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We examine various aspects of the Superconducting Interface Model

□φ+
1

ε2
[
λφ(φ

2 − 1) + β|σ|2
]
φ = 0, in (0, T )× Rn,

□σ +
1

ε2
[
λσ(|σ|2 −m2

σ) + βφ2
]
σ = 0, in (0, T )× Rn,

for 0 < ε ≪ 1, for certain choices of positive parameters (λφ, λσ,mσ, β),

and with (φ, σ) taking values in R × C. This model was introduced by

Kyle Thompson in [34], who considers equivariant solutions with n = 2

and proves, modulo a spectral assumption, the existence of solutions such

that φ ≈ +1 or φ ≈ −1 except in a transition layer of thickness O(ε)

around a hypersurface Γ, while σ is exponentially small except near Γ. In

this context, σ is interpreted as carrying a superconducting current confined

to the transition layer around Γ. Moreover, as a result of the equivariant

assumption, Γ is required to be a surface traced by a circle whose radius

varies in time. A main contribution of [34] is to derive the laws of motion,

in the form of an ODE, according to which the geometry of Γ changes due

to the flow of current within Γ, in the limit ε→ 0.
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In this thesis, we extend these results in several ways. First, we carry out a

careful analysis of the static 1-dimensional superconducting interface model,

including a proof of the spectral condition assumed in [34] for a range of

the model parameters. This completes the rigorous derivation of the laws

of motion in the 2-dimensional equivariant case. Additionally, in arbitrary

dimensions and without any symmetry assumptions, we provide a rigorous

construction of approximate solutions of arbitrary order for the supercon-

ducting interface model, yielding a formal derivation of the laws of motion

for a superconducting interface in full generality. Finally, we prove the well-

posedness for smooth data of these laws of motion for a suitable choice of

gauge.
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1
INTRODUCTION

The present work is devoted to the study of the Superconducting Interface
Model introduced by Kyle Thompson in [34] under less restrictive assump-
tions than the ones adopted therein. This model may be understood as a
reduction of the Superconducting String Model introduced by Edward Wit-
ten in 1985 [35], which describes the behaviour of cosmic strings carrying
a superconducting current. The end goal of the thesis is twofold and can
be understood as the analysis of two systems of second order PDEs of hy-
perbolic character. The first system of equations (see Equation 1.7) arises
naturally from the Lagrangian formulation of superconducting interfaces
(higher dimensional analogues of superconducting strings) inspired by Wit-
ten’s counterpart for superconducting strings, while the second system of
equations (see Equation 1.26) describes the dynamics of these interfaces and
of the electric current concentrated on them.

1.1 background and problem statement

In what follows, an arbitrary element of R1+n (1+n dimensional spacetime)
is represented by (t, x) = (t, x1, x2, ..., xn). For conciseness, we write ∂0 (or
∂t) and ∂i = ∂xi for i = 1, 2, ..., n, to represent the partial derivatives with
respect to the time variable and with respect to the ith spatial variable,
respectively. Also, unless otherwise specified, greek indices α, β, ... run from
0 to n and latin indices i, j, ... run from 1 to n. Furthermore, we use η =

(ηαβ)
n
α,β=0 = (ηαβ)nα,β=0 := diag(−1, 1, 1, 1..., 1) to denote the canonical

matrix representation of the Minkowski metric and its inverse on R1+n, and
denote its associated bilinear form defined for (v, w) ∈ R1+n × R1+n by
⟨v, w⟩m := vT ηw.

Witten’s model describes the behaviour of cosmic strings carrying a su-
perconducting current. It can be described via the following Lagrangian
defined in terms of the two complex-valued fields φ : R1+3 → C (the

1



1.1 background and problem statement 2

Higgs field) and σ : R1+3 → C (the current carrying field), the gauge fields
Aφ, Aσ : R1+3 → R4 associated to φ and σ, respectively, and the parameters
Π = (λφ, λσ,mσ, β) ∈ (0,∞)4:

LsΠ[φ, σ,Aφ, Aσ] := K(φ, σ,Aφ, Aσ) +W (φ, σ; Π) (1.1)

with

K(φ, σ,Aφ, Aσ) =
1

2
(Dφ,αφ,D

α
φφ) +

1

2
(Dσ,ασ,D

α
σσ) +

1

4
Fφ,αβF

αβ
φ +

1

4
Fσ,αβF

αβ
σ ,

W (φ, σ; Π) =
λφ

4

(
|φ|2 − 1

)2
+
λσ

4

(
|σ|2 − 2m2

σ

)
|σ|2 + β

2
|φ|2|σ|2,

(1.2)

where, for α, β = 0, 1, 2, 3 :

• Fφ,αβ := ∂αAφ,β − ∂βAφ,α and Fσ,αβ := ∂αAσ,β − ∂βAσ,α.

• Indices are raised and lowered using the Minkowski metric η, so that
e.g., Fαβφ = ηαγηβδFφ,γδ.

• Dφ,α := ∂α−iqφAφ,α and Dσ,α := ∂α−iqσAσ,α, where the parameters
qφ, qσ ∈ R are called the gauge couplings of φ and of σ, respectively.

• (v, w) = Re(vw̄) = Re(v̄w) = vRwR + vIwI , for all v = (vR, vI), w =

(wR, wI) ∈ C.

In this model, we interpret the gauge potential Aσ as generating an electro-
magnetic field and σ as carrying an electric current. We define

j(σ,Aσ) := (iσ,Dσ,ασ)dx
α = current 1-form associated to (σ,Aσ). (1.3)

Roughly speaking, the role of φ is to form an interface, within which (we
will see) the current is mostly confined. In a moment we will discard Aσ,
and then we will write simply j(σ).

The Superconducting Interface Model is obtained from the Superconducting
String Model, (1.1), by making two assumptions:

1. The fields φ and σ are decoupled from their respective gauge fields
(i.e., qφ = qσ = 0). In particular, this implies that there is no inter-
action between the electromagnetic field induced by σ and any other
electromagnetic fields in the ambient space. This condition is referred
to as the neutral interface case, making reference to the analogous
concept of neutral superconducting strings [26].
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2. The Higgs field φ is assumed to be real-valued. This change results in
there being an interface (co-dimension 1 submanifold) instead a string
(co-dimension 2 submanifold). This can be interpreted as a result in
the change of symmetry of φ from U(1) to the discrete symmetry
corresponding to changes in sign.

Applying the above assumptions to (1.1), we obtain the Lagragian for the
Superconducting Interface Model:

LΠ[φ, σ] :=
1

2
[∂αφ∂αφ+ (∂ασ, ∂ασ)] +W (φ, σ; Π)

=
1

2

[
− (∂tφ)

2
+ |∇xφ|2 − (∂tσ, ∂tσ) + |∇xσR|2 + |∇xσI |2

]
+W (φ, σ; Π).

(1.4)

We consider the 4-parameter family of action functionals associated to (1.4)
with an arbitrary number of spatial dimensions n ≥ 2:

AΠ[φ, σ] :=

∫
R1+n

{
1

2
[∂αφ∂αφ+ (∂ασ, ∂ασ)] +W (φ, σ; Π)

}
dx dt, (1.5)

where α now runs from 0 to n and dt dx represents the standard Lebesgue
measure on R1+n. We also introduce a (small) scaling parameter ε > 0 and
consider the ε-weighted Lagrangian version of (1.5):

AΠ,ε[φ, σ] :=

∫
R1+n

{
ε

2
[∂αφ∂αφ+ (∂ασ, ∂ασ)] +

1

ε
W (φ, σ; Π)

}
dx dt. (1.6)

As we will see, the scaling parameter ε represents the thickness of the region
around the interface of φ in which the current carrying field σ is confined.

From now on, we will focus solely on AΠ,ε, and more precisely on its Euler-
Lagrange equations, which can be compactly written as

□φ+
1

ε2
∂φW (φ, σ; Π) = 0, in R1+n,

□σ +
1

ε2
∂σW (φ, σ; Π) = 0, in R1+n,

(1.7)

where □ := ∂20−∆x denotes the wave operator (with ∆x = ∂21+∂
2
2+ ...+∂

2
n)

and ∂σW is the vector whose entries are the derivatives of W with respect
to the real and imaginary parts of σ. More specifically,(

∂φW (φ, σ; Π)

∂σW (φ, σ; Π)

)
=

( [
λφ(φ

2 − 1) + β|σ|2
]
φ

[λσ(|σ|2 −m2
σ) + βφ2]σ

)
.
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Identifying σ with (σR, σI), where σR and σI are the real and imaginary

parts of σ, respectively, and writing Φ := (φ, σR, σI) and DΦW :=

(
∂φW

∂σW

)
,

(1.7) can be written concisely as

□Φ+
1

ε2
DΦW (Φ;Π) = 0, in R1+n. (1.8)

It is clear that the constant functions Φ± ≡ (±1, 0) are solutions to (1.8).
Motivated by the underlying physical model, we shall be interested in solu-
tions Φ = (φ, σ) to (1.8) that exhibit a sharp transition from one of these
stationary solutions to the other. Particularly, we will be interested in the
scenario where (φ, σ) are smooth solutions defined over (0, T )×Rn for some
T > 0, and the domain can be partitioned as

(0, T )× Rn = Ω+ ∪ Γ ∪ Ω−,

where Γ is a timelike smooth hypersurface and Ω− and Ω+ are open and con-
nected disjoint regions with respect to which φ and σ present the following
behaviour:

φ ≈ I and |σ| is strictly positive and concentrated

in an ε-neighbourhood of Γ,
(1.9)

with

I(t, x) :=

+1, (t, x) ∈ Ω−

−1, (t, x) ∈ Ω+.
(1.10)

Additionally, we will restrict most of our discussion to a particular scaling
regime for which there is an ε-independent interaction between Γ and the
leading order phase of σ. To present this choice of scaling and illustrate
what motivates it, it is instrumental to introduce coordinates adapted to Γ.
In particular, let ψ : (0, T )× Rn−1 → Γ ⊂ (0, T )× Rn be local coordinates
for Γ, and ν be a smooth Minkowski unit normal vector field to Γ (i.e.,
⟨ν, ν⟩m ≡ 1 and ⟨ν(p), τ⟩m for all τ ∈ TpΓ and all p ∈ Γ). Furthermore,
assume the existence of a neighbourhood N of Γ containing Im(ψ) in which



1.1 background and problem statement 5

we can project uniquely each point (t, x) ∈ N onto Γ in the Minkowski
sense, i.e.,

(t, x) = Ψ(y, z) := ψ(y) + zν(y) for all (t, x) ∈ N . (1.11)

We call (y, z) Fermi coordinates adapted to Γ (see Section 3.1 for more
details). Now, consider the case where Γ is a flat timelike hypersurface, say
Γ = {xn = 0}. In this case, writing x = (x̄, xn) ∈ Rn−1 × R, we can simply
set ν ≡ (0, ..., 0, 1) ∈ R1+n, y = (t, x̄) and z = xn. We start by considering
solutions of the form (

φ(t, x)

σ(t, x)

)
=

(
φ0(z/ϵ)

eiα(y)/εσ0(z/ϵ)

)
, (1.12)

where α : Rn → R is a linear function and φ0, σ0 are real valued. Plugging
in (1.12) into Equation 1.7 results in the following system of ODEs

− φ′′
0 + ∂φW (φ0, σ0; Π) = 0, in R

− σ′′0 + ∂σW (φ0, σ0; Π) + pσ0 = 0, in R,
(1.13)

where p := − (∂tα)
2 + |Dx̄α|2 = ⟨∇yα,∇yα⟩m may be interpreted as the

squared "Minkowski length" of the tangential gradient of α along Γ. It then
follows that the presence of the phase α/ε in σ induces a virtual change in
the parameters Π, in the sense that Equation 1.13 can be expressed as1

−Φ′′
0 +DΦW (Φ0; Πp) = 0 in R, (1.15)

where Φ0 = (φ0, σ0) and

Πp :=

(
λφ, λσ,

√
m2
σ −

p

λσ
, β

)
, for some p ∈ (−∞, λσm

2
σ). (1.16)

Note that Equation 1.15 are the Euler-Lagrange equations of the functional
A1d

Π [φ, σ] for Π = Πp and σ real-valued, where

A1d
Π (φ, σ) :=

∫
R

{
1

2

[
φ′2(z) + |σ′|2(z)

]
+W (φ(z), σ(z); Π)

}
dz, (1.17)

1 Indeed, a direct computation shows that

W (Φ;Πp) =W (Φ;Π) +
p

2
|σ|2, DΦW (Φ;Πp) = DΦW (Φ;Π) + pPσ(Φ). (1.14)
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whose natural domain of definition is

H := (tanh, 0 + i0) +H1(R;R)×H1(R;C). (1.18)

In particular, any minimizer (φΠp , σΠp) of A1d
Πp

over H satisfying (1.9) is a
solution to (1.8) with the desired characteristics for the case Γ = {xn = 0}
and ⟨∇yα,∇yα⟩m ≡ p. For such a solution, the current 1-form defined in
(1.3) becomes

j(σ) =
1

ε
σ2Πp

(z
ε

)
dα.

which is tangent to the interface {z = 0} and is concentrated in an ε-
neighbourhood of the interface.

Next, consider the case where Γ is unknown and not necessarily flat. Moti-
vated by the results corresponding to the case Γ = {z = 0}, we consider the
ansatz(

φ(t, x)

σ(t, x)

)
=

(
φ0(y, z/ε)

eiθ(y)/ε σ0(y, z/ε)

)
, (t, x) = Ψ(y, z) ∈ N , (1.19)

where (φ0, σ0) ∈ H and θ is a smooth real-valued function. Plugging in the
ansatz in (1.19) into the functional AΠ,ε and making a change of coordinates,
we find that (see Section 3.2 for more details)

AΠ,ε[φ, σ] =

∫
Γ
A1d

Πρ(y)
[φ0(y, ·), σ0(y, ·)]

√
−det(g(y)) dy︸ ︷︷ ︸

A0[φ0,σ0,Γ,θ0]

+O(ε), (1.20)

where g is the metric tensor induced by the Minkowski inner product ⟨·, ·⟩m
on Γ, and ρ is the squared “Minkowski length" of the tangential gradient of θ
along Γ. More specifically, gab(y) := ⟨∂aψ(y), ∂bψ(y)⟩m for a, b = 0, ..., n− 1

and ρ(y) := ⟨∇Γθ(y),∇Γθ(y)⟩m, where ∇Γθ(y) is the tangential gradient of
θ along Γ (see Definition 3.9). From this perspective, we are interested in
configurations for which the ε-independent portion of AΠ,ε[φ, σ] (the first
term in the right hand side of (1.20)) are critical. In other words,

(φ0, σ0, θ0,Γ) should be a critical point of A0[φ0, σ0,Γ, θ]. (1.21)
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One way to realize the heuristics in (1.21) is to chose φ0 and σ0 so that2

(φ0(y, ·), σ0(y, ·)) minimizes A1d
Πρ(y)

, for each y ∈ Γ. (1.22)

Provided that we can solve this minimization problem, the pair (φ0, σ0)

depends on y only through the value of ρ(y), which in turn depends solely
on Γ and θ. Furthermore, if the pair (φ0(p, ·), σ0(p, ·)) is unique for each
possible value of p ∈ Im(ρ), we may define the function

µΠ : Im(ρ) → (0,∞), µΠ(p) := A1d
Πp

(φ0(p, ·), σ0(p, ·)), (1.23)

so that µΠ(p) is minimum value of the energy A1d
Πp

over H. Upon making
this choice for (φ0, σ0), the functional A0 depends only on the pair (Γ, θ),
and we are led to the following natural choice for (Γ, θ):

(Γ, θ) is a critical point of Σ[Γ, θ] :=

∫
Γ
µΠ(ρ) dλ, (1.24)

where dλ represents integration against the area measure associated with
⟨·, ·⟩m. We stress the fact that the choices (1.22) and (1.24) are a result of
the particular scaling presented in (1.19). In particular, 1/ε is the scaling
on θ, phase of σ, which results in a non-trivial interaction between Γ and θ.

Motivated by the formal discussion above, we formulate the problem state-
ment in terms of two objects of study:

1. The existence of admissible (Γ, θ) pairs according to (1.24) and the
timelike condition on Γ.

2. The construction of solutions (φ, σ) to (1.7) which, given an admissible
pair (Γ, θ), satisfy (1.9) are of the form

Φ(t, x) =

[
φ0 (y, z/ε)

ei
θ(y)
ε σ0 (y, z/ε)

]
+O(ε), (t, x) = Ψ(y, z) ∈ N0, (1.25)

inside a neighbourhood N0 ⊂ N of Γ, where (φ0, σ0) are the functions
defined via (1.22).

2 Hereafter, we use the abuse of notation y ∈ Γ to mean that ψ(y) ∈ Γ for convenience.
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Description of Main Results

The main contributions of this thesis can be summarized as follows: 1) we
provide a thorough analysis of (1.15), which represents the stationary one-
dimensional problem corresponding to (1.8); 2) we provide affirmative re-
sults about the existence of admissible (Γ, θ) pairs according to the criterion
in (1.24); and 3) we make substantial progress in proving the existence of the
target solutions described in (1.25) by providing a construction of approxi-
mate solutions to (1.8) of arbitrary precision with the same characteristics.

In regards to the (1.15), our first main contribution is proving the existence
of an open set of admissible parameters, O ⊂ (0,∞)4, over which we can
define a smooth map

Φ : O × R → R× C,

such that, for each Π ∈ O, (φ, σ, 0) = Φ(Π, ·) is the unique minimizer
of A1d

Π over H showcasing numerous desirable properties, including those
mentioned in (1.9) with the magnitude of (φ(z) − sign(z), σ(z), 0) and of
its derivatives decaying to 0 exponentially as |z| → ∞ (see Theorem 2.3).
Another important property of Φ(Π, ·) is its non-degeneracy (see Defini-
tion 2.2), a technical condition essential for the construction of dynamical
approximate solutions of Equation 1.8. We note that these results provide
the missing details for a full verification of the equivariant case where n = 2

studied in [34]. Additionally, we prove some useful properties of the map µΠ
from (1.23) (see Lemma 2.29), and address the invertibility of the operator
L(Φ;Π) : H2(R;R× C) → L2(R;R× C) given by

L(Φ;Π)[V ] := −V ′′ +D2
ΦW (Φ(Π, ·); Π)V,

obtained by linearizing the operator in (1.15) about Φ(Π, ·) (see Theo-
rem 2.4).

Next, we address the problem posed by the requirement in (1.24). As sug-
gested by the heuristics from the previous section, the Euler-Lagrange equa-
tions corresponding to Σ[Γ, θ] represent the natural/correct laws of motion
governing the dynamics of admissible interface/current pairs. These laws of
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motion can be succinctly expressed as the following second order quasilin-
ear3 system of PDEs:H⃗Γ = −f1(ρ)I⃗I(∇Γθ,∇Γθ)

□Γθ =
1
2f2(ρ) ⟨∇Γρ,∇Γθ⟩m ,

(1.26)

where

• H⃗Γ is the mean curvature vector of Γ (see (3.55))

• I⃗I is the second fundamental form of Γ (see (3.56))

• □Γ is the Laplace-Beltrami operator defined on Γ (see (3.26))

• ∇Γu is the tangential gradient of u ∈ C1(Γ) along Γ (see (3.28))

• ρ = ⟨∇Γθ,∇Γθ⟩m, where ⟨u, v⟩m = uivjηij is the Minkowski product
of u, v ∈ R1+n.

• f1(ρ) = −2 d
dρ log [µΠ(ρ)] and f2(ρ) = 2 d

dρ log (µ
′
Π(ρ)), where µΠ is

given by (1.23).

The second main goal of this thesis is to establish the local well-posedness
of the system in Equation 1.26 for arbitrary n ∈ N≥2 subject to suitable
initial conditions on (Γ, θ) linked to the timelike character of Γ and the
smallness of ρ. Our first result in this direction, Theorem 3.16, asserts that a
(uniform) timelike condition on the submanifold Γ0 := Γ∩{(0, x) : x ∈ Rn}
and a smallness condition on the initial value of ρ (see (3.73)) guarantee
the existence of T > 0 (whose value depends on these initial conditions)
for which Equation 1.26 admits solutions where Γ is the graph of a map
γ : [0, T ]× R → Rn−1.

Our second result, Theorem 3.22, provides a generalized version of Theo-
rem 3.16 that applies to interfaces Γ of arbitrary codimension k ∈ N<n
under stricter conditions on the initial data (compare (3.73) to (3.92)). In
particular, in addition to ρ being small, in this case the initial data are
required to satisfy the following Lorentzian condition for some λ ∈ (0, 1):

Cabj := gab + fj(ρ)∂
aθ∂bθ ∈ Cp,λ, j = 1, 2 and a, b = 0, ..., 1 + p,

(1.27)

3 The fact that this system is quasilinear is more easily seen by writing (1.26) in coordinates,
see Lemma 3.12.
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where
(
gab
)1+p
a,b=0

is the inverse of the metric on Γ induced by the Minkowski
metric on R1+n (see Section 3.1), ∂aθ := gab∂bθ, and Cp,λ is the set p × p

matrices with real entries which are canonical Lorentzian with bound λ (see
Definition 3.21). Under the initial conditions on (Γ, θ) above, it is concluded
that there exists T > 0 for which Equation 1.26 admits solutions where Γ

is the graph of a map γ : [0, T ]× Rp → Rk, where p = n− k.

In both Theorem 3.16 and Theorem 3.22, the solutions, expressed in terms
of the coordinates ψ of the form (3.66) for Γ and the function θ, exhibit the
following regularity4 provided the initial data is of type Hs:

θ ∈ Crb ([0, T ]× Rp;R) , γ ∈ Crb
(
[0, T ]× Rp;Rn−p

)
, (1.28)

whenever s ≥ r + 1 + [p/2], with [x] := the integer part of x ∈ R. The
idea behind the proofs of these theorems consists in exploiting the structure
of Equation 1.26, under the assumption that Γ is the graph of a function,
to express them as a symmetric hyperbolic system of PDEs whose well-
posedness is revealed thanks to the results from [19].

Our last result (see Theorem 4.2) is the construction of a sequence (Φk)
∞
k=0

of approximate solutions to (1.8) of the form (1.25), whose error of approx-
imation is of order εk in the sense explained below. This construction is
possible as long as the pair (Γ, θ) is admissible according to (1.24) and the
condition (1.27) holds, the second condition being sufficient to ensure that
the system (1.26) and its linearization about admissible (Γ, θ) pairs sym-
metric hyperbolic over Γ (see Definition 3.19 and Lemma D.1). From this
perspective, the construction of approximate solutions gives an additional
formal justification for the corresponding law of motion in (1.26) in the scal-
ing regime (1.25) that we consider. In proving our results, we assume that
(1.28) holds with r = ∞ for convenience, but analogous lower regularity
results can be obtained with minor modifications to the proofs.

4 Let r ∈ Z+, m,n ∈ N and U ⊂ Rm be open. Here and in what follows, Cr
b (U ;Rn)

denotes the set of functions from U to Rn with bounded derivatives of order k for all
k ∈ {0, 1, ..., r}. In a statement like θ ∈ Cr

b ([0, T ]× Rp;R) we mean that θ can be
extended to a function θ̃ ∈ Cr

b (U ;R), where U ⊂ R1+p is open and [0, T ]× Rp ⊂ U .
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The functions Φk are approximate solutions to (1.8) in the following sense.
First, let N be as in (1.11) and δ > 0 be small enough so that N contains
a tubular neighbourhood of radius δ around Γ, i.e.,

Nδ :=
{
(t, x) ∈ R1+n : (t, x) = p+ z · p for some p ∈ Γ, z ∈ (−δ, δ)

}
⊂ N .

Then, for any k ≥ 0, we have that

□Φk +
1

ε2
DΦW (Φk; Π) = 0, in ([0, T ]× Rn) \Nδ/2.

Near Γ, we have that for every indices k, l ∈ Z+, and every multi-index
α, there exists constants c > 0, Ckl, Cklα > 0 depending on (Γ, θ,Π) but
independent of ε, such that for all small enough 0 < ε ≪ 1 and all (t, x) =
Ψ(y, z) ∈ Nδ/2:∣∣∣∣∂lz [□Φk +

1

ε2
DΦW (Φk; Π)

]
(t, x)

∣∣∣∣ ≤ Cklε
k(1 + |z/ε|k+2)e−c(Π)

|z|
ε (1.29)

and∣∣∣∣∂lzDα
y

[
e−

θ
ε ⋉

(
□Φk +

1

ε2
DΦW (Φk; Π)

)]
(t, x)

∣∣∣∣
≤ Cklαε

k(1 + |z/ε|k+2)e−c(Π)
|z|
ε , (1.30)

where we have employed the notation

a⋉ (b, c) := (b, ac) for all b ∈ R and all a, c ∈ C.

The term e−
θ
ε premultiplying the expression for the error in the estimate

(1.30) is required to compensate for the rapid oscillations associated with
the θ/ε term in (1.25).

1.2 literature review

Most of the relevant literature to the present work pertains to the study
of differential equations with solutions which have features (e.g., zero sets
which are interfaces, point vortices, or vortex filaments) that can be de-
scribed by means of an associated geometric problem. Below are some of
the main themes in the literature that lie at the heart of this thesis.
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In what follows, 0 < ε ≪ 1, and for k = 1 or k = 2, W : Rk → R≥0

denotes the function W (u) := (|u|2 − 1)2/4, which is the standard double-
well potential for k = 1 (commonly referred to as the Allen-Cahn potential).
Furthermore, let Ω ⊂ Rn be an open bounded subset, where n > k.

1. Elliptic case: in the limit as ε→ 0+, solutions to the equation

∆u(x) +
1

ε2
W ′(u(x)) = 0, x ∈ Ω, (1.31)

which exhibit a phase transition do so around a surface of co-dimension
k with zero Euclidean mean curvature (see e.g., [22, 33, 20, 25, 29, 28]).

2. Hyperbolic case: in the limit as ε → 0+ and for suitable initial data,
solutions to the equation ((1.8) with σ ≡ 0)

□u(t, x) +
1

ε2
W ′(u(t, x)) = 0, (t, x) ∈ ST , (1.32)

where ST = (0, T )×Ω or (0,∞)×Ω, which exhibit a phase transition
do so around a surface with co-dimension k with zero Minkowskian
mean curvature (see e.g., [27, 16, 17]).

The scalar case (i.e., k = 1) is closest to our case of interest, in the sense that
the phase transition of the unknown φ takes place close to a co-dimension 1

surface (i.e., a hypersurface). The case k = 2, on the other hand, is closer to
the original model for superconducting cosmic strings proposed by Witten,
in which φ exhibits vortex filaments corresponding to the cosmic strings
themselves. A survey of relevant results in the hyperbolic setting for both
cases is presented in [17], some of which we list below for the case k = 1.

In the case of k = 1, the general heuristic principle behind most, if not all,
the cases above is that the solutions of interest are of the form

u ≈ tanh

(
z√
2ε

)
, (1.33)

where z is the signed-distance to a minimal hypersurface Γ ⊂ Ω, just as in
(1.11), where ν is a unit normal vector field to Γ in the Minkowski sense
(resp. Euclidean sense) for the hyperbolic case (resp. elliptic case)5.

5 In the elliptic case, z : Ω → R is characterized by the property that

z = 0 on Γ, |∇z|2 = 1 near Γ.
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The fact that Γ is minimal can be understood, at least formally in the
elliptic case, by noticing that (1.31) are the Euler-Lagrange equations of
the functional

Iε(u) :=

∫
Ω

[
|∇u|2 + 1

4ε2
(
|u|2 − 1

)2]
dx. (1.34)

Heuristically (see e.g., [20], [32] for more details and precise statements), for
u to be a local minimizer of I that exhibits a transition layer, u is expected
to be approximately equal to ±1 in most of Ω due to the cost associated
with the potential term in Iε. In this case, the energy corresponding to the
term |∇u|2 is expected to be concentrated around a hypersurface Γ (aka
the interface of u), and therefore minimized if such hypersurface locally
minimizes surface area. In the limiting case ε → 0, it is expected that the
thickness of the transition layer around Γ goes to 0 since the cost associated
with the potential term in Iε goes to ∞ in this case.

On the other hand, the specific form of u in (1.33) stems from the fact
that the function q(z) = tanh(z/

√
2) is the solution to the one dimensional

analogue of (1.31) and (the static case of) (1.32), namely:

−q′′ +W ′(q) = 0, q(0) = 0, and q(z) → ±1 as z → ±∞. (1.35)

In Fermi coordinates (y, z) adapted to Γ, one expects (formally) that u(y, ·)
showcases a similar behaviour to q in (1.35) for each y ∈ Γ, since u is
required to have a transition around Γ = {z = 0}, in the same way that q
has a transition around 0.

The above principle has been investigated in multiple settings. For instance,
in the case of (1.31), the works of [32] and [20] rely on the idea of Γ-
convergence to describe the limiting behaviour of the sequence of function-
als Iε appearing in (1.34), as well as the associated limiting geometrical
problem describing the energy concentration in the elements of a sequence
(uε)

∞
1 ⊂ H1(Ω) of minimizers of these functionals.

In the hyperbolic case, z is a function defined on a neighborhood of Γ ⊂ [0, T ) × Rn,
characterized by

z = 0 on Γ, − (∂tz)
2 + |∇xz|2 = 1 near Γ.
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In regards to (1.32), in [5], the authors find travelling wave solutions for
(1.32) for k = 1, each of which has its energy concentrated around a minimal
surface in Rn. They also show that, in the limit as ε→ 0+ and under some
technical assumptions, the energy density of solutions uε to (1.32) thought
of as a measure on R1+n, concentrates around a co-dimension 1 set Γ as
ε → 0, where Γ is a timelike Minkowski minimal manifold whenever it is
smooth. The conditions under which this last assertion holds, however, are
not easily verified.

On the other hand, given a timelike minimal surface Γ which is smooth in
a time interval (−T, T ), and well-prepared initial data close to the right
hand side of (1.33), where z is the (Minkowski) signed distance to Γ, [16]
establishes the existence of solutions to (1.32) whose energy is concentrated
around Γ, at least up to time T . Further L2 estimates are provided for the
size of the deviation of these solutions to the right hand side of (1.35). More
recently, in a collaboration by the same author in [10], these estimates are
refined for the case n = 2.

In contrast, the existence of solutions of the form (1.33) is established in
the elliptic setting in [25, 29, 28], and on the hyperbolic setting in [27]
by linearizing (1.31) around an approximate solution, and using the spec-
tral properties of a given operator to show that there is an exact solution
which is ε-close to the approximate solution. Due to the nature of this ap-
proach, a very detailed description of the solutions is obtained. The general
methodology followed in this works is often associated to the method of
Lyapunov-Schmidt reduction (see e.g., [30]), and is identical in spirit to
the general approach followed in [34] and in this thesis. We present a more
detailed review of [27] and [34] below.

Finally, other two component systems, including the k = 2 case for (1.32)
have been studied in [1, 2, 9, 8, 14], among others. We highlight the work of
[14] in connection to the Abelian-Higgs model, due to the proximity between
the general methodology followed in that work and the one followed in this
thesis.

Most Relevant Literature

The most relevant literature on the subject consists of Kyle Thompson’s
doctoral thesis [34] and the work of del Pino, Jerrard and Musso in [27].
In [34], the system (1.8) is introduced and the problem of finding solutions
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satisfying (1.9) around a smooth timelike hypersurface Γ is considered. The
main assumption made in this work is that

n = 2, so that Γ is 2 dimensional. Also, Γ is a surface of

revolution about the t axis.
(1.36)

This assumption allows one to obtain solutions to (1.8) which are equivari-
ant, in the sense that

φ(t, x) = uε(t, |x|), and σ(t, x) = ei
1
ϵ
arg(x)vε(t, |x|),

for some functions uε, vε : [0, T ] × R → R and ε ∈ {1/k : k ∈ Z\ {0}}.
Furthermore, more detailed information is provided about the functions uε
and vε in terms of Fermi coordinates adapted to Γ. In particular, one has
that(

uε

vε

)
(y, z) = Right hand side of Equation 1.25, (t, x) = Ψ(y, z) ∈ Nδ. (1.37)

In contrast to our case, however, the leading order phase of σ is set to be
equal to θ(y) = arg(x)/ε upfront, and Γ is found by imposing the condition
(1.26) given this choice of θ. In particular, this means that

1. θ is independent of time and linear on arg(x), which can be thought of
as a variable parametrizing each time slice Γt := Γ∩

{
(t, x) : x ∈ R2

}
.

2. Due to the radial symmetry of each time slice Γt, Γ can be parametrized
as (t, R(t) cos(α), R(t) sin(α)) for t ∈ [0, T ] and α = arg(x) ∈ [0, 2π).
Consequently, solving (1.26) translates to solving an ordinary differ-
ential equation in terms of the time variable for the function R.

The existence of the solutions (φ, σ) described above is achieved in a four
step process. Namely, the existence of choices for Γ that satisfy (1.36) and
that solve the equation (1.26) is established appealing to results from clas-
sical ODE theory. Next, (1.8) is written as an expansion in terms of powers
of epsilon, and it is shown that there exist “profiles” (φ0, σ0) with the char-
acteristics outlined above which reduce the size of the left hand side of (1.8)
(thought of as the error of approximation) by a factor of ε. Subsequently, a
correction term of order ε is added to this profile to reduce the error by an
extra factor of ε. Finally, calling the resulting approximation Φ(y, z), it is
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shown that for a suitable function h defined on Γ, the linearization of (1.8)
about Φh(y, z) := Φ(y, z − εh(y)) satisfies energy estimates which allows
one to ultimately deduce that Φ(y, z) can be altered by a perturbation of
order at most ε to attain an exact solution of (1.8), thereby proving the
existence of the solutions with the desired properties.

On the other hand, [27] treats the particular instance of (1.8) where σ ≡ 0,
namely:

∂2t φ−∆xφ+
1

ε2
(φ2 − 1)φ = 0, in [0, T ]× Rn. (1.38)

The authors find solutions φ to Equation 1.38 which exhibit a transition
layer close to a Minkowski minimal surface Γ which is timelike, smooth,
and divides [0, T ] × Rn into two open and disjoint connected components
Ω− and Ω+, with Ω− being bounded. More precisely, using the same type of
coordinates (t, x) = Ψ(y, z) adapted to Γ as the ones described above (see
also Definition 3.2), it is shown that (See Theorem 1 in [27]) for each j ∈ N,
there exists solutions φε of (1.38) which satisfy6

φε(t, x) = tanh

(
z√
2ε

)
+O(ε), (t, x) = Ψ(y, z)

in a neighbourhood Nδ of Γ, and such that φε(t, x) → I(t, x) in the Cj sense
as ε→ 0 in compact subsets of ([0, T ]× Rn)\Nδ, where I is as in (1.10).

In a nutshell, the procedure followed in [27] consists of three main steps.
Firstly, an expansion in powers of epsilon of the left hand side of (1.38)
(thought of as the error of approximation) in (y, z) coordinates is made,
and it is found that setting φ(y, z) = w(z) := tanh

(
z√
2ε

)
reduces the size

of the error by a factor of ε2. To note is that the reduction of the error being
of order ε2 as opposed to a smaller power of ε is a consequence of the fact
that Γ is a Minkowski minimal surface (cf. Step 1 of Section 4.2.1). Following
this, it is shown via an inductive argument that for each k ∈ N, there is
an approximation ϕk with error of order at most εk. These approximations
can be easily extended to the whole of [0, T ]×Rn to obtain a corresponding
global approximation ϕ∗k with error of order at most εk. Finally, it is shown
via energy estimates associated to the linearization of (1.38) about ϕ∗k that,

6 In fact, inside Nδ, φε(t, x) = tanh( z√
2ε
) + ϕε(t, x), with

∑j+1
|α|=1 |D

α
xϕε| +∑j

|α|=0 |D
α
x∂tϕε| ≤ Cε.
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as long as k > 3n+ 2, ϕ∗k can be perturbed into an exact solution of (1.38)
by adding a perturbation of order at most εk/2.

As suggested in Section 1.1, our results share an intimate relation to the
above two works; we further investigate and extend some of the results
presented in [34], while shifting the focus to a strategy most closely related
to that of [27]. In particular, we address the well-posedness of (1.26) in the
absence of the symmetry assumption on Γ (alternatively, the equivariant
assumption made on the form of (φ, σ)) and the assumption on the form of
θ from [34]. Under these milder assumptions, we also broaden the analysis
of the one dimensional static problem (1.15) presented in [34] and, in the
same spirit as in [27], use these results to obtain approximate solutions of
arbitrary degree of accuracy in the sense explained in Section 1.1. As noted
throughout the thesis, some of the results presented here can also be found
in [6] and in [34], albeit with a different presentation or argumentation in
some cases.

1.3 model assumptions and notation

Before proceeding, we state some assumptions on Γ and some important
facts about the potential W which we will use throughout the thesis. First,
for some T > 0, the interfaces Γ that we consider satisfy:

1. Γ is a timelike smooth hypersurface embedded in [0, T ]× Rn.

2. Γ divides the space [0, T ]× Rn into two disjoint sets Ω− and Ω+.

Also, we always consider the potential W : R×C → R from (1.2), namely

W (φ, σ; Π) :=
λφ
4
(φ2 − 1)2 +

λσ
4
(|σ|4 − 2m2

σ|σ|2) +
1

2
βφ2|σ|2, (1.39)

where Π = (λφ, λσ,mσ, β) ∈ (0,∞)4.

Note that the potential (1.39) is a generalization of the Allen-Cahn potential
WA(u) =

1
4(1 − u2)2. The key properties of W that we will abstract from

WA are provided by the following two lemmas whose proofs can be found
in Appendix A. These lemmas apply to a special set of parameters called
the set of regular parameters, O0, given by

O0 :=
{
(λφ, λσ,mσ, β) ∈ (0,∞)4 : β > λσm

2
σ and λφ > λσm

4
σ

}
. (1.40)
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Lemma 1.1. Let W : R × C → R be of the form (1.39). Then, Π ∈ O0 if
and only if the following two conditions hold:

D2
ΦW (±1, 0;Π) is positive definite. (1.41a)

W (φ, σ; Π) ≥ 0, with equality only if (|φ|, σ) = (1, 0). (1.41b)

Lemma 1.2. Let W : R × C → R be of the form (1.39). There exists
c ∈ C

(
O0; (0,∞)

)
such that

W (φ, σ; Π) ≥ c(Π)
[
(φ2 − 1)2 + |σ|2

]
for all (φ, σ) ∈ R× C. (1.42)

Some of our results apply to any smooth W : R × C → R of the form
W (φ, σ) = W̃ (|φ|, |σ|) such that (1.41a), (1.41b), and (1.42) hold, where W̃
is always assumed to be even with respect to both arguments.

1.3.1 Notation

Throughout this thesis, we will write

λmin(Π) : = minimum eigenvalue of D2
ΦW ((±1, 0); Π)

= min
(
2λφ, β − λσm

2
σ

)
.

(1.43)

We denote by η = (ηαβ)
n
α,β=0 = (ηαβ)nα,β=0 := diag(−1, 1, ..., 1) the canon-

ical matrix representation of the Minkowski metric on R1+n, and write
⟨v, w⟩m := vT ηw for (v, w) ∈ R1+n × R1+n. Also, we denote by R+ the
set of non-negative real numbers, and by R>x (resp. R≥x) all real numbers
greater than (resp. or equal to) x ∈ R. A similar notation is used with < x

and ≤ x, and with Z and N, the latter of which we identify with Z≥1.

We denote elements in the domain of a function F : R × C × (0,∞)4 → R
by (φ, σ,Π), where φ ∈ R, σ = σR + iσI ∈ C and Π = (λφ, λσ,mσ, β) ∈
(0,∞)4. Partial derivatives with respect to λφ, λσ,mσ, β will be denoted by
∂p1 , ∂p2 , ∂p3 , and ∂p4 , respectively. Also, the gradient of F with respect to Π

(resp. Φ = (φ, σR, σI) ∈ R3 ∼= R×C) will be denoted as DΠF (resp. DΦF ),
the Hessian by D2

ΠF (resp. D2
ΦF ), etc., and Dα

ΠF := ∂α1
p1 ∂

α2
p2 ∂

α3
p3 ∂

α4
p4 Φ (resp.

Dβ
ΦF := ∂β1φ ∂

β2
σR∂

β3
σIF ) for any multi-index α = (α1, α2, α3, α4) ∈ Z4

+ (resp.
β = (β1, β2, β3) ∈ Z3

+). Lastly, we write ∂σF :=
(∂σRF
∂σIF

)
.
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On the other hand, we define

X0 := L2(R) and Xk := Hk(R), (k ∈ N), (1.44)

equipped with the norms

∥f∥Xk
:=

√√√√ k∑
j=0

∥∥f (j)∥∥2
L2(R).

Also, we equip Xn
k with the norms ∥(f1, f2, ..., fn)∥Xn

k
:=
∑n

1

∥∥f j∥∥
Xk

. We
will often make the standard identification of X3

0 (resp. H3
k) with L2(R;R3)

or L2(R;R× C) (resp. Hk(R;R3) or Hk(R;R× C)).

The set of all bounded linear operators from the normed space (X, ∥·∥X)
to the normed space (Y, ∥·∥Y ) is denoted by L(X,Y ). As usual, L(X,Y ) is
equipped with the standard operator norm defined on L ∈ L(X,Y ) by

∥L∥L(X,Y ) := sup
x∈X,∥x∥X=1

∥L(x)∥Y .

Also, we introduce the following sets corresponding to each L ∈ L(X3
2 , X

3
0 ):

(kerL)⊥ :=

{
V ∈ X3

0 :

∫
R
V ·K = 0 for all K ∈ kerL

}
,

Ck (L) := (kerL)⊥ ∩X3
k .

(1.45)

In particular, (kerL)⊥ = C0(L).

Additionally, for any r ∈ Z+, m,n ∈ N and U ⊂ Rm open, Crb (U ;Rn)
denotes the set of functions from U to Rn with bounded derivatives or
order k for all k ∈ {0, 1, ..., r}. In a statement like θ ∈ Crb ([0, T ]× Rp;R) we
mean that θ can be extended to a function θ̃ ∈ Crb (U ;R), where U ⊂ R1+p

is open and [0, T ]× Rp ⊂ U .

