we choose local coordinates for T', (¢, (0,7) x V),
where V' C RP is open. In addition, we will restrict our attention to the
cases where I, is guaranteed to lie in the set O from Theorem 2.3, and thus
impose the condition that |p| < pmax for some ppmax > 0 throughout. As a
result, and thanks to Lemma 3.12, we may translate the problem of interest
over ¥(V)) C T as the following system of PDEs on the unknowns ¢ and 6:

C (DY, DO) [Dap) — (g“H (DY) dath, Dapt)),, Detp] =0, in (0,T) x V
C$P (DY, DO) [0ap — (9°*(DY)Dat), Bapt), 8e0] =0, in (0,T) x V

|,0| < Pmazx, in (O,T) xV (365)
(1/1,801/1) = (pquw)v on {0} xV
(97809) = (p97q0)7 on {0} x V.

where the functions py, pg, gy, qo are given and ppax > 0 is fixed. We further
require that p, and g, have the intended geometrical meaning, py, being
coordinates of 1({0} x V) C I'g, and gy representing e.g., a timelike vector
field normal to ¥({0} x V).

Given the inherent geometric character of the problem described by (3.65),
and more specifically the fact that the choice of coordinates for I' is not
unique?, the problem (3.65) is underdetermined. In order to alleviate this
shortcoming, we impose constraints on the type of coordinates v for I" (i.e.,
make a choice of gauge)?. In particular, we will employ the so called graph
gauge condition on I', meaning that we posit that I' is the graph of a function.

More precisely, we will assume that I can be parametrized by v, where

V() = (v,7),  v=(yo, - ,yp) €0, T] xR, (3.66)

Write (3.37) as D[, 6] = 0 for some differential operator D. Let (1,6) be such that
D[,8] = 0 and f : (0,T) x V — (0,T) x V be a diffeomorphism. It follows that
Dy,05] = 0 where ¢y = o f and 65 = 6 o f. Moreover, (¢, 0;) solve (3.65). for any
such f which satisfies e.g., f(yo,%) = (yo0,7) whenever yo < T'/2.

Another possible choice of gauge is given by the type of coordinates mentioned in Re-
mark 3.5, which does not impose an additional geometric restriction on I' apart from the
timelike condition. This contrasts to our choice of gauge, which discards e.g., manifolds
I" whose time slices are closed. The graph gauge, however, proved to be advantageous for
the purposes of writing (3.65) as a symmetric hyperbolic initial value problem.
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for some p € N_,, and some v € C?([0,7] x RP; R"P). In this way, 1 + p
is the dimension of I and k := n — p its codimension in R, We will use
the following slight abuse of notation to express everything in terms of the
unknowns vy and §: C{* = C¢*(D~, DO) := O (D, D), g = g(D~y, D) :=
g(D, D), etc. More precisely, we will write

9ap(D7y) = Tlap + (5‘a7)T Oy, 7 := Minkowskian metric in R*?
“®(Dy) := (g1 (D))"
9" (D7) == (g~ "(Dv)) (3.67)
p(Dv, DY) := g**(D7)0.00,0
C4*(Dv, DO) := g**(Dv) + f;(p(D~, D8))g*(Dv)g" (D7) 0:0040.

Note that if (3.66) holds, the first 1 4+ n equations in (3.37) become
(9%, C*0apy)
0 :
o L ‘ =0, in(0,T)xV. (3.68)
Oab?Y (0P, C’fb(?ab7>
(0%, C£0upy) ey

Thus a necessary and sufficient condition for (1, ) to solve (3.65) under the

graph gauge condition (3.66) for initial conditions of the form

€RP

—
py(y) = (0,y,p4(y)) and qu(y) = (1,0,..,0,¢,(y)), forall y € RP,

is that (v, 0) solve the following system, which we will consider hereafter

C{*(Dy, DO)dayy = 0, in (0,7) x R

C3*(Dy, DO) [0ap0 — (9% (D7)0400c7,0apy)] =0, in (0,T) x RP

Pl < pmax; in (0,7) xRP  (3.69)
(7:007) = (Pr: 44): on {0} x RP

(6,008) = (po; g0), on {0} x R?,

for given pmax > 0, R"P-valued functions p,, g, and real valued functions

Py, qo defined on RP.

We present two theorems addressing the well-posedness of (3.69) (and there-
fore of (3.65) under the condition that 1 is of the form (3.66)), namely
Theorem 3.16 and Theorem 3.22. In both cases, we establish the exis-
tence of T > 0 for which the problem (3.69) admits a unique solution
v :10,T] x RP — R"P provided that the initial data enforce a smallness

89



3.4 EXISTENCE THEOREMS

condition on p and a Lorentzian condition over I'g on either: (a) the metric g
in Theorem 3.16 (see (3.73)) or (b) the tensors Cy and Cy appearing in (3.69)
in Theorem 3.22 (see (3.92)) (a generally stronger condition). Theorem 3.16
applies only to the special case p = 1, whereas Theorem 3.22 applies to any
p > 1. In both cases, the solutions exhibit the following regularity provided
that the initial data on « and 6 are of type H5!:

0,4 e Ci P (0, ) x®?), i€ {l,..n—p}, (3.70)

where [z] := the integer part of € R. The idea behind the proofs of
these theorems consists in exploiting the structure of the equations in Equa-
tion 3.65 to express them as a first order symmetric hyperbolic system of

PDEs whose well-posedness is revealed thanks to the results from [19].

Remark 3.14. In [34], the case n = 2 was considered under the additional
assumption that I' (necessarily of dimension (1 + 1)) is radially symmetric
and the leading order term of the phase of the current carrier field o (i.e.,
) is an integer multiple of arg(xo + ix1), where z¢ and x; are the space
coordinates. In this case, the system of equations (3.35)(or equivalently
(3.36) or (3.37)) reduces to an ODE in terms of a coordinate function R(t)
of T', where R(t) = radius of the circle T := T'N {(¢t,z): 2 € R}. As a
result, the well-posedness of the problem of finding admissible pairs (T, 6)
in this case is argued on the grounds of standard results from ODE theory.
Figure 3.2 shows sample graphical representations of I' associated to this

case and to the case treated in Theorem 3.16 and Theorem 3.22 for n = 2.

(a) Sample illustration of the type (b) Sample illustration of the type
of interface T' for the radially of interface I' whose existence
symmetric case studied in [34] is guaranteed by Theorem 3.16
(n=2). and Theorem 3.22 for n = 2.

Figure 3.2: Sample interfaces for the case n = 2.
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Remark 3.15. In view of the hyperbolic character of (3.69), the results of
Theorem 3.16 and Theorem 3.22 should be extendible to manifolds I" with
more general geometries. Notably, this includes the case in which the “ini-
tial” submanifold T'y is compact, as in the case of closed interfaces/closed
strings. In essence, due to the compactness of I'g, the gluing of solutions cor-
responding to each open set in a finite cover of I'g should be possible thanks
to the properties of existence, uniqueness and finite speed of propagation
associated with Equation 3.35. A thorough treatment of this procedure and
of more general results as they apply to the (hyperbolic) minimal surface

equation Hp = 0 is presented in [21].

3.4.1 The Case dim(I')=2 Under the Graph Gauge

Let k € N and define

-1 2 .
Gr(z,y) = ( *le vy > ;

Qulavp o) = (0 ) Gulon) (1),

for all z,y € R¥ for which det(Gg(z,y)) # 0 and for all v,w € R. It
follows that if T' is parametrized by a map 1 of the form (3.66), then
9ab = (Gn-1(007,017)) 4 and p = Qrn—1(007, 017, 0ob, 016), and the timelike
condition on I' implies that det (G,,—1(9p,017)) < 0 over T.

Theorem 3.16. Let n,s € N>g, pmax > 0 and

8y = min{{m eER:[1+zfi(z)][1+zf(z)] = 0} U {pmax}} >0, (3.72)

where fi and fo are defined in (3.38). Fiz 6 € (0,9,) and suppose (p,qy) €
Hs YRR x H3(R;R™Y) and (pg,q9) € H*TH(R) x H(R) are such
that, for all x € R,

|p(0,2)] = ‘Qn—1(q7($)ap/7($)aQG(x)vp/e(x))‘ <0p—0

(3.73)
det [Gr—1(gy (), Pl (2))] < —6.

Then, there exists T > 0 such that the problem (3.65) with

py(x) = (0,2,p(x)) and qp(z) = (1,0,¢(x)) forallzeR
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admits a unique solution (¢, 0), where 1 is of the form (3.66) and v and 0
satisfy

0,~" € C; ([0,T] x R), ie{l,...,n—1}.
Furthermore, for all y € [0,T] x R:

lp(y)| < 6, and |g| (y) = —det [Gn—1(007(y),017(y))] > §/2.  (3.74)

Remark 3.17. The fact that 0, in (3.72) is positive follows from the fact that
f1 and fy are negative and continuous. Additionally, the second condition

on (3.74) implies that T is timelike since (gqp) is a (2,0) symmetric tensor?.

Proof of Theorem 5.16: Let n € N>9 and k :=n — 1. We will find sufficient
conditions under which a first order system of PDEs equivalent to (3.69)
is hyperbolic (shortly defined). Having established these conditions, the re-
sulting system will be symmetrized, allowing us to employ the results of [19]

for proving the existence of solutions as a final step. To this end, let

doy

o |0 and B, = <307>7 (3.75)
609 81'7
010

and note that, under condition (3.66), we have that

—1+4 007> Opy-0
gab:Gk((I)W):< |00 oY 17)

oy -0y 140y
lg| = — det(Gx(®4)) = [017]* + 1 — |07|> + (Do - 317)2 — 9071?0171,

ab 1 (= +1071?) G0y - Oy
g = Gp(® =7 )
( k?( 'Y)) |g| 80’}/ . 61")/ 1 _ |80")/|2

p = Qr(P) = g"°9u00,0.
Presuming that I is timelike, the following conditions must hold:

CP(@) = g% + f1(p) (8°0)° < 0

, (3.76)
(@) = g% + fo(p) (8°0)° < 0.

4 Recall that |g| denotes the negative of the determinant of g.
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Indeed, fi and fo are negative functions, and det(Gy(®,)) < 0 if ' is
timelike, and thus ¢ = —g11/|g] = (1 + [017]?)/ det(G(®,)) < 0. As a
result, under the timelike condition on the graph of v, which we will see is
guaranteed for some non-zero finite time due to the conditions imposed by
the initial data, the PDE system in (3.69) is equivalent to

Aoy = 2¢71 (®) o1y + ¢ (®) 1y
8000 = 2¢3H(9)0010 + A1 (®)110 + 2 [mO(®)]" Bory + [m(®)]" dn,
(3.77)
where, for all a,b € {0,1} and j € {1,2}:

(@) = — (CP(d)) " Ce(®)

3.78
m® (@) = (c{*(®) — 5°(©))9°00., i

We may therefore rewrite (3.69) for the case of interest in matrix form as:
d® + AY(®)2,® =0  in (0,T) x R, (3.79)

where, denoting by I; the [ x [ identity matrix and by 0;y,, the [ x m zero

matrix for [,m € N:

20 (@) I, et (@)1, Orx1 Orx1

I, 0% Okx1 Okx1
AYD) = — . (3.80
(®) 2 (m® (@) (m (@) 294(®) () (3.80)

01><k O1><k 1 0

Step 1. Hyperbolicity. We say that the system (3.79) is (uniformly) hy-
perbolic if A'(®) is diagonalizable and all its eigenvalues are real over
(0,T7) x R. The necessary and sufficient conditions for the hyperbolicity
of Equation 3.79 are provided by the following lemma, whose proof can be

found in Appendix C:

Lemma 3.18. Let k € N,v € R*¥! and ay, ag, b1, bs € R. Then, the matriz

2a1 Ik b1 Lk Orx1 Okx1
A= Ikxk . 0k:><k . 0k:><1 kal c R2(k+1)><2(k+1),
2 (a1 — GQ) v (bl — bg) v 2a2 b2
01><k 01><k: 1 0

(3.81)
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is diagonalizable and has only real eigenvalues if
A= a? +b; >0, fori=1,2. (3.82)

Furthermore, whenever (C.3) is satisfied, a set of linearly independent vec-

tors of A is given by (C.5)-(C.6).

The application of Lemma C.2 to the matrix A!'(®), upon setting a; =
A(®),b; = c!Y(®) for i = 1,2 and v = 90,7, shows that the system
(3.79) is hyperbolic if and only if

Ay(®) = [2(®)])” + e (®) = — det (cgb@)) >0 i=12 (3.83)
This last condition can be expressed as a condition on p as follows:
Ai(®) = ()77 | [o% + £ () 9°00'0]" — (6" + £ () (9°0)%) (9" + fi(319)2)}

= (C) 7| (4™)7 = 9" = fi(p) |9 (8'0)" — 29" 8°00"0 + g (0"0)?] }

= (C?) 7 et g — (det g™) fi (p) p}
00(p)) 2
- (Clg((f)))' 1+ Jp(®)p(®)],
! (3.84)

where we have used the fact that

= g% (000)* + 29" (00) (D10) + g1 (810)> = VOT g~V

p
00 01 11 1
(g ) = m (—911,901, —900)-

Therefore, condition (3.83) is equivalent to
L+ fi(p(@)p(@) >0 i=1,2,
and altogether we may conclude that

I is timelike and 1 + f;(Qg(®)) - Qx(®) > 0 for ¢ = 1,2 (3.85)
— (3.79) is hyperbolic. '
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Based on (3.85), we define sets on which ® must take its values to ensure
the hyperbolicity of (3.79) and the timelike character of I'. Namely, let d,
be as in (3.72), and for each® € € [0, min {1,d,}) define

ng = {u € R2(k+1) ‘ Qr(u) € (—pmax +€,0, — €),
det(Gk(ul,uz, ...,UQk)) < —6}. (3.86)

Then, each set V¥ C R2(A+1) is non-empty and open, since it is the intersec-
tion of two open sets containing the origin. Also, it follows from (3.85) and
the definition of d, that the system (3.79) is hyperbolic and the graph of
(i-e., T) is timelike whenever Im(®) C VX C Vi for any € € [0,6,).

Step 2. Symmetrization of (3.79). In what follows, we will adopt the follow-
ing definition of a symmetric hyperbolic system that will suit our needs to

invoke the results from [19]:

Definition 3.19. A first order system of the form

i S9(2)0;® = F(®),

§=0
where F' : R — R apd &7 R 5 ROTmIXA4m) for each j €

{0,1,...,m}, will be called symmetric hyperbolic at ® ¢ R'T™ if SI(d)
is symmetric for all j € {0,1,...,n} and S°(®) is positive definite.

We will “symmetrize” the system (3.79) by using the diagonalizability of
AY(®) whenever ® € V. To this end, let € € [0,4,). Then, for each u =
(ul, e u2(k+1)) € Vek - Vok we may write

where the columns of P(u) are any set of 2(k + 1) linearly independent
eigenvectors of Al(u), e.g., of the form (C.5) and (C.6) with a; = )1 (®),b; =
cH(®) and v = 9°00.y. As an example, for the case k = 1, we can set

A (u) At (u) 0 0
1 1 0 0

Plu) = a(wAf (u)  a(wAy (u) A (uw) Ay (u) ]’
a(u) a(u) 1 1

5 We take min {1,d,} instead of §, so that 0 € V¥ independently of € and d,.
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where a(u) = (u1 us) [G1(u1, up)] ™" <“3)

Ug
Letting Q(u) := [P(u)] ™ and S°(u) := QT (u)Q(u), and multiplying both
sides of equation (3.79) by S°(®) while assuming that Im ® C V¥, we obtain
the following symmetric hyperbolic system equivalent to (3.79):

SO(®)0y® + SH(@)01® =0, where SY(®):=Q(®)TA(P)Q(®). (3.87)

Note that the entries of P(u) are rational functions of the entries of u, and
thus so are those of S%(u) and S'(u). Therefore, since the closure of V¥ is
strictly contained in VOI’C for each € € (0,6,), the following assertions hold all
e €(0,6,):

SO, Sl c Cgo(‘/&k;R2(k+1)><2(k+l))
S0, S' are symmetric on V* : (3.88)

SO(u) = 6.1 for some 5. > 0 and all u € VF

Step 3. Ewistence of Solutions to (3.87). Let € € (0,0,) and consider the

system

SO(®)0y® + ST (®)01® =0 in [0,7] x R
decVh in [0,7] xR (3.89)
®(0,) = ®g in R,

for fixed initial conditions ®¢ € H*(R; V/¥), where V¥ is defined in (3.86).
We will apply the results from [19] to obtain solutions of (3.89). To accom-

plish this, and in reference to the results found therein, we employ Theorem
IV to verify the conditions of Theorem II in the context of (3.89).

First, let M > 1 be arbitrary and r > 0 be small enough so that
Q, = {w e R2FHD) iy — dg(z)| < r for some z € R} C V%. (3.90)

The Sobolev embedding H*(R; R2k+1D)) — C5~HR; R2K+D) for s > 1 im-
plies that R > 0 can be chosen small enough so that

Di={f € H* (RiR¥ED) 1|1 = @l s mpacern) < B} © G (R Q0).
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With this definition of D, and as a result of (3.88) and (3.90), conditions
(4.2)-(4.9) and (4.11) of Theorem II of [19] are satisfied, and we conclude
that there is 7> 0 and a unique solution ® of (3.89) defined on [0,7"] x R
where 0 < 77 < T and ®(t,-) := ®(t), where

® € C((0,7); D)NC* ((0,T); HH(R; R*EH)) (3.91)

To conclude, suppose we are given initial conditions
(py, ¢) € HTH(R;R®) x H*(R; R¥) and (pp, g9) € H*T'(R;R) x H*(R;R)

such that (3.73) holds. Then, (q,,p’,q9,pp) € H*(R; VF) for some ¢ > 0,
and the above argument yields a solution ® = (9yy, 017y, 9ob, 016) to (3.89)
taking values in €2, C Vok for some sufficiently small » > 0, which ensures
that conditions (3.74) hold. In terms of regularity, the components of @
obey (3.70) due to (3.91) and Lemma C.7. As a result, we obtain a unique
solution (1, 0) to (3.65) with v of the form (3.66) with all the properties
stated. O

Remark 3.20. The reason why Theorem 3.16 is limited to the case p =1 is
that the system (3.79) corresponding to a general value of p € N:

p
0P+ > A (2)9;® =0
k=1

cannot be symmetrized as in Step 2 of the proof unless all A7(®)’s are
simultaneously diagonalizable, that is, unless there is a matrix P(®) such
that A7(®)P(®) = P(®)DI(®) for some diagonal matrix D’(®) for each
j € {1,2,...,p} (or, e.g., if each A7(®) is diagonalizable and the pairwise
products of the A7(®)’s commute). This is automatically the case whenever
Al(®) is diagonalizable in the p = 1 case, but does not appear to be the
case for p > 1.

3.4.2 The General Case Under the Graph Gauge

We now reduce the system (3.37) under the graph gauge condition on I" to

a symmetric system equivalent to (3.69) (as opposed to just symmetrizable
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as was the case in Theorem 3.16). This procedure allows one to treat the
case where I' is of arbitrary dimension 1+ p > 2. A useful definition we will

use from now on is the following:

Definition 3.21. Let p € N. A symmetric (1 + p) x (1 4+ p) matrix A is
called canonical Lorentzian if Agy < 0 and A is positive definite, where
A is the p x p submatrix of A obtained by removing the first row and the

first column from A. Moreover, for any € > 0, define
Cpe = {A € Mpip)x(a+p) : A is symmetric, Agg < —&, A = el } .

Using [31, Lemmas 8.3 and 8.5], we know that if A is canonical Lorentzian,

1

then it is Lorentzian. Moreover, if g € Cp. for any € > 0, then g~ is also

canonical Lorentzian.

Theorem 3.22. Let pmax > 0, (k,p) € N2, and s be any integer such that

s > 2+ [p/2], where [x] denotes the integer part of v € R. Furthermore, let
(P> ¢7) € H*FH(RP;RF) x H*(RP; RY) and (pg, gp) € H*'(RP) x H*(RP) be

such that the following conditions hold uniformly over RP for some § > 0:

gOO (qd” Dl‘pd)) < _57
Ci(qys Dapys qo, Dape) = 61, fori=1,2, (3.92)
|0(qy Daby, 49, Dapy)| < pmax — 0,

where C1 and Cy are defined in (3.38), and C1,Cy are their respective re-

stricted counterparts:
ﬁlij::Clij fori,7=1,2,...,pandl =1,2.
Then, there exists T > 0 such that the problem (3.65) with
py(z) == (0,2, py(x)) and qp(z) == (1,0,qy(x)) for all x € RP

admits a unique solution (1, 0) of the form (3.66), where v and 6 satisfy

0, e o (0,T) xRP),  ie{l,..,n—p}.
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Furthermore, for all y € [0,T] x RP:

g(DQ,Z)), Cl(Dwv DG)’ CQ(Dwa De) € Cn,§/2)

(3.93)
|p(DvY, DO)| < pmax — ¢, for some ¢ € (0, pmax)-

Remark 3.23. Based on Lemma 3.12, the conclusions from Theorem 3.16
and Theorem 3.22 can be phrased as: under the conditions listed, there is
T > 0 and a solution (I',0) to (3.35), where T" is the (timelike) graph of
the map ~, II,,;) € O over I', and 6 and all the components of v belong to
cm ([0, T) x RP).

Remark 3.24. The greater level of generality of Theorem 3.22 as compared
to that of Theorem 3.16 comes at the expense of stricter conditions on the
initial data as compared to those of Theorem 3.16. In particular, compare
(3.73) to (3.92) when p = 1. Under the timelike condition, (3.73) is equiva-
lent to requiring that 14+pf;(p) > 0 for i = 1 and 2 (see (3.83)). On the other
hand, when p = 1, the conditions (3.92) imply that |g| > 0, C?(®) < 0 and
CH(®) > 0, resulting in 1+ pf;(p) = —|g|det (C2) > 0. However, since

€' = o [ [+ Filod + £i(o) (200)"].

CH can be negative, even if 1+ f;(p)p > 0.

Proof of Theorem 3.22. Consider equation (3.48) and refrain from using
(3.44) to simplify the expression therein. Instead, use the computations lead-
ing to (3.47) and (3.52) to rewrite (3.42) as®

M (D, D8)Oupt) + MSP(Dep, DO)opf = 0, (3.94)
where

MSP (D, D) = f1(p(Dy, DO))C5* (D, DO)Vro
M (Dy, DO) = C{*(Dp, DO) I 4p

Note that another way to obtain (3.94) is to use the second equation of (3.68) to obtain
C8* Db — C5° (V10,0 =0 = M50,,0 — <M§”, aab¢> Vré = 0.

Then, (3.94) results from adding Mgbaabe — <M§b,6ab1/1>m Vré to the first equation
of (3.37). However,we stress the fact that (3.94) had essentially shown up earlier in
the derivations from Lemma 3.12; which further suggests that it is natural to use this
particular “redundant” form of the equations.
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- (0%”<Dw, DO (0:)" + 18 (M5* (D, D9>)T) 0.

Using (3.94) and multiplying the second equation of (3.37) by |fi(p)| =

—f1(p), we arrive at the following system equivalent to (3.37):

M (D, DO)Ogptp + MSP(Dvp, DO)Ogpf) = 0
| f1(p(Dy, DO))|C5* (D, DO) e + (M5® (D), DO), Bapt)), =0

Y

which, under the graph gauge condition (3.66), is equivalent to

m%b(DVa De)aab’}/ + m%b(D’% D‘g)aabe =0

8P (D, DO)Dwpd + (m3t (D, DO), 0upy) =0 (3.99)
for
(D, DY) = Ct(Dy, D)
c8*(D, DO) = | f1(p(Dv, DA))|CS* (D, DO)
m3’(Dy, D) = —c5*(D, DO) (9°60,)
mH(Dy, DO) = (D, DO) Iy ~ (9°09,) (8 (D, D))

= (D, DO I}, + ¢3°(D~v, DO) (8°00.7) (0°00.~)" .

The main appeal of (3.95) is that its associated first order system, (3.97),
can be shown to be symmetric hyperbolic for ® taking values on the open
sets (3.100). This allows us to apply the results from [19] by a similar logic
to the one used in the proof of Theorem 3.16. To see this, let

0oy

%y and v = 0%00,7, (3.96)
o0

0,0
and define the (symmetric) (0,p) tensors

E;g ::czj and m}j ::mzj, fork=1,2andi,j=1,2,---,p.
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With these definitions, (3.95) can be expressed as

p
SU(®)p® + Y 57 (2)9;® =0,

(3.97)
j=1
where
— (C(I)OI;C + cgova) Ok xpk cgov Okxp
SO(P) Opkexk R+’ Oy —G®v 3.08
( )_ COO’UT 0 00 O ’ < . )
o) 1xkp Co 1xp
Opxk — @ vl Onx1 C
Qm(l]J mi]’ mzln 2mf2)j mlj mJQDJ
1y 15
my my
Okp : Okpxp
mt’ mgj
) T
SH(P) := — 2(mY)T (méj) (mé’]) 20l &
1\ T 1)
(m) %
Opok Op
\NT .
&
for j = 1,2,...,p. Observe that the matrices S*(®) for a = 0,1,...,p are

symmetric. On the other hand, it follows from Lemma C.3, that
S@(y) =0 if (°(@(y)) <0 and(P(y)) =0 fori=1,2). (3.99)
Now, for each A € (0, min (1, pmax)), define
VE = {u e RAFRA+P) . 0000y « X\ CTi(u) = A, for i =1,2,

Ip(w)] < pmax — A}. (3.100)

The sets Vf are non-empty and include a neighbourhood of the origin since,
for all a,b € {0,1,...,p} and i € {1, 2},

ab
&

D~=0,D6=0
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and the functions C’Z-“b g® and p are continuous. Furthermore, note that
g0 < =X = O = g% 4 £i(p) (8°9)* < =X and that C; = A, —>
g = A, for i = 1,2, since

Con =5+ fm(p)vgvd where v) = 9;6.

As aresult, u € V¥ implies that g1 (u), C1(u), C2(u) € Cpx. The remaining

part of the argument goes exactly as for the system (3.89) making use

of (3.99) and the continuous embedding H*® (R?;R) — C*~1-P/2 (RP:R).

This argument yields, for each A € (0, min(1, pmax)) and initial conditions
Py € H*(RP; Vi), a solution to

S4(®)9,® =0 in (0,T) x R?
e Vf in (0,7) xR (3.101)
®(0,-)=®y inR,

for some T > 0, where V¥ is defined in (3.100). The solution @ is such that
®(t,-) = ®(t) for each t € [0,T], where ® has the following regularity

decC ([O;T] ;HS(RP; V){“)) NnCt ([O,T] ;Hs—l(Rp;R(l-i-p)(l—&—k)))

(3.102)

which in turn implies (3.70) by Lemma C.7. O
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We henceforth adopt the following assumption:

Assumption 4.1. Throughout this chapter, n > N>qo denotes the number of
space dimensions and 11 is a fized element of O, where O is the set of admis-
sible parameters defined in Definition 2.22. Also, v,0 € C;° ([O,T] X R"il)
1s a fized pair of smooth solutions to FEquation 5.69 coming from Theo-
rem 3.221(e.g, any (v,0) coming out of Theorem 5.22 corresponding to
smooth initial data with compact support), and T' is the (timelike) graph
of v. In particular, (T',0) is a solution to the laws of motion, Equation 3.35,
and there are constants ¢ € (0, pmax) and d > 0 such that the following

statements® hold uniformly over I':

|P| = |<VI‘9,VFO>m| < Pmax — G,
Cilb(D77D'9)7 Cgb(D’ya De) € Cn,d-

Furthermore, § > 0 is any number satisfying Fquation 5.7 for the choice of

I’ above.

Given any tuplet (II,T',60,0) as described in Assumption 4.1, we construct
a sequence of increasingly “better” approximate solutions to Equation 1.8
of the form (1.25), where (y,z) € R*! x (—6,8) are Fermi coordinates
defined in a normal neighbourhood N of the interface I' (see Section 3.1
for relevant definitions). The main result is stated in terms of the error of
approzimation of ® € C?(Ng;R x C) at (t,), defined as

SE[B](t, 2) = Od(t, 2) + épq,w (#(t.2):11) (41)

—_

Except for the construction of the initial approximation, where the second condition can
be weakened, as explained later. Also, many of the arguments in the proof of Theorem 4.2
apply/may be slightly adapted to the case where (I',0) are solutions to Equation 3.35
satisfying milder hypotheses (e.g., results of lower regularity based on slight modifications
on the hypotheses to Theorem 3.16 or Theorem 3.22).

2 See Definition 3.21, Definition 3.9 and Equation 3.3, (3.67) for relevant definitions.
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whose name is motivated by the fact that SF[®] = 0 is precisely Equa-
tion 1.8.

Most of the construction is performed in terms of Fermi coordinates as
defined in Definition 3.2. Borrowing the notation therein, we let (y,z) €
A x (—0,9), be Fermi coordinates associated to a local coordinate system
(¥, A) for T, and ¥ be as in Equation 3.8. As such, Ny := ¥(A x (—6,0)) is
a normal neighbourhood around I of radius § > 0. For convenience, we also
introduce the dilated coordinates (y,() where y is as before and ¢ := z/e.
Based on the expression for the wave operator in Fermi coordinates from

(3.23), the formula for the error (4.1) in (y, () coordinates is given by

SE 1) (4,0) = 5 [~02(y,¢) + DaWW (2(y, O 1)
¥ L ()0 (y.C) + O ®(y,C), (42
defined for all (y, () in the set

’DJ,E = A X (5,5) .
€ €

In this way,

SE[®)(t,z) = ST [®](y,¢), whenever (t,z) = U(y,z) and { = z/e.