On the other hand, the symbol O0 ⊂ (0,∞)4 always refers to the set defined
in (1.40), and I± : R → R× C denotes the function

I±(z) := (sign(z), 0) ∈ R× C for each z ∈ R,

where sign : R → {−1, 0, 1} is the standard sign function.
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Finally, for any Φ = (φ, σ) ∈ R× C and θ ∈ R, we define

Pσ(Φ) := (0, σ), iΦ := (φ, iσ) and eiθ ⋉ Φ := (φ, eiθσ), (1.46)

and we often identify R3 ∼= R× C, so e.g., (1.46) is treated as

Pσ (Φ) :=

 0

σR

σI

 , iΦ :=

 φ

−σI

σR

 and eiθ ⋉ Φ :=

 φ

σR cos(θ)− σI sin(θ)

σR sin(θ) + σI cos(θ)

 . (1.47)

1.4 chapter overview and organization of the thesis

The rest of the thesis is organized as follows. Chapter 2 is devoted to the
study of a particular family of solutions to (1.8) that serve as the fundamen-
tal building block for the construction of the leading order terms (i.e., the
initial approximation) of the more general approximate solutions to (1.8)
introduced in Chapter 4. These solutions, for which φ and σ are real-valued
and depend on a single variable, as well as the properties of the linearized
version of (1.8) about them, are described in detail. In Chapter 3, we inves-
tigate the coupling between the leading order phase of the current-carrying
field, σ, and the interface, Γ, that needs to take place in order to improve
the accuracy of the initial approximations. In particular, a heuristic argu-
ment justifying the role of (1.26) in this context is presented, relying on
a “reduced action principle” closely resembling that utilized in [24] in re-
lation to (1.32). Apart from the derivation of (1.26), the well-posedness
of this system is established under the assumption that Γ is the graph of
a function of timelike character, and some additional smallness conditions
associated to the tangential gradient along Γ of the phase of σ (i.e., θ in
Equation 1.25). In Chapter 4, we present a construction of approximate
solutions to (1.8) which can be used to reduce the error to order O(εk) for
arbitrary k ∈ N, and that fit the description of Φ in (1.25) for (Γ, θ) pairs of
the type described in Chapter 3. Finally, Chapter 5 is devoted to conclusions
and recommendations for future work.



2
1 D IMENS IONAL ANALYS I S

This chapter consists mostly of results from joint work with Mauro Bonafini,
Giandomenico Orlandi, and Robert Jerrard and can also be found in [6].
Some of the results here can also be found in Kyle Thompson’s thesis [34].

2.1 the 1-dimensional lagrangian

In this chapter, we consider solutions (φ, σ) of (1.7) of the form(
φ(t, x)

σ(t, x)

)
=

(
φ0(z/ϵ)

σ0(z/ϵ)

)
, z = xn, (2.1)

where Φ0 = (φ0, σ0) belongs to the set

H := {(φ, σ) ∈ Ḣ1(R)×H1(R;C) :

(φ2 − 1) ∈ L2(R), φ(x) → ±1 as x→ ±∞},
(2.2)

where Ḣ1(R) is the set of functions with L2(R) weak derivative1. By the
definition of the set H, these special solutions, which we shall call one
dimensional profiles, are in the domain of (1.6) for n = 1 and are the
desired solutions to (1.8) for the case where the interface Γ is the hyperplane
{xn = c} for some c ∈ R. We intend to use these special solutions as guiding
models for building approximate solutions to (1.7) which exhibit the desired
behaviour (1.9) with respect to interfaces Γ with more intricate geometries.

Plugging the ansatz (2.1) into (1.7), we obtain the following system of equa-
tions

− φ′′
0 + ∂φW (φ0, σ0; Π) = 0, in R

− σ′′0 + ∂σW (φ0, σ0; Π) = 0, in R

lim
z→±∞

(φ0(z), σ0(z)) = (±1, 0).

(2.3)

1 More simply, H = (tanh, 0, 0) +H1(R;R× C) (see Lemma B.9).

21
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The first two equations in (2.3) are the Euler Lagrange equations of the
following Lagrangian defined over H, which we shall refer to as the 1-
dimensional Lagrangian corresponding to Π:

A1d
Π (φ, σ) :=

∫
R

{
1

2

[
φ′2(z) + |σ′|2(z)

]
+W (φ(z), σ(z); Π)

}
dz. (2.4)

The main results of this chapter address the existence and basic properties
of minimizers of A1d

Π in H for all Π in either O0 or in an open subset O ⊂ O0,
where O0 is defined in (2.20). The properties that we consider are better
expressed in terms of some operators related to A1d

Π that we now define. Let
(Φ,Π) ∈ H ×O0 and introduce the (quadratic) functional

Q(Φ;Π)[V ] :=
d2

dh2

∣∣∣
h=0

A1d
Π (Φ + hV ) =

∫
R

[∣∣V ′∣∣2 + V TD2
ΦW (Φ;Π)V

]
,

acting on functions V ∈ H1(R;R× C). Furthermore, let

H̃ := (tanh, 0, 0) +X3
2
∼= (tanh, 0, 0) +H2(R;R× C),

and note that Equation 2.3 implies that2 Φ ∈ H̃. Moreover, for any Ψ ∈ X3
2 :

d

dh

∣∣∣
h=0

A1d
Π (Φ + hΨ) =

∫
R
F(Φ;Π) ·Ψ,

d2

dh2

∣∣∣
h=0

A1d
Π (Φ + hΨ) =

∫
R
L(Φ;Π)[Ψ] ·Ψ,

(2.5)

where

F : H̃ × O0 → X3
0 , F(V ; Π) = −V ′′ +DΦW (V ; Π),

L : H̃ × O0 → L(X3
2 , X

3
0 ), L(V ; Π)[Ψ] = −Ψ′′ +D2

ΦW (V ; Π)Ψ.
(2.6)

Thus, F(Φ;Π) = 0 are the Euler-Lagrange equations of A1d
Π shown in (2.3),

L(Φ;Π) is the linear operator obtained by linearizing (2.3) about Φ, and
since Q (Φ;Π) [V ] = ⟨V,L(Φ;Π)V ⟩X3

0
, we refer to Q (Φ;Π) as the quadratic

form associated with L(Φ;Π).

Once we address the question of existence of a minimizer of A1d
Π in H for

each Π ∈ O0, we prove that the operator L (Φ;Π), where Φ ∈ H is any such
minimizer, exhibits a spectral gap in the following sense:

2 In fact, Φ ∈ (tanh, 0, 0) +Hm(R;R× C) for any m ∈ N (see step 3 of Lemma 2.12).
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Theorem 2.1 (H1 Spectral Estimate). Let Π ∈ O0 and Φ be a minimizer
of A1d

Π in H. Then, there exists c = c(Π) > 0 such that

Q(Φ;Π)[V ] > c(Π)∥V ∥2H1(R;R×C), for all V ∈ C1 (L(Φ;Π)) . (2.7)

A useful observation for proving Theorem 2.1 and some other properties of
minimizers of A1d

Π (e.g., their exponential decay established in Lemma 2.15)
is that Q(Φ;Π) can be viewed as a perturbation of the quadratic form

Q0 (Φ;Π) [V ] :=

∫
R

[∣∣V ′∣∣2 + V TD2
ΦW ((1, 0); Π)V

]
≥ min (1, λmin(Π)) ∥V ∥2H1(R;R×C) , λmin(Π) as in (1.43).

Another crucial property of the minimizers that we will consider is a non-
degeneracy condition that stems from the fact that the kernel of the map
L(Φ;Π) is at least two dimensional for any Φ ∈ H which minimizes A1d

Π .
Indeed, for any minimizer Φ = (φ, σ) ∈ H of A1d

Π we have that

F(eiθ ⋉ Φ(· − h); Π) = 0, for all h, θ ∈ R, (2.8)

which may be interpreted as a direct consequence of the translational and
rotational symmetries exhibited by A1d

Π :

A1d
Π (Φ) = A1d

Π (Φ(· − h)) = A1d
Π

(
eiθ ⋉ Φ

)
, for all h, θ ∈ R.

Using (2.8) we readily obtain

d

dh

∣∣∣
h=0

F(Φ(z − h); Π) = L (Φ;Π)
(
(φ′, σ′)

)
= 0

d

dθ

∣∣∣
θ=0

F(eiθ ⋉ Φ(z); Π) = L (Φ;Π) [(0, iσ)] = 0,

and thus, in terms of the notation introduced in (1.46):

Φ′,Pσ(iΦ) ∈ ker (L (Φ;Π)) , for any miminizer Φ of A1d
Π in H, (2.9)

In view of the lower bound in the dimension of the kernel of L(Φ;Π) implied
by (2.9), we will be interested in minimizers of A1d

Π which are non-degenerate
in the following sense:
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Definition 2.2. Let Π ∈ O0 and Φ be a minimizer (aka ground state)
of A1d

Π in H. We say that Φ is nondegenerate with respect to Π if
dim (kerL(Φ;Π)) = 2.

Our second main result, Theorem 2.3, establishes the existence of an open
set of parameters for which A1d

Π admits unique (modulo symmetries) non-
degenerate minimizers in the set Hs ⊂ H given by

Hs =

{
(φ, σ) ∈ H :

xφ(x) ≥ 0 and |φ(x)| ≤ 1 for all x ∈ R, φ is odd,

σ is real-valued, σ(x) ∈ [0,mσ] for all x ∈ R, σ is even

}
.

A typical example of these 1D profiles is depicted in Figure 2.1.

−1

1
φΠ

σΠ z

Figure 2.1: Sample 1D profiles.

Theorem 2.3. There exists an open O ⊂ O0 and a map Φ : O×R → R×C
such that for all Π ∈ O, one has that ΦΠ = (φΠ, σΠ, 0) := Φ(Π, ·) ∈ Hs and:

1. ΦΠ minimizes A1d
Π over H, and thus F(ΦΠ; Π) = 0.

2. If (φ, σ) minimizes A1d
Π in H, then there exist z0, α0 ∈ R such that(

φ

σ

)
(z) =

(
φΠ

eiα0σΠ

)
(z − z0), for all z ∈ R.

3. ΦΠ is non-degenerate for Π. In particular,

ker (L (ΦΠ; Π)) = spanR
{(
φ′
Π, σ

′
Π, 0
)
, (0, 0, σΠ)

}
.

4. σΠ is a strictly positive function.
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5. Φ is smooth.

6. For each compact set K ⊂ O, k ∈ Z+ and multiindex α, there exists
a constant Cαk depending only on K such that∣∣∣Dα

Π∂
k
z [Φ(Π, z)− I±(z)]

∣∣∣ ≤ Cαk(K)e−
√

λmin(Π)

2
|z|, (2.10)

for all (Π, z) ∈ K×R, where λmin(Π) > 0 is the minimium eigenvalue
of D2

ΦW (±1, 0;Π).

Our strategy for proving Theorem 2.3 relies on identifying a 3-dimensional
submanifold in the space of parameters Π (i.e., ΣN,I defined in (2.15)), for
which we can explicitly identify minimizers of A1d

Π and directly verify their
uniqueness and nondegeneracy (see Theorem 2.5). We will refer to this spe-
cial structure as the “integrable case.” We then argue that this submanifold
is contained in an open neighbourhood in which the same conclusions hold
(i.e., O from Theorem 2.3 and Definition 2.22). The smooth dependence of
ground states on parameters follows as a bi-product of the implicit function
theorem, whose application will be partly justified by Theorem 2.1.

The next result deals with the solvability of a slightly more general version
of the equation

L(Φ;Π)[V ] = G, (2.11)

where Φ is the map from Theorem 2.3 and G ∈ C∞(O×R;R×C) is given. In
particular, it is shown that V inherits the smoothness and decay properties
of G which will be necessary for the construction of approximate solutions
in Chapter 4. Our main result in this regard is:

Theorem 2.4 (Inversion of Linearized Operator (part II)). Let ΦΠ be as
in Theorem 2.3, and U ⊂ Rn be open. Also, let f ∈ C∞(U ;O) and G ∈
C∞(U × R;R× C) be such that:

1. The image of f is contained in a compact subset K ⊂ O.

2. G(y, ·) ∈ ker
(
L
(
Φf(y); f(y)

))⊥ for all y ∈ U .

3. There exists c > 0 such that for each k ∈ Z+ and each multi-index α,

|∂kzDα
yG(y, z)| ≤ Cαk(y)e

−c|z|, for all (y, z) ∈ U × R, (2.12)
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for some smooth function Cαk.

Then, there exists a function V ∈ C∞
b (U × R;R× C) such that

1. L
(
Φf(y); f(y)

)
[V (y, ·)] = G(y, ·), for all y ∈ U .

2. V (y, ·) ∈ ker
(
L
(
Φf(y); f(y)

))⊥ for all y ∈ U .

3. For each k ∈ Z+ and each multi-index α,

|∂kzDα
y V (y, z)| ≤ Dαk(y)e

−β|z|, for all (y, z) ∈ U × R, (2.13)

for some smooth function Dαk and β = min
(
1
2

√
λmin(Π), c

)
.

Finally, Section 2.3 contains some remarks about the so called shifted po-
tential which will be used and built upon in Chapter 3 and Chapter 4.

2.2 existence and properties of minimizers of A1d
Π

2.2.1 The Integrable Case

We start by finding explicit solutions to (2.3) which will serve as “one-
dimensional profiles” for solutions to the more general equation, (1.8). In
particular, we find conditions on the parameters Π under which Φ = (φ, σ)

solves (2.3), where

φ(z) = tanh(az) and σ(z) = b sech(az), for some a, b > 0. (2.14)

Furthermore, we will restrict our attention to solutions of this type that min-
imize A1d

Π and that are non-degenerate in the sense of Definition 2.2. These
additional properties play a central role in establishing the coercive charac-
ter of Q(Φ,Π) from (2.7). The results of this section can be summarized as:
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Theorem 2.5 (Integrable Parameters). Consider the following sets of pa-
rameters:

ΣI :=

{
(λφ, λσ,mσ, β) ∈ (0,∞)4 : β ∈

(
λσm

2
σ, 2λσm

2
σ

)
,

λφ = β +

(
β

λσ
− 1

)(
2λσm

2
σ − β

)}
,

ΣM,I :=
{
(λφ, λσ,mσ, β) ∈ ΣI : β ≤ λσ(m

2
σ + 2)

}
,

ΣN,I :=
{
(λφ, λσ,mσ, β) ∈ ΣI : β < λσ(m

2
σ + 2)

}
,

(2.15)

and the map m : ΣI → Hs whose action on Π = (λφ, λσ,mσ, β) ∈ ΣI is
given by

m(Π)(z) :=

(
tanh(a(Π)z)

b(Π) sech(a(Π)z)

)
, for all z ∈ R, (2.16)

where a(Π) =
√
β − λσm2

σ and b(Π) =
√

2m2
σ −

β
λσ

.

Then,

1. A pair (φ, σ) of the form (2.14) solves (2.3) if and only if (φ, σ) =

m(Π) for some Π ∈ ΣI .

2. m(Π) minimizes A1d
Π for each Π ∈ ΣM,I . Moreover, if Π ∈ ΣN,I , any

other minimizer of A1d
Π is of the form eiθ0 ⋉ m(Π)(· − z0) for some

fixed θ0, z0 ∈ R.

3. For each Π ∈ ΣN,I , m(Π) is non-degenerate for Π and

kerL (m(Π);Π) = spanR
({

[m(Π)]′ , iPσ(m(Π))
})
.

Remark 2.6. Item 2 from Theorem 2.5 implies that for each Π ∈ ΣN,I , A1d
Π

admits a unique minimizer in Hs given by (2.16).

Definition 2.7. In view of Theorem 2.5, we will call the sets (three dimen-
sional submanifolds of (0,∞)4) of parameters ΣI and ΣN,I from (2.15) the
set of integrable parameters and the set of non-degenerate integrable
parameters, respectively.

Remark 2.8. let (λφ, λσ,mσ, β) ∈ (0,∞)4 be such that

λφ = β + (β/λσ − 1)
(
2λσm

2
σ − β

)
. (2.17)
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Then,

λφλσ −
(
λσm

2
σ

)2
= −β2 + 2λσ

(
m2
σ + 1

)
β − λ2σm

2
σ

(
m2
σ + 2

)
= −

(
β − λσm

2
σ

) (
β − λσ(m

2
σ + 2)

)
which shows that, under the condition that (2.17) holds, λφ > λσm

4
σ if

and only if β ∈ (λσm
2
σ, λσ(m

2
σ + 2)). As a result, ΣN,I = ΣI ∩ O0. Also, if

mσ > 0, then mσ ≤
√
2 ⇐⇒ 2λσm

2
σ ≤ λσ(m

2
σ + 2). Therefore, defining

Oσ :=
{
Π ∈ O0 : mσ ∈

(
0,
√
2
]}

, we have that (see Figure 2.2):

ΣN,I ∩ Oσ = ΣI ∩ Oσ and ΣN,I ∩ Oc
σ ⊊ ΣI ∩ Oc

σ.

In other words, all integrable parameters with mσ ≤
√
2 are non-degenerate.

On the other hand, there are integrable parameters with mσ >
√
2 which

fail to be non-degenerate.

λσm
2
σ 2λσm

2
σ λσ(m

2
σ + 2)

λσm
4
σ

mσ = 1
λσ = 1

β

λ
φ

λσm
2
σ λσ(m

2
σ + 2) 2λσm

2
σ

λσm
4
σ

mσ = 2
λσ = 1

β

λ
φ

Figure 2.2: Representation of ΣN,I ∩ U (red solid line) and ΣI ∩ U (blue dashed
line) for: U =

{
(λφ, λσ,mσ, β) ∈ (0,∞)4 : λσ = mσ = 1

}
(left), U ={

(λφ, λσ,mσ, β) ∈ (0,∞)4 : λσ = 1,mσ = 2
}

(right).

Proof of Item 1 from Theorem 2.5. Plugging in (2.14) into (2.3), results in

(
2a2 + b2β − λφ

)
φ(z) = 0[

a2 − λσ(m
2
σ − b2)

]
+
[
β −

(
2a2 + λσb

2
)]
φ2(z) = 0.
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Therefore, solutions to (2.3) of the form (2.14) exist if and only if the fol-
lowing relations are satisfied:

b ∈ (0,mσ)

a =
√
λσ(m2

σ − b2)

β = 2a2 + λσb
2

λφ = 2a2(1 + b2) + λσb
4.

(2.18)

A direct computation shows that these conditions can be rewritten as

β ∈
(
λσm

2
σ, 2λσm

2
σ

)
a =

√
β − λσm2

σ

b =

√
2m2

σ −
β

λσ

λφ = β +

(
β

λσ
− 1

)(
2λσm

2
σ − β

)
.

(2.19)

The first and last conditions in (2.19) are the defining properties of the
parameters in ΣI in (2.15), while the two middle ones are the conditions
appearing in the definition of the map m in (2.16).

Remark 2.9. Based on (2.18), we may alternatively write

ΣI =
⋃

λσ ,mσ∈(0,∞)

⋃
b∈(0,mσ)

C(λσ,mσ, b),

where

C(λσ,mσ, b) := {(λφ, u, v, β) ∈ (0,∞)4 : u = λσ, v = mσ,

β = 2a2 + λσb
2, λφ = 2a2(1 + b2) + λσb

4, with a :=
√
λσ(m2

σ − b2)}. (2.20)

Proof of Item 2 from Theorem 2.5. Let Π ∈ ΣI and let a and b be as in
(2.18) (or equivalently as in (2.19)). Direct computations show that the
functions (φ0, σ0) = m(Π) satisfy the following relations

φ′ = a(1− φ2), σ′ = −aφσ, σ2 = b2(1− φ2),

lim
z→±∞

φ(z) = ±1, lim
z→±∞

σ(z) = 0,
(2.21)
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and that

(φ, σ) ∈ H solve (2.21) ⇐⇒

(
(φ,σ) = (φ0(· − z0), e

iα0σ0(· − z0))

for some constant z0, α0 ∈ R

)
. (2.22)

Therefore, in order to show that (φ0, σ0) is the unique minimizer up to
symmetries (i.e., up to constant translation and constant rotation) of A1d

Π ,
suffices to relate the functional A1d

Π to a non-negative functional which van-
ishes at (φ, σ) ∈ H if and only if the conditions (2.21) are satisfied. To this
end, note that

Π ∈ ΣI =⇒ A1d
Π (φ, σ) = JΠ(φ, σ)− C(Π), (2.23)

where C(Π) = 4
3a
(
1 + b2

2

)
with a and b as in (2.18), and

JΠ(φ, σ) :=
1

2

∫
R

[∣∣∣φ′ − a(1− φ2) +
a

2

[
|σ|2 − b2(1− φ2)

]∣∣∣2 + ∣∣σ′ + aφσ
∣∣2]

+
(2λσ − a2)

8

∫
R

[
|σ|2 − b2(1− φ2)

]2
.

(2.24)
To see this, let c = a

(
1 + b2

2

)
and θ = 2λσ−a2

4 and rearrange the terms in
JΠ as follows:

JΠ(φ, σ) =
1

2

∫
R

{[
φ′ + c(φ2 − 1) +

a

2
|σ|2

]2
+
∣∣σ′ + aφσ

∣∣2 + θ
[
|σ|2 + b2(φ2 − 1)

]2}
=

1

2

∫
R

{[(
φ′)2 + (σ′)2]+ (c2 + b4θ

)
(φ2 − 1)2 +

(
a2

4
+ θ

)
|σ|4

}
+

1

2

∫
R

{
−
(
ac+ 2b2θ

)
|σ|2 +

(
ac+ a2 + 2b2θ

)
φ2 |σ|2

}
+

1

2

∫
R

[
2c

(
φ3

3
− φ

)
+ aφ |σ|2

]′
.

Then, (2.23) is obtained by plugging back the definitions of a, b, c, θ and by
using the boundary conditions of φ, σ to evaluate the very last integral. In
view of (2.23), (φ0, σ0) minimizes JΠ if and only if (φ0, σ0) minimizes A1d

Π .
Also, by looking at (2.24), it is clear that (φ, σ) is a global minimizer of JΠ
over H if the following condition, written in three equivalent ways under
the assumption that Π ∈ ΣI , holds

a2 ≤ 2λσ, i.e., β ≤ λσ
(
m2
σ + 2

)
, i.e., m2

σ − 2 ≤ b2. (2.25)
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We thus have the following three possible cases for all Π ∈ ΣI :

1. If (2.25) is not satisfied: a direct computation shows that for φ(z) =
tanh (cz) and σ(z) = 0, one has that JΠ(φ, σ) < JΠ(φ0, σ0) = 0, and
therefore (φ0, σ0) is not a minimizer over H in this case.

2. If β = λσ
(
m2
σ + 2

)
, then for φ(z) = tanh (cz) and σ(z) = 0, one

has that JΠ(φ, σ) = JΠ(φ0, σ0) = 0, so (φ0, σ0) is not the unique
minimizer (modulo symmetries) over H.

3. If β < λσ
(
m2
σ + 2

)
, then JΠ(φ, σ) = 0 for (φ, σ) ∈ H if and only if

(φ, σ) solves (2.21), which implies that (φ0, σ0) minimizes JΠ in this
case, and it is the unique minimizer (modulo symmetries) over H due
to (2.22).

The last two cases imply the result from item 2 of Theorem 2.5 by the
definitions of ΣM,I and ΣN,I .

Remark 2.10. Figure 2.3 depicts the values of b and a as functions of mσ for
which m(Π) from (2.16) is the unique minimizer of A1d

Π modulo symmetries
over H (i.e., whenever Π ∈ ΣN,I) according to .

√
2

√
2λσ

mσ

a

√
2

b = mσ

b =
√
m2
σ − 2

mσ

b

Figure 2.3: Ranges of values of a and b as functions of mσ (gray areas) for which
(tanh(az), b sech(az)) is the unique minimizer of A1d

Π up to symmetries.

Proof of Item 3 from Theorem 2.5. Let Π ∈ ΣN,I and (φ0, σ0) = m(Π). Us-
ing (2.23), we compute for any Φ = (φ, σ) = (φ, σ1, σ2) ∈ X3

2 :

∫
R
Φ · L (m(Π);Π) [Φ] =

d2

dh2

∣∣∣∣∣
h=0

A1d
Π ((φ0, σ0) + hΦ)
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=
d2

dh2

∣∣∣∣∣
h=0

JΠ ((φ0, σ0) + hΦ)

=

∫
R

[(
φ′ + 2cφ0φ+ aσ0σ1

)2
+
(
σ′1 + aφ0σ1 + aφσ0

)2]∫
R

[(
σ′2 + aφ0σ2

)2
+ θ

(
σ0σ1 + b2φ0φ

)2]
,

where the last equality follows from a direct computation using the labels
c = a

(
1 + b2/2

)
and θ = λσ[2−(m2

σ−b2)]/4. Therefore, if Φ = (φ, σ1, σ2) ∈
kerL(m(Π);Π), the above expression vanishes and one must have that

φ′ + 2cφ0φ+ aσ0σ1 = 0 (2.26)

σ′1 + aφ0σ1 + aφσ0 = 0 (2.27)

σ′2 + aφ0σ2 = 0 (2.28)

σ0σ1 + b2φ0φ = 0. (2.29)

Recall that σ′0 = −aφ0σ0, which implies that (σ20)
′ = −2aφ0σ

2
0. Now, com-

bining (2.26) and (2.29) and noting that ab2 − 2c = 2a results in

φ′ = −2aφ0φ,

which means that φ solves the same linear ODE as σ20 = b2

a φ
′
0, and thus

φ = c1φ
′
0 for some constant c1. (2.30)

On the other hand, (2.28) implies that σ2 solves the same linear ODE as
σ0, and therefore

σ2 = c2σ0 for some constant c2. (2.31)

Finally, using (2.27) along with (2.30) and the identity φ0σ
′
0 = −aφ2

0σ0, we
obtain

σ′1 + aφ0σ1 + aφσ0 = σ′1 + aφ0σ1 + ac1φ
′
0σ0

= σ′1 + aφ0σ1 + (ac1φ0σ0)
′ − ac1φ0σ

′
0

= (σ1 + ac1φ0σ0)
′ + aφ0 (σ1 + ac1φ0σ0)

=
(
σ1 − c1σ

′
0

)′
+ aφ0

(
σ1 − c1σ

′
0

)
= 0.
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By the same logic as the one behind (2.31), we conclude that σ1 = c1σ
′
0+c3σ0

for some constant c3. Now, plugging in this expression for σ1 and (2.30) into
(2.29), we find that

c3σ
2
0 = −c1

(
σ0σ

′
0 + b2φ0φ

′
0

)
. (2.32)

The expressions for φ0 and σ0 in (2.16) imply that the right hand side of
(2.32) vanishes, and thus c3 = 0. As a consequence,

σ1 = c1σ
′
0 for the same constant c1 from (2.30). (2.33)

Putting together (2.30), (2.31) and (2.33), we conclude that

Φ ∈ kerL(m(Π);Π) =⇒ Φ ∈ span


φ

′
0

σ′0
0

 ,

 0

0

σ0


 . (2.34)

The reverse implication to (2.34) also holds in view of (2.9), and thus
dim ker (LΠ) = 2.

2.2.2 Other Ground States

Some of the properties of the ground states from the integrable case are
shared by ground states corresponding to parameters Π ∈ O0\ΣN,I (see
Lemmas 2.12 and 2.15). We begin with a useful compactness result.

Lemma 2.11. Let ((φn, σn))∞n=1 ⊂ Hs be such that
(
1− φ2

n

)
n
, (φ′

n)n , (σn)n ,

and (σ′n)n are bounded in L2(R). Then, there exist (φ, σ) ∈ Hs such that,
after possibly passing to a subsequence,

φn → φ, σn → σ locally uniformly

φ′
n ⇀ φ′ weakly in L2(R)

σn ⇀ σ weakly in H1(R).

(2.35)

Proof. Let M > 0 be such that ∥φ′
n∥L2 , ∥σn∥H1 < M for all n ∈ N. By the

Banach Alaoglu theorem, (φ′
n)n (resp. (σn)n) is weakly precompact in L2(R)
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(resp. H1(R)). Thus, after passing to subsequences (still labelled (φn, σn))
we find that there exist (η, ρ) ∈ L2(R)×H1(R) such that

φ′
n ⇀ η weakly in L2(R) and σn ⇀ ρ weakly in H1(R). (2.36)

On the other hand, a standard Sobolev inequality implies that

|φn(y)− φn(x)| ≤ |y − x|1/2
∥∥φ′

n

∥∥
L2 ≤M |y − x|1/2 a.e. x, y ∈ R,

(2.37)
As a result, the sequence (φn)n is equicontinous, and it is also pointwise
bounded since φn ∈ Hs for each n. By the Arzela-Ascoli theorem (see e.g.,
[12, Theorem 4.44]), the last observations imply the existence of φ ∈ C(R)
such that, after possibly passing to a subsequence, φn → φ uniformly on
compact sets of R. Standard arguments then show that φ′ = η. We conclude
that φ ∈ C(R) ∩ Ḣ1(R) is the function for which the statements in (2.35)
involving (φn)n hold. A similar argument yields the existence of σ ∈ H1(R)
such that the remaining statements in (2.35) hold.

It remains to show that (φ, σ) satisfies all other properties in the definition
of Hs. To this end, note that the boundedness of

(∥∥1− φ2
n

∥∥
L2

)
n
, along

with the local uniform convergence of φn to φ (which implies pointwise
convergence) and Fatou’s lemma, imply that∫

R

(
1− φ2

)2 ≤ lim inf

∫
R

(
1− φ2

n

)2
,

so that
(
φ2 − 1

)
∈ L2(R). Also, by the local uniform convergence of (φn, σn)

to (φ, σ) and the properties of each (φn, σn), we have that

(|φ(x)|, xφ(x), σ(x)) ∈ [0, 1]× [0,∞)× [0,mσ] for all x,
(
φ

σ

)
is
(

odd
even

)
.

Finally, (1 − φ2), φ′ ∈ L2(R) imply that (1 − φ2) ∈ H1 ⊂ C0,1/2, and it
follows that φ2(x) → 1 as x → ±∞ and hence, since xφ(x) ≥ 0, that
φ(x) → ±1 as x→ ±∞. Thus (φ, σ) ∈ Hs.

Lemma 2.12 (Existence, regularity and symmetry of minimizers). Let Π ∈
O0. Then, infHA1d

Π is attained by a minimizer (φ, σ) in Hs∩C∞
b (R;R×C).

Also, if (φ1, σ1) minimizes A1d
Π in H, then there exist x0 and α ∈ R and

(φ, σ) ∈ Hs such that (φ1, σ1)(x) = (φ, eiασ)(x− x0).
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Existence of a minimizer for more general multi-well potentials W is well-
known, see for example [33], without the symmetry assertions, which require
specific properties of the potentials W that we consider.

Proof of Lemma 2.12. Step 1. Symmetrization. We first claim that given
any (φ, σ) ∈ H, we can find (φ̃, σ̃) ∈ Hs such that

A1d
Π (φ̃, σ̃) ≤ A1d

Π (φ, σ). (2.38)

Since φ(x) → ±1 as x → ±∞, we can define x0 := argmin{x | φ(x) = 0}
and x1 := argmax{x | φ(x) = 0}. The definition of H implies that both x0
and x1 are finite. We have either

I0 :=

∫ x0

−∞

[
1

2
(φ′2 + σ′2) +W (φ, σ; Π)

]
dx ≤ 1

2
A1d

Π (φ, σ)

or
I1 :=

∫ ∞

x1

[
1

2
(φ′2 + σ′2) +W (φ, σ; Π)

]
dx ≤ 1

2
A1d

Π (φ, σ).

Assume that the first inequality holds and define

φ̃(x) :=

max{φ(x+ x0),−1} if x ≤ 0

min{−φ(−x+ x0), 1} if x ≥ 0
,

σ̃(x) :=

min {|σ(x+ x0)|,mσ} if x ≤ 0

min {|σ(−x+ x0)|,mσ} if x ≥ 0
.

The construction implies that (φ̃, σ̃) ∈ Hs and that (2.38) holds3. A symmet-
ric argument applies when the second inequality holds, proving the claim.

Step 2. Existence of an odd/even minimizer. Consider a minimizing sequence
((φn, σn))n ⊂ H. In view of this and Step 1, we can assume without loss
of generality that ((φn, σn))n ⊂ Hs. By property (1.42) of the potential W ,
we have

c(Π)

∫
R

[(
φ2
n − 1

)2
+ σ2n + φ′2

n + σ′2n

]
≤ A1d

Π (φn, σn) ≤ A1d
Π (φ1, σ1), (2.39)

3 Consider the functions f(a) = λσ
4
(a2 − 2m2

σ)a
2 + 1

2
βφ2a2 and g(b) =

λφ

4
(b2 − 1)2 +

1
2
β |σ|2 b2. Then, f and g are non-decreasing for a ≥ m2

σ and b ≥ 1 for all possible values
of φ and of |σ|, respectively.
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for all n and a continuous strictly positive function c. As a result, the se-
quence

((
φ2
n − 1, φ′

n

))
n

(resp. (σn)n) is bounded in the standard L2(R) ×
L2(R) norm (resp. H1(R) norm). Thus, after passing to subsequences (still
labelled (φn, σn)), Lemma 2.11 implies the existence of (φ, σ) ∈ Hs such
that{

σn ⇀ σ weakly in H1(R), (φn, σn) → (φ, σ) locally uniformly

φ′
n ⇀ φ′ weakly in L2(R)

(2.40)
Then Fatou’s Lemma and the weak-lower semicontinuity of the L2(R) norm
imply that

A1d
Π (φ, σ) ≤ lim inf

n
A1d

Π (φn, σn) = inf
H

A1d
Π .

Step 3. Regularity of minimizers. Standard elliptic theory implies that

Φ′′ = DΦW (Φ;Π)

in the weak sense, and then that Φ ∈ C∞
b (R). Let Φ = (φ, σ) ∈ H be a

critical point of A1d
Π . For each Ψ ∈ X3

2 , we have that

d

dh

∣∣∣
h=0

A1d
Π (Φ + hΨ) = 0 ⇐⇒

∫
R
Φ′ ·Ψ′ =

∫
R
[−DΦW (Φ;Π)] ·Ψ, (2.41)

which implies that Φ′′ = DΦW (Φ;Π) in the weak sense. As a result, the
fact that ∂φW (φ, σ; Π) and ∂σRW (φ, σ; Π) are polynomial functions of (1−
φ2), φ, σ ∈ H1(R) and that H1(R) is a Banach algebra, readily provides
φ′′ ∈ H1(R) and σ′′ ∈ H1(R), and hence φ′ ∈ H2(R) and σ′ ∈ H2(R).
Differentiating the equation Φ′′ = DΦW (Φ;Π) repeatedly and applying a
similar argument shows that φ′, σ′ ∈ Hm(R) for all m ∈ N, which implies
that φ, σ ∈ C∞

b (R) by the embedding Hm(R) ↪→ Cm−1
b (R).

Step 4. Parity of minimizers up to translation and rotation. Let (u, v) be a
minimizer of A1d

Π in H and note that for any (φ, σ) ∈ H:

• A1d
Π (φ, |σ|) ≤ A1d

Π (φ, σ), with equality if and only if σ = eiα|σ| for
some constant α ∈ R.

• If we define φ̃(x) := max{−1,min{1, φ(x)}} and σ̃(x) := min{mσ, |σ(x)|},
thanks to (1.39) and (1.41), we have that A1d

Π (φ̃, σ̃) ≤ A1d
Π (φ, σ) with

equality if and only if |φ(x)| ≤ 1 and |σ(x)| ≤ mσ for all x ∈ R.
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In particular, we have that (u, v) ∈ Hb, where

Hb := {(φ, σ) ∈ H :

∃α ∈ R s.t. e−iασ(x) ∈ R, 0 ≤ |σ(x)| ≤ mσ and |φ(x)| ≤ 1 for all x ∈ R}.

Let α ∈ R be the (constant) phase of v. We now argue that there is x∗ ∈ R
such that u(· + x∗) is odd and e−iαv(· + x∗) is even. To this end, define
x0, x1, I0, and I1 as in Step 1. Also, let

uL(x) = χ{x<0}(x) · u(x+ x0), vL(x) = χ{x≤0}(x) · e−iαv(x+ x0)

uR(x) = χ{x≥0}(x) · u(x+ x1), vR(x) = χ{x≥0}(x) · e−iαv(x+ x1),

and

φ1(x) = uL(x)− uL(−x), φ2(x) = uR(x)− uR(−x),

σ1(x) =

vL(x), x < 0

vL(−x), x ≥ 0
, σ2(x) =

vR(−x), x < 0

vR(x), x ≥ 0.

We claim that

(u(·+ x0), e
−iαv(·+ x0)) = (φ1(·), σ1(·)) = (φ2(·), σ2(·)) ∈ Hs. (2.42)

Indeed, note that the minimality of (u, v) requires that I0 = I1 and that
x0 = x1, for otherwise either (φ1, σ1) or (φ2, σ2) would have strictly less
energy than4 (u, v). Therefore, both (φ1, σ1) and (φ2, σ2) are elements of
Hs which minimize A1d

Π . As a result of this and Step 3, these functions are
smooth and solve the same initial value problem given by

−
(
φ′′

σ′′

)
+

(
∂φW (φ, σ; Π)

∂σRW (φ, σ; Π)

)
= 0, in R,

(φ,φ′)(0) = (0, u′(x0)), (σ, σ
′)(0) = (e−iαv(x0), 0).

(2.43)

By the boundedness of (φ1, σ1), (φ2, σ2), and of their first derivatives, and
the fact that DΦW (·, ·; Π) is locally Lipschitz continuous, standard ODE
theory results imply that (φ1, σ1) = (φ2, σ2). Using this and unravelling the
definitions of (φ1, σ1) and (φ2, σ2), we conclude that (2.42) must hold.

4 Note that x0 ̸= x1 =⇒
∫ x1

x0

[
1
2
(u′2 + |v′|2) +W (u, v; Π)

]
dx > 0, as u is continuous and

u(x0) = u(x1) = 0.
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Remark 2.13. Note that if Φ ∈ H is a minimizer of A1d
Π , the fact that Φ sat-

isfies the Euler-Lagrange equations Φ′′ = DΦW (Φ;Π) implies the following
equipartition of energy identity :

∀z ∈ R
(
1

2

∣∣Φ′(z)
∣∣2 =W (Φ(z); Π)

)
for all minimizers Φ of A1d

Π in H.

(2.44)

This can be seen by multiplying both sides of the equation Φ′′ = DΦW (Φ;Π)

by Φ′ and integrating from −∞ to z for each z ∈ R, while keeping in mind
that both Φ′(z) and W (Φ(z); Π) tend to zero as |z| → ∞ since Φ ∈ H.

Lemma 2.14 (“Stability” of minimizers). Consider Π ∈ O0 and a sequence
(Πn)n ⊂ (0,∞)4 converging to Π. For each n, let Φn = (φn, σn) be a min-
imizer of A1d

Πn
in Hs. Then, the sequence ((φn, σn))n is pre-compact with

respect to the
(
H2(R)

)2 norm, and each corresponding cluster point is a
minimizer of A1d

Π in Hs.

Proof. For each n, write Πn = (λφn , λσn ,mσn , βn). Also, let c : (0,∞)4 →
(0,∞) be the function appearing in Lemma 1.2. By the continuity of c and
since Πn → Π = (λφ, λσ,mσ, β), there exist m,M,N > 0 depending only
on Π such thatsupnmax {λφn , λσn ,mσn , βn} ∈ (m,M),

infn c(Πn) > m, for all n > N.
(2.45)

We start with some consequences of (2.45). First, the definition of Hs and
(2.45) imply that

|φn(z)| ≤ 1, |σn(z)| ≤M, for all z ∈ R, n ∈ N. (2.46)

Secondly, let (φ, σ) ∈ Hs. The pointwise boundedness of φ and σ, together
with the form of W in (1.39) and (2.45), imply that for all n:

W (φ, σ; Πn) =
λφn

4

(
φ2 − 1

)2
+
λσn
4

(
|σ|2 − 2m2

σn

)
|σ|2 + βn

2
φ2 |σ|2

≤ M

4

[(
φ2 − 1

)2
+
(
m2
σ + 2

)
|σ|2

]
∈ L1(R).
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Therefore, by the dominated convergence theorem,

A1d
Πn

(φ, σ) → A1d
Π (φ, σ), for all (φ, σ) ∈ Hs. (2.47)

Also, a direct computation shows that A1d
Πn

((tanh, 0)) = (2 + λφn)/3 ≤
C = (2 +M)/3 independently of n. Combining this with the minimality of
Φn we deduce that

(
A1d

Πn
(Φn)

)
n

is bounded (by C) and thus has a conver-
gent subsequence. We will pass to this subsequence in the remainder of the
argument.

Step 1. Stability in weaker sense. As a result of (2.45) and Lemma 1.2, we
have, for all n > N ,

m

∫
R

[(
φ2
n − 1

)2
+ σ2n

]
+

1

2

∫
R

(
φ′2
n + σ′2n

)
≤ A1d

Πn
(φn, σn) ≤ C. (2.48)

(2.48) implies that
(
φ2
n − 1

)
n
, (σn)n , (φ

′
n)n , and (σ′n)n are bounded in the

L2(R) norm, and therefore, by Lemma 2.11, there exists Φ = (φ, σ) ∈ Hs

such that (2.35) holds. We claim that Φ minimizes AΠ. To see this, note
that by the positivity of A1d

Π for all Π and since Φn → Φ locally uniformly
(and thus pointwise), Fatou’s lemma yields:

A1d
Π (Φ) ≤ lim

n
A1d

Πn
(Φn). (2.49)

On the other hand, let Φ̄ ∈ Hs be a minimizer of A1d
Π , whose existence is

guaranteed by Lemma 2.12. By the minimality of Φn for each Πn and by
(2.47), we have that

(∀n > N)
(
A1d

Πn
(Φn) ≤ A1d

Πn
(Φ̃)
) (2.47)

=⇒ lim
n

A1d
Πn

(Φn) ≤ A1d
Π (Φ̃). (2.50)

Combining (2.50) and (2.49) and using the minimality of Φ̃ we arrive at

A1d
Π (Φ̃) ≤ A1d

Π (Φ)
(2.49)
≤ lim

n
AΠn (Φn)

(2.50)
≤ A1d

Π (Φ̃),

which shows that limnA1d
Πn

(Φn) = A1d
Π (Φ) = AΠ(Φ̃). In particular, Φ mini-

mizes A1d
Π .
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Step 2. Stability in L2(R) sense. In view of (2.44), the minimality of each
Φn and the fact that A1d

Πn
(Φn) → A1d

Π (Φ) imply that∫
R
W (Φn; Πn) →

∫
R
W (Φ;Π) and

∫
R
|Φ′
n|2 →

∫
R
|Φ′|2. (2.51)

Also, (2.45) and the local uniform convergence of Φn to Φ yields the following
conditions everywhere in R:

(
φ2
n − 1

)2
, σ2n ≤ m−1W (Φn; Πn), for all n > N(

φ2
n − 1

)2 → (
φ2 − 1

)2
, σ2n → σ2.

(2.52)

The first limit in (2.51), (2.52), and a variant of the Dominated Convergence
Theorem (DCT) (see e.g., [11, Sec 1.3, Theorem 4]) imply that∫

R

(
φ2
n − 1

)2 → ∫
R

(
φ2 − 1

)2 and
∫
R
σ2n →

∫
R
σ2. (2.53)

The weak L2(R) convergence σn ⇀ σ, together with the second limit in
(2.53), implies that σn → σ strongly in L2(R). Moreover, since |φn(x)| ≤ 1

for all x ∈ R and n, we have that (φ2
n − 1)2(φ2 − 1)2 ≤ (φ2 − 1)2 ∈ L1(R).

Thus, by (2.53) and the DCT we conclude that

∥φ2
n − φ2∥2L2(R) =

∫
R

[
(φ2

n − 1)− (φ2 − 1)
]2 → 0. (2.54)

To show that φn → φ strongly in L2(R), let R > 0 be such that |φ(x)| ≥ 1/2

whenever |x| > R. Then, [φn(x) + φ(x)]2 ≥ 1
4 whenever |x| > R and thus

∥φn − φ∥2L2(R) = ∥φn − φ∥2L2(|x|≤R) + ∥φn − φ∥2L2(|x|>R)

≤ ∥φn − φ∥2L2(|x|≤R) + 4∥φ2
n − φ2∥2L2(|x|>R),

from which we conclude that φn → φ in L2(R) by the local uniform conver-
gence of φn to φ and (2.54).

Step 3. Stability in H1(R) sense. The second limit in (2.51) together with
the weak-

(
L2(R)

)2 convergence of (φ′
n, σ

′
n) to (φ′, σ′) yield

∥φ′
n − φ′∥2L2(R) + ∥σ′n − σ′∥2L2(R) =

∫
R

∣∣Φ′
n − Φ′∣∣2 → 0.
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Step 4. Stability in H2(R) sense. The minimality of Φn implies that

Φ′′
n = DΦW (Φn; Πn) = 0, for all n. (2.55)

We obtain the following pointwise bounds holding in all of R:

∂φW
2(Φn; Πn)

(1.39)
=

[
λφn

(
φ2
n − 1

)
+ βnσ

2
n

]2
φ2
n

(2.45),(2.46)
≤ 2M2(Π)

[(
φ2
n − 1

)2
+ σ2n

]
(1.42),(2.45),(2.46)

≤ 2
M2(Π)

m(Π)
W (Φn; Πn),

where m and M are the constants appearing in (2.45). Since the same
inequality holds when (Φn,Πn) is replaced by (Φ,Π), we have that∣∣φ′′

n − φ′′∣∣2 = |∂φW (Φn; Πn)− ∂φW (Φ;Π)|2

≤ C(Π) [W (Φn; Πn) +W (Φ;Π)] ,
(2.56)

everywhere in R for some constant C(Π) > 0. Also, note that (2.55), the
continuity of DΦW and the pointwise convergence of Φn to Φ imply that
Φ′′
n → Φ′′ pointwise. Using these facts together with (2.51), (2.56), and the

variant of the DCT from [11], we conclude that φ′′
n → φ′′ in L2(R). A similar

argument shows that σ′′n → σ′′ in L2(R).

Lemma 2.15 (Exponential decay). Let Π ∈ O0, I±(z) := (sign(z), 0) ∈
R × C and Φ be a minimizer of A1d

Π in H. Then, for each k ∈ N and all
z ∈ R\ {0}:∣∣∣∣ dkdzk (Φ− I±) (z)

∣∣∣∣ ≤ Cke
−α|z|, with α =

3

4

√
λmin(Π), (2.57)

where λmin(Π) > 0 is the minimum eigenvalue of D2
ΦW (±1, 0;Π) and Ck >

0 is a constant depending only on Π and on Φ.

Proof. Step 1. k = 0. Let

ν(z) :=
1

2
|Φ(z)− I±(z)|2,
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so that

lim
|z|→∞

ν(z) = 0 and ν ′′(z) = |Φ′(z)|2 + [Φ(z)− I±(z)] · Φ′′(z).

The minimality of Φ implies that (2.44) holds and that Φ′′ = DΦW (Φ;Π).
Using this and the fact that both W (I±; Π) and DΦW (I±; Π) vanish every-
where, the computation of the Taylor expansion around I±(z) of W (Φ(z); Π)

shows that

ν ′′(z) =
∣∣Φ′(z)

∣∣2 + [Φ(z)− I±(z)] · Φ′′(z)

(2.44)
= 2W (Φ(z); Π) + [Φ(z)− I±(z)] ·DΦW (Φ(z); Π)

= [Φ(x)− I±] ·
[
2D2

ΦW (I±; Π) · (Φ(z)− I±(z)) +O(ν)
]

≥ 4λmin(Π)ν(z) +O(ν3/2(z)).

(2.58)

Let M > 0 such that

ν ′′(z) ≥ (3/2)2 λmin(Π)ν(z), whenever |z| > M. (2.59)

It follows from (2.59), Lemma B.7, and the parity of φ and σ, that

ν(z) ≤ ν(M)e
3
2
α(M−|z|) whenever |z| ≥M,

where α =
√
λmin(Π) and M depends on Φ and Π. Additionally, since

ν(x) ≤ 2+m2
σ for all x ∈ R, we conclude that for C0(Π,Φ) :=

(
2 +m2

σ

)
e

3
2
αM ,

one has that

|Φ(Π, z)− I±(z)| ≤ C0(Π,Φ)e
− 3

4
α|z|, for all z ∈ R. (2.60)

The inequality (2.60) gives the estimate in (2.57) corresponding to k = 0.

Step 2. k = 1. Note that the fact that |φ(z)| ≤ 1 for all z ∈ R implies that

(
φ2 − 1

)
≤ 2 (φ− sign) .

Combining this with the fact that σ(z) ∈ (0,mσ) for all z, and the form
(1.39) of W , we obtain

W (Φ(z); Π) ≤ C̃(Π) |Φ(z)− I±(z)|2 , for all z ∈ R, (2.61)
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where C̃(Π) = 1
4 max

{
λφ, 2β + λσm

2
σ

}
. In view of (2.61) and (2.44), the

estimate for k = 1 follows from that of k = 0.

Step 3. k = 2. Note that

|∂φW (Φ;Π)| =
∣∣λφ (φ2 − 1

)
φ+ βφσ2

∣∣ ≤ 2λφ |(φ− sign)|+ βmσσ

≤ max {2λφ, βmσ} |Φ− I±|

|∂σRW (Φ;Π)| =
∣∣λσ(σ2 −m2

σ)σ + βφ2σ
∣∣ ≤ β |σ| ≤ β |Φ− I±| ,

which together with (2.44) and the estimate for k = 0 proves the estimate
(2.57) for k = 2.

Step 4. k = n ≥ 3. Each of these estimates follows by differentiating k − 2

times the identity Φ′′ = DΦW (Φ;Π) and applying a similar argument to
that of k = 2, using the pointwise boundedness of Φ and of its derivatives
(Step 3 of Lemma 2.12), the fact that W (Φ,Π) and its derivatives are all
polynomials in terms of φ and σ, and the estimates in (2.57) for all k ≤
n− 2.

2.2.3 Spectral Estimates

We now show the coercivity result appearing in (2.7).

Lemma 2.16. Let Π ∈ O0 and let Φ be a minimizer of A1d
Π in H. Then,

Q(Φ;Π)[V ] ≥ 0, for all V ∈ X3
1 , (2.62)

with equality if and only if V ∈ ker (L(Φ;Π)).

Proof. Let V ∈ X3
1 and write Q := Q(Φ;Π) for convenience. Since

d2

dh2

∣∣∣∣∣
h=0

A1d
Π (ΦΠ + hV ) = Q[V ], (2.63)

and ΦΠ is a minimizer of A1d
Π on H, the quantity on (2.63) must be non-

negative, and (2.62) follows.
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The statement V ∈ ker(LΠ) =⇒ Q[V ] = 0 follows immediately from the
definition of Q. To prove the reverse implication, let V ∈ X3

1 be such that
Q[V ] = 0. Since V minimizes Q by (2.62), it follows that

0 =
d

dh

∣∣∣∣∣
h=0

Q [V + hΨ] = 2

∫
R
Ψ · L (Ψ;Π) [V ] dz,

for all Ψ ∈ C∞
c (R;R3), where the second equality follows by the definition

of Q and the fact that (F,G) 7→
∫
R F ·L(Ψ;V )[G] is symmetric. As a result,

we conclude that V ∈ kerL(Φ;Π).

Lemma 2.17 (L2 Spectral Estimate). Let Π ∈ O0 and Φ be a minimizer
of A1d

Π in H. Then, there exists γ(Π) > 0 such that

Q(Φ;Π)[V ] > γ(Π)∥V ∥2X3
0
, for all V ∈ C1(L(Φ;Π)). (2.64)

Proof. For convenience, let L := L(Φ;Π) and Q := Q(Φ;Π). By the linearity
of L, (2.64) is equivalent to

Q[V ] > γ, for all V ∈ A, (2.65)

where
A :=

{
V : V ∈ C1 (L(Φ;Π)) and ∥V ∥X3

0
= 1
}
.

Or, equivalently,

γ := inf
V ∈A

Q[V ] > 0. (2.66)

Let (Vk)
∞
1 ⊂ A be a minimizing sequence for Q over A. We have that∫

R
|V ′
k|2 = Q [Vk]−

∫
R
VkD

2
ΦW (Φ;Π)Vk

≤ Q [Vk] + 3∥D2
ΦW (Φ;Π)∥∞

∫
R
|Vk|2

≤ Q [Vk] + 3∥D2
ΦW (Φ;Π)∥∞,

where

∥∥D2
ΦW (Φ;Π)

∥∥
∞ := sup

|α|=2
z∈R

|Dα
ΦW (Φ(z); Π)| ,
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which is finite sinceW (·; Π) is smooth and Φ is pointwise bounded. It follows
that

(
∥V ′

k∥X3
0

)∞
k=1

is a bounded sequence, and as a result, so is
(
∥Vk∥X3

1

)∞
k=1

,
since ∥Vk∥X3

0
= 1 for all k. For convenience, we pass to a subsequence for

which the norms ∥V ′
k∥X3

0
converge. Now, for similar reasons to the ones

outlined in the proof of Lemma 2.11, there exists a function V ∈ X3
1 and a

subsequence of (Vk)∞1 , also labeled (Vk)
∞
1 , such that

Vk ⇀ V weakly in X3
1 (and thus in X3

0 ) (2.67a)

V ′
k ⇀ V ′ weakly in X3

0 (2.67b)

Vk → V locally uniformly in R. (2.67c)

In particular, by the above and the lower semicontinuity of norms,

∥V ∥X3
0
≤ lim

k→∞
∥Vk∥X3

0
= 1 and

∥∥V ′∥∥
X3

0
≤ lim

k→∞

∥∥V ′
k

∥∥
X3

0
. (2.68a)

Let IN := [−N,N ] for every N > 0, and define

A := DΦW (1, 0;Π), B(z) := DΦW (Φ(z); Π), and C(z) = B(z)−A.

For any N > 0 we have that∫
R
V T
k BVk =

∫
IN

V T
k BVk +

∫
IcN

V T
k CVk +

∫
IcN

V T
k AVk.

Also, by (2.67c), limk→∞
∫
IN
V T
k BVk =

∫
IN
V TBV , and thus

lim
k→∞

∫
R
V T
k BVk ≥

∫
R
V TBV −

∫
IcN

V TBV

− lim inf
k→∞

∫
IcN

V T
k CVk + lim inf

k→∞

∫
IcN

V T
k AVk. (2.69)

Now, note that A,B(z), C(z) are symmetric for each z ∈ R, A ≻ 0 and
B(z) → A as |z| → ∞. Therefore, denoting by λM,min and λM,max the
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minimum and maximum eigenvalues of the 3 by 3 matrix M , respectively,
we infer from (2.69) that

lim
k→∞

∫
R
V T
k BVk ≥

∫
R
V TBV −

(
sup
|z|>N

λB(z),max

)
∥V ∥2L2(IcN )

+

[
λA,min − sup

|z|>N
λC(z),max

]
lim
k→∞

∥Vk∥2L2(IcN ) .

(2.70)

Additionally, by (2.67c), we have that lim
k→∞

∥Vk∥2L2(IcN ) = lim
k→∞

[
1− ∥Vk∥2L2(IN )

]
=

1−∥V ∥2L2(IN ). We also have that lim
N→∞

∥V ∥2L2 (I
c
N ) = 0, limz→∞ λB(z),max =

λA,min and lim
z→∞

λC(z),max = 0. Thus, taking the limit as N → ∞ in (2.70),
we find that

lim
k→∞

∫
R
V T
k BVk ≥

∫
R
V TBV + λA,min

(
1− ∥V ∥2X3

0

)
. (2.71)

Using (2.71) together with (2.68a) while noting that λA,min = λmin(Π), we
find that

γ = lim
k→∞

Q[Vk]

= lim
k→∞

∫
R

∣∣V ′
k

∣∣2 + lim
k→∞

∫
R
V T
k BVk

≥
∫
R

(∣∣V ′∣∣2 + V TBV
)
+ λmin(Π)

(
1− ∥V ∥2X3

0

)
= Q[V ] + λmin(Π)

(
1− ∥V ∥2X3

0

)
.

(2.72)

Now, since Vk ⇀ V in X3
0 and (Vk)

∞
k=1 ⊂ (kerL)⊥, we have that V ∈

(kerL)⊥. As a result, Q[V ] ≥ 0 with equality if and only if V = 0 by
Lemma 2.16. The result follows from this observation, (2.72), and the fact
that ∥V ∥X3

0
≤ 1.

The proof of Theorem 2.1 follows as a direct consequence of Lemma 2.17:

Proof of Theorem 2.1. Let Π ∈ O0 and Φ be a minimizer of A1d
Π in H.

By Lemma 2.12, Φ = (φ, eiθσ) for pointwise bounded φ, σ. Therefore, the
continuity of D2

ΦW implies the existence of C = C(Π) > 0 such that

sup
z∈R

sup
v∈R3

∥v∥2=1

∣∣vTD2
ΦW (Φ(z); Π)v

∣∣ ≤ C.
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In particular, we have that

∣∣V (z)TD2
ΦW (Φ(z); Π)V (z)

∣∣ ≤ C|V (z)|2, for all z ∈ R, V ∈ X3
2 . (2.73)

Let V ∈ C1(L(Φ;Π)). By Lemma 2.17, there is a γ = γ(Π) > 0 such that∫
R

[∣∣V ′∣∣2 + V TD2
ΦW (Φ;Π)V − γ |V |2

]
> 0.

Using this and (2.73),

0 <

∫
R

[∣∣V ′∣∣2 + (1 + γ

C

)
V TD2

ΦW (Φ;Π)V
]

=
(
1 +

γ

C

)
Q[V ]− γ

C

∫
R

∣∣V ′∣∣2 ,
from which we conclude that

Q[V ] ≥ γ

C + γ

∫
R

∣∣V ′∣∣2 .
The result follows from this last inequality and Lemma 2.17.

2.2.4 Extension of Properties of ΣN,I to an Open Set

In what follows, we will denote by X3
2 the normed space

(
(H2(R))3, ∥·∥X3

2

)
as before, and we will writeX3

2,0 to denote the normed space
(
(H2(R))3, ∥·∥X3

0

)
.

Furthermore, we introduce the Banach spaces

X s
k :=

{
(φ, σR, σI) ∈ X3

k : σR is even and φ and σI are odd
}
.

as subspaces of X3
k for each k.

Definition 2.18. Let Π ∈ ΣN,I and, in relation to the operators defined in
(2.6) and in (2.16), introduce the following shifted operators defined for all
P ∈ (0,∞)4 and all V ∈

(
H2(R)

)3:
FΠ(V, P ) := F(m(Π) + V ; Π + P ),

LΠ(V, P )[Ψ] := L(m(Π) + V ; Π + P )[Ψ],

LΠ(Ψ) := LΠ (0, 0) [Ψ] = −Ψ′′ +D2
ΦW (m(Π);Π)Ψ.
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With these definitions, we have that FΠ(0, 0) = 0 and

m(Π) =: (φΠ, σΠ, 0), where φΠ is odd and σΠ is even by (2.16), (2.74a)

kerLΠ = spanR
{
(φ′

Π, σ
′
Π, 0), (0, 0, σΠ)

}
by Theorem 2.5. (2.74b)

In what follows, we use the above properties to justify the application
of the Implicit Function Theorem (IFT) to the restriction map Fs

Π :=

FΠ

∣∣∣
X s

2×(0,∞)4
: X s

2 × O0
Π → X s

0 around the origin. By doing so, we are

able to (smoothly) extend the properties (parity, exponential decay and
non-degeneracy) of the (unique) minimizers of A1d

Π in Hs for Π ∈ ΣN,I

to minimizers of A1d
Π corresponding to all Π in an open set of parame-

ters containing ΣN,I . The main result, Proposition 2.21, relies on the fact
that (a) X s

2 ⊂ C2(LΠ) whenever Π ∈ ΣN,I by (2.74a) and (2.74b), and
(b) DV Fs

Π(0, 0) = LΠ (0, 0)
∣∣∣
X s

2

: X s
2 → X s

0 is bijective for each Π ∈ ΣN,I

(see Corollary 2.20). The latter property in turn follows from the following
pivotal result:

Lemma 2.19 (LΠ Properties). Let Π ∈ ΣN,I . Then, LΠ : X3
2,0 → X3

0 ,
where LΠ(V ) := −V ′′+D2

ΦW (m(Π);Π)V , is Fredholm. Moreover, Im (LΠ) =

ker (LΠ)
⊥ and therefore,

L⊥
Π : C2 (LΠ) → C0 (LΠ) , V 7→ LΠ(V ) is bijective. (2.75)

Proof. LΠ : X3
2,0 → X3

0 is a self-adjoint operator, and therefore it is closed.
Furthermore, dim (ker(LΠ)) = 2 by Theorem 2.5, and by Lemma 2.17 we
have that

∃c > 0 such that ∥LΠ(V )∥X3
0
≥ c ∥V ∥X3

0
, for all V ∈ C2(LΠ).

This last property, together with e.g., [18] (Theorem V-5.2) or [15] (Theorem
3.3), allow us to conclude that the image of LΠ is closed in X3

0 . In particular,
we have that

(
Im L⊥

Π

)⊥
= Im LΠ. On the other hand, the self-adjointness

of LΠ implies that (Im LΠ)
⊥ = kerLΠ (see e.g., [18]). Therefore,

Im LΠ = (kerLΠ)
⊥. (2.76)

Since kerLΠ is closed (being a finite dimensional subspace of a Hilbert
space), we have that X3

0 = kerLΠ ⊕ (kerLΠ)
⊥ and thus, the codimension
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of Im LΠ in X3
0 is finite by (2.76). Therefore, LΠ is Fredholm. Lastly, (2.75)

follows by the second equality in (2.76) and the definition of C2(LΠ).

Alternative proof that LΠ is Fredholm: If we take into account that

lim
|z|→∞

D2
ΦW (ΦΠ(z); Π) = D2

ΦW ((1, 0); Π) = diag
(
2λφ, β − λσm

2
σ, β − λσm

2
σ

)
,

we may decompose LΠ as LΠ = L0,1 + L0,2 with

L0,1(u, v, w) =


− u′′ + 2λφu

− v′′ + (β − λσm
2
σ)v

− w′′ +
(
β − λσm

2
σ

)
w


and

L0,2(u, v, w) =


[
∂2φW (ΦΠ; Π)− 2λφ

]
u+ ∂σR∂φW (ΦΠ; Π)v

∂σR∂φW (ΦΠ; Π)u+
[
∂2σRW (ΦΠ; Π)− (β − λσm

2
σ)
]
v[

∂2σIW (ΦΠ; Π)−
(
β − λσm

2
σ

)]
w

 .

The spectrum of the operator L0,1 : X
3
2,0 → X3

0 is equal to [min(2λφ, β −
λσm

2
σ),∞) and it is purely essential, while the operator L0,2 : X

3
0 → X3

0

is relatively compact with respect to L0,1 (compactness is provided via an
Arzela-Ascoli argument using the continuous embeddingH2(R) ↪→ C1,1/2(R)).
By Weyl’s Theorem [18, Theorem 5.35] the essential spectrum of a closed
operator is stable under relatively compact perturbations, hence the essen-
tial spectrum of L0,1 + L0,2 is again equal to [min(2λφ, β − λσm

2
σ),∞).

Now observe that β − λσm
2
σ > 0 since Π ∈ O0, and we know that 0 be-

longs to the spectrum of LΠ(0, 0) because of (2.74b); thus LΠ(0, 0) is a
Fredholm operator and therefore the image of LΠ is closed. In particular,
Im LΠ = (kerLΠ)

⊥ (see, for example, [18, Theorem 5.13]).

Corollary 2.20. Let Π ∈ ΣN,I . Then, LsΠ := LΠ

∣∣∣
X s

2

: X s
2 → X s

0 is bounded

and bijective.

Proof. Let ΦΠ = m(Π). The form ofD2
ΦW (ΦΠ; Π), (2.74a), the boundedness

of Φ, and (2.74b) imply that

X s
2 ⊂ C2(LΠ) and X s

0 ⊂ C0(LΠ), (2.77)

LΠ(V ) ∈ X s
0 for all V ∈ X s

2 , (2.78)
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∥LΠ(V )∥X3
0
≤ C(Π) ∥V ∥X3

2
for all V ∈ X3

2 . (2.79)

Thus LsΠ : X s
2 → X s

0 defined by LsΠ(V ) = LΠ(V ) = L⊥
Π(V ) for all V ∈ X s

2

is well-defined and bounded.

The injectivity of LsΠ follows from that of L⊥
Π. To prove that LsΠ is surjective,

let U ∈ X s
0 and note that (2.75) and (2.77) imply that L⊥

Π(V ) = U for some
V ∈ C2(LΠ). Decompose V = (uo + ue, vo + ve, wo + we), where uo, vo, wo
are odd functions and ue, ve, we are even functions. Then, by the linearity
of L⊥

Π and the form of D2
ΦW (ΦΠ; Π), one has that

X s
0 ∋ L⊥

Π(V ) = L⊥
Π(ue, vo, we)︸ ︷︷ ︸

∈(X s
0 )

⊥

+L⊥
Π(uo, ve, wo)︸ ︷︷ ︸

∈X s
0

,

and thus L⊥
Π(uo, ve, wo) = L⊥

Π(V ). Since (uo, ve, wo) ∈ X s
2 ⊂ C2(LΠ) and L⊥

Π

is injective, we deduce that V = (uo, ve, wo) ∈ X s
2 .

Proposition 2.21 (Extension of m). There exist open sets O1,O2,O3 ⊂
(0,∞)4 and a map m defined over O1 such that

ΣN,I ⊂ O3 ⊂ O2 ⊂ O1 ⊂ O0, (2.80a)

m− (tanh, 0) ∈ C∞ (O1;X s
2

)
and m

∣∣∣
ΣN,I

= m, (2.80b)

m(Π) is the unique minimizer of A1d
Π in Hs for all Π ∈ O1, (2.80c)

ker (L (m(Π);Π)) = spanR
{
m(Π)′, iPσ (m(Π))

}
for all Π ∈ O2, (2.80d)

m(Π) = (φΠ, σΠ, 0) ∈ Hs with σΠ strictly positive for all Π ∈ O3. (2.80e)

Proof. Step 1. Existence of O1 and m.

We have that FΠ ∈ C∞(X3
2 × (0,∞)4, X3

0 ) by Lemma B.1. Also, LΠ is the
Fréchet partial derivative of FΠ with respect to V . This fact follows since

LΠ(V, P )[Ψ] =
d

dh

∣∣∣∣∣
h=0

FΠ(V + hΨ, P ), for all P,Ψ ∈ X3
2 ,Π ∈ (0,∞)4,

meaning that LΠ is the Gateaux derivative of FΠ everywhere. By the
smoothness of FΠ, this implies that LΠ is in fact the Fréchet derivative
of FΠ (see e.g., [4]).

Consider now the restriction map Fs
Π : X s

2 × (0,∞)4 → X s
0 , Fs

Π(V, P ) =

FΠ(V, P ) for all (V, P ) ∈ X s
2 × (0,∞)4. This map is well defined since the
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form of DΦW (ΦΠ; Π), (2.74b), and (2.74a) imply that FΠ(V ) ∈ X s
0 for all

V ∈ X s
2 . Also, Fs

Π ∈ C∞(X s
2 ;X s

0 ) by the smoothness of FΠ, and LsΠ(V, P ) :

X s
2 → X s

0 given by LsΠ(V, P )[Ψ] := LΠ(V, P )[Ψ] for each Ψ ∈ X s
2 is the

Fréchet derivative of Fs
Π at (V, P ) for each (V, P ) ∈ X s

2 × (0,∞)4. Finally,
LsΠ(0, 0) = LsΠ, where LsΠ : X s

2 → X s
0 is the bijective and bounded linear

map from Corollary 2.20. We may therefore invoke the Implicit Function
Theorem (see e.g., [4]) to the map Fs

Π around (V, P ) = (0, 0) to conclude
that there exists of open sets DΠ ⊂ (0,∞)4 and UΠ ⊂ X s

2 with (0, 0) ∈
UΠ ×DΠ, and a map MΠ ∈ C∞(DΠ;UΠ) such that

1. Fs
Π(MΠ(P ), P ) = 0 for all P ∈ DΠ.

2. If Fs
Π(V, P ) = 0 and (V, P ) ∈ U ×DΠ, then V = MΠ(P ).

By the definition of FΠ, we see that DΠ := Π+DΠ and UΠ := m(Π)+UΠ ⊂
H are neighbourhoods of Π and m(Π), respectively, such that, together with
the map mΠ : DΠ → UΠ given by mΠ(P ) := m(Π) +MΠ(P − Π) for each
P ∈ DΠ, satisfy:

1. For all P ∈ DΠ, the function V = mΠ(P ) ∈ H solves

F(V ;P ) = −V ′′ +DΦW (V ;P ) = 0. (2.81)

2. If (V, P ) ∈ UΠ ×DΠ satisfies (2.81), then V = mΠ(P ).

Claim: There exists an open set DΠ ⊂ DΠ ∩ O0 such that mΠ(P ) is the
unique minimizer of A1d

P in Hs for each P ∈ DΠ.

Proof of claim. DΠ ∩ O0 is a non-empty open set since both DΠ and O0

are open and contain Π. Also, the existence of a minimizer of A1d
P in Hs for

each P ∈ O0 is guaranteed by Lemma 2.12. Suppose that the statement of
the claim does not hold. Then, there are sequences (Πn)

∞
1 ⊂ DΠ ∩ O0 and

(ΦΠn)
∞
1 ⊂ Hs, with Πn → Π and such that ΦΠn is a minimizer of A1d

Πn
in

Hs and mΠ(Πn) ̸= ΦΠn for each n. On the other hand, since both V = ΦΠn

and V = mΠ(Πn) solve

−V ′′ +DΦW (V ; Πn) = 0,
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for each n, we have that Φn = mΠ(Πn) unless Φn /∈ UΠ by the conclusion
from the IFT. Therefore, ΦΠn /∈ UΠ for each n, and thus

∥ΦΠn −mΠ(Π)∥X3
2
> ϵ, for some ϵ > 0 and all n,

which contradicts Lemma 2.14 since mΠ(Π) is the unique minimizer of A1d
Π

in Hs by Item 2 of Theorem 2.5.

The above argument proves that for each Π ∈ ΣN,I , there exists an open
set DΠ containing Π, and a map mΠ : DΠ → Hs such that mΠ− (tanh, 0) ∈
C∞(DΠ, X

3
2 ) and mΠ(P ) is the unique minimizer of A1d

P in Hs for each
P ∈ DΠ. In particular, mΠ agrees with m over ΣN,I , where m is the map
defined in (2.16). Therefore, letting O1 :=

⋃
Π∈ΣN,I DΠ, the map m : O1 →

Hs given by m(P ) = mΠ(P ) if P ∈ DΠ is well-defined and satisfies the
conditions outlined in Proposition 2.21.

Step 2. Non-degeneracy: existence of O2.

Consider the map L : O1 → L(X3
2 , X

3
0 ) defined by

L(P )[V ] := L(m(P );P )[V ] = −V ′′ +D2
ΦW (m(P );P )V, P ∈ O1, V ∈ X3

2 ,

so that m(P ) is non-degenerate for P if and only if dim(kerL(P )) = 2. Fix
V ∈ X3

2 and Π ∈ O1, and let P ∈ O1 be such that |P − Π| < 1. Then, by
the local Lipschitz continuity of D2

ΦW , the pointwise boundedness of m(P )

for each P ∈ O1, the continuous embedding H2(R) ↪→ L∞(R), and the
continuity of m, we have that

∥[L(P )− L(Π)][V ]∥2X3
0
=

∫
R

∣∣[D2
ΦW (m(P );P )−D2

ΦW (m(Π);Π)
]
V
∣∣2

≤ C0(Π)

∫
R
[|m (P ) (z)−m (Π) (z)|+ |P −Π|]2 |V |2

≤ C1(Π)
[
∥m(P )−m(Π)∥2X3

2
+ |P −Π|2

]
∥V ∥2X3

2

≤ C2(Π) |P −Π|2 ∥V ∥2X3
2
,

(2.82)
for some constants (depending only on Π) C0, C1, C2 > 0. As a result,

L(P ) = L(Π) + T (P,Π), (2.83)

where T (P,Π) := L(P )− L(Π) ∈ L(X3
2 , X

3
0 ) and ∥T (P,Π)∥ = O (|P −Π|).
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Let Π ∈ ΣN,I . Since m(Π) = m(Π), L(Π) is a Fredholm operator by
Lemma 2.19 and dim (kerL(Π)) = 2 by Theorem 2.5. This, together with
(2.83) and e.g., [18, IV - Theorem 5.22], imply the existence of an open neigh-
bourhood ΩΠ ⊂ O1 of Π such that dim (kerL(P )) ≤ 2 whenever P ∈ ΩΠ.
In view of (2.9), the specific form of the kernel of L (m(Π);Π) in (2.80d) fol-
lows for each P ∈ ΩΠ, and consequently O2 :=

⋃
Π∈ΣN,I ΩΠ satisfies (2.80a)

and (2.80d).

Step 3. Existence of O3.

Let Π ∈ O0 and ΦΠ = (φΠ, σΠ, 0) be a minimizer of A1d
Π in Hs, whose

existence is justified by Lemma 2.12. By Step 2 of the proof of Lemma 2.12,
σΠ ∈ C∞

b (R) and σΠ(z) ≥ 0 for all z ∈ R. Suppose that σΠ(z0) = 0 for
some z0 ∈ R. Since σΠ is bounded by 0 from below, we must have that
σ′Π(z0) = 0. Therefore, both σΠ and the zero function solve the initial value
problem (cf. second equation in (2.3))σ′′ + [λσ(σ

2 −m2
σ) + βφ2

Π]σ = 0, in R,

σ(z0) = σ′(z0) = 0.

As a result, standard ODE results imply that σΠ is the zero function if it
vanishes at any point.

By the above argument, and since σΠ is known to be strictly positive for each
Π ∈ ΣN,I , the positivity of σΠ can extended to an open set of parameters
Õ3 by e.g., the continuity of the quantity ∥σΠ∥L2(R) with respect to Π. As
a result, the set O3 := Õ2 ∩ O2 satisfies (2.80a) and (2.80e).

Definition 2.22 (Admissible Parameters). The set O := O3 from Propo-
sition 2.21 is called the set of admissible parameters. Additionally, we
define the restriction map

M := m
∣∣∣
O
: O → Hs, (2.84)

where m is the map from Proposition 2.21. The image of M is called the set
of one-dimensional profiles.

Based on Lemma 2.12, Lemma 2.15, and Proposition 2.21, the map M has
the following properties:

M ∈ (tanh, 0, 0) + C∞(O;X s
2 ), (2.85)
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M(Π) ∈ C∞ (R;R3
)
, (2.86)

[M(Π)]′′ = DΦW (M(Π);Π) , (2.87)

kerL(M(Π);Π) = spanR
{
M(Π)′, iPσ (M(Π))

}
, (2.88)∣∣∣∣ dkdzkM(Π)(z)

∣∣∣∣ ≤ Ck(Π)e
− 3

4

√
λmin(Π)|z|, (2.89)

for some Ck(Π) > 0 and all Π ∈ O.

Note that the Sobolev embedding H1(R) ↪→ L∞(R) implies that

∥∥M(Π)−M(Π′)
∥∥
∞ ≤ C

∥∥M(Π)−M(Π′)
∥∥
X3

2
for all Π,Π′ ∈ O, (2.90)

where C > 0 is a constant independent of Π and Π′. Thus by (2.85):

sup
z∈R

∣∣M(Π)(z)−M(Π′)(z)
∣∣→ 0 whenever Π → Π′. (2.91)

Corollary 2.23. Let Π ∈ O. Then, L(M(Π);Π) : X3
2,0 → X3

0 is Fredholm
and

L(M(Π);Π)
∣∣∣
C2(LΠ)

: C2 (LΠ) → C0 (LΠ) is bijective.

Proof. Let Π ∈ O. The argument is virtually identical to the one from the
proof of Lemma 2.19 since LΠ := L(M(Π);Π) is self-adjoint and O ⊂ O0.
The latter justifies the application of Lemma 2.17, which ultimately implies
that Im LΠ = (kerLΠ)

⊥. Moreover, LΠ is Fredholm as a result of this and
the fact that kerLΠ is two-dimensional by (2.88).

2.2.5 Properties of 1-dimensional Profiles

Lemma 2.24 (Inversion of Linearized Operator (part I)). Let Π ∈ O and
ΦΠ := M(Π). Suppose that5 G ∈ C0 (L(ΦΠ; Π))∩C∞ (R) and that there are
positive constants (Ck)

∞
k=0 such that∣∣∣∣dkGdzk (z)

∣∣∣∣ ≤ Cke
− 1

2

√
λmin(Π)|z|, for all z ∈ R and k ∈ Z+. (2.92)

5 Note that (2.92) implies that G ∈ X3
k for each k ∈ N, so that G ∈ Ck(L) for each k ∈ N.
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Then, there exists a unique function F ∈ C2 (L(ΦΠ; Π)) ∩C∞ (R) such that
L(ΦΠ; Π)[F ] = G. Moreover, for each k ∈ Z+, there exists a constant
Dk(Π) > 0 such that∣∣∣∣dkFdzk (z)

∣∣∣∣ ≤ Dk(Π)e
− 1

2

√
λmin(Π)|z|, for all z ∈ R. (2.93)

Proof. For convenience, let L := L (ΦΠ; Π). The existence and uniqueness
of F ∈ C2(L) such that

L[F ] = −F ′′ +D2
ΦW (ΦΠ; Π)F = G (2.94)

follows from Corollary 2.23. The smoothness of F follows from the fact
that F ∈ X3

k for each k ∈ N, which in turn follows from differentiating
equation (2.94) repeatedly and by the smoothness and the exponential decay
of W (ΦΠ; Π) and G.

To prove the exponential decay of F and of its derivatives, note6 that the
form of D2

ΦW in (A.3) and the fact that φ2
Π−1 < 0 and σΠ ∈ (0,mσ], where

(φΠ, σΠ, 0) := ΦΠ, imply that

∣∣V T
[
D2

ΦW (ΦΠ; Π)−D2
ΦW ((±1, 0); Π)

]
V
∣∣ = ∣∣∣ [3λφ (φ2

Π − 1
)
+ βσ2Π

]
V 2
1 +[

β
(
φ2
Π − 1

)
+ 3λσσ

2
Π

]
V 2
2 +

[
β
(
φ2
Π − 1

)
+ λσσ

2
Π

]
V 2
3 + 4βφσΠV1V2

∣∣∣
≤ [3λσmσ + β(mσ + 2)]σΠ |V |2 . (2.95)

Therefore, for K(Π) := 3λσmσ + β (mσ + 2) > 0 and all V ∈ R3 :

V TD2
ΦW (ΦΠ; Π)V = V TD2

ΦW (1, 0;Π)V + V T
[
D2

ΦW (ΦΠ; Π)−D2
ΦW (1, 0;Π)

]
V

≥ λmin(Π) |V |2 −K(Π) |ΦΠ ± (1, 0)| |V |2 ,

where λmin(Π) > 0 is the smallest eigenvalue of D2
ΦW (1, 0;Π). Next, let

a ∈ (0, 1) use the fact that ΦΠ(z) → (±1, 0) ∈ R×C as z → ±∞ to obtain
a N(Π) > 0 such that for all V ∈ R3:

V TD2
ΦW (ΦΠ; Π)V ≥ aλmin(Π) |V |2 , whenever |z| > N(Π, a).

6 Alternatively, note that the local Lipschitz continuity the entries of D2
ΦW (·, ·; Π) for each

Π ∈ O implies the existence of K(Π) > 0 such that the same inequality holds.
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Then, using (2.94) and Cauchy-Schwarz, we obtain for each b ∈ (0, 2a):(
|F |2

)′′
= 2

∣∣F ′∣∣2 + 2F · F ′′

≥ 2F ·
[
D2

ΦW (ΦΠ; Π)F −G
]

≥ (2a− b)λmin(Π) |F |2 −
1

bλmin(Π)
|G|2

≥ (2a− b)λmin(Π) |F |2 −
C2
0

bλmin(Π)
e−

√
λmin(Π)|z|,

(2.96)

whenever |z| > N(Π, a) and where C0 > 0 is as in (2.92). Choosing a and
b such that 2a − b > 1 and applying Lemma B.7 to the case z > 0, and a
similar argument for z < 0, it follows that there exists K(Π, C0) > 0 such
that

|F (z)| ≤ K(Π, C0)e
− 1

2

√
λmin(Π)|z|, for all z ∈ R, (2.97)

which implies (2.93) for k = 0.

On the other hand, differentiating (2.94), we see that

L[V ′] = G′ −
[
D2

ΦW (ΦΠ; Π)
]′
V.

Therefore, applying the same argument used to obtain (2.97) with V ′ in
place of V and G′ −

[
D2

ΦW (ΦΠ; Π)
]′
V in place of G, we obtain the desired

exponential decay of |V ′|.

Similarly, the exponential decay of |V (k)| for k ≥ 2 follows by an inductive
argument on k obtained by differentiating (2.94) repeatedly, together with
the exponential decay of the derivatives of G, of [D2

ΦW (ΦΠ; Π)], and of
|V (m)| for all m < k.

We now verify the smoothness and the exponential decay of the derivatives
of the 1-dimensional profiles. We will follow the notation introduced in Sec-
tion 1.3.1.

Lemma 2.25. The function Φ : O × R → R × C defined by Φ(Π, z) :=

M(Π)(z) for all (Π, z) ∈ O × R, where O and M are as in Definition 2.22,
is smooth.
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Proof. Step 1: continuity of Φ. Fix (Π, z) ∈ O×R. For any (Π1, z1) ∈ O×R
such that ∥(Π, z)− (Π1, z1)∥R5 ≤ 1, we have that

∥Φ(Π, z)− Φ(Π1, z1)∥R3

= ∥M(Π)(z)−M(Π1)(z1)∥R3

≤ ∥M(Π)(z)−M(Π)(z1)∥R3 + ∥M(Π)(z1)−M(Π1)(z1)∥R3

≤ C(Π)|z − z1|+ C ∥M(Π)−M(Π1)∥X3
2

≤ C(Π) ∥(Π−Π1, z − z1)∥R5 ,

where the second to last inequality follows from the local Lipschitz continuity
of Φ(Π, ·) and (2.90), while the last inequality follows from the continuity
of M. This proves that Φ is continuous.

Step 2: Existence and continuity of Π derivatives of Φ. Since M ∈ (tanh, 0, 0)+

C∞(O;X3
2 ), for h ∈ R and Π̃ ∈ R4, we have that∥∥∥M(Π + hΠ̃)−M(Π)− hDM(Π)[Π̃]

∥∥∥
X3

2

= o(|h|).

Therefore, by the (continuous) Sobolev embedding H2(R) ↪→ L∞(R):∥∥∥Φ(Π + hΠ̃, z)− Φ(Π, z)− hDM(Π)[Π̃](z)
∥∥∥
R3

=
∥∥∥M(Π + hΠ̃)(z)−M(Π)(z)− hDM(Π)[Π̃](z)

∥∥∥
R3

≤ C
∥∥∥M(Π + hΠ̃)−M(Π)− hDM(Π)[Π̃]

∥∥∥
X3

2

= o(|h|).