We introduce additional notation to describe the way in which the approxi-
mate solutions will be built. Let h € C*° (I'; R) (as an abuse of notation of
h € C* (A;R)) and define

Ch(y,¢):==C—nh(y) and Ds.p:=Ax (h(y)—d/e,h(y)+6/e), (4.3)

so that (y,(n) € Dse <= (y,{) € Dsep. Also, for & = (p,0) €
C™> (Dse; R x C) define

(I)h : D(S,E,h — R x Ca (I)h(yvc) = (I)(y7Ch<y7C>)

Using this notation, we will write, for instance

3@‘1)}7,(% C) = (va))h (y7 C) = acq)(y7 Ch(yv C))
aaq)h(yv C) = (aaq))h (y7 C) - [aah(y)] (8C(I))h (ya C)
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Aab®n(y; C) = (Bav®)y, (9, €) = (Bahl(y)) (Fpc @)y, (3, €) — (Baph(y)) (0c ), (y: )
— (01(y)) (ac®),, (y,€) + (Bahly)) (Dsh(y)) (9Z®),, (,¢)-

The main result is:

Theorem 4.2. Let n,1I,I',0, and 6 be as in Assumption 4.1. Then, for
every k € N, there exists € > 0 and functions hy,oy, € C°(I';R) and
Vi, € Cp° (D5/275;R X (C) defined on

Dsjae :=1{(y,8) 1y € I',s € (—0/2¢,0/2¢)},

such that for

O (. C) == 0(y) + ea(y) +€°C(Vrb, Vrhe) (y), (4.4)

the function

V= <ei’“ ” Vk) (4.5)

hy;
satisfies the following estimates for each o and j:
[DgaL (7% e ST ) (. 0)| < CogiL [ 2)be ™ 4.6)

| Dyhi()], | Dye(y)] < Care, (4.7)

1
for a(Il) := §| |<min Amin(IIp) and some constants Couji, Cor > 0 inde-
P|SPmax—C

pendent of €, where Amin(I1) is the minimum eigenvalue of D3W (£1,0;1I)
and c is the constant appearing in Assumption 4.1.

Moreover, if we define the remainder ®y, (y, ) by setting

Vk(y, C) = (Hp(y)7 C) + 5q)k,r(ya C)a

where ® is the map described in Theorem 2.3, p = (Vr,Vrb),,, and 11, is
as defined in Equation 2.120, then ®y,, satisfies

D5 0Py 1 (y, O)] < Cagir(1 + [¢[)e I,

for some constant Cjj, independent of €.
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Remark 4.3. The constants Cy i, Cor > 0 appearing above all depend solely

on II and on the size of the derivatives of 6 and ~.

Remark 4.4. The factor =0/ appearing in Equation 4.6 is employed to
control the effects of the rapid oscillations associated with the leading order
phase, 6/¢. Such term is not necessary if no tangential derivatives are taken,

i.e., one has that
OLSE (V] (y,C)‘ < Cji (1 v |g|’f+2) ck—a(mc]

Remark 4.5. The conclusion of Theorem 4.2 can be extended to the case
where I' is compact by an argument using partitions of unity and the unique-
ness of solutions to Equation 4.12 and Equation 4.41 under prescribed ini-
tial conditions. The uniqueness of Equation 4.12 follows from Theorem 2.4,
while the uniqueness of Equation 4.41 with given initial conditions follows
from e.g., |31, Corollary 7.10].

Remark 4.6. When defining the functions Vi from Theorem 4.2, it is first
assumed that their domain is I' x R as opposed to Ds/p . = I' x (=d/¢,6/e).
The corresponding counterparts of these functions in (¢, z) coordinates are
not necessarily well-defined over [0, 7] x R", as their domain of definition
might contain points outside the largest possible domain of definition of
Fermi coordinates associated to I'. It is nevertheless justified to carry out
this construction, and later multiply these functions by an appropriate cut-
off function which takes care of what takes place outside the domain of

definition of the Fermi coordinates (see Section 4.3).

4.1 NOTATION

Before proving Theorem 4.2, we list a series of definitions and notation that
will be used repeatedly. First, the symbol p will always be used to refer to
the function (see Definition 3.9):

p:T =R, p(y) =(Vrd,Vr),, (y).
Additionally, we will write

<'7 '>Fz = <vrz"vrz'>m and <'> '>F = <'v '>F0 : (48)

106



4.1 NOTATION 107

More explicitly, for functions F' and G defined for all (y, s) € I' x R, we have

(.G, (19 = (V0| F a, s>>m

= 0" (y, 2)0aF (y, 5)0pG(y, 5),

('75)’VF2

in which we distinguish the variable z € (—¢,4), used to indicate the man-
ifold I', over which the operators are being defined, from the variable s
on which the input functions depend. In relation to the notation for the

y-dependent shift on (4.3), we have e.g.,

(Fr, G, (1:C) = 8°(y, 2)0aFi(y, Q) 0Ghr(y, ¢)
= 6"y, 2) [(0aF)n — (9ah) (O F)n) [(9sG)n — (05h) (D G)n] (9, )
= [(F.G)p, = (h,G)p_ OcF — (F,h)p_9¢G + (h,h)p_ (¢ F)(9¢G)] (v, Cn),

meaning that all the functions involving F, G and their derivatives are eval-

uated at (y,( — h(y)), h is evaluated at y, and g is evaluated at (y, z).

Also, we will make use of the following notation from Section 3.1 for objects
and operators defined for z,z9 € (—6,6),s € R, and any C? function v
defined over I' x R:

r,, = {Y+zV(Y)'Y€F z=2},

D v\Y,s) = — \/ y 2 5 2 8’0 ) )
FZO (y ) \/Waya |: y 0 g y 0 b y ) (49)

In|g|.

2 “lw,z0)

The Taylor series expansions about z = 0 for Or_, Hr, and (-, '>Fz defined
n (4.9) and (4.8) will be central to our discussion. As a result, and in

connection to this aspect, we introduce some additional notation for conve-
0u [0*(y,2)+/[8(y. 2)]] and

nience. In particular, for B®(y, z) := — ‘ g 5
9(y,»

functions F, G of the variables (y, ), we define:

I0p(y, Q) = —g®(¥)0ab F(y,¢) — B*(y,0)0.F (y,¢)
Iop(y, ¢) = —0:9""(y,0)0a F (y, ¢) — 0:B%(y,0)0.F (y, ¢)
Mor(y, ¢) i= 829" (y, 0)du F (y, ¢) — 02B%(y,0)0.F (y, C).
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Similarly,

Iircy(,€) = g™ (y) (aa

) (o,
(¥,0) (y,¢)
F> (aa G>
(y,¢) (y,¢)
) (el)
(y,€) (y,¢)

L (3, ) = Dg™ (5,0) (aa

5,5 (5.€) = 029 (3, 0) (aa

and (see Equation 3.24)

Ir := Hp, = Hr, Ir :=0,| Hr,, My :=0?| Hr..
z=0 z=0
In this way, we have that
22
Ur, F = Igp + 2llgr + ?]]IDF + ...

2

z
<F, G>Fz = I{F,G’) + ZH<F7G1> + EI[[(F,CD + ... (410)

2
z
Hr, =Ir + zIr + ?mr + ...,

and Ijg g, = p and Iny = Op, f = Opf for any f € C*(T') (see Remark 3.8).
We remark that, in all of the expressions in (4.10), the expansion applies to
a(y, 2) and B®(y, z), and not to the functions F and G, even if they depend
on z through ¢ = z/e.

Also, we define the following map which will play a fundamental role in our

discussion:
Dolp] :RP xR RxC,  Olpl(y, ) := @ (I, ¢),  (4.11)

where II,, and ® are as defined in Equation 2.120 and Theorem 2.3, respec-
tively. The proof of Theorem 4.2 involves solving a series of linear problems
related to ®g[p]. In connection to this idea, a useful definition that we will

reference repeatedly from now on is:

Definition 4.7. Given F' : T' x R — R x C, consider the problem (see
Equation 1.45):

L (olp)(y, )i Wy(y)) [V (5, )] = F(y,-)

Yy eT, (4.12)
V(y,-) € €2 (L (Polpl(y, ) M)
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and the set
&, :={G:TxR—->RxC:G(y,-) € € (L (Polp](y,"); ) forally eT}.

Additionally, for a map G € &, define the following operator whose exis-

tence is justified by Theorem 2.4:
S[G] = the unique solution to (4.12) corresponding to F' = G.

We list some useful properties of the map ®g[p]. In particular, an immediate

consequence of Theorem 2.3 is that for each y € I':

Do[pl(y,-) € H?, (4.13a)

F (Polpl(y,); Hp) (¢) = 0 for all ¢ € R, (4.13b)

ker £ ((I)O[p](% ')5 Hp(y)) = spang {ml [P] (yv ')7 Ny [p](ya )} ) (4'13C)
where

Mo =9 %olp]  and  NMalo] = Py (i)

Also, the smoothness of T and # from Assumption 4.1 implies that p is
smooth, which in turn implies the smoothness of ®¢[p]. Moreover, Equa-
tion 2.98 implies that for all ¢ € R\ {0}:

anl _Mm
D5k [@olpl(y, ¢) — Le(Q)]] < ot (M) e 2 L 14

for each | € Z; and each multi-index «, where Apin (Hp(y)) > 0 is the
minimium eigenvalue of DZW (£1,0;11,,) and cai(I,,)) > 0. Therefore,

1
for Coy(II) := max cq (II,) and a(II) := = min Ayin(IL,), we have
p€Im(p) 2 petm(p)

Dy [®o[pl(y, ¢) — fi(C)]’ < Cy (IT) eI, (4.15)

for all (y,¢) € V x (R\ {0}).
Finally, for h € C*(T;R) and ® € C? (Ds;R x C) and a € C? (Ds; R), we
define

SE[®,a,h] (y,¢) = SE [(e*x ®),] (¥,),  (4.C) € Dsepn,  (4.16)
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where we have used the notation for x introduced in (1.46).

4.2 PROOF OF Theorem 4.2

The proof of Theorem 4.2 is based on induction argument on the value of
k > 1, where all the approximations are of the form (4.5). For the base
case, it is shown that the hypotheses on (T',0) guarantee the existence of
the maps @1 := §[—G4] and @3 := S[—G3] with G from (4.26) and Gy
from (4.33), and that the conclusion of the theorem for k = 1 is satisfied
with Vi = ®q[p] + e®1 + £2®5, a3 = 0 and h; = 0. Subsequently, given an

approximation ), a better approximation V41 is constructed in two steps:

Step 1. (o, hi) are modified according to the recursive relation

Qpy1 = o + eka
hx+1 = hg + ekh (4.17)
Q] = 0, h1 = 0,

where « and h are functions which satisfy a coupled system of linear
wave equations (see Equation 4.41) whose coefficients depend on all
the functions that make up Y, as well as their derivatives up to sec-
ond order. As we will see, the equations solved by « and h represent
an orthogonality condition needed in Step 2 below to improve the
accuracy of the approximation by at least one order of . One may
interpret a as a perturbation to the phase of the C-valued component
of Vi, and h as a perturbation to the location of the zero set of the
real component of ), whose counterparts in the case of the leading
order term of Y, in terms of powers of € (i.e., for e?/¢ x ®g[p]) are 6
and I, respectively. As a result, the coupling between these two maps
is to be expected in view of the coupling between 6 and I' according
to the base case or the heuristics from Chapter 3. Finally, the term
€2CI<9,hk ., is included in the phase to cancel out terms in the error

that arise due to the nonlinear relationship between I" and 6.
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Step 2. The function Vj is modified according to

Vi=9o (Hpk(y)a C) + 6P]€(y7 C)

(4.18)
pr = (Vr(0+eag), Vr(0 + 504k)>m ,
where P changes according to the recursive relation
Pyi1 = Py +e"P
k+1 k (4.19)

P =®1 4+ ey,

for a function P whose existence is guaranteed by the orthogonality
condition mentioned in Step 1. In particular, P = &[G], for some
G € 6 which depends on the functions that make up Vi, h, @ and

their derivatives up to second order.

4.2.1 Base Case

In this section, we treat the K = 1 case in Theorem 4.2. For this case, it
suffices to consider the following expression for the error of approximation
for C? functions 7 (real valued) and V (R x C valued) defined over Dj .

) ) 1
e e w §F [em/E X V] = 3 [FV + (.n)p, Po(V) + DeW (V)]

dcn

1
- [Hrzacv + (Orm) PoliV) = 2 (0, PoliV )}, — 25 P, i0;V)

ocn 2 ocn 6?77
+0r. V+ <€2> P-(V)+ Hr, <€2> Po(iV) — ET'PU(Z'V), (4.20)

where z = e(. This expression is found by substituting ® = /¢ x V
into Equation 4.2 and gathering terms based on powers of €, together with
the implicit assumption that d:n = O(e?) which will be justified in Sec-
tion 4.2.2 (in particular, as a result of the appropriateness of the ansatz in
Equation D.2).

Step 1. In order to “eliminate” the term of order 1/¢2 in (4.20), it is enough
to assume that n depends only on y and that V depends on y only through
p(y), so long as Im (p) C Ip. In particular, this is the only step in the

construction that may be carried out even if (I',0) is not a solution to the
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equations of motion, Equation 3.35. To see this, set n(y,{) = 6(y) and
V_1 = ®¢[p] and plug them into (4.20) to obtain

e /e STV 1,0/e,0] = e7/% x SF [ew/‘g X @0[,0]}

= L [0200[5] + Po(@la) + DaV (Bo[gl: 1)

+ 2 [Hr. 00l + (Or..6) o (00l) — 206, P (1@0lp]))r. | + O, @olp)

= 8%]: (@olel(y, ) o)) (C) + %R(y, ¢)

1
= 2R 0), (1.21)
where

R(y.) := (0:9""(y, C*)08(y) 8 (y)Po (0l (y, C)) + Hr.. (v)M[p](y. )
+ Or. 0(y)Na2[pl(y, €) — 2(0, Py (i%olp))) ., + €0r. Polpl;

for some (* between 0 and (. As aresult, (4.6) with & = —1 follows from the
above expression for the error, (4.15), and the boundedness and regularity

of all the terms depending solely on y € T.

Remark 4.8. In general, when performing expansions in powers of € as in

(4.21) of the more general expression
e /% o STV, O, b, (4.22)

with V, = anzo emP,,, the leading order term (i.e., the sum of the terms
multiplying the lowest power of €, which will be shown to be €*) in (4.22)
that remains after the appropriate choices of functions ®,,, 6, and hy, is a
combination of functions of ®,, for m < k and their derivatives, multiplied
by functions of y (which are uniformly bounded over I') and/or by (™ for
m € {1,...,k 4+ 2}. In particular, the ¢**2 term arises due to the remainder
of the Taylor series expansion of (0, Ox)p_ Po(i®o[p]) around z = 0. This is

k+2

the reason for the term |¢|*" appearing in (4.6).

Step 2. Consider now the ansatz

Vo(y,¢) = e®W/Ew Vio(y,¢),  with Vo = ®g[p] + ey, (4.23)
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where ®; is to be determined and ®¢[p] is as in Step 1. We claim that, as
long as (T, #) is any solution to the equations of motion (3.35), ®; can be

chosen to obtain
e/ SFIY) = 7% % STV, 0/e,0] = O(1). (4.24)
Indeed, note that for (4.23), we have that

e~ 0W/E w0 SEIVh,0/e,0](y, ¢)
= 52 [~82® + p(y)Ps(®) + DoW (®;11)]

+ % [CH(@@)’PU((I)) + Ip8<<I> + [P, (i1®) — 2I<9,730(i<1>)>} +0(1)
1
= L P @ T ()]

4 2L (@olpl . )i TTy) (100, )] (€) + G [1.6] (5.0} + O(1),
(4.25)

where

G1 [T, 0] (y, ¢) :=Clg ) (y)Po (Polp](y, ¢)) + Ir(y) M [p](y, ¢)
+ T (y)Ma2lpl (¥, $) =2 Lig.p, iwof))) (¥, C) - (4.26)

Lo, py (¥)Po (i0pPo[p](y,C))

The O(¢72) term in (4.25) vanishes due to (4.13b). Additionally, Theo-
rem 2.4 guarantees the existence of @1 € € (L (Po[p](y,-);,(,))) so that
the O(e7!) term in this same expression vanishes as long as Gy [I',0] € & | .
As a consequence of (4.13c) and (4.15), the above condition amounts to

satisfying the following two identities defined over I':

/ Gy [T, 6] (4,¢) - Mlpl(y, ) dC = 0
R (4.27)

/R G1 [0, 6] (. C) - Malo (. ) dC = 0,

which may alternatively and respectively be written as

iy (p) pr(p)
I = i and Igp =207, o0 over T. 4.98
pn(p) 00 (o) 0 (4.28)

Comparing the equations in (4.28) to Equation 3.64 and Equation 3.44,

we recognize that the orthogonality conditions (4.27) are equivalent to the
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condition that (6,T") solve the equations of motion, Equation 3.35. As a
result, (4.27) hold in view of Assumption 4.1, and we are led to make the
following choice for ®:

By = G[-G[T, 0]]. (4.29)

Now, (4.15) and the form of Gy imply that DY0lGi(y,¢) < c,ye=*DC,
where ¢,; depends on II and the size of the derivatives of § and v. As a
result, due to Theorem 2.4, we find that for all j and v, there exists a

constant Cy; > 0 depending on the same quantities such that
Dyol®1(y, )| < Cuy (1 +[¢) e MIel, (4.30)

This bound, together with (4.15) and the particular form of the O(1) term
in the right hand side of (4.25) (see Remark 4.8)3 results in (4.6) for k = 0.

Remark 4.9. For each y € T, write ®o[p](y,-) =: (¢0,00,0). It follows
from (4.13a) that ¢g is odd and oq is even. As a result, G1[I',0](y,:) =
(u,v,w), where u,w are even and v is odd. Consequently, since the opera-
tor £ (<I>0[p] (y,-); Hp(y)) preserves the parity of its argument, it follows that
O = (¢1,v1,w1), where p1(y,+),wi(y,-) are even, and v1(y,-) is odd for
each y € T'.

Step 3 (Case k =1). Let ®g[p| be as in (4.11) and (I', 0) and ®; be as in

(4.29). Consider now the ansatz

yl (y7 C) = ei@(y)/a X Vl (y7 C)a

where

Vi = @o[p](y, ¢) + @1 (y, C) + £Pa(y, C). (4.31)

We have that

0L ST (] 5,) =
L (®o[p] (y,-) ;M) [@2 (3, )] (C) + Ga(y,¢) + O(e), (4.32)

3 In particular, that the fact that |¢|* appears in (4.6) is due to the presence of term
€29, (y, C*) Py (®o[p]) for some ¢* between 0 and ¢ in the right hand side of (4.25).
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where

1 .
G :=§IH<9,9>C27’U (@op]) +r¢0:Po[p] — 2IL¢g, 5y Py (1€, Polp])
+ e Py (iCPo[p]) Inw,[p) + Mia,0yPo ((P1) + Ir0c @1 — 2119 p, (i3,)) (4-33)

, 1
+IggP, (i) + ED%W (®o[p]; TT) [®1, D4].

In view of Remark 4.9, and the parity of the entries of ®g[p](y,-) for each
y € I', we have that Gy € & . Therefore, according to Theorem 2.4, we

may make the following choice for ®q:
By = G[—Gl, (4.34)
which results in
e=i0/% ST Fﬂyeb<(Qohﬂ4—€¢1—kezég)}(y,C)zzCK&). (4.35)

In terms of the decay as ( — oo, note that ®, satisfies the same type of
bound as that of ®; in (4.30) with || replaced by |¢|? for the same reasons
leading to (4.30) and by (4.30) itself. The decay in (4.6) for K = 1 then
follows by that of ®g[p], 1 and ®3 and Remark 4.8.

4.2.2  Induction Step
We prove that for each k > 1, there exist functions ay, hy, P, such that

0
SE [(I)O[Pk] +ePy, (5 + oy + €CI<e,hk>) J%} (y,¢) = O(e"), (4.36)
where g, hy, and Py evolve according to the recursive relations

Qpy1 = O + 6";0[,
higt1 = hg + Ekh, (4.37)
Py = P, + P

Moreover, the resulting functions exhibit the asymptotic behaviour as { —

oo and as € — 0 listed in the statement of Theorem 4.2.
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For convenience, we introduce the following auxiliary functions

O (y,C) = 0(y) + con(y) + *CLig py (v)

(4.38)
Vi(y, €) = Polpkl(y, ¢) + e Pi(y, ),
with py asin (D.1).
The base case k = 1 has been proven, using
ay = hy =0, and P =& + P,

where,

¢, = §[-G1[I, 0], G1[I', 0] as defined in (4.26) (4.39a)

Oy = §[-G4l, G2 as defined in (4.33). (4.39b)

Now, let kK > 1 and suppose that the claim holds for all m < k. We claim
that there exist a, h, and P such that (4.36) holds for k+1. The proof of the
induction step follows a similar philosophy as Step 2 above. In particular,
the expressions from Step 2 obtained by expressing the error in terms of
powers of ¢ suggests that a natural choice of " and 6 is that which enforces
the orthogonal condition (4.27) necessary for solving a linear problem of
the form (4.12). Formally, introducing h and « corresponds to performing a
perturbation to the interface I' and to the leading order phase 6, respectively.
It is therefore expected that, in order to reduce the order of the error by
a factor of e, the functions h and « are to be chosen as the solutions to
the system of equations representing the linearization about (T',6) of the
equations satisfied by I" and 6 (i.e., the laws of motion, (3.35)). These choices
for h and « in turn lead to the natural choice of the function P (i.e., the

perturbation to ®q[p]) as the solution to a linear problem of the form (4.12).

An abridged version of the computations involved in the procedure de-
scribed above is presented below. A more detailed account can be found
in Appendix D. The main idea behind these computations is to express
SE Vis1,0ks1/, hit1] (error from the k 4 1 step) in terms of the error
from the k step plus some remaining terms which, due to the choice of

ansatz?, turn out to be of order €* as well. Subsequently, it is proven that

In particular, modifying p according to the formula for p; in (D.1) and adding the
62CI<9’hk> term to the phase as in (D.2) is essential to cancel out error terms of order
e~ that would otherwise be present in S Vi1, Okt1/e, hisa).
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the resulting term of order ¥ vanishes upon an appropriate choice of h, o
and P. An important remark regarding the computational aspects involved
in this process is that the definition of SX'[V,n,h] from (4.2) implies that
the approximation (6”7 X V)h is a function that has been shifted in the ¢
coordinate by h, whereas the interface I' with respect to which the Fermi
coordinates are defined is held fixed®. Effectively, by introducing the shift
function h the point (y,0) is shifted to (y,h(y)) for each y € I', which
may be interpreted as applying a normal deformation to I' of h(y) units
at each y € T'. In this way, a shift by h; on the approximation at step k
corresponds to a deformation by hi to I'. Therefore, in order to use the
induction hypothesis that SI[Vi,0/c, hr] = O(e*) in the calculation of

SEVis1,0r41/€, hier1], one needs to ensure that the k' approximation is

shifted by the corresponding deformation of I' of hj. Since all the compu-

tations at the (k + l)th step are made with respect to the shifted variable
Ckt+1 := ¢ — hgy1, the above entails that the desired form of the error at the

(k+ l)th step can be written more precisely as

e~ Okr1(y:Chr1)/e Sf [(yk-i-l)hkﬂ} (y,0) (4.40)

=" [ (Polp)(y, )i yqy)) [P(y, )] (Ges1) + Gy, Grrr)] + O <5k+1> ,

where G(y,¢) = e W0/ % Ey(y,¢) + Glh,a](y, (), with Ej being the
portion of order ¥ of

k
S h )
Z=€(Ck+1+hk)(y ¢ )

SE [,

which represents the error from the k" step evaluated at (y, (x41), and some
function GJh, a] that ensures the fulfillment of the orthogonality condition
G € 6. More specifically,
G, (4,€) = [ 90 @0 + 2 (9°06"0) Py (¢B0)| Dush
- [g“bPU (i®o) + 2 (aaeabe) Py (z'apcpo)] Buper
+ D [h, o] (. 0),

5 We have opted for this definition of the error, but we could also shift the interface I'
around which we are defining the Fermi coordinates.
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where ® is given by

D [h, 0] (y,¢) =

29" 000 [(9b9°%) Db + g°*D4cb] [(Dah) CPo (Bolp]) — 2 (Dacx) Py (i8,Po[p)]
— 2 [BIlig.0y + hg*0abOb (Ii.0y)] Po (10,P0[p]) + BLrPs (i@ [p])

+ B” [ (85h) 0cDolp] + (9pex) Py (io[p)])]

+ (MlLig 0) + 2L(0,0)) {Po (1) + DIW (Bo[o]; 1) [@1, 0,0 ]

+ (Ing) Po (i0,P0lp]) — Li,py P (i05P0[p]) + Irﬁcp‘l’o[p]}

+ h [IogPe (i®o[p]) — 21p, 5y P (i0,P0[p]) + Mig,0yPor ((Pop]) + MO Po[p]]
+ 219,y Por (i€0cPolp]) + 21,0y Opc Pop] + 2119, 0) P ((Polp])

= 215,0)Po (i0,0]p]) -

As a result of (4.13c), the condition G € & translates to asking that (h, «)

satisfies the following linear system of PDEs:

CP®uph(y) + D1lh, al(y) = Fi(y)

(4.41)
CS0gpa(y) + Dah, o] (y) = Fa(y),

where Cj‘?b = g% + f;(p)0°00°9 for f;(p) == (— )k2,u, ( )/,u(k 2 (p), as in
(3.38), and

9110 = (D0l ). 90 )0 ey

9,0 1= = s (O ). ), el ) e
Fu(9) = = s (Bl ) A1)
Po) = (), Dl Ny

As shown in the proof of Lemma D.1, the system in (4.41) may be expressed
as a linear symmetric hyperbolic system of PDEs (see Definition 3.19). It is
at this point that we are required to make the additional assumptions on the
tensors C% and CZ® listed as part of the hypotheses of Theorem 4.2. Under
such conditions, it follows from standard results on hyperbolic systems of
PDEs (see e.g., [31, Corollary 7.10]) that (4.41) admits a unique solution
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h,a € Cp°(T") with zero initial conditions. As a result, the following choices
for h, a, P are justified:

Yo=0

(h, @) is the unique solution to (4.41) with (h, a, dph, Do) = (0,0,0,0)
P=-6(Glh,all,

making the resulting functions Vji1, higt1, and 041 defined according to
(4.37) and (D.2) satisfy

e OO/ SE Vi, 011 /2, hia] (y,€) = O(* ).

Finally, the decay in (4.6) follows from: 1) the decay of Glh,«] in Equa-
tion 4.40, which in turn follow by the boundedness of h and «, the exponen-
tial decay of ®¢ and of its derivatives away from I', and the decay of the term

e~"Wk/¢ i F} coming from the induction hypothesis; and 2) by Remark 4.8.
4.2.3 Restricting the Domain of Approxzimate Solutions

Let Vi = (eg?k X Vk> be any approximate solution obtained using the
induction argument fr(})LIkn the previous section. Also, just as before, let ¥
be Fermi coordinates associated with I', and Ns be domain of definition
of U (see Equation 3.8). The construction of Vj implies that Vi (y, () is
defined over (y,({) € ' x R. However, since Ns might be strictly contained
in [0,7] x R™, the function V) in general does not induce a well-defined
function over [0,7] x R™. To account for this, we think of the function
®o[p] as being defined over D5, = I' x (—d/e,d/¢), and, since subsequent
approximations apply a shift on the ¢ variable of hi(y) for each y € T,
we would like to think of the corresponding domain of definition of )y as
Dsepe = {(4:¢) 1y €T,¢ € (=2 +hi(y), &+ hi(y))}. Any such domain
contains Dj/ . for all small enough € > 0 due to the boundedness of hy,
and therefore, )} induces a well-defined function on N /2 so long as € > 0
is small enough. As a slight abuse of notation, we will denote the resulting

function, which is only defined on N /25 by Vg from now on.

This concludes the proof of Theorem 4.2.
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4.3 EXTENDED APPROXIMATE SOLUTIONS

4.3 EXTENDED APPROXIMATE SOLUTIONS

We may extend the definition of the function )} from the previous section
to [0,7] x R™. To this end, recall that I" divides the space [0,7] x R™ into
two disjoint components Q2 and ;. Suppose that the Minkowski normal

vector field v(y) points in the direction of Q4 for each y € I', and define

-1, (t,z) € O~
I(t,x) := (t,2)
+1, (t,z) e OF.
Furthermore, write (y,e¢) = ¥~1(t,z) (as before), and introduce a cut-off

function x € C* ([0, 7] x R™; [0, 1]) with the property that
(to)=1 forld<? & x(t)=0 forl>
= r — n = r —.
x (t, o < a x (t, o 5
We define the k" approximate solution Vi e C®([0,T] x R R x C) as

y*(t x) — X(t»x)yk (%O-F[l—x(t,x)]]l(t,x% if (yaC):‘I}il(t,x) GN(S/Q
o It ), otherwise,
(4.42)

and a result of Theorem 4.2, we immediately obtain:

Corollary 4.10. Let k > 1. The definition of Y} from Equation /.42 implies
that

1
OV + = Do W (Vs 1D = 0 in ([0, ] < R") \NGy2

and for every j and (3, there exists smooth positive constants Ci; and Cyjp
depending on Il and on the size of the derivatives of 0,7, such that for all
small enough 0 < & < 1:

E2]
€

025 ] (4,0)| < Crye™ (1 + [¢[F2)e S i N o,

j —1 * _e(1n 12! .
075 [e= 09/ 5 SE 7] (9, Q)| < Cujoe (1 +1¢/+2)e DL in Ao,

for some constant c¢(II) > 0 independent of €.
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CONCLUDING REMARKS
AND FUTURE WORK

We conclude by highlighting two possible ways in which the results of this

thesis can be extended.