This shows that DΠΦ(Π, z) exists. Also, denoting the ith standard unit
vector in R4 by ei and setting Π̃ = ei, we find that ∂piΦ(Π, z) := DΠΦ(Π, z)·
ei = DM(Π)[ei](z) for each (Π, z) ∈ O × R and i = 1, 2, 3, 4. Using this
equality, the continuity of ∂piΦ for each i ∈ {1, 2, 3, 4} can be deduced with
a similar argument used to show the continuity of Φ in Step 1. In particular,

∥∂yiΦ(Π, z)− ∂yiΦ(Π1, z1)∥R3 ≤

∥DM(Π)[ei](z)−DM(Π)[ei](z1)∥R3+∥DM(Π)[ei](z1)−DM(Π1)[ei](z1)∥R3 ,

and

∥DM(Π)[ei](z)−DM(Π)[ei](z1)∥R3 ≤ C|z − z1|
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by the Sobolev embedding H1(R) ↪→ C0,1/2(R), and

∥DM(Π)[ei](z1)−DM(Π1)[ei](z1)∥R3

≤ sup
z∈R

∥DM(Π)[ei](z)−DM(Π1)[ei](z)∥R3

≤ ∥DM(Π)[ei]−DM(Π1)[ei]∥X3
2

≤ ∥DM(Π)−DM(Π1)∥L(R4,X3
2 )

→ 0 as Π1 → Π.

We conclude that ∥∂piΦ(Π, z) − ∂piΦ(Π1, z1)∥R3 → 0 as (Π1, z1) → (Π, z).
An induction argument following this logic shows that for any multi-index
α = (αi)

4
i=1 ∈ Z4

+:

Dα
ΠΦ(Π, z) = DαM(Π)[

α1 times︷ ︸︸ ︷
e1, e1, ..., e1,

α2 times︷ ︸︸ ︷
e2, e2, ..., e2, ...,

α4 times︷ ︸︸ ︷
e4, e4, ..., e4](z),

and thus Dα
ΠΦ is continuous and Dα

ΠΦ(Π, ·) ∈ X3
2 .

Step 3: Continuity of Dα
Π∂

k
zΦ. Let α = (αi)

4
i=1 ∈ Z4

+ and k ∈ Z+. Differen-
tiating both sides of (2.87) with respect to Dα

Π, we find that the continuity
of Dα

Π∂
2
zΦ follows from that of Dβ

ΠΦ for all β = (βi)
4
i=1 with βi ≤ αi for

i = 1, 2, 3, 4, which follows from step 3. The continuity of Dα
Π∂zΦ follows

from the continuity of Dα
Π∂

2
zΦ. For any k > 2, repeated differentiation of

(2.87) with respect to ∂k−2
z followed by Dα

Π shows that the continuity of
Dα

Π∂
k
zΦ follows from that of that of Dβ

Π∂
m
z Φ for all β = (βi)

4
i=1 with βi ≤ αi

for i = 1, 2, 3, 4 and all m ≤ k − 2.

Step 4: Permuting derivatives. Since mixed weak derivatives commute, step 4
shows that weak derivatives of Φ of all orders are continuous. This, together
with Lemma C.8 shows that Φ is smooth.

Lemma 2.26. Let Π0 ∈ O and let Φ be as in Lemma 2.25. There exists an
open subset OΠ0 ⊂ O containing Π0 such that for every k ∈ Z+ and every
multi-index α, there exists a constant Cαk(Π0) for which∣∣∣Dα

Π∂
k
z [Φ(Π, z)− I±(z)]

∣∣∣ ≤ Cαk(Π0)e
−
√

λmin(Π)

2
|z| (2.98)

holds for all (Π, z) ∈ OΠ0 × (R\ {0}).

Remark 2.27. As shown in the proof of Lemma 2.26, the exponent on the
exponential term can be changed to −aλmin(Π)|z| for any a ∈ (0, 1) for
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the cases corresponding to |α| = 0. Also, a slight modification to the proof
shows that the 5th item of Theorem 2.3 holds. The argument in the later
case is easier since no uniform lower bounds on |z| (i.e., N(Π0)) are needed.
The only reason for proving locally uniform bounds as they appear in (2.98)
is to justify the passing of a limit in the proof of Lemma 2.29.

Proof. Let Π0 ∈ O be arbitrary and ν(Π, z) := 1
2 |Φ(Π, z)− I±(z)|2 as in

Lemma 2.15. A direct computation using a Taylor expansion about (±1, 0)

shows that there is a positive constant M independent of Π such that

ν ′′(z) = 2W (Φ(Π, z); Π) +DΦW (Φ(Π, z); Π) · [Φ(Π, z)− I±]

≥
[
4λmin(Π)−M |Π|ν1/2(z)

]
ν(z).

As a result, we have that

|Φ(Π, z)− I±| ≤
7
√
2

4M |Π|
λmin(Π) =⇒ ν ′′(z) ≥

(
3

2

)2

λmin(Π)ν(z). (2.99)

Let UΠ0 be any open bounded subset such that Π0 ∈ UΠ0 ⊂ UΠ0 ⊂ O and

m1(UΠ0) := min

{
7
√
2

4M |Π|
λmin(Π) : Π ∈ UΠ0

}
. (2.100)

Let N(Π0) > 0 be large enough so that

|Φ(Π0, z)− I±(z)| < m1 (UΠ0) /2, whenever |z| > N(Π0). (2.101)

Also, let δ(Π0) > 0 be small enough so that

sup
z∈R

|Φ(Π0, z)− Φ(Π, z)| < m1 (UΠ0) /2, whenever |Π0 −Π| < δ(Π0).

(2.102)

The fact that δ(Π0) exists follows from (2.91). Finally, let OΠ0 := UΠ0 ∩
Bδ(Π0)(Π0).

Step 1: α = 0. By construction, whenever Π ∈ OΠ0 and |z| > N(Π0) :

|Φ(Π, z)− I±(z)| ≤ |Φ(Π0, z)− Φ(Π, z)|+ |Φ(Π0, z)− I±(z)| ≤ m1 (UΠ0) .
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By (2.99) and (2.100), we thus have that for all Π ∈ OΠ0 :

ν ′′(Π, z) ≥
(
3

2

)2

λmin(Π)ν(Π, z), whenever |z| > N(Π0),

Therefore, by the same logic as the one leading to (2.60), we have that for
all Π ∈ OΠ0 and all z ∈ R:

|Φ(Π, z)− I±(z)| ≤ C0(Π0)e
− 3

4

√
λmin(Π)|z|, (2.103)

where C0(Π0) = max
{√

4 +m2
σe

3
4
λmin(Π)N(Π0) : Π = (λφ, λσ,mσ, β) ∈ OΠ0

}
.

This proves the result for k = 0. The proof for the cases k ≥ 1 follow exactly
as in Steps 2 and 3 of Lemma 2.15.

Step 2: |α| = m ≥ 1. The analysis here is similar to the one from Lemma 2.24,
except that the coefficients of the exponential bounds are taken uniformly
on the closure of OΠ0 .

Recall that for K(Π) = 3λσmσ + β(mσ + 2) and all V ∈ R3 (see (2.95)):

V TD2
ΦW (ΦΠ; Π)V ≥ λmin(Π) |V |2 −K(Π) |ΦΠ − (1, 0)| |V |2 . (2.104)

Let

m2(UΠ0) :=
1

5
·min

{
λmin(Π)

K(Π)
: Π ∈ U

}
.

Then, by possibly making N(Π0) (resp. δ(Π0)) from step 1 larger (resp.
smaller), we obtain the estimates (2.101) and (2.102) withm1(UΠ0) replaced
by r(Π0) := min (m1(UΠ0),m2(UΠ0)). Using these estimates together with
(2.104) yields the following inequality that holds for all Π in OΠ0 = UΠ0 ∩
Bδ(Π0)(Π0) (same definition as before, but using the possibly smaller δ(Π0)):

V TD2
ΦW (ΦΠ; Π)V ≥ 4λmin(Π)

5
|V |2 , whenever |z| > N(Π0), for all V ∈ R3.

(2.105)

Let Π ∈ OΠ0 . Assume that (2.98) holds for all α with |α| < m and consider
the case |α| = m. Differentiating (2.87) with respect to Dα

Π yields

L(Φ(Π, ·); Π)[F (Π, ·)] = G(Π, ·), (2.106)
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where F (Π, z) := Dα
ΠΦ(Π, z) and7

G(Π, z) := −Dα
Π [DΦW (Φ;Π)] (Π, z) +D2

ΦW (Φ(Π, z); Π)Dα
ΠΦ(Π, z).

As in Lemma 2.24, we use the estimate (2.105) to arrive at the following
inequality, this time holding uniformly for all Π over the open set OΠ0

containing Π0:

∂2z

(
|F |2

)
≥ 2F ·

[
D2

ΦW (ΦΠ; Π)F −G
]

≥ 6

5
λmin(Π) |F |2 −

5

2λmin(Π)
|G|2 , whenever |z| > N(Π0).

(2.107)
Now, write Φ = Φ(Π, ·) =

(
φ
σ

)
and note that the form of W implies that:

|Dα
ΠDΦW (Φ;Π)|2 ≤



[
φ4 + (1 + φ2)σ2 +m2

σ(4λσ − 1)
]
σ2

+
[
φ2(φ+ 1)2

]
(φ− 1)2, |α| = 1,

4(2m2
σ + λ2σ)σ

2, |α| = 2,

12σ2, |α| = 3,

0, |α| ≥ 4.

≤ C(Π) |Φ− I±|2 , for all α,
(2.108)

for some continuous function C. Also,

|Φ(Π, z)|2 ≤ 1 +m2
σ, for all (Π, z) ∈ O × R. (2.109)

Now, let P be any polynomial on six variables. The bound (2.109), together
with the exponential decay of Dγ

ΠΦ for all multi-indices γ with |γ| < m

coming from the induction hypothesis, implies the existence of Dα(Π0) (de-
pending on P ) such that for all γ with |γ| < m and all (Π, z) ∈ OΠ0 × R:

[
|Dγ

Πφ(Π, z)|+ |Dγ
Πσ(Π, z)|

]
|P (φ(Π, z), σ(Π, z),Π)|

≤ Dα(Π0)e
−
√

λmin(Π)

2
|z|. (2.110)

As a result of (2.108), (2.110) and the continuity of λmin, we conclude that

7 We use the notation Dβ
Π to mean total derivative. For instance, D(1,0,0,0)

Π W (Φ;Π) =
d

dλφ
W (Φ;Π) = DΦW (Φ;Π)∂λφΦ+ ∂λφW (Φ;Π).
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there exists D̃(Π0) > 0 such that for all (Π, z) ∈ OΠ0 × R:

5

2λmin(Π)
|G(Π, z)|2 ≤ D̃α(Π0)e

−
√
λmin(Π)|z|. (2.111)

Applying Lemma B.7 together with (2.107) and (2.111) to the case z > 0,
and a similar argument for z < 0, it follows that8 for all z ∈ R:

|Dα
ΠΦ(Π, z)|

2 ≤ K(Π0)e
−
√
λmin(Π)|z|, (2.112)

where K(Π0) := maxΠ∈OΠ0
{A(Π), B(Π)} for

A(Π) := |Dα
ΠΦ(Π, N(Π0))|2 e

√
6
5
λmin(Π)N(Π0) +

5D̃α(Π0)

λmin(Π)

B(Π) := max
x∈[0,N(Π0)]

|Dα
ΠΦ(Π, x)|

2 e
√
λmin(Π)N(Π0).

Likewise, differentiating (2.106) k times with respect to z results in

L(Φ(Π, ·); Π)
[
∂kzD

α
ΠΦ(Π, ·)

]
= G̃(Π, ·),

where

G̃(Π, ·) :=∂kzG(Π, ·)− ∂kz
(
D2

ΦW (Φ;Π)Dα
ΠΦ(Π, ·)

)
+D2

ΦW (Φ(Π, ·); Π)∂kzDα
ΠΦ(Π, ·).

As a result, proceeding again inductively on the value of k, the exponential
decay of ∂lzDα

ΠΦ for all l ≤ k − 1, the pointwise boundedness of |∂lzΦ| for
l ≤ k, and the smoothness of W , imply the existence of Dαk(Π0) > 0 for
which∣∣∣G̃(Π, z)∣∣∣ ≤ Dαk(Π0)e

−
√

λmin(Π)

2
|z|, for all (Π, z) ∈ OΠ0 × R.

Finally, by a similar argument to the one used to arrive at (2.112) from
(2.107) and (2.111), we conclude that there exists Cαk(Π0) > 0 for which∣∣∣Dα

Π∂
k
zΦ(Π, z)

∣∣∣ ≤ Cαk(Π0)e
−
√

λmin(Π)

2
|z|, for all (Π, z) ∈ OΠ0 × R.

8 Note that we need a decay with exponent bigger than
√
λmin(Π)/2 in the end so that we

can then repeat the argument for higher derivatives, taking into account that Lemma B.7
requires a ̸= c.
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2.2.6 Proofs of Theorems 2.3 and 2.4

Proof of Theorem 2.3. Let M be as in (2.84), and let Φ : O × R → R × C
be given by Φ(Π, z) = M(Π)(z) for each (Π, z) ∈ O×R. Assertions 1, 3 and
4 follow directly from Proposition 2.21, whereas assertion 2 follows from
Lemma 2.12 in view of assertion 1. Finally, assertions 5 and 6 follow from
Lemma 2.25 and Lemma 2.26, respectively.

Proof of Theorem 2.4. Step 1: Existence and Smoothness. Consider the map
A : U ×X3

2 → X3
0 given by

A(y, V ) := −V ′′ +D2
ΦW (Φf(y); f(y))V −G(y, ·)

= L
(
Φf(y); f(y)

)
[V ]−G(y, ·).

For every y ∈ U , Lemma 2.24 implies the existence of a smooth function
Vy ∈ C2

(
L
(
Φf(y); f(y)

))
such that A(y, Vy) = 0. Define F : U ×R → R×C

by F (y, z) = Vy(z) for all (y, z) ∈ U × R, so that

L
(
Φf(y); f(y)

)
[F (y, ·)] = G(y, ·), for all y ∈ U, (2.113)

thus proving Item 1 of the statement. To show the smoothness of F with
respect to y, consider the map A : U ×X3

2 → X3
0 given by

A(y, V ) = A(y, V ) + P(y)[V ],

where P : U → L(X3
2 , X

3
0 ) is given by

P(y)[V ] :=

〈
V,Φ′

f(y)

〉
X3

0∥∥∥Φ′
f(y)

∥∥∥2
X3

0

Φ′
f(y) +

〈
V, iPσ(Φf(y))

〉
X3

0∥∥Pσ(Φf(y))∥∥2X3
0

iPσ(Φf(y)). (2.114)

Note that P(y)[Vy] = 0 for each y ∈ U , and thus

A(y, Vy) = A(y, Vy) = 0, for all y ∈ U. (2.115)

Also, the map A is smooth, which can be seen by writing it as a compo-
sition/sum of smooth maps. Additionally, DV A(y, V ) = L(Φf(y); f(y)) +
P(y) ∈ L(X3

2 , X
3
0 ) is bijective for each (y, V ) ∈ U ×X3

2 . To see this, write
Lf(y) := L(Φf(y); f(y)) for brevity and note that Theorem 2.5 implies that
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kerLf(y) ⊂ Xm for each m ∈ Z+ and therefore the following decompositions
hold:

X3
m = Cm

(
Lf(y)

)⊕
kerLf(y), for all m ∈ Z+.

The bijectivity of DV A then follows by the bijectivity of the maps P(y) :

kerLf(y) → kerLf(y) and Lf(y) : C2

(
Lf(y)

)
→ C0

(
Lf(y)

)
, which in turn fol-

low from Theorem 2.5 and Corollary 2.20, respectively. A similar argument
shows that A(y, ·) : X3

2 → X3
0 is bijective for each y ∈ U .

Now, Let y ∈ U be arbitrary. Since A(y, Vy) = 0 and DV A(y, Vy) is bijective
and bounded, the Implicit Function Theorem implies the existence of open
sets Uy ⊂ U and Ωy ⊂ X3

2 with (y, Vy) ∈ Uy × Ωy, and a smooth map
M : Uy → Ωy such that

1. A(y,M(y)) = 0 for all y ∈ Uy.

2. A(y, V ) = 0 and (y, V ) ∈ Uy × Ωy, then V = M(y).

By the bijectivity of A(y, ·), and given that A(y, Vy) = 0, for all y ∈ Uy, we
find that

F (y, ·) = Vy = M(y), (2.116)

for all y ∈ Uy. Since the above argument works for each y ∈ U , we have
that (2.116) holds for all y ∈ U and for some M ∈ C∞(U ;X3

2 ). A similar
argument to the one in Lemma 2.25 used to show the smoothness of Φ

can be used to show the smoothness of F , using the form of A and the
smoothness of Vy for each y, of M, of G, and of Φf(y) (both as a function of
y and as a function of z, which follows by Lemma 2.25 and the chain rule).

Step 2: Exponential decay. We proceed by induction on the value of |α|.

Case |α| = 0. This case follows directly from property 3 of G together with
(2.113) and Lemma 2.24.

Case |α| = k+1. Suppose that the claim holds for all multi-indices of order
less than |α| = k+ 1. Differentiating (2.113) with respect to Dα

y , we obtain

L
(
Φf(y); f(y)

)
[Dα

yF (y, ·)] = Dα
yG(y, ·)− Sα(y, ·), (2.117)

where Sα is a sum of products of the form Dβ
[
D2

ΦW (Φf(y)(z); y)
]
DµF (y, z)

with |β| + |µ| = k + 1 and |µ| ≤ k. Therefore, as a result of the induction
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hypothesis, the form of W , and the pointwise-boundedness of Φ and f and
of their derivatives, we deduce the existence of functions Ck : U → R>0 for
k ∈ Z+ for which the following exponential decay holds:

|∂kzSα(y, z)| ≤ Ck(y)e
−min

(
−
√

λmin(Π)

2 ,c

)
|z|
, for all (y, z) ∈ U × R. (2.118)

Using the exponential decay of Dα
ΠG and (2.118), one may apply the same argu-

ment in the proof of Lemma 2.24 to (2.117) to conclude that

|∂kzDα
yF (y, z)| ≤ Dαk(y)e

−min

(√
λmin(Π)

2 ,c

)
|z|
, for all (y, z) ∈ U × R, (2.119)

for all k ∈ Z+ and some Dαk : U → R>0.

2.3 further properties associated with A1d
Π : the shifted

potential

Based on the computations presented in Section 1.1, the presence of a non-
zero current carrying field σ with varying phase θ induces a virtual change in
the parameter mσ, an effect which we refer to as a “shift” in the potential W .
Effectively, given the parameters Π = (λφ, λσ,mσ, β) ∈ (0,∞)4 fixed from
the outset, we will be eventually lead to consider the following modified
parameters

Πp :=

(
λφ, λσ,

√
m2
σ −

p

λσ
, β

)
, for some p ∈ (−∞, λσm

2
σ). (2.120)

In connection to this effect on the parameters, we want to consider the map
µΠ mentioned in (1.23):

Definition 2.28. Let Π ∈ O and IΠ := {p ∈ R : Πp ∈ O}. We denote the
energy of the unique minimizer of A1d

Πp
in Hs by µΠ(p), so that:

µΠ : IΠ → R>0, µΠ(p) := A1d
Πp

(M(Πp)) , (2.121)

where M is the map from Definition 2.22.

We have the following results regarding µΠ:
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Lemma 2.29 (Properties of µΠ). Let Π ∈ O and define (φ(z, p), σ(z, p), 0) =
Φ(z, p) := M(Πp)(z) for each p ∈ IΠ and z ∈ R. Then, for all p ∈ IΠ:

µΠ(p) =

∫
R

{
[∂zφ(z, p)]

2 + [∂zσ(z, p)]
2
}
dz, (2.122)

µ′Π(p) =
1

2

∫
R
σ2(z, p) dz, (2.123)

µ′′Π(p) = −Q(Φ(·, p); Πp)[∂pΦ(·, p)]. (2.124)

In particular, µΠ(p), µ′Π(p) > 0 and µ′′Π(p) < 0 for all p ∈ IΠ.

Proof. Let Π ∈ O and p ∈ IΠ. Since Φ(·, p) minimizes A1d
Πp

, we have that

µΠ(p) = A1d
Πp

(Φ(·, p)) =
∫
R

[
1

2
|∂zΦ(z, p)|2 +W (Φ(z, p); Πp)

]
dz, (2.125)

and also

∂2zΦ(z, p) = DΦW (Φ(z, p); Πp). (2.126)

Applying the equipartition of energy identity (2.44) yields (2.122). On the
other hand, let Qh(z, p) :=

|∂zΦ(z,p+h)|2−|∂zΦ(z,p)|2
h . Then, by the mean value

theorem and the exponential decay of ∂pΦ given by Lemma 2.26, we have
that for small enough |h|,

|Qh(z, p)| ≤ Ce−a|z| for all z ∈ R,

where a = min|p∗−p|≤|h|(λmin(Πp∗)) and C = max|p∗−p|≤|h|C(p
∗). Therefore,

by the dominated convergence theorem, we may differentiate with respect
to p under the integral sign in (2.125) and obtain

µ′Π(p) =

∫
R

[
∂p∂zΦ · ∂zΦ+

d

dp
W (Φ;Πp)

]
dz

=

∫
R

[
−∂pΦ · ∂2zΦ+DΦW (Φ;Πp) · ∂pΦ+ ∂pW (Φ;Πp)

]
dz

(1.14)
=

∫
R

[(
−∂2zΦ+DΦW (Φ;Πp)

)
· ∂pΦ+

|Pσ(Φ)|2

2

]
dz

(2.126)
=

∫
R

|Pσ(Φ)|2

2
dz.

(2.127)
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where the second equality (2.127) follows by applying integration by parts
together with the limiting behaviour of the derivatives of Φ.

Also, differentiating (2.126) with respect to p yields

L(Φ(·, p); Πp)[∂pΦ(·, p)] = −Pσ(Φ(·, p)). (2.128)

Using this last equation and integrating (2.123) under the integral sign
(justified by a similar reasoning to that used to prove (2.123)), we have that

µ′′Π(p) =

∫
R
Pσ(∂pΦ(z, p)) · Pσ(Φ(z, p)) dz

=

∫
R
∂pΦ(z, p) · Pσ(Φ(z, p)) dz

= −
∫
R
∂pΦ(z, p) · L(Φ(·, p); Πp)[∂pΦ(·, p)](z) dz

= −Q(Φ(·, p); Πp)[∂pΦ(·, p)],

which is (2.124). Finally, the fact that ∂pφ(·, p) (resp. ∂pσ(·, p)) has the same
parity as φ(·, p) (resp. σ(·, p)), implies that ∂pΦ(·, p) ∈ C1 (L(Φ(·, p); Πp).
Together with Lemma 2.16, this shows that Q(Φ(·, p); Πp)[∂pΦ(·, p)] > 0,
and therefore that µ′′Π(p) < 0.

Remark 2.30. Let Π ∈ O. Then, µΠ is defined for all p such that Πp ∈ O,
or in other words, for all p ∈ (p−, p+) for some p− < 0 < p+. However,
according to Lemma 2.12, AΠ admits a minimizer in Hs for each Π ∈ O0,
and we may therefore extend µΠ to the interval (P−, P+), where P− :=

λσm
2
σ −min

(√
λσλφ, β

)
and P+ := λσm

2
σ. Indeed, the first equality corre-

sponds to the simultaneous attainment of the conditions λφ = λσ[mσ(P−)]
4

and β = λσ[mσ(P−)]
2 which determine the containment in O0, while the

value of P+ is determined by the condition that mσ(p) > 0. Note however,
that despite the requirement that mσ(p) > 0 for physical purposes, we may
consider the following extension of µΠ:

µ̄Π :(P−,∞) → R≥0, where µ̄(p) := inf
(φ,σ)∈H

AΠp(φ, σ),

since AΠp(φ, σ) =
∫
R

[
|φ′(z)|2+|σ(z)|2

2 +W (φ, σ; Πp)
]
dz with

W (φ, σ; Πp) =
λφ
4
(φ2 − 1)2 +

λσ
4
|σ|4 + β

2
φ2 |σ|2 +

(
p− λσm

2
σ

)
2

|σ|2 ,
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which allows one to make sense of AΠp for p > λσm
2
σ even though Πp is not

an element of (0,∞)4 in this case.

Two observations follow:

1. If p ≥ P+ = λσm
2
σ, it is more energetically favourable to set σ ≡ 0. As

a result, changes in p, and thus in mσ(p), will not alter the optimal
value of the energy in this regime and µ̄Π(p) = µ̄Π(P+) for all p ≥ P+.
Also, consequently, the point p = P+ corresponds to the critical point
for current-quenching.

2. For any p ≤ P−, we have that λφ ≤ λσ[mσ(p)]
4, and thereforeW (0, eiθmσ(p); Πp) <

0 for any fixed θ ∈ R (see proof of Lemma 1.1).

The expected behaviour of µ̄Π is depicted in Figure 2.4.

Figure 2.4: Sample graph of µ̄Π (dotted and solid) and µΠ (solid only).



3
LAWS OF MOTION

As noted in the introduction and as suggested by the construction of ap-
proximate solutions presented in Chapter 4, any realizable configuration de-
scribed by the superconducting interface model in the scaling regime (1.25)
is expected to exhibit a coupling between the interface Γ and the leading
order term of the phase, θ, of the current carrying field σ which is sup-
ported around the interface. Given an admissible parameter Π ∈ O, this
coupling can be expressed as the Euler-Lagrange equations associated with
the functional

EΠ(Γ, θ) :=
∫
Γ
µΠ (⟨∇Γθ,∇Γθ⟩m) dλ, (3.1)

acting on timelike manifolds Γ embedded in [0, T ]×Rn for some T > 0 and
n ≥ 2, and on smooth real-valued functions θ defined over such manifolds,
where

• µΠ(x) is the energy of the ground states (i.e., minimizers) of A1d
Πx

over
Hs (see Definition 2.28).

• ∇Γθ is the tangential gradient of θ on Γ (see Definition 3.9).

• ⟨·, ·⟩m is the standard Minkowski (pseudo) inner product (see (3.3)).

• dλ denotes integration with respect to the area element associated to
⟨·, ·⟩m.

In local coordinates (ψ, V ), where V = (0, T ) × U for some open subset
U ⊂ Rn−1, we may rewrite Equation 3.1 as a functional acting on ψ ∈
C∞(V ;R1+n) and θ ∈ C∞(Γ;R) (see Section 3.2), namely:

ΣΠ[ψ, θ;V ] :=

∫
V
µΠ(⟨∇Γθ,∇Γθ⟩m (y))

√
|g(y)| dy. (3.2)

where g is the metric on Γ induced by ⟨·, ·⟩m represented in the coordinates
(ψ, V ) and dy is the Lebesgue measure on Rn.

69
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The fact that the functional in Equation 3.1 (and therefore the one in Equa-
tion 3.2) is invariant under reparametrizations of Γ, suggests that the prob-
lem of finding the solutions to the Euler Lagrange equations of Equation 3.1
via Equation 3.2 is underdetermined, and a choice of gauge has to be made
in order to establish its well-posedness. As a result, we will restrict our at-
tention to the case in which the interface Γ is the graph of a function (aka.
the graph gauge condition).

The purpose of this chapter is threefold. First, we introduce a set of coor-
dinates (Fermi coordinates) adapted to the interface Γ in terms of which
one may conveniently write (3.1) and carry out the construction of the ap-
proximate solutions in Chapter 4. Next, we provide a formal derivation of
(3.1)/(3.2). The relevant sections, Section 3.1 and Section 3.2, follow very
closely the exposition of [27] and [6], respectively. Lastly, we establish the
existence of solutions (Γ∗, θ∗) to the Euler Lagrange equations (aka. laws of
motion) associated to ΣΠ (and thus to those of EΠ) under the graph gauge
assumption on Γ∗ in Section 3.4.

3.1 fermi coordinates

We now introduce (under conditions (3.4) and (3.7)) a choice of coordinates
adapted to the interface Γ called Fermi coordinates. Introducing Fermi co-
ordinates can be interpreted as a straightening of Γ, as depicted in Fig-
ure 3.1, and it is for this reason that we will use them for asymptotic ex-
pansions. This is analogous to standard procedures for expansions of elliptic
(see e.g., [25], [29], [28]) and parabolic [23] equations , except that we use the
Minkowskian rather than the Euclidean unit normal, which is natural for a
wave equation (see e.g., [27], [16]) and standard in the physics literature.

We start by introducing some notation and the conditions on Γ under
which the existence of Fermi coordinates is guaranteed. To this end, let
η = (ηαβ)

n
α,β=0 = diag(−1, 1, 1, ..., 1) ∈ R(1+n)×(1+n), and

⟨v, w⟩m := vT ηw, for v, w ∈ R1+n, (3.3)
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which is the standard Minkowski (pseudo) inner product. We say that

a vector v ∈ R1+n is


spacelike if ⟨v, v⟩m > 0 or v = 0

timelike if ⟨v, v⟩m < 0

lightlike if ⟨v, v⟩m = 0 and v ̸= 0.

Additionally, a subspace U ⊂ R1+n is called spacelike if all vectors in U are
spacelike, and timelike if U⊥ :=

{
v ∈ R1+n : ⟨u, v⟩m = 0 for all u ∈ U

}
is

spacelike. It is a well-known fact that if u ∈ R1+n is timelike and v ∈ R1+n

is such that ⟨u, v⟩m = 0, then v is spacelike. As a result, if U ⊂ R1+n

contains a timelike vector, then U is timelike.

Definition 3.1. Let n ∈ N. A k dimensional manifold M embedded in R1+n

is timelike if the tangent space at each point in M is timelike. Equivalently,
M is timelike if the metric on M induced by the Minkowski metric has one
negative eigenvalue and k − 1 positive eigenvalues (i.e., if it is Lorentzian1

with signature (−++ · · ·+)) everywhere in M.

In what follows, unless otherwise stated, Γ and ν denote:

1. Γ : a smooth, timelike and orientable n−dimensional manifold (3.4)

embedded in R1+n.

2. ν : a smooth Minkowski unit vector field normal to Γ. That is,

ν is smooth and (3.5)

⟨ν(p), ν(p)⟩m ≡ 1 and ⟨ν(p), τp⟩m = 0 for all p ∈ Γ and τp ∈ TpΓ.

Also, given any such Γ and ν, we define for each δ > 0 and U ⊂ Γ,

Nδ(U) := {Y + zν(Y ) : Y ∈ U, z ∈ (−δ, δ)} ⊂ R1+n, (3.6)

which represents a tubular/normal neighbourhood of radius δ around U .

1 A symmetric (1 + p) × (1 + p) matrix A is called Lorentzian with signature (1, p) or
(−++ · · ·+) (with p +’s) if it has p positive eigenvalues and 1 negative eigenvalue. The
same definition applies to Lorentzian with signature (p, 1) or (+−− · · ·−) if the roles of
negative and positive eigenvalues is reversed.
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Figure 3.1: Fermi Coordinates.

A necessary condition for defining Fermi coordinates associated to Γ which
we will assume from now is that

∃δ > 0 s.t. Γ× (−δ, δ) → Nδ(Γ)

(Y, z) 7→ (t, x) = Y + zν(Y ) is bijective,
(3.7)

a condition that is automatically satisfied when Γ is asymptotically flat or
compact, the latter shown in e.g., [16, section 2.4].

Definition 3.2. Let δ > 0 be such that (3.7) holds and (ψ, V ) be a smooth
coordinate chart for Γ. Due to (3.7), the map

Ψ : V × (−δ, δ) → Ψ(V × (−δ, δ)) = Nδ(ψ(V ))

(y, z) 7→ (t, x) = ψ(y) + zν(ψ(y)) is bijective,
(3.8)

and the coordinates (y, z) = (y0, y1, ..., yn−1, z) ∈ V × (−δ, δ) ⊂ Rn × R
defined by (3.8) are called Minkowskian Fermi coordinates or simply
Fermi coordinates associated to the local coordinate system (ψ, V ) for Γ.

We introduce some additional notation related to the Fermi coordinates
described via (3.8). Namely, we will write Ψ = (Ψ0,Ψ1, ...,Ψn) and ψ =
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(ψ0, ψ1, ..., ψn) for the coordinate maps appearing in (3.8). We will also
adopt Einstein’s summation convention and employ the nomenclatureα, β, γ, δ... run from 0 to n,

a, b, c, d, ... run from 0 to p,where 1 + p = dim(Γ),∂a := ∂ya , a ∈ {0, 1, 2, ..., p} ,

∂n := ∂z, if dim(Γ) = n,

A−1 = (Aij)mi,j=0 for any A = (Aij)
m
i,j=0 ∈ R(1+m)×(1+m).

(3.9)

For y ∈ V we define the tensor g given by

gab(y) := ⟨∂aψ(y), ∂bψ(y)⟩m , a, b = 0, . . . , n− 1. (3.10)

Thus g represents, in the given parametrization, the metric on Γ induced
by the Minkowski metric in R1+n. We will also write

(gab(y)) =
(
g−1(y)

)
ab
, |g(y)| := −det(g(y)). (3.11)

Similarly, for (y, z) ∈ V × (−δ, δ) we write

gαβ(y, z) := ⟨∂αΨ(y, z), ∂βΨ(y, z)⟩m , α, β = 0, . . . , n,

and
(gαβ(y, z)) =

(
g−1(y, z)

)
αβ
, |g(y, z)| := −det(g(y, z)).

Thus g expresses the Minkowski metric on Nδ(ψ (V )) with respect to the
(y, z) coordinates. Now, since ν is a unit normal vector field to ψ(V ) ⊂ Γ,
it follows that (gαβ) and thus (gαβ) have the form

gαβ =

(
(gab) + z (rab) 0n×1

01×n 1

)
, gαβ =

((
gab
)
+O(z) 0n×1

01×n 1

)
, (3.12)

where rab(y, z) = ⟨∂aψ, ∂bν⟩m + ⟨∂bψ, ∂aν⟩m + z ⟨∂aν, ∂bν⟩m, and F (y, z) =
O(z) means that there exists a smooth function C such that |F (y, z)| ≤
C(y)|z| for all (y, z) ∈ V × (−δ, δ).

Finally, since gαβ = ∂αΨ
µ∂βΨ

νηµν and det(ηµν) = −1, it is clear that

|g| = (detDΨ)2 > 0 and |g(y)| = |g(y, 0)| > 0. (3.13)
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Remark 3.3. According to the above definition, the following conditions are
equivalent

1. M is timelike

2. TpM is timelike for each p ∈ M.

3. TpM contains at least one timelike vector for each p ∈ M.

4. (TpM)⊥ is spacelike for each p ∈ M.

5. The metric on (TpM)⊥ induced by the Minkwoski metric is positive
definite for each p ∈ M.

It follows from this that if M is an orientable timelike hypersurface in R1+n,
then M admits a non-vanishing normal vector field ν in the Minkowski sense
which is everywhere spacelike. That is, ⟨ν, ν⟩m > 0 and ⟨ν, τ⟩m = 0 over M
and for all vector fields τ tangent to M.

Remark 3.4. The Fermi coordinates described above parametrize a neigh-
bourhood of Γ given some coordinates for Γ. As such, Fermi coordinates are
not unique, and there is freedom as to how Γ is parametrized.

Remark 3.5. Let Γ be a smooth timelike manifold of dimension n embedded
in R1+n and define

Γt := Γ ∩
{
(t, x) ∈ R1+n : x ∈ Rn

}
, t ∈ R.

Then, as shown in [27, Section 3.1], the timelike character of Γ allows one
to show that Γt is either empty or an n − 1 dimensional smooth manifold.
Moreover, coordinate charts (ψ, V ) can be assigned to Γ so that ψ(y) =

(y0, γ(y)), where γ(y0, ·) are coordinates for Γy0 for each y0, and the metric
on Γ induced by the Minkowski inner product in R1+n with respect to each
of these charts has the form

gab(y) := ⟨∂aψ(y), ∂bψ(y)⟩m =


g00(y) < 0 0 · · · 0

0
... (gij(y))

p
i,j=1 ≻ 0

0

 , (3.14)

If Γ is a smooth timelike manifold of dimension 1+p with p ∈ {2, 3, ..., n− 1},
a similar argument can be applied to show that the same result holds, with
gij being a p× p matrix instead of an n× n matrix.
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3.1.1 The Wave Operator in Fermi Coordinates

We will derive an expression for the wave operator □ := ∂tt − ∆x in
terms of the Minkowski Fermi coordinates (y, z) from (3.8). To this end, let
Γ, ν, ψ,Ψ, V, δ be as in (3.4),(3.5), and (3.8), and define Vδ := V ×(−δ, δ), so
that Nδ(Γ) = Ψ(Vδ) is the neighbourhood over which Fermi coordinates are
defined. Consider a function u ∈ C∞ (R1+n;R

)
supported in Nδ(Γ) along

with its representation in (y, z) coordinates:

v(y, z) := u(t, x), whenever (t, x) = Ψ(y, z). (3.15)

Upon defining Du(t, x) :=

[
∂tu(t, x)

∇xu(t, x)

]
and Dv(y, z) :=

[
∇yv(y, z)

∂zv(y, z)

]
, the

chain rule implies that

Du(t, x) = B(y, z)−T Dv(y, z), (t, x) = Ψ(y, z), (3.16)

where B(y, z) :=
[
∂0Ψ ∂1Ψ ... ∂nΨ

]
(y, z) ∈ R(1+n)×(1+n). As a result

of (3.16) and the identity BT ηB = g, we find that

⟨Du,Du⟩η (t, x) = Dv(y, z)T g−1(y, z)Dv(y, z), (t, x) = Ψ(y, z). (3.17)

Now, let

I[u] :=

∫
Ψ(Vδ)

[
|∇xu(t, x)|2 − |∂tu(t, x)|2

]
dt dx

=

∫
Ψ(Vδ)

⟨Du,Du⟩η (t, x) dt dx.
(3.18)

Using the change of variable formula for integration over Nδ(Γ) = Ψ(Vδ),
together with (3.18) and (3.17), we obtain

I[u] =

∫
Vδ

gαβ(y, z)∂αv(y, z)∂βv(y, z)
√
|g(y, z)| dy dz. (3.19)

Next, let ξ ∈ C∞
c (N ;R) be arbitrary and define ξ̃(y, z) := ξ(t, x) whenever

(t, x) = Ψ(y, z). Due to (3.18):

1

2

d

dh

∣∣∣
h=0

I[u+ hξ] =

∫
N
ηαβ (∂αu) (∂βξ) dt dx =

∫
N
(□u) ξ dt dx. (3.20)
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On the other hand, in (y, z) coordinates we have

1

2

d

dh

∣∣∣
h=0

I[u+ hξ]

=
1

2

d

dh

∣∣∣
h=0

∫
Vδ

gαβ∂α

(
v + hξ̃

)
∂β

(
v + hξ̃

)√
|g| dy dz

=

∫
Vδ

gαβ (∂βv)
(
∂αξ̃
)√

|g| dy dz

=

∫
Vδ

− 1√
|g|
∂α

(√
|g|gαβ∂βv

)
ξ̃
√

|g| dy dz.

(3.21)

As a result, upon defining

□̃v(y, z) := − 1√
|g(y, z)|

∂α

(√
|g(y, z)|gαβ(y, z)∂βv(y, z)

)
,

it follows from (3.20) and (3.21) and the change of variable formula for
integration, that

□u(t, x) = □̃v(y, z), whenever (t, x) = Ψ(y, z). (3.22)

Thanks to the form of gαβ from (3.12), the operator □̃ can be decomposed
conveniently as

□̃ = −∂2z +HΓz ∂z +□Γz , (3.23)

where, for each z, z0 ∈ (−δ, δ):

□Γzv(y, z0) := − 1√
|g(y, z)|

∂a

[√
|g(y, z)|gab(y, z)∂bv(y, z0)

]
,

HΓz(y) := −1

2
∂z ln [|g(y, z)|] .

(3.24)

Definition 3.6. Let z0 ∈ (−δ, δ), where δ > 0 is such that (3.7) holds, and

Γz0 := {Y + zν(Y ) : Y ∈ Γ, z = z0} . (3.25)

The map □Γz defined on (3.24) acting on functions defined on Γz is called
the wave operator associated to the manifold Γz. Note that □Γz acts
on functions of the y-coordinates for Γz. Also, the map HΓz(y) defined in
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(3.24) is called the mean curvature in the Minkwoski sense of the
manifold Γz at the point (t, x) = Ψ(y, z), and we will write HΓ := HΓ0 .

Remark 3.7. As a consequence of the timelike character of Γ and (3.12),
(gαβ) has n positive eigenvalues and one negative eigenvalue everywhere,
which justifies the name and notation for the operator □Γz .

Remark 3.8. The operator □Γ := □Γ0 is the Laplace-Beltrami operator on Γ.
This operator acting on C2(Γ;R) functions can also be defined in a similar
manner to □Γ0 above for Riemann or pseudo-Riemannian manifolds Γ of
arbitrary dimension. It is given in local coordinates (ψ, V ) by

□Γf := − 1√
| det g|

∂a

(√
| det g|gab∂bf

)
, (3.26)

where gab, gab, and g are as in Equation 3.10 and (3.11).

Finally, another definition we will employ later is

Definition 3.9. Let f : Γ → R be a C1 function, where Γ is a smooth
manifold embedded in R1+n. The tangential gradient of f along Γ is defined
as the unique vector field ∇Γf on Γ with the property that

⟨∇Γf,X⟩m = df (X) , for all smooth vector fields X on Γ, (3.27)

where df is the total derivative of f . In local coordinates (ψ, V ), using (3.27)
we find that ∇Γf(y) = gab(y)∂af̃(y)∂bψ(y), where f̃ := f◦ψ, or with a slight
abuse of notation:

∇Γf = gab∂aψ∂bf = ∂af∂aψ = ∂af∂
aψ. (3.28)

3.2 formal derivation of the reduced lagrangian E (Γ, θ)

Let Γ, ν, ψ,Ψ, V, δ be as in (3.4),(3.5), and (3.8), and define Vδ := V ×(−δ, δ)
as before. In this way, (ψ, V ) are coordinates for the relatively open subset
ψ(V ) ⊂ Γ, and Fermi coordinates are defined in Nδ(ψ(V )) = Ψ(Vδ).