5.1 EXACT SOLUTIONS

Given an approximate solution Y* = (¢*,0%) : [0,7] x R* - R x C as in
Section 4.3, we would like to find a perturbation map ® which makes Y* + &
an exact solution to the superconducting interface system, Equation 1.7,

over [0,7] x R™. More precisely, we seek a map ® such that

® := Y* 4 & solves Equation 1.7 on [0, T] x R” 5)

® = O(eP) in some norm for some p > 0.

This type of result is obtained in [27] for the case where 0 = 0 and I' has
zero Minkowskian mean curvature (i.e., is minimal) using energy estimates
for the perturbation map both near and far away from I'. The strategy
to obtain these estimates relies on the existence of approximate solutions
of arbitrary precision in the sense of Theorem 4.2, and on the fact that I’
has zero Minkowskian mean curvature. Unfortunately, the fact that I" is
generally not minimal according to (3.35) and, most critically, the presence
of the rapid oscillations introduced by the leading order phase of ¢* near I'
(i.e., the term 6 /e in each approximation in Theorem 4.2), render the direct
application of such strategies inefficacious when trying to obtain similar
estimates for the perturbation @ in the case of Equation 1.7 under the
requirement that ® exhibits the scaling (1.25). We believe that there should
be a way to incorporate the relationship between I' and 6 dictated by (3.35)

to resolve such intricacies, but this is yet to be verified.
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5.2 THE NEUTRAL SUPERCONDUCTING COSMIC STRING CASE

On the other hand, we also remark that the desired result above was ob-
tained in [34], although following a different approach to that of [27]. The
approach in this case is closer in nature to the spirit of Lyapunov-Schmidt
reduction and requires only the construction of the approximation corre-
sponding to £k = 0 in Theorem 4.2. In essence, it is argued via the im-
plicit function theorem that there exists a unique function h € CY(T)
and a perturbation @ solving (5.1) such that!, in our notation, ®,(y,-) €
ker (L ((®o[p])n(y, -);Hp(y)))J‘ for each y € I'. It is then shown that ® and
h are of the desired size as long as their corresponding initial conditions are
small enough. This step is accomplished through energy estimates which
are involved due to the fact that both the size of perturbation ® and of the
shift A have to be established simultaneously. To note is that, due to the
assumptions made in therein, the kernel of £ ((®o[p])n(y,-); IL,()) is one di-
mensional for each y € I', which goes hand in hand with the fact that only
the function h is needed to satisfy the above condition on ®j. In our case,
the fact that the corresponding kernel is two dimensional for each y € T’
means that two functions h and a « defined over I' are required to yield the
analogous condition, imposing significant technical difficulties which make

the computations less tractable but could nevertheless be explored further.

5.2 THE NEUTRAL SUPERCONDUCTING COSMIC STRING CASE

Consider the functional in Equation 1.1 with g, = 0 and complex-valued ¢
(i.e., the neutral superconducting string case). We now present some heuris-
tics for this case analogous to those presented in Section 3.2 for the su-
perconducting interface model. In doing so, we highlight the similarities
between the two models, and some directions in which the ideas presented
in this thesis could prove useful to obtain a better understanding of the

superconducting string model.

To begin, we proceed as in Section 3.2, this time labelling A, as A =
Agdt + Ardz' + Asda® + Asdaz®, so that the relevant action functional with

a scaling parameter € > 0 in this case reduces to

1 The function h minimizes the distance the L? distance between the exact solution and
(®olp]) -
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5.2 THE NEUTRAL SUPERCONDUCTING COSMIC STRING CASE 123

AN [ip,0, A1)

T € e 3 1
- [ (Do, D) + = (000, 0°0) + = FF Fyy + 2 W (p,0510) | dar .
0 R3 2 2 4 g
(5.2)
where Dy = 0o — iA and Fop := (dA)ap = O0aAp — 0gA, for o, €
{0,1,2,3}.

We would like to investigate the existence of solutions to the Euler-Lagrange

equations of AN for which

e ¢ has a zero set along a timelike codimension 2 manifold embedded in
R'*3 (a trajectory/worldsheet of a curve that represents the cosmic

string).
e ¢ is non-zero, and concentrated around the zero set of .

We proceed as in Section 3.2, looking for static simple solutions first. To
this end, introduce the notation 4 := —D*D, = D% — D% — D% — D%,
Va = (Do, D1,D2,D3), and Ay := 22:1 D2, and note that the Euler
Lagrange equations of AN in (5.2) are

1
Uap + ;QDWW(‘P’ o; 1) =0
1
Oo + 5 DeW(p,0;11) =0 (5.3)
€
e20“F,p + (ip, Dgyp) = 0, £=0,1,2,3.

Let z = (20, 2!, 22, 23) be the standard coordinates in R'*3 and write t = ¥

r=2z' and z = (22, 2%). We look for solutions to (5.3) of the form

)

©(Z) = po(z/e)
) _ ei(a0t+a1m)/€go(2/€) (5.4)

A(%)

8l

o

1

Ao(z)dx? + Az(z)da® = = [Ag(z/e)dx2 + Ag(z/s)dm?’] .
€

Plugging the ansatz (5.4) into (5.3), results in the equations

—Appo + DWW (9o, 00;11,) =0
—Aog+ D, W (900, 00; Hp) =0 (5.5)
8]ij+(Z(p07DjQ00):O7 (.77k) € {(273)7(372)}7



5.2 THE NEUTRAL SUPERCONDUCTING COSMIC STRING CASE

where p = —a%—ka%. The equations appearing in (5.5) are the Euler-Lagrange

equations of the functional
1 1
A oo dli= [ |5 (1Wael? +190F) 4 374 W (o1t dsta,
R2

defined over a suitable functional space K of functions ¢, o : R? — C and
A = Aydz' + Aadz? with (A, As) : R? — R2, which we state formally for

the sake of concreteness as

K:= {(‘Paaa A) HZNS Hl(Rz;C)va € Hl(R2;C)7 (81142 - 82141) € L2(R2;R)a

lp(z)] — 1 as |z| = oo, the winding number of ¢ at co is 1}.

The minimizers of .A%fi over K (aka 2D profiles) solve the elliptic system
Equation 5.5, and thus induce solutions to Equation 5.3 according to Equa-
tion 5.4. The zero set of ¢ in each of these minimizers is a straight vortex
filament which represents a straight cosmic string, analogously to how the
zero set of ¢ in the minimizers of Ahd over ‘H (see Equation 2.4 and Equa-
tion 2.2) is a hyperplane that represents a flat interface. Just as in the
case of the superconducting interface model, one expects to find solutions
to (5.3) which behave locally like these 2D profiles and describe the sce-
nario in which cosmic strings with more complex geometries are present.
To the best of our knowledge, a study of the properties of such minimizers
that mimics the one presented in Chapter 2 (see in particular Theorem 2.1,

Theorem 2.3 and Theorem 2.4) does not exist in the literature.

On the other hand, we note the similarities between the laws of motion
presented in Chapter 3 and their (formally derived) counterpart for the
superconducting cosmic string case. To this end, we proceed as in Section 3.2.
In particular, let (A,) be a local chart for T', and v! and v? be two vector
_, is a basis for (TpI‘)L
and <Vi(p),l/j(p)>m = 69 for i,j = 1,2 at each p € I'. Furthermore, let

fields everywhere normal to I' such that {v (p)}J2

0 > 0 be small enough so that the map (Fermi coordinates)

W :A x Bs(0) — Nj := ¥ (A x B;(0)) c RT3
(t,x) = V(y, 2) = ¥(y) + Z1I/1(y) + 221/2(3/), y = (yo,y1), 2 = (21, 22),
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5.2 THE NEUTRAL SUPERCONDUCTING COSMIC STRING CASE

is bijective, where Bgs(0) is the ball of radius & in R? centered at the origin.
As in Section 3.1, we introduce the metrics on I', ggp, and on N5, gag,

induced by the Minkowski metric:

gaﬂ(yaz) = <aa\ll(yvz)vaﬂ\l’(yvz)>ma avﬁ = 07 172a3'
gab(y) = <aa¢(y)’ 8b¢(y)>m ) a, b= 07 1.

A direct computation using the definition of v and v? shows that

9op(y, 2) =

(gab<y>+0<|z|> 0<z|>>'
O(2)) I,

Now, let
(p,0,A)(t, ) = ($,5,A)(y,2)  whenever (t,z) = ¥(y, ),

and assume that all the functions are supported within Ajs. Then, the cor-

responding action functional becomes

1 1
/A /R . [59‘” (v, 2)(Dap, D) + 508°° (4, 2) (90, Dp0)

Now, suppose further that

o(y,2) = v(y, (),
o(y,z) = "W/ (y, (),

125

A(y,2) = Aoy Oy + Ar(y, Oy’ + ~As(y, QdC' + “As(y, QA ¢ = /e,

for some complex-valued function v and real-valued functions w, A, all
defined on A x Bs/.(0), and a real-valued function ¢ defined on A. Under

this ansatz, we have that
AN (.6, A

1 2 2 1 )
: /A { /B6/a(0) [2 Z ODQU‘ + (84],10) > + 2 (0c, Az — O¢, As)

Jj=1



5.2 THE NEUTRAL SUPERCONDUCTING COSMIC STRING CASE

1
+ §gab (0y,0)(0y,0) w’ + W (v, w; II)

- /A (A o) wy, ). A, )] Vg dy + 0 (6.

where A%—fi(y) [v(y,-),w(y,-), A(y,-)] is the integral with respect to (; and
(5 in the above expression. As such, and similarly to the superconducting

interface case (cf. (3.2)), to leading order, the action above reduces to

[, 605 V] = /V Lo W)IVIT dy, o= g™0u0 46,
where

s . . 2d
Hinlply)) = inf AL er0 Al

As a result, the dynamic laws governing the admissible string-current pairs

are identical to Equation 3.35, with up replaced by pugf;. In particular, the

results of Theorem 3.22 apply to the superconducting string laws of motion,

as long as the function puf; is positive, increasing and concave down as .

These properties of uf; are also yet to be verified.

d¢ d(z}\/ l9(y)|dy + O (e
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PROPERTIES OF THE
POTENTIAL W

Let W denote the potential whose action on (¢, o, II) € R x C x (0,00)* is

W (s o 1) =

As
e @214 2 (o - 2m2) o+ Do (A)

4
A.1l SOME USEFUL FORMULAS INVOLVING W

Let o = o1+i02 and 0 := 0,, 01 := Oy, and 02 := Oy,. Also, for convenience,

write W := W (e, o;1I). A direct computation shows that

QW = Ao (¢* =1) + Blof’] ¢
oW = [)\U (|cr|2 — m?,) + ﬂ(pﬂ O, fori=1,2,

and

BooW = Ay (392 — 1) + B o>, 010W = 0nW = 2Bpoy
oW = Ao (301 + 05 —m2) + Bp?, O0W = dp2W = 2Bpos  (A.3)
O W = A\, (0'% + 30% — mg) + Bg02, O W = 2\,0109.

Therefore,
DiW(£1,0; 1) = diag(2\y, 8 — A\em2, B — A\gmZ), (A.4)
from which it follows that the minimum eigenvalue of DZW (£1,0;11) is

Amin (IT) := min (2>\<p, 08— )\gmg) . (A.5)
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A.2 PROOFS OF Lemma 1.1 AND Lemma 1.2

The Taylor expansion for W about (¢, 0) = (z,0) with z € {—1,1}, is

W(@:TT) = &7 DR (2,01, IN® + 2, (o — 2)° + 26 (p — ) o

A A
+22 (- a) 4 2 Il + 5 (o~ 2P0 (A6)
4 4 2
1
> | haialMD) = O+ 8) i = 22Dl | o~ o
Finally, we have that
A A
Wlooi) = 22 (2 = 1)+ |27 (o —2m2) + 22| Jof?
4 4 2
\ ) (A7)
> f (@2 - 1)2 + 1 [min (Aos2P) (@2 + |a|2) - 2m§)\g} lo|?.
A.2 PROOFS OF Lemma 1.1 AND Lemma 1.2
Proof of Lemma 1.1. The two desired conditions on II are
D3W (=1, 0;1I) is positive definite. (A.8a)
W (p,o;1I) > 0, with equality only if (|¢],0) = (1,0). (A.8b)
It follows from (A.4) that the condition (A.8a) is equivalent to
n:=f— Asm2 > 0. (A.9)

Also, note that W (-, -;II) is smooth, W (p, o;II) — oo as |[(p,0)| — oo, and
W(+1,0;II) = 0 independently of II. Therefore, denoting by Cyy (II) the set
of critical points of W (-;II), condition (A.8b) is equivalent to

W(p,o;II) > 0 for all (¢,0) € Cy (ID)\ {(£1,0)}. (A.10)
We claim that
n>0 = ((A.10) <= A, > A\omy), (A.11)
which in turn implies that

(A.8a) and (A.8b) <= I € O°,
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A.2 PROOFS OF Lemma 1.1 AND Lemma 1.2

where 0% := {II = (A, Ay, Mo, B) € (0,00)* : B> AomZ, Ay, > Aot} .

To prove (A.11), suppose that n > 0 and (¢, 0) € Cy (II). Using (A.2), we

find that ‘
p=0= UE{O}U{eme:OER}

(A.12)
=0 = pe{-1,1}.
On the other hand, if ¢ # 0 and o # 0, then
Ao ((p2—1)+ﬁ\0]2:0
(A.13)
Ao (lo? = m2) + 8¢* =0,
from which we infer that
pe? = Aoav and plo)? = A1, (A.14)

where a := BmZ — A\, and p:= %2 — A\y\,. Since ¢, 0 # 0 and n > 0 in this

case, both p and o must be positive, and thus

(p.lo) = (vl o). (A15)

Given that (A.12) and (A.15) describe Cy (IT)\ {(£1,0)} completely, the

statement (A.11) is a consequence of the following identities

W(0,e%mg;TI) = — (Ap — Aomiy) for all € R

el M

W(0,0;11) =

(‘/ 2 e I, ) for all § € R.
T dp

The last equality follows from the fact that if (A.15) holds, then

(¢* —1)* = (m])Q,

€>/ A ‘ﬁy
3 -

7
Apn)
(Iof* = 2m3) lof* = =57 (e + mi )
Ao
2 o
‘0" 2 ® .
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and therefore,

2

A A I\
Wlp.0tIl) = 355 [6%n = A (2~ o)] = 753 (%0~ dohom)] = 5

4p
O

Proof of Lemma 1.2. Let IT € O° and a € (0,1), and define

. )\min(H) L 2m(2;)\a +A
r(II, @) := min <1,aw> and R(II) := Um, (A.16)

which are both positive since Apin(II) > 0 due to Lemma 1.1.
Near (p,0) = (£1,0), (A.6) implies that

Wie.o) > S e r LoD, (A1)

whenever (¢, o) is in the set

Orreara(ll) = {(9,0) €Rx C: [[(¢ F 1, |0])ll, < r(IL,a)}.

near,a

Now, the definition of 7(II, @) implies that ¢ € (—1,1) and thus (p +1)% €
(0,4) whenever (p,0) € Of,,. ,(II). Using this and setting a = 1/2, we

conclude that

1 2
W(p,o;1I) > E)\min (IT) || (¢* -1, lo])| 5 for (p,0) € O:@ar’%. (A.18)
Far from (¢,0) = (0,0), we use (A.7) and (A.16) to conclude that

W (p,0i0) = 22 (62 = 1, Jo]); for (¢,0) € Opep(TT),  (A.19)

Ofar(I) := {(p,0) € R X C: [|(p,0)]l; > R(ID)} .

Now, consider the compact set

K(I) := (R x C) \ (O;far U Oy,

near near

U Ofar)
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A.2 PROOFS OF Lemma 1.1 AND Lemma 1.2

and the continuous function
min Wy, o;11
(p,0)€L(IT) (v )

max 21, lo))|?
Cmax [~ LloIB

e (IT) ==

Putting together (A.18) and (A.19) with the definitions of K and cx, we

conclude that
W (e, o;1I) > ¢(1I) [(@2 - 1)2 + |0|2} for all (p,0) € R x C,

where ¢ : O — (0, 00) is the continuous function

)\min I) A
H:(AtpaAUamO’)ﬂ) Hmin{ 16( )7Z7CK(H)}'
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1D ANALYSIS: AUXILTIARY
RESULTS

B.1 SMOOTHNESS OF THE MAP F FROM Fquation 2.6

In this section, we provide a proof that the map from Equation 2.6 is smooth
in the sense of Fréchet differentiability (see e.g., [4] for relevant definitions).
It is included solely for completeness and follows readily from Sobolev em-
bedding theorems and the definitions of the Fréchet derivative. Throughout

this section, we use the notation in Section 1.3.1 and define
Z = X3 x R*. (B.1)

The main result of this section is the following lemma, whose proof follows

directly from the proofs of Lemmas B.5 and B.6 below:
Lemma B.1. The map F : Z — Xg’, given by

F(®,11) = —&" + DeW (&;11),

belongs to C®(Z; X3).

In what follows, we denote by £,,(Z, X2) the space of continuous n—linear

maps from Z to X for each n € N, equipped with the norm

Tl zxn = sup  |IT(h)|x, = sup T (h1, ha, ooy ) L,
he(BZ(0,1))" hi,ha,...hn€BZ(0,1)

Also, we write Lo(Z, X2) = Xo.

Lemma B.2. Let n,m € {0,1,2,...}. Given any two maps F : Z —
Lo(Z,X3) and G : Z — Ln(Z,X2) or G : Z — Ly(Z,R), define the
product of F' and G as the map FG : Z — Lyym(Z, X2) given by

(FG) W)k, 1] = F)KG@],  (w k1) € Z x Z" x Z™.
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B.1 SMOOTHNESS OF THE MAP F FROM FEquation 2.6

Then, if F' and G are differentiable so is FG.

Proof. We will show that if n,m # 0, then the Fréchet derivative of F'G,
d(FG) : Z = Lptm+1 (Z, X2), exists and is given by the following formula
which holds for all (u,k,l) € Z x Z™ x Z™:

A(FC)(w)[h, k1] = dF (u)[h, k)G )] + F(u)[E]dG(w)[h,1]. (B.2)

A slight modification of the argument can be used to show that

d(FG)(u)[h, k] = dF (u)[k, h]G(u) + F(u)[k]dG(u)[h], ifm=0,n#0,
d(FG)(u)[h, k] = dF (u)[h]G(u)[k] + F(u)dG(u)h, k], ifm#0,n=0
d(FG)(u)[h] = dF (u)[h]G(u) + F(u)dG(u)h], if m,n = 0.

To show (B.2), let k = (k1,ka,....,kn) € Z™" and | = (I1,12, ..., 1) € Z™ be

such that k;,l; € BZ(0,1) for i = 1,2,...,n and j = 1,2, ...,m. It suffices to
show that

|FG(u+ h)[k, 1] — FG(u)[k,1] — dF (u)[h, k]G (u)[]
= F(u)[k]dG(u)[h, U[[x, = o(|[h]lz) - (B-3)

To this end, write the left hand side of (B.3) as

LHS = ||F(u+ h)[k] [G(u+ h) — G(u) — dG(u)[A]] I]
+[G(u) + dG ()[R 1] [F(u + h) — F(u) — dF(u)[R] [k]  (B4)
+dG(u)[h, JdF (u) R, k|| x,

and let h € Z be such that ||h||, < 1. We have that,

[ (u + R)[K] [G(u + h) = G(u) — dG(u)[A] 1|,
< C|F(u+h)[F]lx, IG(u+h) = Gu) = dG(u)[A] [I}]| x,
< Cu||[G(u+ h) = Gu) — dG(u)[A] [l]] x,
< Cu||Gu+h) = Gu) — dG(w)[h]l|x, = o ([Pl 2)

(B.5)

Which follows from the fact that | fgllx, < C|flx, llgllx, for some C' >0
independent of f and g, by the continuity of F'(u) for each u € Z and by
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B.1 SMOOTHNESS OF THE MAP F FROM FEquation 2.6

the definition of dG. Similarly, by the continuity of G(u) and of dG(u) for
each u € Z,

I[G(w) + dG(w) [A] [I] [F(u + h) = F(u) = dF(u)[p] [F]]|x,
< C|[G(w) + dG(w)[R]] [l x, [I1F(u+ h) = F(u) = dF(u)[h]} [F]]|x,

< Cu (L+ Rl ) I[F(w+ h) = F(u) — dF(u)[R] [K]l| x, = o (2]l 2) -
(B.6)

Finally,

1dG (u) [, NdF (u) b, K|, < [dG(w)[h, U x, [dF (u)[h, F]]|x,

B.7
< Cullbliz = o(llnll). B

The triangle inequality, along with (B.4) and (B.5), (B.6), and (B.7), implies
that d(F'G) exists and is given by (B.2).

To conclude, we claim that d(FG)(u) € Lptm+1(Z, X2) for each u € Z.

Indeed, note that the m + n + 1-linearity of d(F'G)(u) follows easily from
the linearity properties of G(u), F'(u), dF(u) and dG(u). On the other hand,
let BZ(0,1) = {z € Z: ||2|; < 1} and B = (B%(0,1)) """
u€ 4:

, then, for each

sup |[dF(u)[h, K]G(u)[l]] x,

(hk,)EB
<C sup |[[dF(u)lh,k]llx, |G,
(h,k,1)EB (B.8)
<C sup |[dF(u)lh,k]llx, - sup [[G(u)[l]],
(h,k,1)EB (h,k,1)EB

<C ”dF(U)HLmH(ZXQ) ||G(u)||£n(Z,X2) < 00,

and similarly,

sup HF(u)[k]dG(u)[h,l]HX2 < 0. (B.9)
(hk1)EB

Putting together (B.8) and (B.9), we see that d(FG)(u) is bounded for each
u€ Z. O

Corollary B.3. Let FF € C*(Z,X3) and G € C*(Z, X2) or G € C*(Z,R).
Then, the map

FG:Z — Xs, given by FG(u) = F(u)G(u), for allu € Z,
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is smooth (i.e., FG € C*(Z,X3)).

Proof. Since the sum of two smooth functions is smooth [4], the result fol-

lows by applying Lemma B.2 repeatedly starting with n = m = 0. O

Lemma B.4. Let n € N and FV € C*(Z, X3) for j = 1,2,...,n. Then, the
map F : Z — X5 F(z) = (FY(z), F*(z), ..., F"(z)) belongs to C*(Z, X}).

Proof. Direct computation. O

Lemma B.5. The map DoW : Z — X3, defined by

Ao (92 = 1) @ + Beolo|?
D<I>W(90a URaUI>)\g0a)\07m07/8) = Aa(‘U‘Q_mg)UR+6<p2O'R ;
Ao(lo|? = m2)or + Be?or

belongs to C>(Z, X3) and therefore to C*=(Z, X3).

Proof. Consider the following maps from Z to X3, and label an arbitrary
element of Z as U = (UL, U?,...,U"):

F;:Z — X3, F;(U) = U, for each j =1,2,...,7.

The maps Fj are all in C*°(Z, X5) for j = 1,2,3 and in C*(Z,R) for
Jj =4,5,6,7. Also, the maps 9,W, 0,, W, 0,,W : Z — X can be expressed
as sums of terms, each one being a product of some of the Fj’s, which
appear in such a way that Corollary B.3 can be applied to each of them. We
conclude that the maps 0,W, 05, W, 05, W : Z — X3 belong to C*°(Z, X3).
This fact together with Lemma B.4 allows one to conclude that DgW €
C>®(Z,X3). O

Lemma B.6. The map G : Z — Xg, defined by
G(®9,1I) = -9,

belongs to C®(Z, X3).
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B.2 ADDITIONAL RESULTS

Lemma B.7 (Exponential Decay). Let v : R — R be a non-negative func-
tion such that

v(z) =0, as z — 00,

v"(2) > a?v(z) — De™, for all z > 1,

for some constants a,c,l > 0, and D > 0, where a > c¢. Then, there exists a
constant C' > 0 such that

Ce=%.  if D=0
v(z) < for all z > 0.
Ce=o=,  if D#0,

Proof. We apply a similar argument to that of Proposition 2.4 from section
2.3 of [3]. Let L > [ and w be the solution to w” = a?w — De™ with the
Dirichlet conditions w(l) = v(l) and w(L) = v(L). Then,

v(z) < w(z), for all z € (I, L). (B.10)
To see this, let f := v — w and suppose on the contrary that
f(z) =v(2) —w(z) >0, for some z € (I, L). (B.11)

Since f(I) = f(L) = 0, condition (B.11) would imply that f attains a
maximum value over [l, L] at some z* € (I,L) and therefore f”(z*) < 0.

However, the hypothesis on v implies that
f"=v"—w" >a*v—w] >0, over (I, L),

leading to a contradiction and proving that (B.10) has to hold. Now, a direct

computation shows that

sinh [a (L — 2)]
sinh [a (L — 1)]
sinh [a (z — )]
sinh [a (L — 1)]

w(z) = [v(l) - Eefd]

+ [v(L) — EeF] + Ee™*, for all z € R,
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where £ = D/(a? — ¢%) > 0. As a result, using (B.10) and the fact that

v(z) = 0 as z — oo, we deduce that in the limit L — oo we have that
v(z) < [v(l) - Ee_d} ete™¥ 4 Fe, for all z € [I,0).

In particular, if D = 0, we have that £ = 0 and thus

v(z) < <£[%§] v(w)) el=2) for all z > 0.
Also, if D > 0:
v(z) < Ce %, for all z > 0, (B.12)
where C':= max (v(l)e® + E, (max,¢[o v(2)) e). O

Remark B.8. If a = ¢ and D > 0, we have that

Dle_al} sinh [a (L — z)]
v . ]
+ [U(L) - DLeaL} W + 22&267“2, for all z € [I, L],

from which we deduce that

v(z) < (U(l)eal + 2Dz> e, z€|l,00)

a

and thus

v(z) <C(1+z)e for all z > 0,

al Q)

where C := max ((maxze[ojl} v(z)) e, 2

Lemma B.9. H ~ (tanh, 0) + H'(R;R x C), where H is defined in (2.2).

Proof. Denote H := (tanh,0) + H'(R; R x C).

(C): Let (p,0) € H. Then, 0 € H'(R;C) and it suffices to show that
¢ — tanh € H'(R). To this end, note that the limiting behaviour of ¢
implies that ¢(z) + tanh(x) — £2 as © — 400, and we may therefore fix
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M > 0 such that |p(z) + tanh(z)| > 1 for all |z| > M. For any such M, we
have that

/ (¢ — tanh)? < / (¢? — tanh?)?
|z|>M || >M

<2 [/WM (¥* —1)" + /|x>M (tanh? _1)2] < oo

On the other hand, the Sobolev embedding H'(R) — C%'/2(R) and the
fact that ¢ € H'(R) implies that

/ (¢ — tanh)? < co.
lx|<M

Therefore, (¢ — tanh) € L?(R). Finally, since the first derivatives of ¢ and
of tanh are in L?(R), we conclude that (¢ — tanh) € H'(R).

(D): Let (¢,0) = (tanh +@,0) € H, so that ¢ € H'(R). We want to show
that p(x) — +1 as  — Foo and (¢? — 1) € L?(R). Thanks to the Sobolev
embedding H'(R) < C%'/2(R), we know that ¢ is bounded and @(z) — 0
as |x| — oo. Therefore, using the fact that tanh(z) — +1 as x — +o00, we

readily conclude the desired limiting behaviour of ¢. Also,

©® — 1= @? + 2@ tanh + tanh? —1
= (¢ + 2tanh) ¢ + (tanh® —1) € L*(R),

since (@ + 2tanh) is bounded and @ and (tanh® —1) are in L%(R).
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LAWS OF MOTION:
AUXILTARY RESULTS

C.1 MATRIX ALGEBRA
In what follows, we will repeatedly make use of the following notation for

convenience:

Definition C.1. Let A = [a;;] € R™*™ and B € RP*?. The Kronecker
product of A and B is defined as the block matrix

anB algB alnB
ang CLQQB a9 B

AgB:=| " " e rmenna (C.1)
amlB amQB amnB

We refer the reader to |13, Section 3.6 and Problem 10.39] for a list of many

useful properties of the Kronecker product.

Lemma C.2. Let k € N,v € R¥*! and aq, a9, b1, by € R. Then, the matriz

2a1 Ik xk b1k xk Orx1 Ogx1
A= Ikxk . kak . Ok:><1 0k><1 c RQ(]C+1)><2(]€+1)7 (C.Q)
2 ((Ll — ag) v (bl — bg) v 2a2 bg
01><k Ol><k: 1 0

is diagonalizable and has only real eigenvalues if
A;:=a? +b; >0, fori=1,2. (C.3)

Furthermore, whenever (C.3) is satisfied, a set of linearly independent vec-
(

tors of A is given by (C.5)-(C.6).
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Proof. We write the matrix (C.2) as

. U®Ipxk Okx2
1%4 w )’

where

U— 2a1 b1 ,V: 2(&1—&2)UT (bl—bQ)UT and W = 2a2 b2 ‘
1 0 01><k 01><k 1 0

Using the properties of the Kronecker product ® listed in |13, Section 3.6

and Problem 10.39] and of block triangular matrices, we obtain:

det (A — Mogi1yxo(kes1)) = det(U @ T — Mogxar) det(W — Aox)
— det((U — M) ® Ter) det(W — Alax)
= det(U — M)* det(W — ADL)

k
= {)\2 —2a1\ — b1] {)\2 — 2a2\ — 52]
= A=A = AT = A A= A,
where

AE(@) = a; £ /a2 + b, fori=1,2.