Consider the action functional AΠ,ε from (1.6) restricted to N := Ψ(Vδ).
Following a standard practice in the physics literature, we will change to
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the adapted coordinates for Γ (i.e., the Fermi coordinates Ψ(y, z)) and then
integrate out the degrees of freedom corresponding to the directions normal
to Γ (i.e., in the z direction), thus obtaining an reduced action/Lagrangian in
the tangential variables (i.e., in the y variables). For this, consider (ϕ̃, σ̃) ∈
C∞(N ;R× C) and introduce their representations in Fermi coordinates:

φ(y, z) := φ̃(t, x), σ(y, z) := σ̃(t, x), whenever (t, x) = Ψ(y, z).

By changing variables and using (3.12):

AΠ,ε [φ̃, σ̃]

=

∫
Ψ(Vδ)

{
ε

2
[∂αφ̃ ∂αφ̃+ (∂ασ̃, ∂ασ̃)] +

1

ε
W (φ̃, σ̃; Π)

}
dx dt

= ε

∫
Vδ

[
(∂zφ)

2 + |∂zσ|2

2
+

gab

2
(∂aφ∂bφ+ (∂aσ, ∂bσ))

]√
|g| dz dy

+
1

ε

∫
Vδ

[W (φ, σ; Π)]
√

|g| dz dy.

(3.29)

Guided by the form of the 1D solutions with variable phase from (1.12), we
posit that (φ, σ) are of the form

φ(y, z) = v(y, ζ), σ(y, z) = eiθ(y)/εw(y, ζ), ζ := z/ε.

where v, w and θ are smooth and real-valued with all derivatives of (v −
sign,w) decaying exponentially to 0 as |ζ| → ∞. Then, changing variables
again, the quantity in (3.29) may be written as

∫
Vδ/ε

[
(∂ζv)

2 + (∂ζw)
2

2
+

1

2
gab(y, εζ) (∂aθ ∂bθ) w

2 +W (v, w; Π)

]√
|g(y, εζ)| dζdy

+
ε

2

∫
Vδ/ε

gab(y, εζ) (∂av∂bv + ∂aw∂bw)
√

|g(y, εζ)| dζ dy.

Noting that gab(y, εζ) = gab(y) +O(εζ) and using the exponential decay of
W (v, w; Π) and of the derivatives of v and w, while recalling the definition
of Πp from (1.14), we may rewrite the above expression as

AΠ,ϵ[φ̃, σ̃] =

∫
V

[∫ δ/ε

−δ/ε

(∂ζv)
2 + (∂ζw)

2

2
+W

(
v, w; Πρ(y)

)
dζ

] √
|g(y)| dy +O(ε),



3.2 formal derivation of the reduced lagrangian E (Γ, θ) 79

where the symbol O(ε) is used to denote a quantity bounded in absolute
value by Cε as ε→ 0+, and ρ(y) ∈ R is the given by (see Definition 3.9):

ρ(y) := gab(y) ∂aθ(y) ∂bθ(y) = ⟨∇Γθ,∇Γθ⟩m .

Formally, the resulting action in the limit ε→ 0+ thus becomes

AΠ[v, w, θ,Γ] :=

∫
V
A1d

Πρ(y)
(v(y, ·), w(y, ·))

√
|g(y)| dy, (3.30)

where A1d
Π is given by Equation 2.4.

Now, consider the set of admissible parameters O from Theorem 2.3. The
family of critical points of (3.30) that we consider arises from the fact that
for any fixed y such that Πρ(y) ∈ O, we can minimize A1d

Πρ(y)
by setting

(v(y, ·), w(y, ·)) = Φ(Πρ(y), ·), (3.31)

where Φ is the map from Theorem 2.3. The choice (3.31) implies that (v, w)
depends only on Πρ, and AΠ in (3.30) therefore reduces to the following
functional acting solely on the triplet (Π,Γ, θ):

ΣΠ[ψ, θ;V ] :=

∫
V
µΠ(ρ(y))

√
|g(y)| dy, ρ = gab∂aθ ∂bθ, (3.32)

where µΠ is defined in (2.121). Given that (3.32) is independent of the choice
of coordinates for ψ(V ) ⊂ Γ, we conclude that the limiting functional of
interest associated with AΠ,ε from (1.6) in the limit as ε→ 0+ is

EΠ(Γ, θ) :=
∫
Γ
µΠ(⟨∇Γθ,∇Γθ⟩m) dλ, (3.33)

where dλ represents integration with respect to ⟨·, ·⟩m in the sense of (3.32).

The above non-rigorous argument thus predicts that Γ and θ should satisfy
the Euler-Lagrange equations associated to (3.33). We will see in Chapter
4 another argument which suggests why this is a necessary condition on Γ

and θ for constructing approximate solutions to (1.7) which near Γ are of
the form (3.34) below.
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Remark 3.10. In relation to Equation 1.7, and motivated by the above dis-
cussion and by the form (1.12) of the simple explicit solutions found in
Chapter 2, the approximate solutions we will build are roughly of the form(

φ

σ

)
(y, z) =

(
v
(
y, zε
)
+ · · ·

eiθ(y)/εw
(
y, zε
)
+ · · ·

)
, (3.34)

where (v, w) are given by (3.31).

Remark 3.11. The above analysis applies to the case where of Γ is a manifold
embedded in R1+n of codimension k = 1. In Section 5.2, we present an
argument similar to the one above for the neutral superconducting strings
case, which corresponds to the case k = 2. Motivated by these heuristics, we
will consider Γ of arbitrary codimension k, together with a reduced action
functional of the form (3.33), where µΠ is a function which is strictly positive,
increasing, and concave down on an open interval containing 0.

3.3 equivalent forms of the laws of motion

Motivated by the heuristics from the previous section, we turn our atten-
tion to the critical points of the functional ΣΠ defined in Equation 3.2 (and
therefore of EΠ from Equation 3.1). We begin by establishing the equiva-
lence of different forms in which one can state the relevant Euler-Lagrange
equations (aka laws of motion or equations of motion in this context).

Lemma 3.12 (Different Forms of Laws of Motion). The Euler-Lagrange
equations of E in Equation 3.2, defined for C2 manifolds Γ of dimension 1+p

embedded in (1+n) dimensional Minkowski space, and for θ ∈ C2(Γ;R), areH⃗Γ = −f1(ρ)I⃗I(∇Γθ,∇Γθ)

□Γθ =
1
2f2(ρ) ⟨∇Γρ,∇Γθ⟩m

with ρ := ⟨∇Γθ,∇Γθ⟩m , (3.35)

where H⃗Γ, I⃗I,□Γ,∇Γf are the mean curvature vector of Γ (see (3.55)), the
second fundamental form of Γ (see (3.56)), the Laplace-Beltrami operator
defined on Γ (see (3.26)), and ∇Γf is the tangential gradient of f ∈ C1 (Γ;R)
along Γ (see (3.28)), respectively.
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Moreover, in terms of any local coordinates (ψ, V ) for Γ, the restriction of
(3.35) to ψ(V ) ⊂ Γ can be written as∂a

(
L(Dψ,Dθ)Cab1 (Dψ,Dθ)∂bψ

)
= 0

∂a
[
L(Dψ,Dθ)f1(ρ)g

ab∂bθ
]
= 0,

(3.36)

or, alternatively,Cab1 (Dψ,Dθ) [∂abψ − ⟨∂cψ, ∂abψ⟩m ∂cψ] = 0

Cab2 (Dψ,Dθ) [∂abθ − ⟨∂cψ, ∂abψ⟩m ∂cθ] = 0,
(3.37)

where

gab(Dψ) := ⟨∂aψ, ∂bψ⟩m
ρ(Dψ,Dθ) := gab(Dψ)∂aθ∂bθ

L(Dψ,Dθ) := µΠ(ρ(Dψ,Dθ))
√
|g(Dψ)| (3.38)

Cabj (Dψ,Dθ) := gab(Dψ) + fj(ρ(Dψ,Dθ))g
ac(Dψ)gbd(Dψ)∂cθ∂dθ,

f1(x) := −2
µ′
Π(x)

µΠ(x)
, f2(x) = 2

µ′′
Π(x)

µ′(x)

for all a, b ∈ {0, 1, ..., p}, j ∈ {1, 2}, and x ∈ IΠ (see Definition 2.28).

Proof. We first show that (3.36) are the Euler Lagrange equations of (3.2).
Then, we show that (3.36) is equivalent to (3.37) and finally that (3.37) is
equivalent to (3.35).

We will drop the explicit dependency of the functions above on Dψ and Dθ.
As before, we denote by g = (gab)

p
a,b=0 the metric induced by ⟨·, ·⟩m on Γ, by

gab the (a, b)th entry of the inverse of g, and |g| := −det(g). Additionally,
we lower and raise indices using g and its inverse, so that e.g., ∂aθ := gab∂bθ

and thus gab∂bθ = ∂aθ. Also, we will use the following identities:

∂a |g| = |g| gbc (∂agbc) (3.39)

∂ag
bc = −gbdgce (∂agde) (3.40)

1√
|g|
∂a

(√
|g|gab

)
= −gacgbd ⟨∂acψ, ∂dψ⟩m . (3.41)

Equation (3.39) follows from Jacobi’s formula for matrix valued functions:

d

dt
detA(t) = [detA(t)] tr

[
A(t)−1A′(t)

]
.
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Equation (3.40) follows by writing gabgbc = δac and using the product rule.
Equation (3.41) follows directly from the other two equations and the iden-
tity gab = gba = ⟨∂aψ, ∂bψ⟩m.

Step 1. (3.36) are the Euler Lagrange equations of (3.2). let θ̃ and ψ̃ be
compactly supported smooth functions of the same character as that of θ
and ψ, respectively, and define the following functions over R :

l1(h) := ΣΠ[ψ + hψ̃, θ;V ] l2(h) := ΣΠ[ψ, θ + hθ̃;V ].

In particular,

l1(h) =

∫
V
µΠ

(
g̃ab∂aθ∂bθ

)√
|g̃| dy

l2(h) =

∫
V
µΠ

(
gab∂a(θ + hθ̃)∂b(θ + hθ̃)

)√
|g| dy,

where g̃ab =
〈
∂a(ψ + hψ̃), ∂b(ψ + hψ̃)

〉
m

.

It follows from the definition of g̃ that the identities (3.39)-(3.41) hold with
∂a replaced by d

dh

∣∣∣
h=0

. Using this fact, a direct computation shows that

l′1(0) =

∫
V

(
µΠ(ρ)g

ab⟨∂aψ, ∂bψ̃⟩m − 2µ′Π(ρ)g
acgbd∂aθ∂bθ⟨∂cψ, ∂dψ̃⟩m

)√
|g| dy

l′2(0) =

∫
V
2µ′Π(ρ)

√
|g|gab∂bθ∂aθ̃ dy.

As a result, the Euler Lagrange equations corresponding to (3.2) are:

∂a

(
µΠ(ρ)

√
|g| gab∂bψ − 2µ′Π(ρ)

√
|g| gab∂bθ∇Γθ

)
= 0. (3.42)

∂a

(
µ′Π(ρ)

√
|g|gab∂bθ

)
= 0 (3.43)

We can write (3.42) and (3.43) more concisely as (3.36) by rearranging the
expressions in the parenthesis and using the definitions in (3.38).

Step 2. (3.36) is equivalent to (3.37). The positivity of µΠ and
√
|g| im-
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ply that L := µΠ(ρ)
√

|g| is everywhere positive. Using the product rule and
dividing by L in (3.43), we find that (3.43) is equivalent to

□Γθ =
µ′′Π(ρ)

µ′Π(ρ)
gab(∂aρ)∂bθ =

f2(ρ)

2
(∂aρ) ∂aθ, (3.44)

where □Γ is defined in Equation 3.26. Alternatively, we may expand both
sides of (3.44) using (3.26), (3.28), (3.40), and (3.41) as follows

□Γθ = −gab∂abθ −
1√
|g|
∂a

(√
|g|gab

)
∂bθ

= −gab∂abθ + gabgcd ⟨∂abψ, ∂dψ⟩ ∂cθ

= −gab (∂abθ − ⟨∂abψ,∇Γθ⟩m) ,

(3.45)

and

(∂aρ) ∂aθ = gab∂bρ∂aθ = gab∂b

(
gcd∂cθ∂dθ

)
∂aθ

= (∂bg
cd)∂cθ∂dθ∂

bθ + 2∂aθ∂bθ∂abθ

= 2∂aθ∂bθ (∂abθ − ⟨∂abψ,∇Γθ⟩m) .

(3.46)

Based on (3.44)-(3.46), we conclude that (3.43) is equivalent to

Cab2 (Dψ,Dθ)

(
∂abθ − ⟨∂abψ, ∂cψ⟩m ∂cθ

)
= 0. (3.47)

On the other hand, upon expanding and dividing by L, equation (3.42) can
be expressed as

−□Γψ − f1(ρ)

[
1

2
(∂aρ)∂

aψ − ∂aθ∂a (∇Γθ)

]
− f1(ρ)

[
□Γθ −

f2(ρ)

2
(∂aρ)∂

aθ

]
∇Γθ = 0, (3.48)

or, using (3.44) as

□Γψ + f1(ρ)

[
1

2
(∂aρ)∂

aψ − ∂aθ∂a (∇Γθ)

]
= 0. (3.49)

Also, just as in (3.45)

−□Γψ = gab∂abψ − gab ⟨∂abψ, ∂cψ⟩m ∂cψ. (3.50)



3.3 equivalent forms of the laws of motion 84

and

∂aθ∂a (∇Γθ) = ∂aθ∂a

(
gbc∂bθ∂cψ

)
= ∂aθ

[
−∂bθ∂cψ∂agbc + ∂bψ∂abθ + ∂cθ∂acψ

]
(by (3.40))

= −∂aθ∂bθ∂cψ (⟨∂abψ, ∂cψ⟩m + ⟨∂bψ, ∂acψ⟩m)

+
(
∂aψ∂bθ

)
∂abθ +

(
∂aθ∂bθ

)
∂abψ

=
1

2
(∂aρ)∂

aψ − ∂aθ∂bθ ⟨∂abψ, ∂cψ⟩m ∂cψ

+ (∂aθ∂bθ)∂abψ,

(3.51)
where the last identity follows from a nearly identical computation as (3.46)
used to conclude that (∂aρ)∂aψ = 2∂aθ (∂abθ − ∂cθ ⟨∂bcψ, ∂aψ⟩m) ∂bψ.

Using (3.49) together with (3.50) and (3.51), we can rewrite (3.42) as(
gab + f1(ρ)∂

aθ∂bθ

)
∂abψ −

〈(
gab + f1(ρ)∂

aθ∂bθ

)
∂abψ, ∂

cψ

〉
m

∂cψ = 0,

which is simply

Cab1

(
∂abψ − ⟨∂abψ, ∂cψ⟩m ∂

cψ

)
= 0. (3.52)

Step 3. (3.37) is equivalent to (3.35). Note that (the restriction to ψ(V ) of)
the second equation of (3.35) is equivalent to (3.44), and therefore to the
second equation of (3.37). As for the remaining equations, first note that
(3.52) is equivalent to〈

Cab1 ∂abψ, ν
〉
m

= 0, for all unit vector fields ν normal

(with respect to ⟨·, ·⟩m) to ψ(V ) ⊂ Γ.
(3.53)

Indeed, since ⟨∂cψ, ∂dψ⟩m = gca ⟨∂aψ, ∂dψ⟩m = δcd, it follows that

⟨(∂abψ − ⟨∂abψ, ∂cψ⟩m ∂
cψ) , ∂dψ⟩m = 0 d = 0, 1, ..., p. (3.54)

Consequently, Cab1 (∂abψ − ⟨∂abψ, ∂cψ⟩m ∂cψ) is everywhere orthogonal to
Γ. As a result, and since ∂cψ(y) = gac∂aψ(y) ∈ Tψ(y)Γ for each y, the
equivalence between (3.52) and (3.53) follows.
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To see the equivalence of (3.53) and the first equation in (3.35), and analo-
gously to the procedure from Section 3.1, we parametrize a neighbourhood
of ψ(V ) ⊂ Γ. To this end, let {νi}ki=1 be a list of smooth maps defined over
Γ such that {νi(y)}ki=1 forms an orthonormal basis for

(
Tψ(y)Γ

)⊥ at each
ψ(y) ∈ Γ, and consider the following map parametrizing a neighbourhood
of Γ in R1+n:

Ψ : V × (−δ, δ)k ⊂ R1+n → R1+n

Ψ(y, z) = ψ(y) +
k∑
i=1

ziνi(y), z = (z1, ..., zk) ∈ (−δ, δ)k ,

for small enough δ > 0. As before, we will use Greek letters for indices
that run from 0 to n and Latin letters for those that run from 0 to p. Also,
we write ∂α = ∂a = ∂ya whenever α = a ∈ {0, ..., p}, and ∂(1+p)+j = ∂zj
for each j ∈ {1, ..., k}. Additionally, we write gαβ := ⟨∂αΨ, ∂βΨ⟩m (resp.
gab = ⟨∂aψ, ∂bψ⟩m = gab|z=0) to represent the metric induced by ⟨·, ·⟩m on
the image of Ψ (resp. on Γ) in these coordinates, and denote by (gαβ)nα,β=0

(resp. (gab)pa,b=0) its inverse.

In this notation, the Minkowskian mean curvature vector of Γ at ψ(y) is
given in terms of the coordinates Ψ by (see e.g., [17, Section 7.5]):

H⃗Γ(y) := −1

2

∑
α>p

[(
gab∂αgab

)
∂aΨ

]∣∣∣∣
(y,0)

= gab(y, 0)I⃗I(∂aψ, ∂bψ)(y),

(3.55)

where I⃗I(·, ·)(y) : Tψ(y)Γ × Tψ(y)Γ →
(
Tψ(y)Γ

)⊥ is the second fundamental
form of Γ at ψ(y). I⃗I, in turn, is defined in the coordinates ψ by its action
on the basis vectors of Tψ(y)Γ, given by the formula

I⃗I(∂aψ, ∂bψ)(y) =
∑
α>p

Γαab(y, 0)∂αΨ(y, 0), (3.56)

where Γµαβ denote the Christoffel symbols (Γ here is not to be confused with
the manifold):

Γµαβ =
1

2
gµδ (∂αgβδ + ∂βgαδ − ∂δgαβ) , α, β, µ = 0, 1, ..., n.
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A direct computation using the properties of the basis {νi}ki=1, shows that

(gαβ) =

(
(gab) +O(|z|) O(|z|)

O(|z|) Ik

)
, (3.57)

where Ik is the identity matrix in Rk×k. Therefore, for each a, b ∈ {0, ..., p}
and α > p:

∂αgab(y, 0) = ∂α

∣∣∣
(y,0)

〈
∂aψ +

∑
i

zi∂avi, ∂bψ +
∑
i

zi∂bvi

〉
m

=

k∑
i=1

∂α

∣∣∣
(y,0)

[
zi (⟨∂aψ, ∂bνi⟩m + ⟨∂bψ, ∂aνi⟩m)

]
= (⟨∂aψ, ∂bνα⟩m + ⟨∂bψ, ∂aνα⟩m)

= −2 ⟨∂abψ, να⟩m ,

where we have used the identity

⟨∂aψ, ∂bν⟩m = −⟨∂abψ, ν⟩m , (3.58)

which holds for every smooth (Minkowski) normal vector field ν to Γ and
follows from differentiating both sides of the identity ⟨∂aψ, ν⟩m ≡ 0 with
respect to ∂b.

As a result, for all α > p and a, b ∈ {0, ..., p}:

Γαab(y, 0) =
1

2
gαα (∂αgbα + ∂bgaα − ∂αgab)

∣∣∣
(y,0)

= −1

2
∂αgab

∣∣∣
(y,0)

= ⟨∂abψ(y), να(y)⟩m .

(3.59)

Finally, ∂αΨ = να for each α > p, and therefore, by (3.59), the formulae
(3.56) and (3.55) may be written in terms of the coordinates ψ and the
normal vector fields {νi}ki=1 as

I⃗I(∂aψ, ∂bψ)(y) =
k∑
i=1

⟨∂abψ(y), νi(y)⟩m νi(y), (3.60)

H⃗Γ(y) = gab(y)
k∑
i=1

⟨∂abψ(y), νi(y)⟩m νi(y). (3.61)
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Consequently, using (3.60) we have

I⃗I(∇Γθ,∇Γθ) = II(∂aθ∂aψ, ∂bθ∂bψ) = ∂aθ∂bθ

k∑
i=1

⟨∂abψ, νi⟩m νi,

from which we readily obtain, thanks to (3.61),

H⃗Γ = −f1(ρ)I⃗I(∇Γθ,∇Γθ) ⇐⇒ (3.53) holds.

Remark 3.13. There is a simple relationship between the expressions (3.61)
and (3.24) when Γ is of codimension 1. In this particular case, denoting by
ν a Minkowski normal vector field to Γ with ⟨ν, ν⟩m ≡ 1 on Γ, then

H⃗Γ = HΓ ν. (3.62)

To see this, note that

∂zgαβ(y, z) =

⟨∂αψ, ∂βν⟩m + ⟨∂βψ, ∂αν⟩m + 2z ⟨∂αν, ∂βν⟩m α, β ∈ {0, ..., n− 1} ,

0 otherwise.

Therefore, using (3.39), (3.57) with k = 1 (i.e., (3.12)), and (3.58):

∂z

∣∣∣
(y,0)

|g| = |g(y)| gαβ(y, 0)∂z
∣∣∣
(y,0)

gαβ

= −2|g(y)|gab(y) ⟨∂abψ(y), ν(y)⟩m .

Therefore,

HΓ(y) = −1

2
∂z

∣∣∣
(y,0)

ln[|g|] = gab(y) ⟨∂abψ(y), ν(y)⟩m . (3.63)

Comparing this expression for HΓ with (3.61) shows (3.62).

Another useful expression that applies to the case where Γ has co-dimension
1 and follows from the above discussion is the following equivalent form of
the first equation in (3.35):

HΓ = −f1(ρ)∂aθ∂bθ ⟨∂abψ, ν⟩m = −1

2
f1(ρ)∂zg

ab(y, 0)∂aθ∂bθ. (3.64)
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3.4 existence theorems

We now present some existence results for (3.35), the Euler Lagrange equa-
tions of the functional ΣΠ[·, ·, V ] from Equation 3.2, for given initial con-
ditions on Γ and θ. In order to express this problem as a standard PDE
initial value problem, we choose local coordinates for Γ, (ψ, (0, T ) × V ),
where V ⊂ Rp is open. In addition, we will restrict our attention to the
cases where Πρ is guaranteed to lie in the set O from Theorem 2.3, and thus
impose the condition that |ρ| < ρmax for some ρmax > 0 throughout. As a
result, and thanks to Lemma 3.12, we may translate the problem of interest
over ψ(V ) ⊂ Γ as the following system of PDEs on the unknowns ψ and θ:

Cab1 (Dψ,Dθ)
[
∂abψ −

〈
gcd(Dψ)∂dψ, ∂abψ

〉
m
∂cψ

]
= 0, in (0, T )× V

Cab2 (Dψ,Dθ)
[
∂abθ −

〈
gcd(Dψ)∂dψ, ∂abψ

〉
m
∂cθ
]
= 0, in (0, T )× V

|ρ| < ρmax, in (0, T )× V

(ψ, ∂0ψ) = (pψ, qψ), on {0} × V

(θ, ∂0θ) = (pθ, qθ), on {0} × V.

(3.65)

where the functions pψ, pθ, qψ, qθ are given and ρmax > 0 is fixed. We further
require that pψ and qψ have the intended geometrical meaning, pψ being
coordinates of ψ({0} × V ) ⊂ Γ0, and qψ representing e.g., a timelike vector
field normal to ψ({0} × V ).

Given the inherent geometric character of the problem described by (3.65),
and more specifically the fact that the choice of coordinates for Γ is not
unique2, the problem (3.65) is underdetermined. In order to alleviate this
shortcoming, we impose constraints on the type of coordinates ψ for Γ (i.e.,
make a choice of gauge)3. In particular, we will employ the so called graph
gauge condition on Γ, meaning that we posit that Γ is the graph of a function.
More precisely, we will assume that Γ can be parametrized by ψ, where

ψ(y) = (y, γ(y)), y = (y0, · · · , yp) ∈ [0, T ]× Rp, (3.66)

2 Write (3.37) as D[ψ, θ] = 0 for some differential operator D. Let (ψ, θ) be such that
D[ψ, θ] = 0 and f : (0, T ) × V → (0, T ) × V be a diffeomorphism. It follows that
D[ψf , θf ] = 0 where ψf = ψ ◦ f and θf = θ ◦ f . Moreover, (ψf , θf ) solve (3.65). for any
such f which satisfies e.g., f(y0, ȳ) = (y0, ȳ) whenever y0 < T/2.

3 Another possible choice of gauge is given by the type of coordinates mentioned in Re-
mark 3.5, which does not impose an additional geometric restriction on Γ apart from the
timelike condition. This contrasts to our choice of gauge, which discards e.g., manifolds
Γ whose time slices are closed. The graph gauge, however, proved to be advantageous for
the purposes of writing (3.65) as a symmetric hyperbolic initial value problem.
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for some p ∈ N<n and some γ ∈ C2([0, T ] × Rp;Rn−p). In this way, 1 + p

is the dimension of Γ and k := n− p its codimension in R1+n. We will use
the following slight abuse of notation to express everything in terms of the
unknowns γ and θ: Cab1 = Cab1 (Dγ,Dθ) := Cab1 (Dψ,Dθ), g = g(Dγ,Dθ) :=

g(Dψ,Dθ), etc. More precisely, we will write

gab(Dγ) := η̃ab + (∂aγ)
T
∂bγ, η̃ := Minkowskian metric in R1+p

gab(Dγ) :=
(
g−1(Dγ)

)ab
ρ(Dγ,Dθ) := gab(Dγ)∂aθ∂bθ

Cabj (Dγ,Dθ) := gab(Dγ) + fj(ρ(Dγ,Dθ))g
ac(Dγ)gbd(Dγ)∂cθ∂dθ.

(3.67)

Note that if (3.66) holds, the first 1 + n equations in (3.37) become

Cab1

(
0(1+p)×1

∂abγ

)
−


〈
∂0γ,Cab1 ∂abγ

〉
...〈

∂pγ,Cab1 ∂abγ
〉〈

∂cγ,Cab1 ∂abγ
〉
∂cγ

 = 0, in (0, T )× V. (3.68)

Thus a necessary and sufficient condition for (ψ, θ) to solve (3.65) under the
graph gauge condition (3.66) for initial conditions of the form

pψ(y) = (0, y, pγ(y)) and qψ(y) = (

∈Rp︷ ︸︸ ︷
1, 0, ..., 0, qγ(y)), for all y ∈ Rp,

is that (γ, θ) solve the following system, which we will consider hereafter

Cab1 (Dγ,Dθ)∂abγ = 0, in (0, T )× Rp

Cab2 (Dγ,Dθ)
[
∂abθ −

〈
gdc(Dγ)∂dθ∂cγ, ∂abγ

〉]
= 0, in (0, T )× Rp

|ρ| < ρmax, in (0, T )× Rp

(γ, ∂0γ) = (pγ , qγ), on {0} × Rp

(θ, ∂0θ) = (pθ, qθ), on {0} × Rp,

(3.69)

for given ρmax > 0, Rn−p-valued functions pγ , qγ and real valued functions
pθ, qθ defined on Rp.

We present two theorems addressing the well-posedness of (3.69) (and there-
fore of (3.65) under the condition that ψ is of the form (3.66)), namely
Theorem 3.16 and Theorem 3.22. In both cases, we establish the exis-
tence of T > 0 for which the problem (3.69) admits a unique solution
γ : [0, T ] × Rp → Rn−p provided that the initial data enforce a smallness
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condition on ρ and a Lorentzian condition over Γ0 on either: (a) the metric g
in Theorem 3.16 (see (3.73)) or (b) the tensors C1 and C2 appearing in (3.69)
in Theorem 3.22 (see (3.92)) (a generally stronger condition). Theorem 3.16
applies only to the special case p = 1, whereas Theorem 3.22 applies to any
p ≥ 1. In both cases, the solutions exhibit the following regularity provided
that the initial data on γ and θ are of type Hs+1:

θ, γi ∈ C
s−[p/2]
b ([0, T ]× Rp) , i ∈ {1, ..., n− p} , (3.70)

where [x] := the integer part of x ∈ R. The idea behind the proofs of
these theorems consists in exploiting the structure of the equations in Equa-
tion 3.65 to express them as a first order symmetric hyperbolic system of
PDEs whose well-posedness is revealed thanks to the results from [19].

Remark 3.14. In [34], the case n = 2 was considered under the additional
assumption that Γ (necessarily of dimension (1 + 1)) is radially symmetric
and the leading order term of the phase of the current carrier field σ (i.e.,
θ) is an integer multiple of arg(x0 + ix1), where x0 and x1 are the space
coordinates. In this case, the system of equations (3.35)(or equivalently
(3.36) or (3.37)) reduces to an ODE in terms of a coordinate function R(t)
of Γ, where R(t) = radius of the circle Γt := Γ ∩ {(t, x) : x ∈ R}. As a
result, the well-posedness of the problem of finding admissible pairs (Γ, θ)

in this case is argued on the grounds of standard results from ODE theory.
Figure 3.2 shows sample graphical representations of Γ associated to this
case and to the case treated in Theorem 3.16 and Theorem 3.22 for n = 2.

(a) Sample illustration of the type
of interface Γ for the radially
symmetric case studied in [34]
(n = 2).

(b) Sample illustration of the type
of interface Γ whose existence
is guaranteed by Theorem 3.16
and Theorem 3.22 for n = 2.

Figure 3.2: Sample interfaces for the case n = 2.
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Remark 3.15. In view of the hyperbolic character of (3.69), the results of
Theorem 3.16 and Theorem 3.22 should be extendible to manifolds Γ with
more general geometries. Notably, this includes the case in which the “ini-
tial” submanifold Γ0 is compact, as in the case of closed interfaces/closed
strings. In essence, due to the compactness of Γ0, the gluing of solutions cor-
responding to each open set in a finite cover of Γ0 should be possible thanks
to the properties of existence, uniqueness and finite speed of propagation
associated with Equation 3.35. A thorough treatment of this procedure and
of more general results as they apply to the (hyperbolic) minimal surface
equation H⃗Γ ≡ 0 is presented in [21].

3.4.1 The Case dim(Γ)=2 Under the Graph Gauge

Let k ∈ N and define

Gk(x, y) :=

(
−1 + |x|2 x · y
x · y 1 + |y|2

)
,

Qk(x, y, v, w) := (v w)Gk(x, y)
−1

(
v

w

)
,

(3.71)

for all x, y ∈ Rk for which det(Gk(x, y)) ̸= 0 and for all v, w ∈ R. It
follows that if Γ is parametrized by a map ψ of the form (3.66), then
gab = (Gn−1(∂0γ, ∂1γ))ab and ρ = Qn−1(∂0γ, ∂1γ, ∂0θ, ∂1θ), and the timelike
condition on Γ implies that det (Gn−1(∂0γ, ∂1γ)) < 0 over Γ.

Theorem 3.16. Let n, s ∈ N≥2, ρmax > 0 and

δρ := min

{{
x ∈ R : [1 + xf1(x)] [1 + xf2(x)] = 0

}
∪ {ρmax }

}
> 0, (3.72)

where f1 and f2 are defined in (3.38). Fix δ ∈ (0, δρ) and suppose (pγ , qγ) ∈
Hs+1(R;Rn−1) × Hs(R;Rn−1) and (pθ, qθ) ∈ Hs+1(R) × Hs(R) are such
that, for all x ∈ R,|ρ(0, x)| =

∣∣Qn−1(qγ(x), p
′
γ(x), qθ(x), p

′
θ(x))

∣∣ < δp − δ

det
[
Gn−1(qγ(x), p

′
γ(x))

]
< −δ.

(3.73)

Then, there exists T > 0 such that the problem (3.65) with

pψ(x) = (0, x, pγ(x)) and qψ(x) = (1, 0, qγ(x)) for all x ∈ R
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admits a unique solution (ψ, θ), where ψ is of the form (3.66) and γ and θ
satisfy

θ, γi ∈ Csb ([0, T ]× R) , i ∈ {1, ..., n− 1} .

Furthermore, for all y ∈ [0, T ]× R:

|ρ(y)| < δρ and |g| (y) = −det [Gn−1(∂0γ(y), ∂1γ(y))] > δ/2. (3.74)

Remark 3.17. The fact that δρ in (3.72) is positive follows from the fact that
f1 and f2 are negative and continuous. Additionally, the second condition
on (3.74) implies that Γ is timelike since (gab) is a (2, 0) symmetric tensor4.

Proof of Theorem 3.16: Let n ∈ N≥2 and k := n− 1. We will find sufficient
conditions under which a first order system of PDEs equivalent to (3.69)
is hyperbolic (shortly defined). Having established these conditions, the re-
sulting system will be symmetrized, allowing us to employ the results of [19]
for proving the existence of solutions as a final step. To this end, let

Φ :=


∂0γ

∂1γ

∂0θ

∂1θ

 and Φγ =

(
∂0γ

∂1γ

)
, (3.75)

and note that, under condition (3.66), we have that

gab = Gk(Φγ) =

(
−1 + |∂0γ|2 ∂0γ · ∂1γ
∂0γ · ∂1γ 1 + |∂1γ|2

)
,

|g| = −det(Gk(Φγ)) = |∂1γ|2 + 1− |∂0γ|2 + (∂0γ · ∂1γ)2 − |∂0γ|2|∂1γ|2,

gab = (Gk(Φγ))
−1

=
1

|g|

(
−(1 + |∂1γ|2) ∂0γ · ∂1γ
∂0γ · ∂1γ 1− |∂0γ|2

)
,

ρ = Qk(Φ) = gab∂aθ∂bθ.

Presuming that Γ is timelike, the following conditions must hold:

C00
1 (Φ) = g00 + f1(ρ)

(
∂0θ
)2
< 0

C00
2 (Φ) = g00 + f2(ρ)

(
∂0θ
)2
< 0.

(3.76)

4 Recall that |g| denotes the negative of the determinant of g.



3.4 existence theorems 93

Indeed, f1 and f2 are negative functions, and det(Gk(Φγ)) < 0 if Γ is
timelike, and thus g00 = −g11/ |g| = (1 + |∂1γ|2)/ det(Gk(Φγ)) < 0. As a
result, under the timelike condition on the graph of γ, which we will see is
guaranteed for some non-zero finite time due to the conditions imposed by
the initial data, the PDE system in (3.69) is equivalent to∂00γ = 2c011 (Φ)∂01γ + c111 (Φ)∂11γ

∂00θ = 2c012 (Φ)∂01θ + c112 (Φ)∂11θ + 2
[
m01(Φ)

]T
∂01γ +

[
m11(Φ)

]T
∂11γ,

(3.77)
where, for all a, b ∈ {0, 1} and j ∈ {1, 2}:

cabj (Φ) := −
(
C00
j (Φ)

)−1
Cabj (Φ)

mab(Φ) := (cab1 (Φ)− cab2 (Φ))∂cθ∂cγ,
(3.78)

We may therefore rewrite (3.69) for the case of interest in matrix form as:

∂0Φ+A1(Φ)∂1Φ = 0 in (0, T )× R, (3.79)

where, denoting by Il the l × l identity matrix and by 0l×m the l ×m zero
matrix for l,m ∈ N:

A1(Φ) := −


2c011 (Φ)Ik c111 (Φ)Ik 0k×1 0k×1

Ik 0k 0k×1 0k×1

2
(
m01(Φ)

)T (
m11(Φ)

)T
2c012 (Φ) c112 (Φ)

01×k 01×k 1 0

 . (3.80)

Step 1. Hyperbolicity. We say that the system (3.79) is (uniformly) hy-
perbolic if A1(Φ) is diagonalizable and all its eigenvalues are real over
(0, T ) × R. The necessary and sufficient conditions for the hyperbolicity
of Equation 3.79 are provided by the following lemma, whose proof can be
found in Appendix C:

Lemma 3.18. Let k ∈ N, v ∈ Rk×1, and a1, a2, b1, b2 ∈ R. Then, the matrix

A :=


2a1Ik×k b1Ik×k 0k×1 0k×1

Ik×k 0k×k 0k×1 0k×1

2 (a1 − a2) v
T (b1 − b2) v

T 2a2 b2

01×k 01×k 1 0

 ∈ R2(k+1)×2(k+1),

(3.81)
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is diagonalizable and has only real eigenvalues if

∆i := a2i + bi > 0, for i = 1, 2. (3.82)

Furthermore, whenever (C.3) is satisfied, a set of linearly independent vec-
tors of A is given by (C.5)-(C.6).

The application of Lemma C.2 to the matrix A1(Φ), upon setting ai =

c01i (Φ), bi = c11i (Φ) for i = 1, 2 and v = ∂cθ∂cγ, shows that the system
(3.79) is hyperbolic if and only if

∆i(Φ) :=
[
c01i (Φ)

]2
+ c11i (Φ) = −det

(
cabi (Φ)

)
> 0 i = 1, 2. (3.83)

This last condition can be expressed as a condition on ρ as follows:

∆i(Φ) =
(
C00
i

)−2
[ [
g01 + fi (ρ) ∂

0θ∂1θ
]2 − (g00 + fi (ρ) (∂

0θ)2)(g11 + fi(∂
1θ)2)

]
=
(
C00
i

)−2
[ (
g01
)2 − g00g11 − fi (ρ)

[
g00
(
∂1θ
)2 − 2g01∂0θ∂1θ + g11(∂0θ)2

] ]
=
(
C00
i

)−2
[
− det gab −

(
det gab

)
fi (ρ) ρ

]
=

(
C00
i (Φ)

)−2

|g(Φγ)|
[1 + fi(ρ(Φ))ρ(Φ)] ,

(3.84)

where we have used the fact that

ρ = g00 (∂0θ)
2 + 2g01(∂0θ)(∂1θ) + g11(∂1θ)

2 = ∇θT g−1∇θ(
g00, g01, g11

)
=

1

|g|
(−g11, g01,−g00) .

Therefore, condition (3.83) is equivalent to

1 + fi(ρ(Φ))ρ(Φ) > 0 i = 1, 2,

and altogether we may conclude that

Γ is timelike and 1 + fi(Qk(Φ)) ·Qk(Φ) > 0 for i = 1, 2

=⇒ (3.79) is hyperbolic.
(3.85)
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Based on (3.85), we define sets on which Φ must take its values to ensure
the hyperbolicity of (3.79) and the timelike character of Γ. Namely, let δρ
be as in (3.72), and for each5 ϵ ∈ [0,min {1, δρ}) define

V k
ϵ :=

{
u ∈ R2(k+1)

∣∣Qk(u) ∈ (−ρmax + ϵ, δρ − ϵ),

det(Gk(u1, u2, ..., u2k)) < −ϵ
}
. (3.86)

Then, each set V k
ϵ ⊂ R2(k+1) is non-empty and open, since it is the intersec-

tion of two open sets containing the origin. Also, it follows from (3.85) and
the definition of δρ that the system (3.79) is hyperbolic and the graph of γ
(i.e., Γ) is timelike whenever Im(Φ) ⊂ V k

ϵ ⊂ V k
0 for any ϵ ∈ [0, δρ).

Step 2. Symmetrization of (3.79). In what follows, we will adopt the follow-
ing definition of a symmetric hyperbolic system that will suit our needs to
invoke the results from [19]:

Definition 3.19. A first order system of the form

m∑
j=0

Sj(Φ)∂jΦ = F (Φ),

where F : R1+m → R1+m and Sj : R1+m → R(1+m)×(1+m) for each j ∈
{0, 1, ...,m}, will be called symmetric hyperbolic at Φ ∈ R1+m if Sj(Φ)
is symmetric for all j ∈ {0, 1, ..., n} and S0(Φ) is positive definite.

We will “symmetrize” the system (3.79) by using the diagonalizability of
A1(Φ) whenever Φ ∈ V k

0 . To this end, let ϵ ∈ [0, δρ). Then, for each u =(
u1, . . . , u2(k+1)

)
∈ V k

ϵ ⊂ V k
0 we may write

A1(u) = P (u)Λ(u)P (u)−1,

where the columns of P (u) are any set of 2(k + 1) linearly independent
eigenvectors of A1(u), e.g., of the form (C.5) and (C.6) with ai = c01i (Φ), bi =

c11i (Φ) and v = ∂cθ∂cγ. As an example, for the case k = 1, we can set

P (u) =


λ+1 (u) λ−1 (u) 0 0

1 1 0 0

a(u)λ+1 (u) a(u)λ−1 (u) λ+2 (u) λ−2 (u)

a(u) a(u) 1 1

 ,

5 We take min {1, δρ} instead of δρ so that 0 ∈ V k
ε independently of ε and δρ.
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where a(u) = (u1 u2) [G1(u1, u2)]
−1

(
u3
u4

)
.

Letting Q(u) := [P (u)]−1 and S0(u) := QT (u)Q(u), and multiplying both
sides of equation (3.79) by S0(Φ) while assuming that ImΦ ⊂ V k

0 , we obtain
the following symmetric hyperbolic system equivalent to (3.79):

S0(Φ)∂0Φ+ S1(Φ)∂1Φ = 0, where S1(Φ) := Q(Φ)TΛ(Φ)Q(Φ). (3.87)

Note that the entries of P (u) are rational functions of the entries of u, and
thus so are those of S0(u) and S1(u). Therefore, since the closure of V k

ϵ is
strictly contained in V k

0 for each ϵ ∈ (0, δρ), the following assertions hold all
ε ∈ (0, δρ): 

S0, S1 ∈ C∞
b (V k

ϵ ;R2(k+1)×2(k+1))

S0, S1 are symmetric on V k
ϵ

S0(u) ⪰ δϵI for some δϵ > 0 and all u ∈ V k
ϵ

. (3.88)

Step 3. Existence of Solutions to (3.87). Let ϵ ∈ (0, δρ) and consider the
system 

S0(Φ)∂0Φ+ S1(Φ)∂1Φ = 0 in [0, T ]× R

Φ ∈ V k
ϵ in [0, T ]× R

Φ(0, ·) = Φ0 in R,

(3.89)

for fixed initial conditions Φ0 ∈ Hs(R;V k
ϵ ), where V k

ϵ is defined in (3.86).

We will apply the results from [19] to obtain solutions of (3.89). To accom-
plish this, and in reference to the results found therein, we employ Theorem
IV to verify the conditions of Theorem II in the context of (3.89).

First, let M > 1 be arbitrary and r > 0 be small enough so that

Ωr :=
{
w ∈ R2(k+1) : |w − Φ0(x)| < r for some x ∈ R

}
⊂ V k

ε
M
. (3.90)

The Sobolev embedding Hs(R;R2(k+1)) ↪→ Cs−1
b (R;R2(k+1)) for s ≥ 1 im-

plies that R > 0 can be chosen small enough so that

D :=
{
f ∈ Hs

(
R;R2(k+1)

)
: ∥f − Φ0∥Hs(R;R2(k+1)) < R

}
⊂ Cs−1

b (R; Ωr).
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With this definition of D, and as a result of (3.88) and (3.90), conditions
(4.2)-(4.9) and (4.11) of Theorem II of [19] are satisfied, and we conclude
that there is T > 0 and a unique solution Φ of (3.89) defined on [0, T ′]×R
where 0 < T ′ ≤ T and Φ(t, ·) := Φ̃(t), whereΦ̃ ∈ C ((0, T ′);D) ∩ C1

(
(0, T ′);Hs−1(R;R2(k+1))

)
Φ̃(0) = Φ0

. (3.91)

To conclude, suppose we are given initial conditions

(pγ , qγ) ∈ Hs+1(R;Rk)×Hs(R;Rk) and (pθ, qθ) ∈ Hs+1(R;R)×Hs(R;R)

such that (3.73) holds. Then, (qγ , p′γ , qθ, p′θ) ∈ Hs(R;V k
ϵ ) for some ε > 0,

and the above argument yields a solution Φ = (∂0γ, ∂1γ, ∂0θ, ∂1θ) to (3.89)
taking values in Ωr ⊂ V k

0 for some sufficiently small r > 0, which ensures
that conditions (3.74) hold. In terms of regularity, the components of Φ

obey (3.70) due to (3.91) and Lemma C.7. As a result, we obtain a unique
solution (ψ, θ) to (3.65) with ψ of the form (3.66) with all the properties
stated.

Remark 3.20. The reason why Theorem 3.16 is limited to the case p = 1 is
that the system (3.79) corresponding to a general value of p ∈ N:

∂0Φ+

p∑
k=1

Aj(Φ)∂jΦ = 0

cannot be symmetrized as in Step 2 of the proof unless all Aj(Φ)’s are
simultaneously diagonalizable, that is, unless there is a matrix P (Φ) such
that Aj(Φ)P (Φ) = P (Φ)Dj(Φ) for some diagonal matrix Dj(Φ) for each
j ∈ {1, 2, ..., p} (or, e.g., if each Aj(Φ) is diagonalizable and the pairwise
products of the Aj(Φ)’s commute). This is automatically the case whenever
A1(Φ) is diagonalizable in the p = 1 case, but does not appear to be the
case for p > 1.

3.4.2 The General Case Under the Graph Gauge

We now reduce the system (3.37) under the graph gauge condition on Γ to
a symmetric system equivalent to (3.69) (as opposed to just symmetrizable
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as was the case in Theorem 3.16). This procedure allows one to treat the
case where Γ is of arbitrary dimension 1+ p ≥ 2. A useful definition we will
use from now on is the following:

Definition 3.21. Let p ∈ N. A symmetric (1 + p) × (1 + p) matrix A is
called canonical Lorentzian if A00 < 0 and Ā is positive definite, where
Ā is the p × p submatrix of A obtained by removing the first row and the
first column from A. Moreover, for any ε ≥ 0, define

Cp,ε :=
{
A ∈M(1+p)×(1+p) : A is symmetric, A00 < −ε, Ā ⪰ εIp

}
.

Using [31, Lemmas 8.3 and 8.5], we know that if A is canonical Lorentzian,
then it is Lorentzian. Moreover, if g ∈ Cp,ε for any ε ≥ 0, then g−1 is also
canonical Lorentzian.

Theorem 3.22. Let ρmax > 0, (k, p) ∈ N2, and s be any integer such that
s ≥ 2 + [p/2], where [x] denotes the integer part of x ∈ R. Furthermore, let
(pγ , qγ) ∈ Hs+1(Rp;Rk)×Hs(Rp;Rk) and (pθ, qθ) ∈ Hs+1(Rp)×Hs(Rp) be
such that the following conditions hold uniformly over Rp for some δ > 0:

g00 (qψ, Dxpψ) < −δ,

Ci(qψ, Dxpψ, qθ, Dxpθ) ≻ δIp, for i = 1, 2,

|ρ(qψ, Dxpψ, qθ, Dxpθ)| < ρmax − δ,

(3.92)

where C1 and C2 are defined in (3.38), and C1, C2 are their respective re-
stricted counterparts:

C
ij
l := Cijl for i, j = 1, 2, . . . , p and l = 1, 2.

Then, there exists T > 0 such that the problem (3.65) with

pψ(x) := (0, x, pγ(x)) and qψ(x) := (1, 0, qγ(x)) for all x ∈ Rp

admits a unique solution (ψ, θ) of the form (3.66), where γ and θ satisfy

θ, γi ∈ C
s−[p/2]
b ([0, T ]× Rp) , i ∈ {1, ..., n− p} .
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Furthermore, for all y ∈ [0, T ]× Rp:

g(Dψ), C1(Dψ,Dθ), C2(Dψ,Dθ) ∈ Cn,δ/2,

|ρ(Dψ,Dθ)| < ρmax − c, for some c ∈ (0, ρmax).
(3.93)

Remark 3.23. Based on Lemma 3.12, the conclusions from Theorem 3.16
and Theorem 3.22 can be phrased as: under the conditions listed, there is
T > 0 and a solution (Γ, θ) to (3.35), where Γ is the (timelike) graph of
the map γ, Πρ(y) ∈ O over Γ, and θ and all the components of γ belong to
C
s−[p/2]
b ([0, T ]× Rp).

Remark 3.24. The greater level of generality of Theorem 3.22 as compared
to that of Theorem 3.16 comes at the expense of stricter conditions on the
initial data as compared to those of Theorem 3.16. In particular, compare
(3.73) to (3.92) when p = 1. Under the timelike condition, (3.73) is equiva-
lent to requiring that 1+ρfi(ρ) > 0 for i = 1 and 2 (see (3.83)). On the other
hand, when p = 1, the conditions (3.92) imply that |g| > 0, C00

i (Φ) < 0 and
C11
i (Φ) > 0, resulting in 1 + ρfi(ρ) = −|g|det

(
Cabi
)
> 0. However, since

C11
i =

1

|g|

[
−g00 [1 + fi(ρ)ρ] + fi(ρ) (∂0θ)

2
]
,

C11
i can be negative, even if 1 + fi(ρ)ρ > 0.

Proof of Theorem 3.22. Consider equation (3.48) and refrain from using
(3.44) to simplify the expression therein. Instead, use the computations lead-
ing to (3.47) and (3.52) to rewrite (3.42) as6

Mab
1 (Dψ,Dθ)∂abψ +Mab

2 (Dψ,Dθ)∂abθ = 0, (3.94)

where

Mab
2 (Dψ,Dθ) = f1(ρ(Dψ,Dθ))C

ab
2 (Dψ,Dθ)∇Γθ

Mab
1 (Dψ,Dθ) = Cab1 (Dψ,Dθ)I1+p+k

6 Note that another way to obtain (3.94) is to use the second equation of (3.68) to obtain

Cab
2 ∂abθ − Cab

2 ⟨∇Γθ, ∂abψ⟩m = 0 =⇒ Mab
2 ∂abθ −

〈
Mab

2 , ∂abψ
〉
m
∇Γθ = 0.

Then, (3.94) results from adding Mab
2 ∂abθ −

〈
Mab

2 , ∂abψ
〉
m
∇Γθ to the first equation

of (3.37). However,we stress the fact that (3.94) had essentially shown up earlier in
the derivations from Lemma 3.12, which further suggests that it is natural to use this
particular “redundant” form of the equations.
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−
(
Cab1 (Dψ,Dθ)∂cψ (∂cψ)

T +∇Γθ
(
Mab

2 (Dψ,Dθ)
)T)

η.

Using (3.94) and multiplying the second equation of (3.37) by |f1(ρ)| =
−f1(ρ), we arrive at the following system equivalent to (3.37):Mab

1 (Dψ,Dθ)∂abψ +Mab
2 (Dψ,Dθ)∂abθ = 0

|f1(ρ(Dψ,Dθ))|Cab2 (Dψ,Dθ)∂abθ +
〈
Mab

2 (Dψ,Dθ), ∂abψ
〉
m

= 0
,

which, under the graph gauge condition (3.66), is equivalent tomab
1 (Dγ,Dθ)∂abγ +mab

2 (Dγ,Dθ)∂abθ = 0

cab2 (Dγ,Dθ)∂abθ +
〈
mab

2 (Dγ,Dθ), ∂abγ
〉
= 0

, (3.95)

for

cab1 (Dγ,Dθ) = Cab1 (Dψ,Dθ)

cab2 (Dγ,Dθ) = |f1(ρ(Dψ,Dθ))|Cab2 (Dψ,Dθ)

mab
2 (Dγ,Dθ) = −cab2 (Dγ,Dθ) (∂cθ∂cγ)

mab
1 (Dγ,Dθ) = cab1 (Dγ,Dθ)Ik − (∂cθ∂cγ)

(
mab

2 (Dγ,Dθ)
)T

= cab1 (Dγ,Dθ)Ik + cab2 (Dγ,Dθ) (∂cθ∂cγ) (∂
cθ∂cγ)

T .

The main appeal of (3.95) is that its associated first order system, (3.97),
can be shown to be symmetric hyperbolic for Φ taking values on the open
sets (3.100). This allows us to apply the results from [19] by a similar logic
to the one used in the proof of Theorem 3.16. To see this, let

Φ =



∂0γ
...
∂pγ

∂0θ
...
∂pθ


and v := ∂aθ∂aγ, (3.96)

and define the (symmetric) (0, p) tensors

cijk := cijk and mij
k := mij

k , for k = 1, 2 and i, j = 1, 2, · · · , p.
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With these definitions, (3.95) can be expressed as

S0(Φ)∂0Φ+

p∑
j=1

Sj(Φ)∂jΦ = 0, (3.97)

where

S0(Φ) :=


−
(
c001 Ik + c002 vv

T
)

0k×pk c002 v 0k×p

0pk×k c1 ⊗ Ik + c2 ⊗ vvT 0kp×1 −c2 ⊗ v

c002 v
T 01×kp −c002 01×p

0p×k −c2 ⊗ vT 0n×1 c2

 , (3.98)

Sj(Φ) := −



2m0j
1 m1j

1 . . . mpj
1 2m0j

2 m1j
2 . . . mpj

2

m1j
1 m1j

2
... 0kp

... 0kp×p

mpj
1 mpj

2

2(m0j
2 )T

(
m1j

2

)T
. . .

(
mpj

2

)T
2c0j2 c1j2 . . . cpj2(

m1j
2

)T
c1j2

... 0p×pk
... 0p(

mpj
2

)T
cpj2



,

for j = 1, 2, ..., p. Observe that the matrices Sa(Φ) for a = 0, 1, . . . , p are
symmetric. On the other hand, it follows from Lemma C.3, that

S0(Φ(y)) ≻ 0 if
(
c00i (Φ(y)) < 0 and ci(Φ(y)) ≻ 0 for i = 1, 2

)
. (3.99)

Now, for each λ ∈ (0,min (1, ρmax)), define

V k
λ := {u ∈ R(1+k)(1+p) : g00(u) < −λ,Ci(u) ≻ λIp, for i = 1, 2,

|ρ(u)| < ρmax − λ}. (3.100)

The sets V k
λ are non-empty and include a neighbourhood of the origin since,

for all a, b ∈ {0, 1, ..., p} and i ∈ {1, 2},

Cabi

∣∣∣∣
Dγ=0,Dθ=0

= gab
∣∣∣∣
Dγ=0

= ηab and ρ

∣∣∣∣
Dγ=0,Dθ=0

= 0,
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and the functions Cabi , g
ab and ρ are continuous. Furthermore, note that

g00 < −λ =⇒ C00
i = g00 + fi(ρ)

(
∂0θ
)2
< −λ and that Ci ⪰ λIp =⇒

ḡ−1 ⪰ λIp for i = 1, 2, since

C̄m = ḡ−1 + fm(ρ)vθv
T
θ , where viθ = ∂iθ.

As a result, u ∈ V k
λ implies that g−1(u), C1(u), C2(u) ∈ Cp,λ. The remaining

part of the argument goes exactly as for the system (3.89) making use
of (3.99) and the continuous embedding Hs (Rp;R) ↪→ Cs−1−[p/2] (Rp;R).
This argument yields, for each λ ∈ (0,min(1, ρmax)) and initial conditions
Φ0 ∈ Hs(Rp;V k

2λ), a solution to
Sa(Φ)∂aΦ = 0 in (0, T )× Rp

Φ ∈ V k
λ in (0, T )× R

Φ(0, ·) = Φ0 in R,

(3.101)

for some T > 0, where V k
λ is defined in (3.100). The solution Φ is such that

Φ(t, ·) = Φ̃(t) for each t ∈ [0, T ], where Φ̃ has the following regularityΦ̃ ∈ C
(
[0, T ] ;Hs(Rp;V k

λ )
)
∩ C1

(
[0, T ] ;Hs−1(Rp;R(1+p)(1+k))

)
Φ̃(0) = Φ0

,

(3.102)

which in turn implies (3.70) by Lemma C.7.



4
APPROXIMATE SOLUTIONS

We henceforth adopt the following assumption:

Assumption 4.1. Throughout this chapter, n ≥ N≥2 denotes the number of
space dimensions and Π is a fixed element of O, where O is the set of admis-
sible parameters defined in Definition 2.22. Also, γ, θ ∈ C∞

b

(
[0, T ]× Rn−1

)
is a fixed pair of smooth solutions to Equation 3.69 coming from Theo-
rem 3.221(e.g, any (γ, θ) coming out of Theorem 3.22 corresponding to
smooth initial data with compact support), and Γ is the (timelike) graph
of γ. In particular, (Γ, θ) is a solution to the laws of motion, Equation 3.35,
and there are constants c ∈ (0, ρmax) and d > 0 such that the following
statements2 hold uniformly over Γ:

|ρ| = |⟨∇Γθ,∇Γθ⟩m| < ρmax − c,

Cab1 (Dγ,Dθ), Cab2 (Dγ,Dθ) ∈ Cn,d.

Furthermore, δ > 0 is any number satisfying Equation 3.7 for the choice of
Γ above.

Given any tuplet (Π,Γ, θ, δ) as described in Assumption 4.1, we construct
a sequence of increasingly “better” approximate solutions to Equation 1.8
of the form (1.25), where (y, z) ∈ Rn−1 × (−δ, δ) are Fermi coordinates
defined in a normal neighbourhood Nδ of the interface Γ (see Section 3.1
for relevant definitions). The main result is stated in terms of the error of
approximation of Φ̃ ∈ C2(Nδ;R× C) at (t, x), defined as

SRε [Φ̃](t, x) := □Φ̃(t, x) +
1

ε2
DΦW

(
Φ̃(t, x); Π

)
, (4.1)

1 Except for the construction of the initial approximation, where the second condition can
be weakened, as explained later. Also, many of the arguments in the proof of Theorem 4.2
apply/may be slightly adapted to the case where (Γ, θ) are solutions to Equation 3.35
satisfying milder hypotheses (e.g., results of lower regularity based on slight modifications
on the hypotheses to Theorem 3.16 or Theorem 3.22).

2 See Definition 3.21, Definition 3.9 and Equation 3.3, (3.67) for relevant definitions.
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whose name is motivated by the fact that SRε [Φ] ≡ 0 is precisely Equa-
tion 1.8.

Most of the construction is performed in terms of Fermi coordinates as
defined in Definition 3.2. Borrowing the notation therein, we let (y, z) ∈
Λ × (−δ, δ), be Fermi coordinates associated to a local coordinate system
(ψ,Λ) for Γ, and Ψ be as in Equation 3.8. As such, Nδ := Ψ(Λ× (−δ, δ)) is
a normal neighbourhood around Γ of radius δ > 0. For convenience, we also
introduce the dilated coordinates (y, ζ) where y is as before and ζ := z/ε.
Based on the expression for the wave operator in Fermi coordinates from
(3.23), the formula for the error (4.1) in (y, ζ) coordinates is given by

SFε [Φ] (y, ζ) :=
1

ε2
[
−∂2ζΦ(y, ζ) +DΦW (Φ(y, ζ); Π)

]
+

1

ε
HΓεζ

(y)∂ζΦ(y, ζ) +□Γεζ
Φ(y, ζ), (4.2)

defined for all (y, ζ) in the set

Dδ,ε := Λ×
(
−δ
ε
,
δ

ε

)
.

In this way,

SRε [Φ̃](t, x) = SFε [Φ] (y, ζ), whenever (t, x) = Ψ(y, z) and ζ = z/ϵ.

We introduce additional notation to describe the way in which the approxi-
mate solutions will be built. Let h ∈ C∞ (Γ;R) (as an abuse of notation of
h ∈ C∞ (Λ;R)) and define

ζh(y, ζ) := ζ − h(y) and Dδ,ε,h := Λ× (h(y)− δ/ϵ, h(y) + δ/ϵ) , (4.3)

so that (y, ζh) ∈ Dδ,ε ⇐⇒ (y, ζ) ∈ Dδ,ε,h. Also, for Φ = (φ, σ) ∈
C∞ (Dδ,ε;R× C) define

Φh : Dδ,ε,h → R× C, Φh(y, ζ) := Φ(y, ζh(y, ζ)).

Using this notation, we will write, for instance

∂ζΦh(y, ζ) = (∂ζΦ)h (y, ζ) = ∂ζΦ(y, ζh(y, ζ))

∂aΦh(y, ζ) = (∂aΦ)h (y, ζ)− [∂ah(y)] (∂ζΦ)h (y, ζ)
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∂abΦh(y, ζ) = (∂abΦ)h (y, ζ)− (∂ah(y)) (∂bζΦ)h (y, ζ)− (∂abh(y)) (∂ζΦ)h (y, ζ)

− (∂bh(y)) (∂aζΦ)h (y, ζ) + (∂ah(y)) (∂bh(y))
(
∂2ζΦ

)
h
(y, ζ).

The main result is:

Theorem 4.2. Let n,Π,Γ, θ, and δ be as in Assumption 4.1. Then, for
every k ∈ N, there exists ε > 0 and functions hk, αk ∈ C∞

b (Γ;R) and
Vk ∈ C∞

b

(
Dδ/2,ε;R× C

)
defined on

Dδ/2,ε := {(y, s) : y ∈ Γ, s ∈ (−δ/2ε, δ/2ε)} ,

such that for

θk(y, ζ) := θ(y) + εαk(y) + ε2ζ ⟨∇Γθ,∇Γhk⟩ (y), (4.4)

the function

Yk :=
(
ei

θk
ε ⋉ Vk

)
hk

(4.5)

satisfies the following estimates for each α and j:∣∣∣Dα
y ∂

j
ζ

(
e−iθk/ε ⋉ SFε [Yk]

)
(y, ζ)

∣∣∣ ≤ Cαjk(1 + |ζ|k+2)εke−a(Π)|ζ|, (4.6)∣∣Dα
y hk(y)

∣∣ , ∣∣Dα
yαk(y)

∣∣ ≤ Cαkε, (4.7)

for a(Π) :=
1

2
min

|p|≤ρmax−c
λmin(Πp) and some constants Cαjk, Cαk > 0 inde-

pendent of ε, where λmin(Π) is the minimum eigenvalue of D2
ΦW (±1, 0;Π)

and c is the constant appearing in Assumption 4.1.

Moreover, if we define the remainder Φk,r(y, ζ) by setting

Vk(y, ζ) = Φ
(
Πρ(y), ζ

)
+ εΦk,r(y, ζ),

where Φ is the map described in Theorem 2.3, ρ = ⟨∇Γθ,∇Γθ⟩m, and Πp is
as defined in Equation 2.120, then Φk,r satisfies

|Dα
y ∂

j
ζΦk,r(y, ζ)| ≤ Cαjk(1 + |ζ|)e−a(Π)|ζ|,

for some constant Cαjk independent of ε.
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Remark 4.3. The constants Cαjk, Cαk > 0 appearing above all depend solely
on Π and on the size of the derivatives of θ and γ.

Remark 4.4. The factor e−i(θ/ε) appearing in Equation 4.6 is employed to
control the effects of the rapid oscillations associated with the leading order
phase, θ/ε. Such term is not necessary if no tangential derivatives are taken,
i.e., one has that∣∣∣∂jζSFε [Yk] (y, ζ)

∣∣∣ ≤ Cjk

(
1 + |ζ|k+2

)
εke−a(Π)|ζ|.

Remark 4.5. The conclusion of Theorem 4.2 can be extended to the case
where Γ is compact by an argument using partitions of unity and the unique-
ness of solutions to Equation 4.12 and Equation 4.41 under prescribed ini-
tial conditions. The uniqueness of Equation 4.12 follows from Theorem 2.4,
while the uniqueness of Equation 4.41 with given initial conditions follows
from e.g., [31, Corollary 7.10].

Remark 4.6. When defining the functions Vk from Theorem 4.2, it is first
assumed that their domain is Γ×R as opposed to Dδ/2,ε = Γ× (−δ/ε, δ/ε).
The corresponding counterparts of these functions in (t, x) coordinates are
not necessarily well-defined over [0, T ] × Rn, as their domain of definition
might contain points outside the largest possible domain of definition of
Fermi coordinates associated to Γ. It is nevertheless justified to carry out
this construction, and later multiply these functions by an appropriate cut-
off function which takes care of what takes place outside the domain of
definition of the Fermi coordinates (see Section 4.3).

4.1 notation

Before proving Theorem 4.2, we list a series of definitions and notation that
will be used repeatedly. First, the symbol ρ will always be used to refer to
the function (see Definition 3.9):

ρ : Γ → R, ρ(y) = ⟨∇Γθ,∇Γθ⟩m (y).

Additionally, we will write

⟨·, ·⟩Γz
:= ⟨∇Γz ·,∇Γz ·⟩m and ⟨·, ·⟩Γ := ⟨·, ·⟩Γ0

. (4.8)



4.1 notation 107

More explicitly, for functions F and G defined for all (y, s) ∈ Γ×R, we have

⟨F,G⟩Γz
(y, s) =

〈
∇Γz

∣∣∣
y
F (·, s),∇Γz

∣∣∣
y
G(·, s)

〉
m

= gab(y, z)∂aF (y, s)∂bG(y, s),

in which we distinguish the variable z ∈ (−δ, δ), used to indicate the man-
ifold Γz over which the operators are being defined, from the variable s

on which the input functions depend. In relation to the notation for the
y-dependent shift on (4.3), we have e.g.,

⟨Fh, Gh⟩Γz
(y, ζ) = gab(y, z)∂aFh(y, ζ)∂bGh(y, ζ)

= gab(y, z) [(∂aF )h − (∂ah)(∂ζF )h] [(∂bG)h − (∂bh)(∂ζG)h] (y, ζ)

=
[
⟨F,G⟩Γz

− ⟨h,G⟩Γz
∂ζF − ⟨F, h⟩Γz

∂ζG+ ⟨h, h⟩Γz
(∂ζF )(∂ζG)

]
(y, ζh),

meaning that all the functions involving F,G and their derivatives are eval-
uated at (y, ζ − h(y)), h is evaluated at y, and g is evaluated at (y, z).

Also, we will make use of the following notation from Section 3.1 for objects
and operators defined for z, z0 ∈ (−δ, δ), s ∈ R, and any C2 function v

defined over Γ× R:

Γz0 := {Y + zν(Y ) : Y ∈ Γ, z = z0} ,

□Γz0
v(y, s) := − 1√

|g(y, z0)|
∂

∂ya

[√
|g(y, z0)|gab(y, z0)∂bv(y, s)

]
,

HΓz0
(y) := −1

2
∂z

∣∣∣
(y,z0)

ln |g| .

(4.9)

The Taylor series expansions about z = 0 for □Γz , HΓz and ⟨·, ·⟩Γz
defined

in (4.9) and (4.8) will be central to our discussion. As a result, and in
connection to this aspect, we introduce some additional notation for conve-
nience. In particular, for Bb(y, z) := − 1√

|g(y,z)|
∂a

[
gab(y, z)

√
|g(y, z)|

]
and

functions F,G of the variables (y, ζ), we define:

I□F (y, ζ) := −gab(y)∂abF (y, ζ)−Ba(y, 0)∂aF (y, ζ)

II□F (y, ζ) := −∂zgab(y, 0)∂abF (y, ζ)− ∂zB
a(y, 0)∂aF (y, ζ)

III□F (y, ζ) := −∂2zgab(y, 0)∂abF (y, ζ)− ∂2zB
a(y, 0)∂aF (y, ζ).
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Similarly,

I⟨F,G⟩(y, ζ) := gab(y)

(
∂a

∣∣∣
(y,ζ)

F

)(
∂a

∣∣∣
(y,ζ)

G

)
II⟨F,G⟩(y, ζ) := ∂zg

ab(y, 0)

(
∂a

∣∣∣
(y,ζ)

F

)(
∂a

∣∣∣
(y,ζ)

G

)
III⟨F,G⟩(y, ζ) := ∂2zg

ab(y, 0)

(
∂a

∣∣∣
(y,ζ)

F

)(
∂a

∣∣∣
(y,ζ)

G

)
,

and (see Equation 3.24)

IΓ := HΓ0 = HΓ, IIΓ := ∂z

∣∣∣
z=0

HΓz , IIIΓ := ∂2z

∣∣∣
z=0

HΓz .

In this way, we have that

□ΓzF = I□F + zII□F +
z2

2
III□F + ...

⟨F,G⟩Γz
= I⟨F,G⟩ + zII⟨F,G⟩ +

z2

2
III⟨F,G⟩ + ...

HΓz = IΓ + zIIΓ +
z2

2
IIIΓ + ...,

(4.10)

and I⟨θ,θ⟩ = ρ and I□f = □Γ0f = □Γf for any f ∈ C2(Γ) (see Remark 3.8).
We remark that, in all of the expressions in (4.10), the expansion applies to
g(y, z) and Bb(y, z), and not to the functions F and G, even if they depend
on z through ζ = z/ε.

Also, we define the following map which will play a fundamental role in our
discussion:

Φ0[ρ] : R1+p × R → R× C, Φ0[ρ](y, ζ) := Φ
(
Πρ(y), ζ

)
, (4.11)

where Πp and Φ are as defined in Equation 2.120 and Theorem 2.3, respec-
tively. The proof of Theorem 4.2 involves solving a series of linear problems
related to Φ0[ρ]. In connection to this idea, a useful definition that we will
reference repeatedly from now on is:

Definition 4.7. Given F : Γ × R → R × C, consider the problem (see
Equation 1.45):L

(
Φ0[ρ](y, ·); Πρ(y)

)
[V (y, ·)] = F (y, ·)

V (y, ·) ∈ C2

(
L
(
Φ0[ρ](y, ·); Πρ(y)

)) ∀y ∈ Γ, (4.12)
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and the set

G⊥ :=
{
G : Γ× R → R× C : G(y, ·) ∈ C0

(
L
(
Φ0[ρ](y, ·); Πρ(y)

))
for all y ∈ Γ

}
.

Additionally, for a map G ∈ G⊥, define the following operator whose exis-
tence is justified by Theorem 2.4:

S[G] = the unique solution to (4.12) corresponding to F = G.

We list some useful properties of the map Φ0[ρ]. In particular, an immediate
consequence of Theorem 2.3 is that for each y ∈ Γ:

Φ0[ρ](y, ·) ∈ Hs, (4.13a)

F
(
Φ0[ρ](y, ·); Πρ(y)

)
(ζ) = 0 for all ζ ∈ R, (4.13b)

kerL
(
Φ0[ρ](y, ·); Πρ(y)

)
= spanR {N1[ρ](y, ·),N2[ρ](y, ·)} , (4.13c)

where

N1[ρ] := ∂ζΦ0[ρ] and N2[ρ] := Pσ (iΦ0[ρ]) .

Also, the smoothness of Γ and θ from Assumption 4.1 implies that ρ is
smooth, which in turn implies the smoothness of Φ0[ρ]. Moreover, Equa-
tion 2.98 implies that for all ζ ∈ R\ {0}:

∣∣∣Dα
y ∂

l
ζ [Φ0[ρ](y, ζ)− I±(ζ)]

∣∣∣ ≤ cαl
(
Πρ(y)

)
e−

√
λmin(Πρ(y))

2
|ζ|, (4.14)

for each l ∈ Z+ and each multi-index α, where λmin

(
Πρ(y)

)
> 0 is the

minimium eigenvalue of D2
ΦW

(
±1, 0;Πρ(y)

)
and cαl(Πρ(y)) > 0. Therefore,

for Cαl(Π) := max
p∈Im(ρ)

cαl (Πp) and a(Π) :=
1

2
min

p∈Im(ρ)
λmin(Πp), we have

∣∣∣Dα
y ∂

l
ζ [Φ0[ρ](y, ζ)− I±(ζ)]

∣∣∣ ≤ Cαl (Π) e
−a(Π)|ζ|, (4.15)

for all (y, ζ) ∈ V × (R\ {0}).

Finally, for h ∈ C2(Γ;R) and Φ ∈ C2 (Dδ,ε;R× C) and α ∈ C2 (Dδ,ε;R), we
define

SFε [Φ, α, h] (y, ζ) := SFε
[(
eiα ⋉ Φ

)
h

]
(y, ζ), (y, ζ) ∈ Dδ,ε,h, (4.16)
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where we have used the notation for ⋉ introduced in (1.46).

4.2 proof of T heorem 4.2

The proof of Theorem 4.2 is based on induction argument on the value of
k ≥ 1, where all the approximations are of the form (4.5). For the base
case, it is shown that the hypotheses on (Γ, θ) guarantee the existence of
the maps Φ1 := S[−G1] and Φ2 := S[−G2] with G1 from (4.26) and G2

from (4.33), and that the conclusion of the theorem for k = 1 is satisfied
with V1 = Φ0[ρ] + εΦ1 + ε2Φ2, α1 = 0 and h1 = 0. Subsequently, given an
approximation Yk, a better approximation Yk+1 is constructed in two steps:

Step 1. (αk, hk) are modified according to the recursive relation
αk+1 = αk + εkα

hk+1 = hk + εkh

α1 = 0, h1 = 0,

(4.17)

where α and h are functions which satisfy a coupled system of linear
wave equations (see Equation 4.41) whose coefficients depend on all
the functions that make up Yk as well as their derivatives up to sec-
ond order. As we will see, the equations solved by α and h represent
an orthogonality condition needed in Step 2 below to improve the
accuracy of the approximation by at least one order of ε. One may
interpret α as a perturbation to the phase of the C-valued component
of Yk, and h as a perturbation to the location of the zero set of the
real component of Yk, whose counterparts in the case of the leading
order term of Yk in terms of powers of ε (i.e., for eiθ/ε × Φ0[ρ]) are θ
and Γ, respectively. As a result, the coupling between these two maps
is to be expected in view of the coupling between θ and Γ according
to the base case or the heuristics from Chapter 3. Finally, the term
ε2ζI⟨θ,hk+1⟩ is included in the phase to cancel out terms in the error
that arise due to the nonlinear relationship between Γ and θ.
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Step 2. The function Vk is modified according toVk = Φ
(
Πρk(y), ζ

)
+ εPk(y, ζ)

ρk = ⟨∇Γ(θ + εαk),∇Γ(θ + εαk)⟩m ,
(4.18)

where Pk changes according to the recursive relationPk+1 = Pk + εk+1P

P1 = Φ1 + εΦ2,
(4.19)

for a function P whose existence is guaranteed by the orthogonality
condition mentioned in Step 1. In particular, P = S[G], for some
G ∈ G⊥ which depends on the functions that make up Yk, h, α and
their derivatives up to second order.

4.2.1 Base Case

In this section, we treat the k = 1 case in Theorem 4.2. For this case, it
suffices to consider the following expression for the error of approximation
for C2 functions η (real valued) and V (R× C valued) defined over Dδ,ε:

e−iη/ε ⋉ SFε

[
eiη/ε ⋉ V

]
=

1

ε2
[
−∂2ζV + ⟨η, η⟩Γz

Pσ(V ) +DΦW (V ; Π)
]

+
1

ε

[
HΓz∂ζV + (□Γzη)Pσ(iV )− 2 ⟨η,Pσ(iV )⟩Γz

− 2
∂ζη

ε2
Pσ(i∂ζV )

]
+□ΓzV +

(
∂ζη

ε2

)2

Pσ(V ) +HΓz

(
∂ζη

ε2

)
Pσ(iV )−

∂2ζη

ε3
Pσ(iV ), (4.20)

where z = εζ. This expression is found by substituting Φ = eiη/ε ⋉ V

into Equation 4.2 and gathering terms based on powers of ε, together with
the implicit assumption that ∂ζη = O(ε2) which will be justified in Sec-
tion 4.2.2 (in particular, as a result of the appropriateness of the ansatz in
Equation D.2).

Step 1. In order to “eliminate” the term of order 1/ε2 in (4.20), it is enough
to assume that η depends only on y and that V depends on y only through
ρ(y), so long as Im (ρ) ⊂ IΠ. In particular, this is the only step in the
construction that may be carried out even if (Γ, θ) is not a solution to the
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equations of motion, Equation 3.35. To see this, set η(y, ζ) = θ(y) and
V−1 = Φ0[ρ] and plug them into (4.20) to obtain

e−iθ/ε ⋉ SFε [V−1, θ/ε, 0] = e−iθ/ε ⋉ SFε

[
eiθ/ε ⋉ Φ0[ρ]

]
=

1

ε2
[
−∂2ζΦ0[ρ] + ρPσ(Φ0[ρ]) +DΦW (Φ0[ρ]; Π)

]
+

1

ε

[
HΓεζ

∂ζΦ0[ρ] +
(
□Γεζ

θ
)
Pσ (iΦ0[ρ])− 2 ⟨θ,Pσ (iΦ0[ρ])⟩Γεζ

]
+□Γεζ

Φ0[ρ]

=
1

ε2
F
(
Φ0[ρ](y, ·); Πρ(y)

)
(ζ) +

1

ε
R(y, ζ)

=
1

ε
R(y, ζ), (4.21)

where

R(y,ζ) := ζ∂zg
ab(y, ζ∗)∂aθ(y)∂bθ(y)Pσ (Φ0[ρ](y, ζ)) +HΓεζ

(y)N1[ρ](y, ζ)

+□Γεζ
θ(y)N2[ρ](y, ζ)− 2 ⟨θ,Pσ (iΦ0[ρ])⟩Γεζ

+ ε□Γεζ
Φ0[ρ],

for some ζ∗ between 0 and εζ. As a result, (4.6) with k = −1 follows from the
above expression for the error, (4.15), and the boundedness and regularity
of all the terms depending solely on y ∈ Γ.

Remark 4.8. In general, when performing expansions in powers of ε as in
(4.21) of the more general expression

e−θk/ε ⋉ SFε [Vk, θk, hk], (4.22)

with Vk =
∑k

m=0 ε
mΦm, the leading order term (i.e., the sum of the terms

multiplying the lowest power of ε, which will be shown to be εk) in (4.22)
that remains after the appropriate choices of functions Φm, θk and hk, is a
combination of functions of Φm for m ≤ k and their derivatives, multiplied
by functions of y (which are uniformly bounded over Γ) and/or by ζm for
m ∈ {1, ..., k + 2}. In particular, the ζk+2 term arises due to the remainder
of the Taylor series expansion of ⟨θk, θk⟩Γz

Pσ(iΦ0[ρ]) around z = 0. This is
the reason for the term |ζ|k+2 appearing in (4.6).

Step 2. Consider now the ansatz

Y0(y, ζ) = eiθ(y)/ε ⋉ V0(y, ζ), with V0 = Φ0[ρ] + εΦ1, (4.23)
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where Φ1 is to be determined and Φ0[ρ] is as in Step 1. We claim that, as
long as (Γ, θ) is any solution to the equations of motion (3.35), Φ1 can be
chosen to obtain

e−iθ/ε ⋉ SFε [Y0] = e−iθ/ε ⋉ SFε [V0, θ/ε, 0] = O(1). (4.24)

Indeed, note that for (4.23), we have that

e−iθ(y)/ε ⋉ SFε [V0, θ/ε, 0](y, ζ)

=
1

ε2
[
−∂2ζΦ+ ρ(y)Pσ(Φ) +DΦW (Φ;Π)

]
+

1

ε

[
ζII⟨θ,θ⟩Pσ(Φ) + IΓ∂ζΦ+ I□θPσ(iΦ)− 2I⟨θ,Pσ(iΦ)⟩

]
+O(1)

=
1

ε2
[
F(Φ0[ρ](y, ·); Πρ(y))(ζ)

]
+

1

ε

{
L
(
Φ0[ρ](y, ·); Πρ(y)

)
[Φ1(y, ·)] (ζ) +G1 [Γ, θ] (y, ζ)

}
+O(1),

(4.25)
where

G1 [Γ, θ] (y, ζ) :=ζII⟨θ,θ⟩(y)Pσ (Φ0[ρ](y, ζ)) + IΓ(y)N1[ρ](y, ζ)

+ I□θ(y)N2[ρ](y, ζ)− 2 I⟨θ,Pσ(iΦ0[ρ])⟩(y, ζ)︸ ︷︷ ︸
I⟨θ,ρ⟩(y)Pσ(i∂pΦ0[ρ](y,ζ))

. (4.26)

The O(ε−2) term in (4.25) vanishes due to (4.13b). Additionally, Theo-
rem 2.4 guarantees the existence of Φ1 ∈ C2

(
L
(
Φ0[ρ](y, ·); Πρ(y)

))
so that

the O(ε−1) term in this same expression vanishes as long as G1 [Γ, θ] ∈ G⊥.

As a consequence of (4.13c) and (4.15), the above condition amounts to
satisfying the following two identities defined over Γ:∫

R
G1 [Γ, θ] (y, ζ) ·N1[ρ](y, ζ) dζ = 0∫

R
G1 [Γ, θ] (y, ζ) ·N2[ρ](y, ζ) dζ = 0,

(4.27)

which may alternatively and respectively be written as

IΓ =
µ′Π(ρ)

µΠ(ρ)
· II⟨θ,θ⟩ and I□θ =

µ′′Π(ρ)

µ′Π(ρ)
· I⟨ρ,θ⟩, over Γ. (4.28)

Comparing the equations in (4.28) to Equation 3.64 and Equation 3.44,
we recognize that the orthogonality conditions (4.27) are equivalent to the
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condition that (θ,Γ) solve the equations of motion, Equation 3.35. As a
result, (4.27) hold in view of Assumption 4.1, and we are led to make the
following choice for Φ1:

Φ1 = S[−G1[Γ, θ]]. (4.29)

Now, (4.15) and the form of G1 imply that Dν
y∂

j
ζG1(y, ζ) ≤ cνje

−a(Π)ζ ,
where cνj depends on Π and the size of the derivatives of θ and γ. As a
result, due to Theorem 2.4, we find that for all j and ν, there exists a
constant Cνj > 0 depending on the same quantities such that∣∣∣Dν

y∂
j
ζΦ1(y, ζ)

∣∣∣ ≤ Cνj (1 + |ζ|) e−a(Π)|ζ|. (4.30)

This bound, together with (4.15) and the particular form of the O(1) term
in the right hand side of (4.25) (see Remark 4.8)3 results in (4.6) for k = 0.

Remark 4.9. For each y ∈ Γ, write Φ0[ρ](y, ·) =: (φ0, σ0, 0). It follows
from (4.13a) that φ0 is odd and σ0 is even. As a result, G1[Γ, θ](y, ·) =

(u, v, w), where u,w are even and v is odd. Consequently, since the opera-
tor L

(
Φ0[ρ](y, ·); Πρ(y)

)
preserves the parity of its argument, it follows that

Φ1 = (φ1, v1, w1), where φ1(y, ·), w1(y, ·) are even, and v1(y, ·) is odd for
each y ∈ Γ.

Step 3 (Case k = 1). Let Φ0[ρ] be as in (4.11) and (Γ, θ) and Φ1 be as in
(4.29). Consider now the ansatz

Y1(y, ζ) = eiθ(y)/ε ⋉ V1(y, ζ),

where
V1 = Φ0[ρ](y, ζ) + εΦ1(y, ζ) + ε2Φ2(y, ζ). (4.31)

We have that

e−iθ(y,ζ)/ε ⋉ SFε [Y1] (y, ζ) =

L
(
Φ0[ρ] (y, ·) ; Πρ(y)

)
[Φ2 (y, ·)] (ζ) +G2(y, ζ) +O(ε), (4.32)

3 In particular, that the fact that |ζ|2 appears in (4.6) is due to the presence of term
ζ2∂zg

ab(y, ζ∗)Pσ(Φ0[ρ]) for some ζ∗ between 0 and εζ in the right hand side of (4.25).
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where

G2 :=
1

2
III⟨θ,θ⟩ζ2Pσ (Φ0[ρ]) + IIΓζ∂ζΦ0[ρ]− 2II⟨θ,ρ⟩Pσ (iζ∂pΦ0[ρ])

+ II□θPσ (iζΦ0[ρ]) I□Φ0[ρ] + II⟨θ,θ⟩Pσ (ζΦ1) + IΓ∂ζΦ1 − 2I⟨θ,Pσ(iΦ1)⟩

+ I□θPσ (iΦ1) +
1

2
D3

ΦW (Φ0[ρ]; Π) [Φ1,Φ1] .