)

The matrix U(®) ® I} has eigenvectors (each of which is a shifted version

of the previous one):

0
A n O(k—1)x1
Ok—1)x1 M AF
—1)X
u:lt,l = 1 ,qu = O(k*l)xl gooe ,’U,it’k = O( 1) s
k—1)x1
1
Ots-11 O(k—2)x1 !

(C4)

which are linearly independent as long as A\, # )\1r (if E = 1, by the above
+

formula means that ufl = (>‘11 )) Additionally, due to the relationship of the
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C.1 MATRIX ALGEBRA 141
entries of V' with those of U and W, a computation shows that the following
is a set of 2k linearly independent vectors of A as long as A\| # )\f:
+
Ui
viy = [ A | Je{L,2,. k) (C.5)
On the other hand, the vectors
O2kx1
vy = %3 (C.6)
1
are also eigenvectors of A which are linearly independent as long as A, # )\;
Therefore, equations (C.5) and (C.6) show that the conditions
A # A and Ay # A (C.7)
are sufficient for A to have 2k + 2 linearly independent eigenvectors, and
thus to be diagonalizable. The conclusion of the theorem follows since the
conditions a? + b; > 0 for i = 1,2 ensure that (C.7) hold and that the
eigenvalues of A are real. O
Lemma C.3. The matriz S°(®) appearing in (C.8) is positive definite
whenever ¢2°(®) < 0 and &;(®) = 0 fori=1,2.
Proof. Write the matrix S°(®) from Equation 3.98 as:
— ATy Okxkn Okxt O ool Opxkn =V Okxn
SO((I)) _ Oknxk €1 ® Ik Oknx1 Oknxn + (708()) 0kn>;k Oknxkn  Oknx1  Oknxn
O1xk 01xkn 0 O1xn -V 01xkn 1 O1xn
Onxk Onxkn Onx1 Onxn Onxk Onxkn Onx1 Onxn
Bo(@) Bi()

Okxk  Okxkn  Okx1 Okxn
Oknxk C2® vl Opnx1 —Co®wv
O1><k lekn 0 len
Opxke —C2® v Onx1 (@)

By ()
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Let k,n € Nand u € R+ he an arbitrary non-zero vector and denote
by e; the jt standard basis vector of RF+DMH) Write u = vy + vy + vg
where vg = Zfﬁf‘l ule;, v = uF2ep, 40, and vy = Z(k+1)(n+1) u'e;.

i=kn+3
Case 1: if vg # 0, then

u?'S%(@)u = u” Bo(®)u + v By(P)u + u’ Ba(P)u
= vf Bo(®)vg + ul By (®)u + ul By(®)u > 0,

which follows since v Byo(®)vy > 0 whenever ¢{°(®) < 0 and ¢ (®) = 0
(given that, for any symmetric square matrix C, we have that C ® I}, = 0
if and only if C' > 0), and since B1(®) + Bo(®) is positive semi-definite by

Lemma C.5.

Case 2: if vg =0, then
u’ S°(®)u = u” Bo(®)u + u? By (®)u + u” By(®)u
= U{BO(@)U:{ -+ U%BQ(‘I))UQ

2
= (uk"+2> + vl vy > 0.

The second line follows from the first because of the structure of the matrices
By(®), B1(®) and Ba(®P). O

Lemma C.4. Let m,n,€ N, A € R™™ and v € R**!, then
(AR v)A=A’®v.

Proof. Let i,j € {1,2,...,m} and k € {1,2,...,n}. Then, denoting the j*
row (resp. column) of a matrix M by M7 (resp. M;) and (correspondingly)
its (i, 7)™ entry by M]’-', we have that:

[(A® ) AT = (A@ ) 4
= (A'vi) 4;
= (A™4)) vy
= (42)
=(A’® 1})§.Z_l)n+lc
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Lemma C.5. The matrices B1(®) and Bo(®) appearing in (C.8) are posi-
tive semi-definite if ¢2°(®) < 0 and ¢;(®) = 0 fori=1,2.

Proof. B1(®) = 0 under the given assumptions, as can be seen by writing

v

Oknxl

B (®) = —-°(®)ww?, where w = )

Onxl

On the other hand, let u € RE+D(™+1) he an arbitrary non-zero vector, p =
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(W1, U425 -5 Upns1)) € RF™ and ¢ = (Up(ns1)42: Uk(na1)435 - - > Ukt 1) (nt1)) €

R”™. Furthermore, let ¢ € R™ be the square root of @ (i.e., ¢ = ¢2). We have
that

P

=p (e®v) (cov)p—2p" (@G ®v)q+q g
[(c@vT)p]' [(cvT)p] — 2T (€@ v)eqg + ¢ ey
[

(6®UT)p—Eq]T [(E@vT)p—éq} >0,

where we have used the fact that (4 ® B)T = AT@BT and (A® B) (C ® D) =

(AC ® BD) for all matrices A, B, C, D of dimensions for which the products
in the second identity are defined (see, e.g., [13]). Additionally, we have used
the fact that ¢ is symmetric throughout and Lemma C.4 in going from the
second to the third line. O

C.2 REGULARITY OF SOLUTIONS TO THE LAWS OF MOTION

Lemma C.6. Let p,r € N, T >0, and
ue C([0,T]; H® (R";R)) N C* ([0, T]; H*~H (R”;R)) (C.8)

for some integer s > r+ 1+ [p/2].
Define St := [0,T] x RP and u : S7 — R wvia u(t,z) := u(t)(x) for each
(t,x) € St. Then,

D30 u € Cy (ST;R) form=0,1 and |a| <r —m. (C.9)
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Proof. Since DO u(t, ) = D0 u(t)(x) for all (¢t,x) € St, we have

| Dz 0" u(t, ©) — D3¢ u(r, y)| < |Dg 0" u(t)(x) — Do u(t)(y)|
+ (D" u(t) — Dyo"w(7)) (y)| . (C.10)

Also, O*u(t) € H* ™ (RP) = Do™u(t) € H* ™ Iel(RP). Therefore,
by the Sobolev embedding H*(RP;R) — Cf*l*[p/m (RP;R) (see e.g., [19,
Lemma 2.1], [7, Corollary 9.13]), we find that the condition s > |a|+m+1+
[p/2] ensures that D0;"u(t) is continuous and bounded for each ¢ € (0,7),

and therefore
| DO u(t)(x) — DSO"u(t)(y)] — 0 as © — y.

Additionally, under this condition on s, we have the following estimate for
the second term on the right hand side of (C.10):

sup (D07 u(t) — Do u(7)) (y)| < C D0 w(t) — D0 w(7)|| a2
S

< C0" u(®) = 0" u() | grs—m »

since 1 + [p/2] + |a] < s — m. Therefore, using the continuity of 9;"u, we
conclude that the second term on the right hand side of (C.10) tends to 0
as t — 7. On the other hand, the boundedness of D$0;"u follows by the
boundedness of DS u(t,-) for each y € [0,T]. Finally, note that since
s > r+ 1+ [p/2] by assumption, then |a| < r — m implies that s >
la] + m + 1+ [p/2], and thus (C.9) follows. O

Lemma C.7 (Regularity of Solutions). Let r € N>o, s > r + [p/2] and
(v,60) be a solution to (3.69) arising from Theorem 3.16 or Theorem 3.22
such that y(t,z) = 3(t)(x) and 0(t,x) = 0(t)(z) for all (t,x) € [0,T] x RP,

where
&ﬁi,aaﬁ_ S S, (avi) € {07 17 7p} X {1’ ""k}’

with
S:=C([0,T); H* (RP))nC* ([0, T]; H*~1 (RP)).

Then, 0,47 € Cf ([0,T] x RP) fori=1,2,...k and a =0, ..., p.
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Proof. In what follows, a, b denote indices running from 0 to p. Also, St :=
[0,T] x RP and we write (t,z) = (t,21...,2p) € ST, Oy := O, Oy, := Oy,, and
D = (0y, 01, ..., Op).

Let i € {1,...,k}. Using s > r + [p/2] together with Lemma C.6 and the
relationship between (v, ) and (7, 0), we see that for a = 0, ..., p:

D20, DO 0,0 € Cy (ST;R), ol <7 —1—m for m =0,1.
(C.11)

In particular, all weak derivatives of 9,7" and 9,6 of order less than or equal
to r — 1 with 1 or less time derivatives have a continuous and bounded
representative for each a € {0,1...,p}. Also, it follows from (C.11) that 9,7
and 0,0 are C} functions, and we conclude that the (continuous) functions

6 and +* are also bounded using the identity

T
flt,2)] < /0 0 (r.2)| dt + (0, 2)|,  te[0T],

for f = 6,~*, and the fact that the regularity of the initial conditions on
and ~* imply that 6(0,-) and ~%(0, -) are bounded.

Let ¢ and cg° be as in (3.78). It follows from the conclusion of Theorem 3.16
or Theorem 3.22 that ¢ and 4’ are bounded and have bounded derivatives
up to certain order whenever the same conditions are met by D+’ and D#.
Now, write

ooy = Z S (Dy, D)y, (C.12a)
(a,)#£(0,0)
0000 = —c§"(Dy, DO) (0°00c7, 0ary) + >, i*(D7, DO)Iapd.  (C.12D)
(a,b)#(0,0)

Let j € {1,...,7r—2} and p be any multiindex of size |u| < r — 2 — j.

We argue using strong induction on j. In particular, starting with 7 = 1,
differentiate (C.12a) with respect to Df 88 to find that the continuity and the
boundedness of the weak derivative DY 88+2'y follows from (C.11). Using this,
the regularity of D’;@é”@ can be deduced by also differentiating (C.12Db)
with respect to D} (98. Thus all weak derivatives of order less than or equal
to r with j + 2 or less time derivatives of ¢ and @ are Cj functions for

each a. Working our way upwards to j = r — 2, we conclude that all weak
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derivatives of 4% and 6 of order 0 to 7 are bounded and continuous, and thus
74,6 € CJ(St) for a=0,1,...,p by Lemma C.8. O

Lemma C.8. Let k,n € N and f € C (R"™). Suppose that f has continuous
weak derivatives of all orders up to and including k. Then, f € CF(R™).

Proof. Case k =1.

Step 1: Let ¢ be a standard mollifer e.g.,

Cexp % x € B1(0)
p(x) = () ,
0 else

and p.(z) = Lo(z/e) for each e > 0 and z € R™. Denote by w; the weak
derivative of f with respect to the x; variable for each i € {1,2,...,n}, and

define g. := g * . for any continuous function g. Note that
L. Oife = (w;),.
2. If g € C(R™), then g. — ¢ uniformly on compact sets.
3. (fl/k):;l is Cauchy in C1(K) for every compact set K C R".
To see why the first item is true, note that
Oife = [ * Oipe = wi * e,

since w; is the weak derivative of f with respect to z;, and p. € C°(R™).

To see why the second item is true, let K C R™ be compact and picke, R > 0
so that supp (¢:) C K C Br(0). Let z € K and write

f@) ~ 1) = [ 1) = 1@ eelo - vy
— [ @)~ S o) el dy,
Br(0)

from which it follows that (since | Br0)? =1);

sup | f(z) — fe(z)| < sup |f(x) — f(z —ey)|.
zeK zeK
yE€BR(0)
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Let F : R? — R be defined by F(x,y) := f(z) — f(z — ey). Then, F is
continuous and we have that
lim sup |f(z)— f(x —ey)] = lim max |F(z,ey)| = F(z,0) =0.

e=0 zek e—=0 z€K
y€BR(0) y€BR(0)

To see why the third item is true, simply write

Hfl/n - fl/chl(K) = 23}% ‘fl/n(x) - fl/m(x)|

+ Z Sub ‘(wi)l/n (@) = (Wi)y jp, ()
i=17€

)

where we have used item 2 to write the second term in the right hand side.
The result then follows by the second item, which implies that ((wi)l / k,) :;1
and (fl/k)zozl are Cauchy in C(K).

Step 2: conclusion. By the first step, there exists a function F € C'(K)
such that f,, — F and (wi)l/n — O;F uniformly on K for each i €
{1,2,...,n}. By item 1 and the uniqueness of limits, we conclude that F' = f
and 0;F = 0;f = w;, for each i € {1,2,...,n}, and thus f € C1(K). Since
the above argument holds for every compact set K C R”, we conclude that
f e CHRM).

Cases k > 1: suppose that the statement holds for some k > 1. Let f be
a function whose weak derivatives of order less than or equal to k + 1 are
continuous. By the induction hypothesis, f € C* (R"). As a result, we have
that D*f € C(R™) for any multiindex a with |a| = k. This, together with
the fact that the weak derivatives of f of order £+ 1 are continuous, implies
that D*f € C'(R") by the argument for the case k = 1. Since the choice of
« was arbitrary, we conclude that f € C*+1(R™). O



APPROXIMATE SOLUTIONS:
AUXILTARY RESULTS

D.1 INDUCTION STEP COMPUTATIONS
Let (T, 0) be any C? solution to Equation 3.35 and k > 1. As before, let

Po[p](y, ¢) := @ (), ¢) , and pr(y) := (0 +eop, 0 + Eak>rehk (y), (D.1)

where 1I,, and ® are as in Equation 2.120 and Theorem 2.3, respectively.

Define

Yy = /e i v, and G == C — hg,

with
O (. C) == 0(y) + ear(y) +e*CLig p,y () (D.2)
Vie(y, €) = Popr](y, ¢) + ePr(y, ),
where ay, hy, and P, change according to
(
Qpy1 = O + ek
hiy1 = hi +€Fh
k+1 k (D.3)

Py = P, + 5P
(a1 =0,h1 =0,P = @ + Py,

and,

o, = S[-G1[I, 0], G1[T, 0] as defined in (4.26),
Oy = G[-G1], G as defined in (4.33).
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Note that
Ops1 = O + "L (e +2C), where 3 = Ig ),
prs1 = pr + TR, + O(M3), where R, = hll(g g, + 21(p o),

Oo[prr1] = Polpr] + " R0, 0[] + O("H?),
Vig1 = Vi + " R,0,®0[p] + 2P + O (3,
Vis1 = €°C x Yy + ¥l /e« (R,0,80[p] + cP) + O (5k+3) ,

Cor1 =C — b — "h = ¢, + "D,
Furthermore,

pr. = p+ehilligg + 2l o) + O(e%) = p+ O(e?)
Vi = ®olp] + @1 + O(?)
O Vg, = €9:/5 % (9 Bo[p] + 7' ®1) + O(?)