(4.33)

In view of Remark 4.9, and the parity of the entries of Φ0[ρ](y, ·) for each
y ∈ Γ, we have that G2 ∈ G⊥. Therefore, according to Theorem 2.4, we
may make the following choice for Φ2:

Φ2 = S[−G2], (4.34)

which results in

e−iθ/ε ⋉ SFε

[
eiθ/ε ⋉

(
Φ0[ρ] + εΦ1 + ε2Φ2

)]
(y, ζ) = O(ε). (4.35)

In terms of the decay as ζ → ∞, note that Φ2 satisfies the same type of
bound as that of Φ1 in (4.30) with |ζ| replaced by |ζ|2 for the same reasons
leading to (4.30) and by (4.30) itself. The decay in (4.6) for k = 1 then
follows by that of Φ0[ρ],Φ1 and Φ2 and Remark 4.8.

4.2.2 Induction Step

We prove that for each k ≥ 1, there exist functions αk, hk, Pk such that

SFε

[
Φ0[ρk] + εPk,

(
θ

ε
+ αk + εζI⟨θ,hk⟩

)
, hk

]
(y, ζ) = O(εk), (4.36)

where αk, hk and Pk evolve according to the recursive relations

αk+1 = αk + εkα,

hk+1 = hk + εkh,

Pk+1 = Pk + εk+1P.

(4.37)

Moreover, the resulting functions exhibit the asymptotic behaviour as ζ →
∞ and as ε→ 0 listed in the statement of Theorem 4.2.
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For convenience, we introduce the following auxiliary functions

θk(y, ζ) = θ(y) + εαk(y) + ε2ζI⟨θ,hk⟩(y)

Vk(y, ζ) = Φ0[ρk](y, ζ) + εPk(y, ζ),
(4.38)

with ρk as in (D.1).

The base case k = 1 has been proven, using

α1 ≡ h1 ≡ 0, and P1 = Φ1 + εΦ2,

where,

Φ1 = S[−G1[Γ, θ]], G1[Γ, θ] as defined in (4.26) (4.39a)

Φ2 = S[−G2], G2 as defined in (4.33). (4.39b)

Now, let k ≥ 1 and suppose that the claim holds for all m ≤ k. We claim
that there exist α, h, and P such that (4.36) holds for k+1. The proof of the
induction step follows a similar philosophy as Step 2 above. In particular,
the expressions from Step 2 obtained by expressing the error in terms of
powers of ε suggests that a natural choice of Γ and θ is that which enforces
the orthogonal condition (4.27) necessary for solving a linear problem of
the form (4.12). Formally, introducing h and α corresponds to performing a
perturbation to the interface Γ and to the leading order phase θ, respectively.
It is therefore expected that, in order to reduce the order of the error by
a factor of ε, the functions h and α are to be chosen as the solutions to
the system of equations representing the linearization about (Γ, θ) of the
equations satisfied by Γ and θ (i.e., the laws of motion, (3.35)). These choices
for h and α in turn lead to the natural choice of the function P (i.e., the
perturbation to Φ0[ρ]) as the solution to a linear problem of the form (4.12).

An abridged version of the computations involved in the procedure de-
scribed above is presented below. A more detailed account can be found
in Appendix D. The main idea behind these computations is to express
SFε [Vk+1, θk+1/ε, hk+1] (error from the k + 1 step) in terms of the error
from the k step plus some remaining terms which, due to the choice of
ansatz4, turn out to be of order εk as well. Subsequently, it is proven that

4 In particular, modifying ρ according to the formula for ρk in (D.1) and adding the
ε2ζI⟨θ,hk⟩ term to the phase as in (D.2) is essential to cancel out error terms of order
εk−1 that would otherwise be present in SF

ε [Vk+1, θk+1/ε, hk+1].
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the resulting term of order εk vanishes upon an appropriate choice of h, α
and P . An important remark regarding the computational aspects involved
in this process is that the definition of SFε [V, η, h] from (4.2) implies that
the approximation

(
eiη ⋉ V

)
h

is a function that has been shifted in the ζ
coordinate by h, whereas the interface Γ with respect to which the Fermi
coordinates are defined is held fixed5. Effectively, by introducing the shift
function h the point (y, 0) is shifted to (y, h(y)) for each y ∈ Γ, which
may be interpreted as applying a normal deformation to Γ of h(y) units
at each y ∈ Γ. In this way, a shift by hk on the approximation at step k

corresponds to a deformation by hk to Γ. Therefore, in order to use the
induction hypothesis that SFε [Vk, θk/ε, hk] = O(εk) in the calculation of
SFε [Vk+1, θk+1/ε, hk+1], one needs to ensure that the kth approximation is
shifted by the corresponding deformation of Γ of hk. Since all the compu-
tations at the (k + 1)th step are made with respect to the shifted variable
ζk+1 := ζ −hk+1, the above entails that the desired form of the error at the
(k + 1)th step can be written more precisely as

e−iθk+1(y,ζk+1)/ε ⋉ SFε

[
(Yk+1)hk+1

]
(y, ζ) (4.40)

= εk
[
L
(
Φ0[ρ](y, ·); Πρ(y)

)
[P (y, ·)] (ζk+1) + G(y, ζk+1)

]
+O

(
εk+1

)
,

where G(y, ζ) = e−iθk(y,ζ)/ε ⋉ Ek(y, ζ) + G[h, α](y, ζ), with Ek being the
portion of order εk of

SFε

[
(Yk)hk

] ∣∣∣
z=ε(ζk+1+hk)

(y, ζ − εkh),

which represents the error from the kth step evaluated at (y, ζk+1), and some
function G[h, α] that ensures the fulfillment of the orthogonality condition
G ∈ G⊥. More specifically,

G [h, α] (y, ζ) :=
[
gab∂ζΦ0 + 2

(
∂aθ∂bθ

)
Pσ (ζΦ0)

]
∂abh

−
[
gabPσ (iΦ0) + 2

(
∂aθ∂bθ

)
Pσ (i∂pΦ0)

]
∂abα

+D [h, α] (y, ζ),

5 We have opted for this definition of the error, but we could also shift the interface Γ
around which we are defining the Fermi coordinates.
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where D is given by

D [h, α] (y, ζ) :=

2gab∂aθ
[(
∂bg

cd
)
∂cθ + gcd∂bcθ

]
[(∂dh) ζPσ (Φ0[ρ])− 2 (∂dα)Pσ (i∂ρΦ0[ρ])]

− 2
[
βII⟨θ,θ⟩ + hgab∂aθ∂b

(
II⟨θ,θ⟩

)]
Pσ (i∂ρΦ0[ρ]) + βIΓPσ (iΦ0[ρ])

+Bb [− (∂bh) ∂ζΦ0[ρ] + (∂bα)Pσ (iΦ0[ρ])]

+
(
hII⟨θ,θ⟩ + 2I⟨θ,α⟩

){
Pσ (Φ1) +D3

ΦW (Φ0[ρ]; Π) [Φ1, ∂ρΦ0[ρ]]

+ (I□θ)Pσ (i∂ρΦ0[ρ])− I⟨θ,ρ⟩Pσ
(
i∂2ρΦ0[ρ]

)
+ IΓ∂ζpΦ0[ρ]

}
+ h

[
II□θPσ (iΦ0[ρ])− 2II⟨θ,ρ⟩Pσ (i∂ρΦ0[ρ]) + III⟨θ,θ⟩Pσ (ζΦ0[ρ]) + IIΓ∂ζΦ0[ρ]

]
+ 2II⟨θ,h⟩Pσ (iζ∂ζΦ0[ρ]) + 2I⟨ρ,h⟩∂pζΦ0[ρ] + 2II⟨θ,α⟩Pσ (ζΦ0[ρ])

− 2I⟨ρ,α⟩Pσ (i∂ρΦ0[ρ]) .

As a result of (4.13c), the condition G ∈ G⊥ translates to asking that (h, α)
satisfies the following linear system of PDEs:

Cab1 ∂abh(y) +D1[h, α](y) = F1(y)

Cab2 ∂abα(y) +D2[h, α](y) = F2(y),
(4.41)

where Cabj := gab + fj(ρ)∂
aθ∂bθ for fj(ρ) := (−1)k2µ

(k)
Π (ρ)/µ

(k−1)
Π (ρ), as in

(3.38), and

D1[h, α] :=
1

µΠ(ρ)
⟨D[h, α](y, ·),N1[ρ](y, ·)⟩L2(R) ,

D2[h, α] :=− 1

2µ′Π(ρ)
⟨D[h, α](y, ·),N2[ρ](y, ·)⟩L2(R) ,

F1(y) :=− 1

µΠ(ρ)
⟨Ek(y, ·),N1[ρ](y, ·)⟩L2(R) ,

F2(y) :=
1

2µ′Π(ρ)
⟨Ek(y, ·),N2[ρ](y, ·)⟩L2(R) .

As shown in the proof of Lemma D.1, the system in (4.41) may be expressed
as a linear symmetric hyperbolic system of PDEs (see Definition 3.19). It is
at this point that we are required to make the additional assumptions on the
tensors Cab1 and Cab2 listed as part of the hypotheses of Theorem 4.2. Under
such conditions, it follows from standard results on hyperbolic systems of
PDEs (see e.g., [31, Corollary 7.10]) that (4.41) admits a unique solution
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h, α ∈ C∞
b (Γ) with zero initial conditions. As a result, the following choices

for h, α, P are justified:(h, α) is the unique solution to (4.41) with (h, α, ∂0h, ∂0α)
∣∣∣
y0=0

≡ (0, 0, 0, 0)

P = −S [G[h, α]] ,

making the resulting functions Vk+1, hk+1, and θk+1 defined according to
(4.37) and (D.2) satisfy

e−iθk+1(y,ζ)/ε ⋉ SFε [Vk+1, θk+1/ε, hk+1] (y, ζ) = O(εk+1).

Finally, the decay in (4.6) follows from: 1) the decay of G[h, α] in Equa-
tion 4.40, which in turn follow by the boundedness of h and α, the exponen-
tial decay of Φ0 and of its derivatives away from Γ, and the decay of the term
e−iθk/ε ⋉ Ek coming from the induction hypothesis; and 2) by Remark 4.8.

4.2.3 Restricting the Domain of Approximate Solutions

Let Yk :=
(
e

θk
ε ⋉ Vk

)
hk

be any approximate solution obtained using the

induction argument from the previous section. Also, just as before, let Ψ

be Fermi coordinates associated with Γ, and Nδ be domain of definition
of Ψ (see Equation 3.8). The construction of Vk implies that Yk(y, ζ) is
defined over (y, ζ) ∈ Γ × R. However, since Nδ might be strictly contained
in [0, T ] × Rn, the function Yk in general does not induce a well-defined
function over [0, T ] × Rn. To account for this, we think of the function
Φ0[ρ] as being defined over Dδ,ε = Γ × (−δ/ε, δ/ε), and, since subsequent
approximations apply a shift on the ζ variable of hk(y) for each y ∈ Γ,
we would like to think of the corresponding domain of definition of Yk as
Dδ,ε,hk =

{
(y, ζ) : y ∈ Γ, ζ ∈

(
− δ
ε + hk(y),

δ
ε + hk(y)

)}
. Any such domain

contains Dδ/2,ε for all small enough ε > 0 due to the boundedness of hk,
and therefore, Yk induces a well-defined function on Nδ/2 so long as ε > 0

is small enough. As a slight abuse of notation, we will denote the resulting
function, which is only defined on Nδ/2, by Yk from now on.

This concludes the proof of Theorem 4.2.
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4.3 extended approximate solutions

We may extend the definition of the function Yk from the previous section
to [0, T ] × Rn. To this end, recall that Γ divides the space [0, T ] × Rn into
two disjoint components Ω− and Ω+. Suppose that the Minkowski normal
vector field ν(y) points in the direction of Ω+ for each y ∈ Γ, and define

I(t, x) :=

−1, (t, x) ∈ O−

+1, (t, x) ∈ O+.

Furthermore, write (y, εζ) = Ψ−1(t, x) (as before), and introduce a cut-off
function χ ∈ C∞ ([0, T ]× Rn; [0, 1]) with the property that

χ (t, x) = 1 for |ζ| ≤ δ

4ε
, and χ (t, x) = 0 for |ζ| > δ

2ε
.

We define the kth approximate solution Y∗
k ∈ C∞([0, T ]× Rn;R× C) as

Y∗
k (t, x) :=

χ (t, x)Yk (y, ζ) + [1− χ (t, x)] I(t, x), if (y, ζ) = Ψ−1(t, x) ∈ Nδ/2

I(t, x), otherwise,

(4.42)

and a result of Theorem 4.2, we immediately obtain:

Corollary 4.10. Let k ≥ 1. The definition of Y∗
k from Equation 4.42 implies

that

□Y∗
k +

1

ε2
DΦW (Y∗

k ; Π) = 0 in ([0, T ]× Rn) \Nδ/2,

and for every j and β, there exists smooth positive constants Ckj and Ckjβ
depending on Π and on the size of the derivatives of θ, γ, such that for all
small enough 0 < ε≪ 1:∣∣∣∂jζSFε [Y∗

k ] (y, ζ)
∣∣∣ ≤ Ckjε

k(1 + |ζ|k+2)e−c(Π)
|z|
ε in Nδ/2,∣∣∣∂jζDβ

y

[
e−iθk(y,ζ)/ε ⋉ SFε [Y∗

k ]
]
(y, ζ)

∣∣∣ ≤ Ckjβε
k(1 + |ζ|k+2)e−c(Π)

|z|
ε in Nδ/2,

for some constant c(Π) > 0 independent of ε.



5
CONCLUDING REMARKS
AND FUTURE WORK

We conclude by highlighting two possible ways in which the results of this
thesis can be extended.

5.1 exact solutions

Given an approximate solution Y∗ = (φ∗, σ∗) : [0, T ] × Rn → R × C as in
Section 4.3, we would like to find a perturbation map Φ̃ which makes Y∗+Φ̃

an exact solution to the superconducting interface system, Equation 1.7,
over [0, T ]× Rn. More precisely, we seek a map Φ̃ such thatΦ := Y∗ + Φ̃ solves Equation 1.7 on [0, T ]× Rn

Φ̃ = O(εp) in some norm for some p > 0.
(5.1)

This type of result is obtained in [27] for the case where σ ≡ 0 and Γ has
zero Minkowskian mean curvature (i.e., is minimal) using energy estimates
for the perturbation map both near and far away from Γ. The strategy
to obtain these estimates relies on the existence of approximate solutions
of arbitrary precision in the sense of Theorem 4.2, and on the fact that Γ

has zero Minkowskian mean curvature. Unfortunately, the fact that Γ is
generally not minimal according to (3.35) and, most critically, the presence
of the rapid oscillations introduced by the leading order phase of σ∗ near Γ

(i.e., the term θ/ε in each approximation in Theorem 4.2), render the direct
application of such strategies inefficacious when trying to obtain similar
estimates for the perturbation Φ̃ in the case of Equation 1.7 under the
requirement that Φ exhibits the scaling (1.25). We believe that there should
be a way to incorporate the relationship between Γ and θ dictated by (3.35)
to resolve such intricacies, but this is yet to be verified.

121



5.2 the neutral superconducting cosmic string case 122

On the other hand, we also remark that the desired result above was ob-
tained in [34], although following a different approach to that of [27]. The
approach in this case is closer in nature to the spirit of Lyapunov-Schmidt
reduction and requires only the construction of the approximation corre-
sponding to k = 0 in Theorem 4.2. In essence, it is argued via the im-
plicit function theorem that there exists a unique function h ∈ C1(Γ)

and a perturbation Φ solving (5.1) such that1, in our notation, Φh(y, ·) ∈
ker
(
L
(
(Φ0[ρ])h(y, ·); Πρ(y)

))⊥ for each y ∈ Γ. It is then shown that Φ and
h are of the desired size as long as their corresponding initial conditions are
small enough. This step is accomplished through energy estimates which
are involved due to the fact that both the size of perturbation Φ and of the
shift h have to be established simultaneously. To note is that, due to the
assumptions made in therein, the kernel of L

(
(Φ0[ρ])h(y, ·); Πρ(y)

)
is one di-

mensional for each y ∈ Γ, which goes hand in hand with the fact that only
the function h is needed to satisfy the above condition on Φh. In our case,
the fact that the corresponding kernel is two dimensional for each y ∈ Γ

means that two functions h and a α defined over Γ are required to yield the
analogous condition, imposing significant technical difficulties which make
the computations less tractable but could nevertheless be explored further.

5.2 the neutral superconducting cosmic string case

Consider the functional in Equation 1.1 with qσ = 0 and complex-valued φ
(i.e., the neutral superconducting string case). We now present some heuris-
tics for this case analogous to those presented in Section 3.2 for the su-
perconducting interface model. In doing so, we highlight the similarities
between the two models, and some directions in which the ideas presented
in this thesis could prove useful to obtain a better understanding of the
superconducting string model.

To begin, we proceed as in Section 3.2, this time labelling Aφ as A =

A0dt+A1dx
1 +A2dx

2 +A3dx
3, so that the relevant action functional with

a scaling parameter ε > 0 in this case reduces to

1 The function h minimizes the distance the L2 distance between the exact solution and
(Φ0[ρ])h.



5.2 the neutral superconducting cosmic string case 123

As,N
ε [φ, σ,A; Π]

:=

∫ T

0

∫
R3

[
ε

2
(Dαφ,D

αφ) +
ε

2
(∂ασ, ∂

ασ) +
ε3

4
FαβFαβ +

1

ε
W (φ, σ; Π)

]
dx dt,

(5.2)

where Dα := ∂α − iA and Fαβ := (dA)αβ := ∂αAβ − ∂βAα for α, β ∈
{0, 1, 2, 3}.

We would like to investigate the existence of solutions to the Euler-Lagrange
equations of As,N

ε for which

• φ has a zero set along a timelike codimension 2 manifold embedded in
R1+3 (a trajectory/worldsheet of a curve that represents the cosmic
string).

• σ is non-zero, and concentrated around the zero set of φ.

We proceed as in Section 3.2, looking for static simple solutions first. To
this end, introduce the notation □A := −DαDα = D2

0 − D2
1 − D2

2 − D2
3,

∇A := (D0, D1, D2, D3), and ∆A :=
∑3

k=1D
2
k, and note that the Euler

Lagrange equations of As,N
ε in (5.2) are

□Aφ+
1

ε2
DφW (φ, σ; Π) = 0

□σ +
1

ε2
DσW (φ, σ; Π) = 0

ε2∂αFαβ + (iφ,Dβφ) = 0, β = 0, 1, 2, 3.

(5.3)

Let x̄ = (x0, x1, x2, x3) be the standard coordinates in R1+3 and write t = x0,
x = x1, and z = (x2, x3). We look for solutions to (5.3) of the form

φ(x̄) = φ0(z/ε)

σ(x̄) = ei(a0t+a1x)/εσ0(z/ε)

A(x̄) = A2(x̄)dx
2 +A3(x̄)dx

3 =
1

ϵ

[
A2(z/ε)dx

2 +A3(z/ε)dx
3
]
.

(5.4)

Plugging the ansatz (5.4) into (5.3), results in the equations

−∆Aφ0 +DφW (φ0, σ0; Πρ) = 0

−∆σ0 +DσW (φ0, σ0; Πρ) = 0

∂jFjk + (iφ0, Djφ0) = 0, (j, k) ∈ {(2, 3), (3, 2)} ,

(5.5)
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where ρ = −a20+a21. The equations appearing in (5.5) are the Euler-Lagrange
equations of the functional

A2d
Πρ

[φ, σ,A] :=

∫
R2

[
1

2

(
|∇Aφ|2 + |∇σ|2

)
+

1

2
F 2
12 +W (φ, σ; Πρ)

]
dz1dz2,

defined over a suitable functional space K of functions φ, σ : R2 → C and
A = A1dz

1 + A2dz
2 with (A1, A2) : R2 → R2, which we state formally for

the sake of concreteness as

K :=
{
(φ, σ,A) : φ ∈ Ḣ1(R2;C), σ ∈ H1(R2;C), (∂1A2 − ∂2A1) ∈ L2(R2;R),

|φ(x)| → 1 as |x| → ∞, the winding number of φ at ∞ is 1
}
.

The minimizers of A2d
Πρ

over K (aka 2D profiles) solve the elliptic system
Equation 5.5, and thus induce solutions to Equation 5.3 according to Equa-
tion 5.4. The zero set of φ in each of these minimizers is a straight vortex
filament which represents a straight cosmic string, analogously to how the
zero set of φ in the minimizers of A1d

Π over H (see Equation 2.4 and Equa-
tion 2.2) is a hyperplane that represents a flat interface. Just as in the
case of the superconducting interface model, one expects to find solutions
to (5.3) which behave locally like these 2D profiles and describe the sce-
nario in which cosmic strings with more complex geometries are present.
To the best of our knowledge, a study of the properties of such minimizers
that mimics the one presented in Chapter 2 (see in particular Theorem 2.1,
Theorem 2.3 and Theorem 2.4) does not exist in the literature.

On the other hand, we note the similarities between the laws of motion
presented in Chapter 3 and their (formally derived) counterpart for the
superconducting cosmic string case. To this end, we proceed as in Section 3.2.
In particular, let (Λ, ψ) be a local chart for Γ, and ν1 and ν2 be two vector
fields everywhere normal to Γ such that

{
νj(p)

}2
j=1

is a basis for (TpΓ)
⊥

and
〈
νi(p), νj(p)

〉
m

= δij for i, j = 1, 2 at each p ∈ Γ. Furthermore, let
δ > 0 be small enough so that the map (Fermi coordinates)

Ψ :Λ×Bδ(0) → Nδ := Ψ (Λ×Bδ(0)) ⊂ R1+3

(t, x) = Ψ(y, z) = ψ(y) + z1ν
1(y) + z2ν

2(y), y = (y0, y1), z = (z1, z2),
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is bijective, where Bδ(0) is the ball of radius δ in R2 centered at the origin.
As in Section 3.1, we introduce the metrics on Γ, gab, and on Nδ, gαβ ,
induced by the Minkowski metric:

gαβ(y, z) := ⟨∂αΨ(y, z), ∂βΨ(y, z)⟩m , α, β = 0, 1, 2, 3.

gab(y) := ⟨∂aψ(y), ∂bψ(y)⟩m , a, b = 0, 1.

A direct computation using the definition of ν1 and ν2 shows that

gαβ(y, z) =

(
gab(y) +O(|z|) O(|z|)

O(|z|) I2

)
.

Now, let

(φ, σ,A)(t, x) = (φ̃, σ̃, Ã)(y, z) whenever (t, x) = Ψ(y, z),

and assume that all the functions are supported within Nδ. Then, the cor-
responding action functional becomes

As,N
ε

[
φ̃, σ̃, Ã; Π

]
:=∫

Λ

∫
R2

[1
2
gαβ(y, z)(Dαφ,Dβφ) +

1

2
gαβ(y, z) (∂ασ, ∂βσ)

+
ε2

4
gαγ(y, z)gβµ(y, z)FγµFαβ +

1

ε2
W (φ, σ; Π)

]√
|g(y, z)| dy dz.

Now, suppose further that

φ(y, z) = v(y, ζ),

σ(y, z) = eiθ(y)/εw(y, ζ),

A(y, z) = A0(y, ζ)dy
0 +A1(y, ζ)dy

1 +
1

ϵ
A2(y, ζ)dζ

1 +
1

ϵ
A3(y, ζ)dζ

2 ζ := z/ε,

for some complex-valued function v and real-valued functions w,Aα, all
defined on Λ × Bδ/ε(0), and a real-valued function θ defined on Λ. Under
this ansatz, we have that

As,N
ε

[
φ̃, σ̃, Ã; Π

]
∝
∫
Λ

{∫
Bδ/ε(0)

[
1

2

2∑
j=1

(∣∣Dζjv
∣∣2 + (∂ζjw)2)+ 1

2
(∂ζ1A3 − ∂ζ2A2)

2
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+
1

2
gab (∂yaθ)(∂ybθ)w

2 +W (v, w; Π)

]
dζ1 dζ2

}√
|g(y)| dy +O (ε)

=

∫
Λ

{
A2d

Πρ(y)
[v(y, ·), w(y, ·), A(y, ·)]

}√
|g(y)| dy +O (ε) ,

where A2d
Πρ(y)

[v(y, ·), w(y, ·), A(y, ·)] is the integral with respect to ζ1 and
ζ2 in the above expression. As such, and similarly to the superconducting
interface case (cf. (3.2)), to leading order, the action above reduces to

Σs[ψ, θ;V ] :=

∫
V
µsΠ(ρ(y))

√
|g(y)| dy, ρ = gab∂aθ ∂bθ,

where

µsΠ(ρ(y)) := inf
(φ,σ,A)∈K

A2d
Πρ(y)

[φ, σ,A].

As a result, the dynamic laws governing the admissible string-current pairs

are identical to Equation 3.35, with µΠ replaced by µsΠ. In particular, the
results of Theorem 3.22 apply to the superconducting string laws of motion,
as long as the function µsΠ is positive, increasing and concave down as µΠ.
These properties of µsΠ are also yet to be verified.



A
PROPERTIES OF THE
POTENTIAL W

Let W denote the potential whose action on (φ, σ,Π) ∈ R× C× (0,∞)4 is

W (φ, σ; Π) :=
λφ
4

(
φ2 − 1

)2
+
λσ
4

(
|σ|2 − 2m2

σ

)
|σ|2 + β

2
φ2 |σ|2 . (A.1)

a.1 some useful formulas involving w

Let σ = σ1+iσ2 and ∂0 := ∂φ, ∂1 := ∂σ1 and ∂2 := ∂σ2 . Also, for convenience,
write W :=W (φ, σ; Π). A direct computation shows that

∂0W =
[
λφ
(
φ2 − 1

)
+ β|σ|2

]
φ

∂iW =
[
λσ

(
|σ|2 −m2

σ

)
+ βφ2

]
σi, for i = 1, 2,

(A.2)

and

∂00W = λφ
(
3φ2 − 1

)
+ β |σ|2 , ∂10W = ∂01W = 2βφσ1

∂11W = λσ
(
3σ21 + σ22 −m2

σ

)
+ βφ2, ∂20W = ∂02W = 2βφσ2

∂22W = λσ
(
σ21 + 3σ22 −m2

σ

)
+ βφ2, ∂21W = 2λσσ1σ2.

(A.3)

Therefore,

D2
ΦW (±1, 0;Π) = diag(2λφ, β − λσm

2
σ, β − λσm

2
σ), (A.4)

from which it follows that the minimum eigenvalue of D2
ΦW (±1, 0;Π) is

λmin(Π) := min
(
2λφ, β − λσm

2
σ

)
. (A.5)
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The Taylor expansion for W about (φ, σ) = (x, 0) with x ∈ {−1, 1}, is

W (Φ;Π) =
1

2
ΦTD2

ΦW ((x, 0); Π)Φ + xλφ (φ− x)3 + xβ (φ− x) |σ|2

+
λφ
4

(φ− x)4 +
λσ
4

|σ|4 + β

2
(φ− x)2 |σ|2 .

≥
[
1

2
λmin(Π)− (λφ + β) ∥(φ− x, |σ|)∥2

]
∥(φ− x, |σ|)∥22 .

(A.6)

Finally, we have that

W (φ,σ; Π) =
λφ
4

(
φ2 − 1

)2
+

[
λσ
4

(
|σ|2 − 2m2

σ

)
+
β

2
φ2

]
|σ|2

≥ λφ
4

(
φ2 − 1

)2
+

1

4

[
min (λσ, 2β)

(
φ2 + |σ|2

)
− 2m2

σλσ

]
|σ|2 .

(A.7)

a.2 proofs of Lemma 1.1 and Lemma 1.2

Proof of Lemma 1.1. The two desired conditions on Π are

D2
ΦW (±1, 0;Π) is positive definite. (A.8a)

W (φ, σ; Π) ≥ 0, with equality only if (|φ|, σ) = (1, 0). (A.8b)

It follows from (A.4) that the condition (A.8a) is equivalent to

η := β − λσm
2
σ > 0. (A.9)

Also, note that W (·, ·; Π) is smooth, W (φ, σ; Π) → ∞ as |(φ, σ)| → ∞, and
W (±1, 0;Π) = 0 independently of Π. Therefore, denoting by CW (Π) the set
of critical points of W (·; Π), condition (A.8b) is equivalent to

W (φ, σ; Π) > 0 for all (φ, σ) ∈ CW (Π)\ {(±1, 0)} . (A.10)

We claim that

η > 0 =⇒
(
(A.10) ⇐⇒ λφ > λσm

4
σ

)
, (A.11)

which in turn implies that

(A.8a) and (A.8b) ⇐⇒ Π ∈ O0,
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where O0 :=
{
Π = (λφ, λσ,mσ, β) ∈ (0,∞)4 : β > λσm

2
σ, λφ > λσm

4
σ

}
.

To prove (A.11), suppose that η > 0 and (φ, σ) ∈ CW (Π). Using (A.2), we
find that

φ = 0 =⇒ σ ∈ {0} ∪
{
eiθmσ : θ ∈ R

}
σ = 0 =⇒ φ ∈ {−1, 1} .

(A.12)

On the other hand, if φ ̸= 0 and σ ̸= 0, then

λφ
(
φ2 − 1

)
+ β |σ|2 = 0

λσ

(
|σ|2 −m2

σ

)
+ βφ2 = 0,

(A.13)

from which we infer that

µφ2 = λσα and µ |σ|2 = λφη, (A.14)

where α := βm2
σ −λφ and µ := β2 −λφλσ. Since φ, σ ̸= 0 and η > 0 in this

case, both µ and α must be positive, and thus

(φ, |σ|) =
(
±
√
λσα/µ,

√
λφη/µ

)
. (A.15)

Given that (A.12) and (A.15) describe CW (Π)\ {(±1, 0)} completely, the
statement (A.11) is a consequence of the following identities

W (0, eiθmσ; Π) =
1

4

(
λφ − λσm

4
σ

)
, for all θ ∈ R

W (0, 0;Π) =
λφ
4
,

W

(√
λσ
α

µ
, eiθ

√
λφ
η

µ
; Π

)
=
λφη

2

4µ
, for all θ ∈ R.

The last equality follows from the fact that if (A.15) holds, then

(φ2 − 1)2 =

(
βη

µ

)2

,(
|σ|2 − 2m2

σ

)
|σ|2 = −λφη

µ2
(
βα+m2

σµ
)

|σ|2 φ2 =
λφλσαη

µ2
,
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and therefore,

W (φ, σ; Π) =
λφη

4µ2
[
β2η − λσ

(
m2
σµ− βα

)]
=
λφη

4µ2
[
β2η − λσ(λφη)

]
=
λφη

2

4µ
.

Proof of Lemma 1.2. Let Π ∈ O0 and a ∈ (0, 1), and define

r(Π, a) := min

(
1, a

λmin(Π)

2(λφ + β)

)
and R(Π) :=

√
2m2

σλσ + λφ
min(λσ, 2β)

, (A.16)

which are both positive since λmin(Π) > 0 due to Lemma 1.1.

Near (φ, σ) = (±1, 0), (A.6) implies that

W (φ, σ; Π) ≥ (1− a)

2
λmin (Π) ∥(φ∓ 1, |σ|)∥22 , (A.17)

whenever (φ, σ) is in the set

O±
near,a(Π) := {(φ, σ) ∈ R× C : ∥(φ∓ 1, |σ|)∥2 < r(Π, a)} .

Now, the definition of r(Π, a) implies that φ ∈ (−1, 1) and thus (φ± 1)2 ∈
(0, 4) whenever (φ, σ) ∈ O±

near,a(Π). Using this and setting a = 1/2, we
conclude that

W (φ, σ; Π) ≥ 1

16
λmin (Π)

∥∥(φ2 − 1, |σ|
)∥∥2

2
, for (φ, σ) ∈ O±

near, 1
2

. (A.18)

Far from (φ, σ) = (0, 0), we use (A.7) and (A.16) to conclude that

W (φ, σ; Π) ≥ λφ
4

∥∥(φ2 − 1, |σ|)
∥∥2
2
, for (φ, σ) ∈ Ofar(Π), (A.19)

where

Ofar(Π) := {(φ, σ) ∈ R× C : ∥(φ, σ)∥2 > R(Π)} .

Now, consider the compact set

K(Π) := (R× C) \
(
O+
near ∪ O−

near ∪ Ofar

)
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and the continuous function

cK(Π) :=

min
(φ,σ)∈K(Π)

W (φ, σ; Π)

max
(φ,σ)∈K(Π)

∥(φ2 − 1, |σ|)∥22
.

Putting together (A.18) and (A.19) with the definitions of K and cK, we
conclude that

W (φ, σ; Π) ≥ c(Π)
[(
φ2 − 1

)2
+ |σ|2

]
for all (φ, σ) ∈ R× C,

where c : O0 → (0,∞) is the continuous function

Π = (λφ, λσ,mσ, β) 7→ min

{
λmin(Π)

16
,
λφ
4
, cK(Π)

}
.



B
1D ANALYS I S : AUX IL IARY
RESULTS

b.1 smoothness of the map f from Equation 2.6

In this section, we provide a proof that the map from Equation 2.6 is smooth
in the sense of Fréchet differentiability (see e.g., [4] for relevant definitions).
It is included solely for completeness and follows readily from Sobolev em-
bedding theorems and the definitions of the Fréchet derivative. Throughout
this section, we use the notation in Section 1.3.1 and define

Z := X3
2 × R4. (B.1)

The main result of this section is the following lemma, whose proof follows
directly from the proofs of Lemmas B.5 and B.6 below:

Lemma B.1. The map F : Z → X3
0 , given by

F(Φ,Π) = −Φ′′ +DΦW (Φ;Π),

belongs to C∞(Z;X3
0 ).

In what follows, we denote by Ln(Z,X2) the space of continuous n−linear
maps from Z to X2 for each n ∈ N, equipped with the norm

∥T∥Ln(Z,X2)
:= sup

h∈(BZ(0,1))n
∥T (h)∥X2

= sup
h1,h2,...,hn∈BZ(0,1)

∥T (h1, h2, ..., hn)∥X2
.

Also, we write L0(Z,X2) = X2.

Lemma B.2. Let n,m ∈ {0, 1, 2, ...}. Given any two maps F : Z →
Ln(Z,X2) and G : Z → Lm(Z,X2) or G : Z → Lm(Z,R), define the
product of F and G as the map FG : Z → Ln+m(Z,X2) given by

(FG)(u)[k, l] = F (u)[k]G(u)[l], (u, k, l) ∈ Z × Zn × Zm.

132
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Then, if F and G are differentiable so is FG.

Proof. We will show that if n,m ̸= 0, then the Fréchet derivative of FG,
d(FG) : Z → Ln+m+1 (Z,X2), exists and is given by the following formula
which holds for all (u, k, l) ∈ Z × Zn × Zm:

d(FG)(u)[h, k, l] = dF (u)[h, k]G(u)[l] + F (u)[k]dG(u)[h, l]. (B.2)

A slight modification of the argument can be used to show that

d(FG)(u)[h, k] = dF (u)[k, h]G(u) + F (u)[k]dG(u)[h], if m = 0, n ̸= 0,

d(FG)(u)[h, k] = dF (u)[h]G(u)[k] + F (u)dG(u)[h, k], if m ̸= 0, n = 0

d(FG)(u)[h] = dF (u)[h]G(u) + F (u)dG(u)[h], if m,n = 0.

To show (B.2), let k = (k1, k2, ..., kn) ∈ Zn and l = (l1, l2, ..., lm) ∈ Zm be

such that ki, lj ∈ BZ(0, 1) for i = 1, 2, ..., n and j = 1, 2, ...,m. It suffices to
show that

∥FG(u+ h)[k, l]− FG(u)[k, l]− dF (u)[h, k]G(u)[l]

− F (u)[k]dG(u)[h, l]∥X2 = o (∥h∥Z) . (B.3)

To this end, write the left hand side of (B.3) as

LHS = ∥F (u+ h)[k] [G(u+ h)−G(u)− dG(u)[h]] [l]

+ [G(u) + dG(u)[h]] [l] [F (u+ h)− F (u)− dF (u)[h]] [k]

+ dG(u)[h, l]dF (u)[h, k]∥X2 ,

(B.4)

and let h ∈ Z be such that ∥h∥Z ≤ 1. We have that,

∥F (u+ h)[k] [G(u+ h)−G(u)− dG(u)[h]] [l]∥X2

≤ C ∥F (u+ h)[k]∥X2
∥[G(u+ h)−G(u)− dG(u)[h]] [l]∥X2

≤ Cu ∥[G(u+ h)−G(u)− dG(u)[h]] [l]∥X2

≤ Cu ∥G(u+ h)−G(u)− dG(u)[h]∥X2
= o (∥h∥Z) ,

(B.5)

Which follows from the fact that ∥fg∥X2
≤ C ∥f∥X2

∥g∥X2
for some C > 0

independent of f and g, by the continuity of F (u) for each u ∈ Z and by
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the definition of dG. Similarly, by the continuity of G(u) and of dG(u) for
each u ∈ Z,

∥[G(u) + dG(u)[h]] [l] [F (u+ h)− F (u)− dF (u)[h]] [k]∥X2

≤ C ∥[G(u) + dG(u)[h]] [l]∥X2
∥[F (u+ h)− F (u)− dF (u)[h]] [k]∥X2

≤ Cu (1 + ∥h∥Z) ∥[F (u+ h)− F (u)− dF (u)[h]] [k]∥X2
= o (∥h∥Z) .

(B.6)
Finally,

∥dG(u)[h, l]dF (u)[h, k]∥X2
≤ ∥dG(u)[h, l]∥X2

∥dF (u)[h, k]∥X2

≤ Cu ∥h∥2Z = o (∥h∥Z) .
(B.7)

The triangle inequality, along with (B.4) and (B.5), (B.6), and (B.7), implies
that d(FG) exists and is given by (B.2).

To conclude, we claim that d(FG)(u) ∈ Ln+m+1(Z,X2) for each u ∈ Z.
Indeed, note that the m + n + 1-linearity of d(FG)(u) follows easily from
the linearity properties of G(u), F (u), dF (u) and dG(u). On the other hand,
let BZ(0, 1) = {z ∈ Z : ∥z∥Z ≤ 1} and B =

(
BZ(0, 1)

)1+m+n, then, for each
u ∈ Z:

sup
(h,k,l)∈B

∥dF (u)[h, k]G(u)[l]∥X2

≤ C sup
(h,k,l)∈B

∥dF (u)[h, k]∥X2
∥G(u)[l]∥X2

≤ C sup
(h,k,l)∈B

∥dF (u)[h, k]∥X2
· sup
(h,k,l)∈B

∥G(u)[l]∥X2

≤ C ∥dF (u)∥Lm+1(Z,X2)
∥G(u)∥Ln(Z,X2)

<∞,

(B.8)

and similarly,

sup
(h,k,l)∈B

∥F (u)[k]dG(u)[h, l]∥X2
<∞. (B.9)

Putting together (B.8) and (B.9), we see that d(FG)(u) is bounded for each
u ∈ Z.

Corollary B.3. Let F ∈ C∞(Z,X2) and G ∈ C∞(Z,X2) or G ∈ C∞(Z,R).
Then, the map

FG : Z → X2, given by FG(u) = F (u)G(u), for all u ∈ Z,
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is smooth (i.e., FG ∈ C∞(Z,X2)).

Proof. Since the sum of two smooth functions is smooth [4], the result fol-
lows by applying Lemma B.2 repeatedly starting with n = m = 0.

Lemma B.4. Let n ∈ N and F j ∈ C∞(Z,X2) for j = 1, 2, ..., n. Then, the
map F : Z → Xn

2 , F (x) =
(
F 1(x), F 2(x), ..., Fn(x)

)
belongs to C∞(Z,Xn

2 ).

Proof. Direct computation.

Lemma B.5. The map DΦW : Z → X3
2 , defined by

DΦW (φ, σR, σI , λφ, λσ,mσ, β) =

 λφ
(
φ2 − 1

)
φ+ βφ|σ|2

λσ(|σ|2 −m2
σ)σR + βφ2σR

λσ(|σ|2 −m2
σ)σI + βφ2σI

 ,

belongs to C∞(Z,X3
2 ) and therefore to C∞(Z,X3

0 ).

Proof. Consider the following maps from Z to X2, and label an arbitrary
element of Z as U = (U1, U2, ..., U7):

Fj : Z → X2, Fj(U) = U j , for each j = 1, 2, ..., 7.

The maps Fj are all in C∞(Z,X2) for j = 1, 2, 3 and in C∞(Z,R) for
j = 4, 5, 6, 7. Also, the maps ∂φW,∂σRW,∂σIW : Z → X2 can be expressed
as sums of terms, each one being a product of some of the Fj ’s, which
appear in such a way that Corollary B.3 can be applied to each of them. We
conclude that the maps ∂φW,∂σRW,∂σIW : Z → X2 belong to C∞(Z,X2).
This fact together with Lemma B.4 allows one to conclude that DΦW ∈
C∞(Z,X3

2 ).

Lemma B.6. The map G : Z → X3
0 , defined by

G(Φ,Π) = −Φ′′,

belongs to C∞(Z,X3
0 ).

Proof. SinceG is linear on Φ and independent of Π, we have that dG(Φ,Π)[(Ψ, Π̃)] =
G(Ψ, Π̃) for all (Φ,Π), (Ψ, Π̃) ∈ Z and dkG ≡ 0 for all k ≥ 2.
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b.2 additional results

Lemma B.7 (Exponential Decay). Let v : R → R be a non-negative func-
tion such that

v(z) → 0, as z → ∞,

v′′(z) ≥ a2v(z)−De−cz, for all z ≥ l,

for some constants a, c, l > 0, and D ≥ 0, where a > c. Then, there exists a
constant C > 0 such that

v(z) ≤

Ce−az, if D = 0

Ce−cz, if D ̸= 0,
for all z ≥ 0.