Dadi = €™/° (aavk + 20, (olp) + @0 %(z’cln)) +0(%)

AN (8;%0@@0[;)]) + (0ap)0p@0lp] + (0a0) Pa(i®1) + eaa%) +0(%)

. 0,0 . .
a(ayk = ei0r/ < - Ps (ZaC(I)O[p]) + ((9,19) PG(Zag(I)l) =+ (8(19) 6{;0(1)0 [/0]> + 0(5)

8<9k = 52[(6,)%) = 0(83)
9abr = 0ab + €0acur, + €2C0ul g 1y
Bcaaek = 528al<97hk> =0 (63) .

Using the above identities, we obtain the following relations:

e~k WS/ o D W (Viyr (v, Gern ); IT)
= |e7/% x Do W (VisTT) + LR, DEW (@0[p]s T) 9, @0l
+ MR, DGW (@o[p]; 1) [@1, 0pop]] + ¥ 2DEW (Po[p]; 1) P} ‘(y7<k+1) +0("?).
e (Ghn) 2 [(ykﬂ)
- (e’w’“/E X 823@)

+h 2 28, (i0,@1) + O2P],  +O (519).

hk+1]

+ M [28P, (10cDolp]) + R,020,®0lel],,

k+1
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e~ 01) o Hr ()0 Va1, | (9:0)

) [e_ie’“/s X agyk} (Y, Ct1)

FE(<k+1+hk

+ 51 [0, Bo[p] + ISPy (i90lp)) + RolrdpcBolpll, , +O (+5+2)

(D.5)

e~ Ort1(YyChr1)/e O, [(ew’““/s X Vk) :| (y,¢) =

Pi41
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e~ 0k (U:Crt1)/e [_g“b(y, ( [ hk]) — B'(y, 2 ( b [(yk‘)hk]>6kh}

+ 571 [28P, (10 Dolp]) + 29,0y Po (Po[p])]
(Orh) 0:Po[p] + (Ora) Ps (i®op]) + 2119,5Ps (CPo[p])]

e [=(

¥ [2M g ZCacq’o[ 1) + 21 1y Opc Polp]]

[2 CQO[ ]) - 21{ a)Pa (Zaﬂq)(){p])]

[2 Z@Cq>1 + 2I<9 a)P ( )] +0 <6k+1> .
(D.6)

Additionally,
gy, 2) = 0™ (y, & (Cog1 + hw)) + ¥R 8.9 (y,0)
+ P2 (Ckt1 + hi) afg“b(y, 0)+0 (€k+3) ,

(D.7)

By, 2) = B® (y, (Cowt + i) + 7108, Bb (y,0) + O (Ek+2> ,

Hy,(y) = Hr + e hllp + O (52k+2) :

e(Chg1thr)

It follows that (D.5) and (D.6) may be rewritten as

e~ 0r+1(Y:Crt1) Hr_(y)0, [(ykﬂ)hm} (y,¢)

= Hr ( ) [671’9’“/6 X 3(3’4 (Y, Ckt1)

e(Crr1thp

+ M [RIROc @op] + Ir BP (i®0[p]) + RpIrdpc o [Pl +O (6k+2)

and

e~ Ort1(Y:Chr1)/e Or, [(eiOkH/E X (Vk + €k+1Rp8p(I)o[p] + 5k+2p)>h ] (y,¢) =
k+1

e~ 0k (Y:Chi1)/e Op ) [(yk)hk] (Y, Crt1)

e(Chq1thr
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+ {gkfl [2/BPU (Zac(po[p]) + Rp'PU ((DQ[,O]) + Rpppa (8,0(1)0[/)])]

+e"h [ g 9y Py (®1) + Mo Py (iP0[p]) — 21y Por (i0,P0]p)])]
+ ¥Rl g g, Por (CPo[p])
[R IDQP (28 CI)[)[ ]) — Rpf<97p>770 (Z@i‘bo[p])]

[ 2119, g, Po (10,%0[p]) +p770(P)]

e [~ (@rh) 34%[ | + (Ora) Py (i®olp]) + 21,5 Po ((Po[p])]
ek [2Lp z§84<1’0[ 1) + 21, 1y Opc Po ]

[2H< s (CPo[p]) — 21, 0y Po (i0,P0[p]) ]

[257% (0;01) + 2L g Po (@1)] | (5,0) +0 (1)

k+1

Putting all the above formulas together:

e” O Gka)/e o §u:0) [(yk+1)hk+1:| (y,0)

i 1 1 1
—e 9k+1(y,Ck+1)/€D<{€2Dq>W ((yk—&-l)hkﬂ ;H) + [6282 + ngzag + Dpz} (yk+1)hk+1} (y,¢)

1

. 1
—¢ Ok(yaCk-&-l)/Ep({gQ |:—8g (yk)hk + DWW ((yk)hk,H):| —i-gHF ( 6< (yk)hk

e(Cpy1t+hy)

0o [ } (4:)

ekh

+{ R, [~020,%0(p] + pPs (9,%0(p]) + DIW (Doo]; T1) 0[] + P (@o[o])]

" [~2BP5 (i0®1) — OFP + hlIpd o p] + IrBP, (i®o[p]) + R Ipa@cpo[ 1]

+ ¥ {R,DRW (®o[p]; IT) [@1, 9,0 [p]] + D3 W (®op); IT) P}
+e¥h [ILig.9yPor (B1) + Mg Py (i®0]p]) — 2 ) Por (i0,P0[p]) + Mg, Por ((Rolp))]
+e* [Ry, (Ime) Po (i0,%0p]) — Rplig.p)Po (105%0(p]) — 2119 g, Po (i0,P0[p]) + pPs(P)]
+ ¥ 219 4y Py (i€ P [p]) + 21 1y Opc Po [p]]
" [211p, o) Po (CPop]) — 21 0y Por (i10,P0[p])]
o [26P5 (10c21) + 2Ly Po ()] |, (0,0

Cleaning up:

e~ Ort1(YChr1)/e Sf [(yk+1)hk+1} (v,¢)

— i Gi)/e o GF [(yk)hk} (y.¢ —<"h)

z=€(Ck+1+h)
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+R L (Bolpl(y, )i o)) [Py, ) (Gera)

+ ] — (@Orh) 0 @olp] + (Cra) Py (i@0[p]) + 21155 Po (o))

— 21 r,)Po (23 Po[p]) + BIr Py (i®op]) + Ry [Po (21) + (Iog) Po (i0,Po[p])]
+ R, { DgW (Do[p]; IT) [@1, 8o [p]] — L16,0)Po (i05@0]p]) + Irde,Polp] }

+ h [IoePs (2‘1’0 [p]) — 2Ig ) Po (i0,%0[p]) + W g6, Py (CDo[p]) + LrdePolp]]
+ 209 5y Po (i€0c Polp]) + 21y nyOpc Polp] + 21 (g 0y Por ((Polp])

— 20,0 Po (i0,%0lp]) | (1.0 + 0 (F4).

k+1

Finally, note that
Lig ) = (0"66°0) Qush + X0y
Lo, =2 (aaeabe) Dapr + 2X 0400 + BLg gy + hg**0a00, (L 4)) ,

where X := ¢*9,6 [(&,gc‘i) 0.0 + ngﬁbCQ] . Using this, in summary we have
that

e~ Ort1(YCer1)/e Sf [(ykﬂ)hkﬂ} (y,0)

= & [ @l M) [P+ Gl 6] +0 ()

(Y,Crt1)

where
Glh, o] (y,¢) = [gabagqm +2 (aaaabe)) P, (gcpo)] Buph
- [gabpc, (ido) + 2 (aaeabe) Py (z'ap%)] Dupr

+ Ek;(ya C) +9 [h,Oé] (ya C)a

with Ej(y, ¢) being the portion of order e* of

(y.¢ — "), (D.8)

z2=€(Cr41+hK

and

D [h, o] (y,¢) == 2X? (04h) Py ((Polp])
— [4X % (0400) + 2BLg.9) + 2hg™ 0200, (]1<9,9>)] P (i10,Pop])
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— B (9ph) c®o[p] + B (9p) Py (i0[p]) + BIrPs (i®o[p])

+ Ro{Pa (®1) + DYW (0ol 1) [#1, 0,0l

+ (100) Py (0, @0lp)) = Lig,p)Pr (i070lp]) + 1rdcy ool }

+ h{ﬂmepo (i%o[p]) — 29,y Por (i0,Po[p]) + Mg,6)Po (CPo[p])
+ T @olp] } + 2 1y P (1CORolp]) + 21 1 OpcPol]

+ 219,y Po (CPo[p]) — 21y 0)Po (10,P0[p]) -

For the sake of clarity, we write (D.8) more explicitly:
(ya C - 5kh‘) =

SF 10y /e V;
c [(e a k)hk] z=€(Ck+1+hkK)

52[ 82(“’“5%1@) (y, ¢ — £Fh) +D¢W< “’k/ka h (y, ¢ — ¥ )H)]

1 Z@k/E
+5HQMHMH[ ( xw)m (y,¢ — *h

10y /e _
a((k+1+hk)( r NVk)h (y, ¢ e h).

In the above expression:
DaW ((ew’“/a ” Vk) (y,¢ — 5’%);1‘[)
h
= DoW (MmN Vi (y, ¢ — By — " )s )
= Dy W ((e”w <) (o <>;H> .
hit1

DFE(<k+1+hk> (ez’ek/s X Vk>hk (y,¢ —€Fh)

— [_1&1 { —la(y, )" (y, 2)0, <ei0’“/€ X Vk>hk (%C)H

—lg(y, 2)] z=€(Ck+1+h)
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D.2 SOLUTIONS TO Fquation 4.41

Lemma D.1. Let p € N>y and T' > 0, and consider the following linear
system for the functions h,a : [0,T) x RP — R:

C0uph + M{Ouh + mih + N{Oua + nia = Fy, in (0,T) x RP
C8pa + M§Dyh + mah + N§Oua + nga = Fy, in (0,T) x RP (D.9)
(h, o, Oyyh, Oyyx) = 0, on {0} x RP,

where C’J‘?b are given by (3.67), and M2, N¢, my,ni for k = 1,2 and a =

0,1,---,p are given functions.

Suppose that for all k € {1,2}, a,b € {0,1,2,...,p}, and i,5 € {1,2,...,p}:
1. M, N}, my, ng, Fp, Cg? € Cp° (10,T] x RP).

2. There is a constant ¢ > 0 such that C,go < —c and Cy, = cI uniformly
over [0, T] x RP. Here C}, is the RP*P-valued map given by 6;5 = C,ij
(i.e., just as in Theorem 3.22).

Then, Equation D.9 accepts a unique solution (h,a) of class Cp°([0,T) xRP).

Proof. Let

v::[h o Vh Va|

(ék)ZJ = Cijv 1,J € {Ov T 7p}
07 1i .
QC{C] Ck] le]
7‘7 : 0
o,

Then, the system (D.9) can be expressed as the first order system

SS9,V + SPHV = F, over [0,T) x RP

(D.10)
V(0,z) =0, z € RP,

where a runs from 0 to p, and

SV = diag {17 L, _C?Ov C_'b _CS[)? C_’Q} )
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Sa = dlag{0707 _Cl,aa_CZ,a}7 a = 0717"' D
0 0 el 01xp
0 0  Oixp el
mi1 N MlT NlT
1 Opx2(p+2)
Sp-l— = p D ,
mo N9 MQT NQT
Opx2(p+2)
T

F:=101x2 Fi Oixp Fp O1xp

The conditions on C,‘jb listed in the hypotheses of the theorem imply that S°
is symmetric and uniformly positive definite. Moreover, S* is everywhere
symmetric for all & = 0,1, ...,p and uniformly bounded as a result of the
uniform boundedness of C,?b for k=1,2 and a,b=0,1, ..., p. The existence
of a unique smooth solution (h,a) to (D.9) then follows from the proof of
[31, Corollary 7.10].

The boundedness of (h,«) and of their derivatives follows from the unique-
ness/finite speed of propagation and energy estimates associated to (D.10)
(see e.g., [31, Proposition 7.7 and Lemma 7.5]). In particular, |31, Propo-
sition 7.7] guarantees the existence of a number sy, which depends on the
lower bound on S? and the upper bounds on S* for i = 1,2, ..., p, such that
if Fin (D.10) vanishes in the set

Crazo ={(t,z) € [0,T] xRP : 2 € By_gt(z0)}, (20 € RP),

then any C! solution V' of (D.10) vanishes in C, 5, as well. Consequently, we
say that the system (D.10) has finite speed of propagation no bigger than
50.

Fix one such admissible value sy for (D.10) and xg € RP. Also, let r > T'sy,
and let ¢, € C2°(R™) be such that ¢,(z) =1 for x € B,(xg) and ¢,(x) =0
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for x € RP\ By, (z¢). Define F,.(t,z) := ¢,(z)F(t,z) and consider the unique
T
solution V, = |h, «, Vh, Va,| tothe problem

S49,V + SPHV = F,.,  over (0,T) x RP
V(0,z) =0, x € RP,

(D.11)

which is known to exist due to [31, Theorem 7.9 or Corollary 7.10]. Since F,
and F coincide in C,, it follows by the finite speed of propagation of (D.10)
that the difference V' — V. vanishes in C,. Additionally, for each [ € N, |31,
Lemma 7.5] implies the existence of a constant k;, depending on the size of
the coefficients S® (and of their derivatives) and 7', such that for m =0, 1:

T
SWH@%Mﬁﬂ%MJWWMSM/Hﬂﬁﬂmwww(Dm
te[0,7 0

As a result, since F' € Cp°([0,7] x RP) and F,. has compact support, we
have that

sup |[(9;"he (L, ), 0" ar (t, )| ey < K1 leN,m=0,1, (D.13)
te[0,T
for some K; which depends on the size of S, F' (and of their derivatives)

and on T, but is independent of xy. On the other hand, using the fact that

C90. C < —§ uniformly on [0, 7] x RP, we may rewrite (D.11) as

(Fr)l Fr)2

and  — 9, = Lo[V,] + (

—0%h, = L1[V,] + —= : D.14
t 1[ ] ‘C?O‘ ‘C?O| ( )
where

Li[V,] == — (M§84hy + mjhy + NjOgar + njey)  j=1,2.

Consequently, thanks to the Sobolev embedding H' (RP;R) — CF (RP;R)
for I > k + [p/2] + 2, the bound (D.13) with { > [p/2] + 4 (i.e., the case
k = 2) together with Equation D.14 and the boundedness of the coefficients
therein, it follows that 82 h, and 8,?0@ are bounded with bounds independent
of xg. For any other k € N, proceeding inductively in a similar fashion
using (D.12) with I > [p/2] + 2 + k, the boundedness of the coefficients
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in Equation D.14, and successive differentiation of Equation D.14, yield

By, a, € CE([0,T) x RP) with bounds independent of z¢. Finally, recall that

h = h, and a = a, in Cy 4, and that zop € RP was fixed but arbitrary.

Therefore, since any (t,z) € [0,T] x RP lies on C, 4, for some zg € RP and
the bounds mentioned above are independent of the choice of xg, the above
argument implies that h,a € C;°([0,7] x RP). O
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