Proof. We apply a similar argument to that of Proposition 2.4 from section
2.3 of [3]. Let L > l and w be the solution to w′′ = a2w −De−cz with the
Dirichlet conditions w(l) = v(l) and w(L) = v(L). Then,

v(z) ≤ w(z), for all z ∈ (l, L). (B.10)

To see this, let f := v − w and suppose on the contrary that

f(z) = v(z)− w(z) > 0, for some z ∈ (l, L). (B.11)

Since f(l) = f(L) = 0, condition (B.11) would imply that f attains a
maximum value over [l, L] at some z∗ ∈ (l, L) and therefore f ′′(z∗) < 0.
However, the hypothesis on v implies that

f ′′ = v′′ − w′′ ≥ a2 [v − w] > 0, over (l, L),

leading to a contradiction and proving that (B.10) has to hold. Now, a direct
computation shows that

w(z) =
[
v(l)− Ee−cl

] sinh [a (L− z)]

sinh [a (L− l)]

+
[
v(L)− Ee−cL

] sinh [a (z − l)]

sinh [a (L− l)]
+ Ee−cz, for all z ∈ R,
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where E = D/(a2 − c2) ≥ 0. As a result, using (B.10) and the fact that
v(z) → 0 as z → ∞, we deduce that in the limit L→ ∞ we have that

v(z) ≤
[
v(l)− Ee−cl

]
eale−az + Ee−cz, for all z ∈ [l,∞).

In particular, if D = 0, we have that E = 0 and thus

v(z) ≤
(
max
x∈[0,l]

v(x)

)
ea(l−z), for all z ≥ 0.

Also, if D > 0:

v(z) ≤ Ce−cz, for all z ≥ 0, (B.12)

where C := max
(
v(l)eal + E,

(
maxz∈[0,l] v(z)

)
ecl
)
.

Remark B.8. If a = c and D > 0, we have that

w(z) =

[
v(l)− D

2a
le−al

]
sinh [a (L− z)]

sinh [a (L− l)]

+

[
v(L)− D

2a
Le−aL

]
sinh [a (z − l)]

sinh [a (L− l)]
+
D

2a
ze−az, for all z ∈ [l, L],

from which we deduce that

v(z) ≤
(
v(l)eal +

D

2a
z

)
e−az, z ∈ [l,∞)

and thus

v(z) ≤ C(1 + z)e−az for all z ≥ 0,

where C := max
((
maxz∈[0,l] v(z)

)
eal, D2a

)
.

Lemma B.9. H ≃ (tanh, 0) +H1(R;R× C), where H is defined in (2.2).

Proof. Denote H̃ := (tanh, 0) +H1(R;R× C).

(⊂): Let (φ, σ) ∈ H. Then, σ ∈ H1(R;C) and it suffices to show that
φ − tanh ∈ H1(R). To this end, note that the limiting behaviour of φ
implies that φ(x) + tanh(x) → ±2 as x → ±∞, and we may therefore fix
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M > 0 such that |φ(x) + tanh(x)| > 1 for all |x| > M . For any such M , we
have that∫

|x|>M
(φ− tanh)2 ≤

∫
|x|>M

(φ2 − tanh2)2

≤ 2

[∫
|x|>M

(
φ2 − 1

)2
+

∫
|x|>M

(
tanh2−1

)2]
<∞.

On the other hand, the Sobolev embedding Ḣ1(R) ↪→ C0,1/2(R) and the
fact that φ ∈ Ḣ1(R) implies that∫

|x|<M
(φ− tanh)2 <∞.

Therefore, (φ− tanh) ∈ L2(R). Finally, since the first derivatives of φ and
of tanh are in L2(R), we conclude that (φ− tanh) ∈ H1(R).

(⊃): Let (φ, σ) = (tanh+φ̃, σ) ∈ H̃, so that φ̃ ∈ H1(R). We want to show
that φ(x) → ±1 as x→ ±∞ and (φ2 − 1) ∈ L2(R). Thanks to the Sobolev
embedding H1(R) ↪→ C0,1/2(R), we know that φ̃ is bounded and φ̃(x) → 0

as |x| → ∞. Therefore, using the fact that tanh(x) → ±1 as x → ±∞, we
readily conclude the desired limiting behaviour of φ. Also,

φ2 − 1 = φ̃2 + 2φ̃ tanh+ tanh2−1

= (φ̃+ 2 tanh) φ̃+
(
tanh2−1

)
∈ L2(R),

since (φ̃+ 2 tanh) is bounded and φ̃ and
(
tanh2−1

)
are in L2(R).



C
LAWS OF MOTION :
AUXIL IARY RESULTS

c.1 matrix algebra

In what follows, we will repeatedly make use of the following notation for
convenience:

Definition C.1. Let A = [aij ] ∈ Rm×n and B ∈ Rp×q. The Kronecker
product of A and B is defined as the block matrix

A⊗B :=


a11B a12B ... a1nB

a21B a22B ... a2nB
...

...
. . .

...
am1B am2B ... amnB

 ∈ Rmp×nq. (C.1)

We refer the reader to [13, Section 3.6 and Problem 10.39] for a list of many
useful properties of the Kronecker product.

Lemma C.2. Let k ∈ N, v ∈ Rk×1, and a1, a2, b1, b2 ∈ R. Then, the matrix

A :=


2a1Ik×k b1Ik×k 0k×1 0k×1

Ik×k 0k×k 0k×1 0k×1

2 (a1 − a2) v
T (b1 − b2) v

T 2a2 b2

01×k 01×k 1 0

 ∈ R2(k+1)×2(k+1), (C.2)

is diagonalizable and has only real eigenvalues if

∆i := a2i + bi > 0, for i = 1, 2. (C.3)

Furthermore, whenever (C.3) is satisfied, a set of linearly independent vec-
tors of A is given by (C.5)-(C.6).

139
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Proof. We write the matrix (C.2) as

A =

(
U ⊗ Ik×k 02k×2

V W

)
,

where

U =

(
2a1 b1

1 0

)
, V =

(
2 (a1 − a2) v

T (b1 − b2) v
T

01×k 01×k

)
and W =

(
2a2 b2

1 0

)
.

Using the properties of the Kronecker product ⊗ listed in [13, Section 3.6
and Problem 10.39] and of block triangular matrices, we obtain:

det
(
A− λI2(k+1)×2(k+1)

)
= det(U ⊗ Ik×k − λI2k×2k) det(W − λI2×2)

= det((U − λI2)⊗ Ik×k) det(W − λI2×2)

= det(U − λI2)
k det(W − λI2)

=

[
λ2 − 2a1λ− b1

]k[
λ2 − 2a2λ− b2

]
= (λ− λ+1 )

k(λ− λ−1 )
k(λ− λ−2 )(λ− λ+2 ),

where

λ±i (Φ) = ai ±
√
a2i + bi, for i = 1, 2.

The matrix U(Φ) ⊗ Ik has eigenvectors (each of which is a shifted version
of the previous one):

u±1,1 :=


λ±1

0(k−1)×1

1

0(k−1)×1

 , u±1,2 :=


0

λ±1
0(k−1)×1

1

0(k−2)×1

 , . . . , u±1,k :=


0(k−1)×1

λ±1
0(k−1)×1

1

 ,

(C.4)
which are linearly independent as long as λ−1 ̸= λ+1 (if k = 1, by the above
formula means that u±1,1 =

(λ±1
1

)
). Additionally, due to the relationship of the
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entries of V with those of U and W , a computation shows that the following
is a set of 2k linearly independent vectors of A as long as λ−1 ̸= λ+1 :

v±1,j :=

 u±1,j
λ±1 v

j

vj

 , j ∈ {1, 2, ..., k}. (C.5)

On the other hand, the vectors

v±2 :=

02k×1

λ±2
1

 (C.6)

are also eigenvectors of A which are linearly independent as long as λ−2 ̸= λ+2 .
Therefore, equations (C.5) and (C.6) show that the conditions

λ−1 ̸= λ+1 and λ−2 ̸= λ+2 (C.7)

are sufficient for A to have 2k + 2 linearly independent eigenvectors, and
thus to be diagonalizable. The conclusion of the theorem follows since the
conditions a2i + bi > 0 for i = 1, 2 ensure that (C.7) hold and that the
eigenvalues of A are real.

Lemma C.3. The matrix S0(Φ) appearing in (C.8) is positive definite
whenever c00i (Φ) < 0 and ci(Φ) ≻ 0 for i = 1, 2.

Proof. Write the matrix S0(Φ) from Equation 3.98 as:

S0(Φ) =


−c001 Ik 0k×kn 0k×1 0k×n

0kn×k c1 ⊗ Ik 0kn×1 0kn×n

01×k 01×kn 0 01×n

0n×k 0n×kn 0n×1 0n×n


︸ ︷︷ ︸

B0(Φ)

+(−c002 )


vvT 0k×kn −v 0k×n

0kn×k 0kn×kn 0kn×1 0kn×n

−vT 01×kn 1 01×n

0n×k 0n×kn 0n×1 0n×n


︸ ︷︷ ︸

B1(Φ)

+


0k×k 0k×kn 0k×1 0k×n

0kn×k c2 ⊗ vvT 0kn×1 −c2 ⊗ v

01×k 01×kn 0 01×n

0n×k −c2 ⊗ vT 0n×1 c2


︸ ︷︷ ︸

B2(Φ)

.
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Let k, n ∈ N and u ∈ R(k+1)(n+1) be an arbitrary non-zero vector and denote
by ej the jth standard basis vector of R(k+1)(n+1). Write u = v0 + v1 + v2

where v0 =
∑kn+1

i=1 uiei, v1 = ukn+2ekn+2, and v2 =
∑(k+1)(n+1)

i=kn+3 uiei.

Case 1: if v0 ̸= 0, then

uTS0(Φ)u = uTB0(Φ)u+ uTB1(Φ)u+ uTB2(Φ)u

= vT0 B0(Φ)v0 + uTB1(Φ)u+ uTB2(Φ)u > 0,

which follows since vT0 B0(Φ)v0 > 0 whenever c001 (Φ) < 0 and c1(Φ) ≻ 0

(given that, for any symmetric square matrix C, we have that C ⊗ Ik ≻ 0

if and only if C ≻ 0), and since B1(Φ) + B2(Φ) is positive semi-definite by
Lemma C.5.

Case 2: if v0 = 0, then

uTS0(Φ)u = uTB0(Φ)u+ uTB1(Φ)u+ uTB2(Φ)u

= vT1 B0(Φ)v1 + vT2 B2(Φ)v2

= −c002
(
ukn+2

)2
+ vT2 c2v2 > 0.

The second line follows from the first because of the structure of the matrices
B0(Φ), B1(Φ) and B2(Φ).

Lemma C.4. Let m,n,∈ N, A ∈ Rm×m and v ∈ Rn×1, then

(A⊗ v)A = A2 ⊗ v.

Proof. Let i, j ∈ {1, 2, . . . ,m} and k ∈ {1, 2, . . . , n}. Then, denoting the jth

row (resp. column) of a matrix M by M j (resp. Mj) and (correspondingly)
its (i, j)th entry by M i

j , we have that:

[(A⊗ v)A]
(i−1)n+k
j = (A⊗ v)(i−1)n+k Aj

=
(
Aivk

)
Aj

=
(
AiAj

)
vk

=
(
A2
)i
j
vk

=
(
A2 ⊗ v

)(i−1)n+k

j
.
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Lemma C.5. The matrices B1(Φ) and B2(Φ) appearing in (C.8) are posi-
tive semi-definite if c00i (Φ) < 0 and ci(Φ) ≻ 0 for i = 1, 2.

Proof. B1(Φ) ⪰ 0 under the given assumptions, as can be seen by writing

B1(Φ) = −c002 (Φ)wwT , where w =


v

0kn×1

−1

0n×1

 .

On the other hand, let u ∈ R(k+1)(n+1) be an arbitrary non-zero vector, p =(
uk+1, uk+2, . . . , uk(n+1)

)
∈ Rkn, and q =

(
uk(n+1)+2, uk(n+1)+3, . . . , u(k+1)(n+1)

)
∈

Rn. Furthermore, let c ∈ Rn be the square root of c2 (i.e., c2 = c2). We have
that

uTB2(Φ)u = pT
(
c2 ⊗ vvT

)
p− pT (c2 ⊗ v) q − qT

(
c2 ⊗ vT

)
p+ qT c2q

= pT (c⊗ v)
(
c⊗ vT

)
p− 2pT (c2 ⊗ v)q + qT c2q

=
[(
c⊗ vT

)
p
]T [(

c⊗ vT
)
p
]
− 2pT (c⊗ v)cq + qT c2q

=
[(
c⊗ vT

)
p− cq

]T [(
c⊗ vT

)
p− cq

]
≥ 0,

where we have used the fact that (A⊗B)T = AT⊗BT and (A⊗B) (C ⊗D) =

(AC ⊗BD) for all matrices A,B,C,D of dimensions for which the products
in the second identity are defined (see, e.g., [13]). Additionally, we have used
the fact that c is symmetric throughout and Lemma C.4 in going from the
second to the third line.

c.2 regularity of solutions to the laws of motion

Lemma C.6. Let p, r ∈ N, T > 0, and

u ∈ C ([0, T ];Hs (Rp;R)) ∩ C1
(
[0, T ];Hs−1 (Rp;R)

)
, (C.8)

for some integer s ≥ r + 1 + [p/2].

Define ST := [0, T ] × Rp and u : ST → R via u(t, x) := u(t)(x) for each
(t, x) ∈ ST . Then,

Dα
x∂

m
t u ∈ Cb (ST ;R) for m = 0, 1 and |α| ≤ r −m. (C.9)
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Proof. Since Dα
x∂

m
t u(t, x) = Dα

x∂
m
t u(t)(x) for all (t, x) ∈ ST , we have

|Dα
x∂

m
t u(t, x)−Dα

x∂
m
t u(τ, y)| ≤ |Dα

x∂
m
t u(t)(x)−Dα

x∂
m
t u(t)(y)|

+ |(Dα
x∂

m
t u(t)−Dα

x∂
m
t u(τ)) (y)| . (C.10)

Also, ∂mt u(t) ∈ Hs−m (Rp) =⇒ Dα
x∂

m
t u(t) ∈ Hs−m−|α|(Rp). Therefore,

by the Sobolev embedding Hk(Rp;R) ↪→ C
k−1−[p/2]
b (Rp;R) (see e.g., [19,

Lemma 2.1], [7, Corollary 9.13]), we find that the condition s ≥ |α|+m+1+

[p/2] ensures that Dα
x∂

m
t u(t) is continuous and bounded for each t ∈ (0, T ),

and therefore

|Dα
x∂

m
t u(t)(x)−Dα

x∂
m
t u(t)(y)| → 0 as x→ y.

Additionally, under this condition on s, we have the following estimate for
the second term on the right hand side of (C.10):

sup
y∈Rp

|(Dα
x∂

m
t u(t)−Dα

x∂
m
t u(τ)) (y)| ≤ C ∥Dα

x∂
m
t u(t)−Dα

x∂
m
t u(τ)∥H1+[p/2]

≤ C ∥∂mt u(t)− ∂mt u(τ)∥Hs−m ,

since 1 + [p/2] + |α| ≤ s −m. Therefore, using the continuity of ∂mt u, we
conclude that the second term on the right hand side of (C.10) tends to 0

as t → τ . On the other hand, the boundedness of Dα
x∂

m
t u follows by the

boundedness of Dα
x∂

m
t u(t, ·) for each y ∈ [0, T ]. Finally, note that since

s ≥ r + 1 + [p/2] by assumption, then |α| ≤ r − m implies that s ≥
|α|+m+ 1 + [p/2], and thus (C.9) follows.

Lemma C.7 (Regularity of Solutions). Let r ∈ N≥2, s ≥ r + [p/2] and
(γ, θ) be a solution to (3.69) arising from Theorem 3.16 or Theorem 3.22
such that γ(t, x) = γ̄(t)(x) and θ(t, x) = θ̄(t)(x) for all (t, x) ∈ [0, T ] × Rp,
where

∂aγ̄
i, ∂aθ̄ ∈ S, (a, i) ∈ {0, 1, ..., p} × {1, ..., k} ,

with
S := C ([0, T ];Hs (Rp)) ∩ C1

(
[0, T ];Hs−1 (Rp)

)
.

Then, θ, γj ∈ Crb ([0, T ]× Rp) for i = 1, 2, ..., k and a = 0, ..., p.
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Proof. In what follows, a, b denote indices running from 0 to p. Also, ST :=

[0, T ]× Rp and we write (t, x) = (t, x1..., xp) ∈ ST , ∂0 := ∂t, ∂yi := ∂xi , and
D = (∂0, ∂1, ..., ∂p).

Let i ∈ {1, ..., k}. Using s ≥ r + [p/2] together with Lemma C.6 and the
relationship between (γ, θ) and (γ̄, θ̄), we see that for a = 0, ..., p:

Dα
x∂

m
0 ∂aγ

i, Dα
x∂

m
0 ∂aθ ∈ Cb (ST ;R) , |α| ≤ r − 1−m for m = 0, 1.

(C.11)

In particular, all weak derivatives of ∂aγi and ∂aθ of order less than or equal
to r − 1 with 1 or less time derivatives have a continuous and bounded
representative for each a ∈ {0, 1..., p}. Also, it follows from (C.11) that ∂aγi

and ∂aθ are C1
b functions, and we conclude that the (continuous) functions

θ and γi are also bounded using the identity

|f(t, x)| ≤
∫ T

0
|∂tf(τ, x)| dt+ |f(0, x)| , t ∈ [0, T ],

for f = θ, γi, and the fact that the regularity of the initial conditions on θ

and γi imply that θ(0, ·) and γi(0, ·) are bounded.

Let cab1 and cab2 be as in (3.78). It follows from the conclusion of Theorem 3.16
or Theorem 3.22 that cab1 and cab2 are bounded and have bounded derivatives
up to certain order whenever the same conditions are met by Dγi and Dθ.
Now, write

∂00γ =
∑

(a,b)̸=(0,0)

cab1 (Dγ,Dθ)∂abγ, (C.12a)

∂00θ = −cab2 (Dγ,Dθ) ⟨∂cθ∂cγ, ∂abγ⟩+
∑

(a,b)̸=(0,0)

cab1 (Dγ,Dθ)∂abθ. (C.12b)

Let j ∈ {1, ..., r − 2} and µ be any multiindex of size |µ| ≤ r − 2 − j.
We argue using strong induction on j. In particular, starting with j = 1,
differentiate (C.12a) with respect toDµ

x∂
j
0 to find that the continuity and the

boundedness of the weak derivativeDµ
x∂

j+2
0 γ follows from (C.11). Using this,

the regularity of Dµ
x∂

j+2
0 θ can be deduced by also differentiating (C.12b)

with respect to Dµ
x∂

j
0. Thus all weak derivatives of order less than or equal

to r with j + 2 or less time derivatives of γi and θ are Cb functions for
each a. Working our way upwards to j = r − 2, we conclude that all weak
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derivatives of γi and θ of order 0 to r are bounded and continuous, and thus
γi, θ ∈ Crb (ST ) for a = 0, 1, ..., p by Lemma C.8.

Lemma C.8. Let k, n ∈ N and f ∈ C (Rn). Suppose that f has continuous
weak derivatives of all orders up to and including k. Then, f ∈ Ck(Rn).

Proof. Case k = 1.

Step 1: Let φ be a standard mollifer e.g.,

φ(x) =

C exp
(

−1
1−|x|2

)
x ∈ B1(0)

0 else
,

and φε(x) =
1
εnφ(x/ε) for each ε > 0 and x ∈ Rn. Denote by wi the weak

derivative of f with respect to the xi variable for each i ∈ {1, 2, ..., n}, and
define gε := g ∗ φε for any continuous function g. Note that

1. ∂ifε = (wi)ε.

2. If g ∈ C(Rn), then gε → g uniformly on compact sets.

3.
(
f1/k

)∞
k=1

is Cauchy in C1(K) for every compact set K ⊂ Rn.

To see why the first item is true, note that

∂ifε = f ∗ ∂iφε = wi ∗ φε,

since wi is the weak derivative of f with respect to xi, and φε ∈ C∞
c (Rn).

To see why the second item is true, letK ⊂ Rn be compact and pick ε,R > 0

so that supp (φε) ⊂ K ⊂ BR(0). Let x ∈ K and write

f(x)− fε(x) =

∫
Rn

[f(x)− f(y)]φε(x− y) dy

=

∫
BR(0)

[f(x)− f(x− εy)]φ(y) dy,

from which it follows that (since
∫
BR(0) φ = 1),

sup
x∈K

|f(x)− fε(x)| ≤ sup
x∈K

y∈BR(0)

|f(x)− f(x− εy)| .
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Let F : R2 → R be defined by F (x, y) := f(x) − f(x − εy). Then, F is
continuous and we have that

lim
ε→0

sup
x∈K

y∈BR(0)

|f(x)− f(x− εy)| = lim
ε→0

max
x∈K

y∈BR(0)

|F (x, εy)| = F (x, 0) = 0.

To see why the third item is true, simply write

∥∥f1/n − f1/m
∥∥
C1(K)

= sup
x∈K

∣∣f1/n(x)− f1/m(x)
∣∣

+

n∑
i=1

sup
x∈K

∣∣∣(wi)1/n (x)− (wi)1/m (x)
∣∣∣ ,

where we have used item 2 to write the second term in the right hand side.
The result then follows by the second item, which implies that

(
(wi)1/k

)∞
k=1

and
(
f1/k

)∞
k=1

are Cauchy in C(K).

Step 2: conclusion. By the first step, there exists a function F ∈ C1(K)

such that f1/n → F and (wi)1/n → ∂iF uniformly on K for each i ∈
{1, 2, ..., n}. By item 1 and the uniqueness of limits, we conclude that F = f

and ∂iF = ∂if = wi, for each i ∈ {1, 2, ..., n}, and thus f ∈ C1(K). Since
the above argument holds for every compact set K ⊂ Rn, we conclude that
f ∈ C1(Rn).

Cases k > 1: suppose that the statement holds for some k ≥ 1. Let f be
a function whose weak derivatives of order less than or equal to k + 1 are
continuous. By the induction hypothesis, f ∈ Ck (Rn). As a result, we have
that Dαf ∈ C(Rn) for any multiindex α with |α| = k. This, together with
the fact that the weak derivatives of f of order k+1 are continuous, implies
that Dαf ∈ C1(Rn) by the argument for the case k = 1. Since the choice of
α was arbitrary, we conclude that f ∈ Ck+1(Rn).



D
APPROXIMATE SOLUTIONS :
AUX IL IARY RESULTS

d.1 induction step computations

Let (Γ, θ) be any C2 solution to Equation 3.35 and k ≥ 1. As before, let

Φ0[ρ](y, ζ) := Φ
(
Πρ(y), ζ

)
, and ρk(y) := ⟨θ + εαk, θ + εαk⟩Γεhk

(y), (D.1)

where Πp and Φ are as in Equation 2.120 and Theorem 2.3, respectively.

Define

Yk := eiθk/ε ⋉ Vk and ζk := ζ − hk,

with
θk(y, ζ) := θ(y) + εαk(y) + ε2ζI⟨θ,hk⟩(y)

Vk(y, ζ) := Φ0[ρk](y, ζ) + εPk(y, ζ),
(D.2)

where αk, hk, and Pk change according to

αk+1 = αk + εkα

hk+1 = hk + εkh

Pk+1 = Pk + εk+1P

α1 = 0, h1 = 0, P1 = Φ1 + εΦ2,

(D.3)

and,

Φ1 = S[−G1[Γ, θ]], G1[Γ, θ] as defined in (4.26),

Φ2 = S[−G2], G2 as defined in (4.33).

148
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Note that

θk+1 = θk + εk+1 (α+ εζβ) , where β = I⟨θ,h⟩,

ρk+1 = ρk + εk+1Rρ +O(εk+3), where Rρ = hII⟨θ,θ⟩ + 2I⟨θ,α⟩,

Φ0[ρk+1] = Φ0[ρk] + εk+1Rρ∂ρΦ0[ρ] +O(εk+3),

Vk+1 = Vk + εk+1Rρ∂ρΦ0[ρ] + εk+2P +O(εk+3),

Yk+1 = eiε
kC ⋉ Yk + εk+1eiθk+1/ε ⋉ (Rρ∂ρΦ0[ρ] + εP ) +O

(
εk+3

)
,

ζk+1 = ζ − hk − εkh = ζk + εkh.

Furthermore,

ρk = ρ+ εhkII⟨θ,θ⟩ + 2εI⟨θ,αk⟩ +O(ε2) = ρ+O(ε2)

Vk = Φ0[ρ] + εΦ1 +O(ε2)

∂mζ Yk = eiθk/ε ⋉
(
∂mζ Φ0[ρ] + ε∂mζ Φ1

)
+O(ε2)

∂aYk = eiθk/ε ⋉
(
∂aVk +

∂bθ

ε
Pσ(iΦ0[ρ]) + (∂bθ)Pσ(iΦ1)

)
+O(ε2)

= eiθk/ε ⋉
(
∂aθ

ε
Pσ(iΦ0[ρ]) + (∂aρ)∂ρΦ0[ρ] + (∂aθ)Pσ(iΦ1) + ε∂aΦ1

)
+O(ε2)

∂ζaYk = eiθk/ε ⋉
(
∂aθ

ε
Pσ (i∂ζΦ0[ρ]) + (∂aθ)Pσ(i∂ζΦ1) + (∂aρ) ∂ζpΦ0[ρ]

)
+O(ε)

∂ζθk = ε2I⟨θ,hk⟩ = O(ε3)

∂aθk = ∂aθ + ε∂aαk + ε2ζ∂aI⟨θ,hk⟩

∂ζ∂aθk = ε2∂aI⟨θ,hk⟩ = O
(
ε3
)
.

Using the above identities, we obtain the following relations:

e−iθk+1(y,ζk+1)/ε ⋉DΦW (Yk+1(y, ζk+1); Π)

=
[
e−θk/ε ⋉DΦW (Yk; Π) + εk+1RρD

2
ΦW (Φ0[ρ]; Π) ∂ρΦ0[ρ]

+ εk+2RρD
3
ΦW (Φ0[ρ]; Π) [Φ1, ∂ρΦ0[ρ]] + εk+2D2

ΦW (Φ0[ρ]; Π)P
]∣∣∣

(y,ζk+1)
+O(εk+3).

e−iθk+1(y,ζk+1) ⋉ ∂2ζ

[
(Yk+1)hk+1

]
=
(
e−iθk/ε ⋉ ∂2ζYk

)
hk+1

+ εk+1
[
2βPσ (i∂ζΦ0[ρ]) +Rρ∂

2
ζ∂ρΦ0[ρ]

]
hk+1

+ εk+2
[
2βPσ (i∂ζΦ1) + ∂2ζP

]
hk+1

+O
(
εk+3

)
.
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e−iθk+1(y,ζk+1) ⋉HΓz(y)∂ζ

[
(Yk+1)hk+1

]
(y, ζ)

= HΓε(ζk+1+hk)

[
e−iθk/ε ⋉ ∂ζYk

]
(y, ζk+1)

+ εk+1 [hIIΓ∂ζΦ0[ρ] + IΓβPσ (iΦ0[ρ]) +RρIΓ∂pζΦ0[ρ]]hk+1
+O

(
εk+2

)
.

(D.5)

e−iθk+1(y,ζk+1)/ε ⋉□Γz

[(
eiθk+1/ε ⋉ Vk

)
hk+1

]
(y, ζ) =

e−iθk(y,ζk+1)/ε ⋉
[
−gab(y, z)

(
∂ab

[
(Yk)hk

])
εkh

−Bb(y, z)
(
∂b

[
(Yk)hk

])
εkh

]
+ εk−1

[
2βPσ (i∂ζΦ0[ρ]) + 2I⟨θ,α⟩Pσ (Φ0[ρ])

]
+ εk

[
− (□Γh) ∂ζΦ0[ρ] + (□Γα)Pσ (iΦ0[ρ]) + 2I⟨θ,β⟩Pσ (ζΦ0[ρ])

]
+ εk

[
2II⟨θ,h⟩Pσ (iζ∂ζΦ0[ρ]) + 2I⟨ρ,h⟩∂pζΦ0[ρ]

]
+ εk

[
2II⟨θ,α⟩Pσ (ζΦ0[ρ])− 2I⟨ρ,α⟩Pσ (i∂ρΦ0[ρ])

]
+ εk

[
2βPσ (i∂ζΦ1) + 2I⟨θ,α⟩Pσ (Φ1)

]
+O

(
εk+1

)
.

(D.6)
Additionally,

gab(y, z) = gab (y, ε (ζk+1 + hk)) + εk+1h ∂zg
ab (y, 0)

+ εk+2h (ζk+1 + hk) ∂
2
zg
ab(y, 0) +O

(
εk+3

)
,

Bb(y, z) = Bb (y, ε (ζk+1 + hk)) + εk+1h ∂zB
b (y, 0) +O

(
εk+2

)
,

HΓz(y) = HΓε(ζk+1+hk)
+ εk+1hIIΓ +O

(
ε2k+2

)
.

(D.7)

It follows that (D.5) and (D.6) may be rewritten as

e−iθk+1(y,ζk+1) ⋉HΓz(y)∂ζ

[
(Yk+1)hk+1

]
(y, ζ)

= HΓε(ζk+1+hk)

[
e−iθk/ε ⋉ ∂ζYk

]
(y, ζk+1)

+ εk+1 [hIIΓ∂ζΦ0[ρ] + IΓβPσ (iΦ0[ρ]) +RρIΓ∂pζΦ0[ρ]]hk+1
+O

(
εk+2

)
and

e−iθk+1(y,ζk+1)/ε ⋉□Γz

[(
eiθk+1/ε ⋉

(
Vk + εk+1Rρ∂ρΦ0[ρ] + εk+2P

))
hk+1

]
(y, ζ) =

e−iθk(y,ζk+1)/ε ⋉□Γε(ζk+1+hk)

[
(Yk)hk

]
(y, ζk+1)
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+
{
εk−1 [2βPσ (i∂ζΦ0[ρ]) +RρPσ (Φ0[ρ]) +RρρPσ (∂ρΦ0[ρ])]

+ εkh
[
II⟨θ,θ⟩Pσ (Φ1) + II□θPσ (iΦ0[ρ])− 2II⟨θ,ρ⟩Pσ (i∂ρΦ0[ρ])

]
+ εkhIII⟨θ,θ⟩Pσ (ζΦ0[ρ])

+ εk
[
RρI□θPσ (i∂ρΦ0[ρ])−RρI⟨θ,ρ⟩Pσ

(
i∂2ρΦ0[ρ]

)]
+ εk

[
−2I⟨θ,Rρ⟩Pσ (i∂ρΦ0[ρ]) + ρPσ(P )

]
+ εk

[
− (□Γh) ∂ζΦ0[ρ] + (□Γα)Pσ (iΦ0[ρ]) + 2I⟨θ,β⟩Pσ (ζΦ0[ρ])

]
+ εk

[
2II⟨θ,h⟩Pσ (iζ∂ζΦ0[ρ]) + 2I⟨ρ,h⟩∂pζΦ0[ρ]

]
+ εk

[
2II⟨θ,α⟩Pσ (ζΦ0[ρ])− 2I⟨ρ,α⟩Pσ (i∂ρΦ0[ρ])

]
+ εk

[
2βPσ (i∂ζΦ1) + 2I⟨θ,α⟩Pσ (Φ1)

] }
hk+1

(y, ζ) +O
(
εk+1

)
.

Putting all the above formulas together:

e−iθk+1(y,ζk+1)/ε ⋉ S(y,ζ)
ε

[
(Yk+1)hk+1

]
(y, ζ)

= e−iθk+1(y,ζk+1)/ε⋉
{

1

ε2
DΦW

(
(Yk+1)hk+1

; Π
)
+

[
− 1

ε2
∂2ζ +

1

ε
HΓz∂ζ +□Γz

]
(Yk+1)hk+1

}
(y, ζ)

= e−iθk(y,ζk+1)/ε⋉

{
1

ε2

[
−∂2ζ (Yk)hk +DΦW ((Yk)hk ; Π)

]
+
1

ε
HΓε(ζk+1+hk)

∂ζ (Yk)hk

+□Γε(ζk+1+hk)

[
(Yk)hk

]}
εkh

(y, ζ)

+
{
εk−1Rρ

[
−∂2ζ∂ρΦ0[ρ] + ρPσ (∂ρΦ0[ρ]) +D2

ΦW (Φ0[ρ]; Π) ∂ρΦ0[ρ] + Pσ (Φ0[ρ])
]

+εk
[
−2βPσ (i∂ζΦ1)− ∂2ζP + hIIΓ∂ζΦ0[ρ] + IΓβPσ (iΦ0[ρ]) +RρIΓ∂ζpΦ0[ρ]

]
+ εk

{
RρD

3
ΦW (Φ0[ρ]; Π) [Φ1, ∂ρΦ0[ρ]] +D2

ΦW (Φ0[ρ]; Π)P
}

+εkh
[
II⟨θ,θ⟩Pσ (Φ1) + II□θPσ (iΦ0[ρ])− 2II⟨θ,ρ⟩Pσ (i∂ρΦ0[ρ]) + III⟨θ,θ⟩Pσ (ζΦ0[ρ])

]
+εk

[
Rρ (I□θ)Pσ (i∂ρΦ0[ρ])−RρI⟨θ,ρ⟩Pσ

(
i∂2ρΦ0[ρ]

)
− 2I⟨θ,Rρ⟩Pσ (i∂ρΦ0[ρ]) + ρPσ(P )

]
+ εk

[
2II⟨θ,h⟩Pσ (iζ∂ζΦ0[ρ]) + 2I⟨ρ,h⟩∂pζΦ0[ρ]

]
+ εk

[
2II⟨θ,α⟩Pσ (ζΦ0[ρ])− 2I⟨ρ,α⟩Pσ (i∂ρΦ0[ρ])

]
+ εk

[
2βPσ (i∂ζΦ1) + 2I⟨θ,α⟩Pσ (Φ1)

] }
hk+1

(y, ζ).

Cleaning up:

e−iθk+1(y,ζk+1)/ε ⋉ SFε

[
(Yk+1)hk+1

]
(y, ζ)

= e−iθk(y,ζk+1)/ε ⋉ SFε

[
(Yk)hk

] ∣∣∣
z=ε(ζk+1+hk)

(y, ζ − εkh)
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+ εkL
(
Φ0[ρ](y, ·); Πρ(y)

)
[P (y, ·)](ζk+1)

+ εk
{
− (□Γh) ∂ζΦ0[ρ] + (□Γα)Pσ (iΦ0[ρ]) + 2I⟨θ,β⟩Pσ (ζΦ0[ρ])

− 2I⟨θ,Rρ⟩Pσ (i∂ρΦ0[ρ]) + βIΓPσ (iΦ0[ρ]) +Rρ [Pσ (Φ1) + (I□θ)Pσ (i∂ρΦ0[ρ])]

+Rρ
{
D3

ΦW (Φ0[ρ]; Π) [Φ1, ∂ρΦ0[ρ]]− I⟨θ,ρ⟩Pσ
(
i∂2ρΦ0[ρ]

)
+ IΓ∂ζpΦ0[ρ]

}
+ h

[
II□θPσ (iΦ0[ρ])− 2II⟨θ,ρ⟩Pσ (i∂ρΦ0[ρ]) + III⟨θ,θ⟩Pσ (ζΦ0[ρ]) + IIΓ∂ζΦ0[ρ]

]
+ 2II⟨θ,h⟩Pσ (iζ∂ζΦ0[ρ]) + 2I⟨ρ,h⟩∂pζΦ0[ρ] + 2II⟨θ,α⟩Pσ (ζΦ0[ρ])

− 2I⟨ρ,α⟩Pσ (i∂ρΦ0[ρ])
}
hk+1

(y, ζ) +O
(
εk+1

)
.

Finally, note that

I⟨θ,β⟩ =
(
∂aθ∂bθ

)
∂abh+Xd∂dh

I⟨θ,Rρ⟩ = 2
(
∂aθ∂bθ

)
∂abα+ 2Xd∂dα+ βII⟨θ,θ⟩ + hgab∂aθ∂b

(
II⟨θ,θ⟩

)
,

where Xd := gab∂aθ
[(
∂bg

cd
)
∂cθ + gcd∂bcθ

]
. Using this, in summary we have

that

e−iθk+1(y,ζk+1)/ε ⋉ SFε

[
(Yk+1)hk+1

]
(y, ζ)

= εk
[
L
(
Φ0[ρ](y, ·); Πρ(y)

)
[P (y, ·)]

∣∣∣
(y,ζk+1)

+G [h, α] (y, ζk+1)

]
+O

(
εk+1

)
,

where

G [h, α] (y, ζ) :=
[
gab∂ζΦ0 + 2

(
∂aθ∂bθ

)
Pσ (ζΦ0)

]
∂abh

−
[
gabPσ (iΦ0) + 2

(
∂aθ∂bθ

)
Pσ (i∂pΦ0)

]
∂abα

+ Ek(y, ζ) +D [h, α] (y, ζ),

with Ek(y, ζ) being the portion of order εk of

e−iθk(y,ζk+1)/ε ⋉ SFε

[
(Yk)hk

] ∣∣∣
z=ε(ζk+1+hk)

(y, ζ − εkh), (D.8)

and

D [h, α] (y, ζ) := 2Xd (∂dh)Pσ (ζΦ0[ρ])

−
[
4Xd (∂dα) + 2βII⟨θ,θ⟩ + 2hgab∂aθ∂b

(
II⟨θ,θ⟩

)]
Pσ (i∂ρΦ0[ρ])
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−Bb (∂bh) ∂ζΦ0[ρ] +Bb (∂bα)Pσ (iΦ0[ρ]) + βIΓPσ (iΦ0[ρ])

+Rρ

{
Pσ (Φ1) +D3

ΦW (Φ0[ρ]; Π) [Φ1, ∂ρΦ0[ρ]]

+ (I□θ)Pσ (i∂ρΦ0[ρ])− I⟨θ,ρ⟩Pσ
(
i∂2ρΦ0[ρ]

)
+ IΓ∂ζpΦ0[ρ]

}
+ h
{

II□θPσ (iΦ0[ρ])− 2II⟨θ,ρ⟩Pσ (i∂ρΦ0[ρ]) + III⟨θ,θ⟩Pσ (ζΦ0[ρ])

+ IIΓ∂ζΦ0[ρ]
}
+ 2II⟨θ,h⟩Pσ (iζ∂ζΦ0[ρ]) + 2I⟨ρ,h⟩∂pζΦ0[ρ]

+ 2II⟨θ,α⟩Pσ (ζΦ0[ρ])− 2I⟨ρ,α⟩Pσ (i∂ρΦ0[ρ]) .

For the sake of clarity, we write (D.8) more explicitly:

SFε

[(
eiθk/ε ⋉ Vk

)
hk

] ∣∣∣
z=ε(ζk+1+hk)

(y, ζ − εkh) =

1

ε2

[
−∂2ζ

(
eiθk/ε ⋉ Vk

)
hk

(y, ζ − εkh) +DΦW

((
eiθk/ε ⋉ Vk

)
hk

(y, ζ − εkh); Π

)]
+

1

ε
HΓε(ζk+1+hk)

[
∂ζ

(
eiθk/ε ⋉ Vk

)
hk

]
(y, ζ − εkh)

+□Γε(ζk+1+hk)

(
eiθk/ε ⋉ Vk

)
hk

(y, ζ − εkh).

In the above expression:

DΦW

((
eiθk/ε ⋉ Vk

)
hk

(y, ζ − εkh); Π

)
= DΦW

(
eiθk(ζ−hk−ε

kh)/ε ⋉ Vk(y, ζ − hk − εkh); Π
)

= DΦW

((
eiθk/ε ⋉ Vk

)
hk+1

(y, ζ); Π

)
.

□Γε(ζk+1+hk)

(
eiθk/ε ⋉ Vk

)
hk

(y, ζ − εkh)

=

[
− 1√

−|g(y, z)|
∂a

[√
−|g(y, z)|gab(y, z)∂b

(
eiθk/ε ⋉ Vk

)
hk

(y, ζ)

]] ∣∣∣∣∣
z=ε(ζk+1+hk)

.
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d.2 solutions to Equation 4.41

Lemma D.1. Let p ∈ N≥1 and T > 0, and consider the following linear
system for the functions h, α : [0, T )× Rp → R:

Cab1 ∂abh+Ma
1 ∂ah+m1h+Na

1 ∂aα+ n1α = F1, in (0, T )× Rp

Cab2 ∂abα+Ma
2 ∂ah+m2h+Na

2 ∂aα+ n2α = F2, in (0, T )× Rp

(h, α, ∂y0h, ∂y0α) = 0, on {0} × Rp,

(D.9)

where Cabj are given by (3.67), and Ma
k , N

a
k ,mk, nk for k = 1, 2 and a =

0, 1, · · · , p are given functions.

Suppose that for all k ∈ {1, 2}, a, b ∈ {0, 1, 2, ..., p}, and i, j ∈ {1, 2, ..., p}:

1. M i
k, N

i
k,mk, nk, Fk, C

ab
k ∈ C∞

b ([0, T ]× Rp).

2. There is a constant c > 0 such that C00
k < −c and Ck ≻ cI uniformly

over [0, T ]×Rp. Here Ck is the Rp×p-valued map given by Cijk := Cijk
(i.e., just as in Theorem 3.22).

Then, Equation D.9 accepts a unique solution (h, α) of class C∞
b ([0, T )×Rp).

Proof. Let

V :=
[
h α ∇h ∇α

]T
,(

C̄k
)
ij
:= Cij , i, j ∈ {0, · · · , p}

Ck,j :=


2C0j

k C1j
k · · · Cpjk

C1j
k
... 0

Cpjk .


Then, the system (D.9) can be expressed as the first order systemSa∂aV + Sp+1V = F, over [0, T )× Rp

V (0, x) = 0, x ∈ Rp,
(D.10)

where a runs from 0 to p, and

S0 := diag
{
1, 1,−C00

1 , C̄1,−C00
2 , C̄2

}
,
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Sa := diag {0, 0,−C1,a,−C2,a} , a = 0, 1, · · · , p

Sp+1 := −



0 0 eT1 01×p

0 0 01×p eT1
m1 n1 MT

1 NT
1

0p×2(p+2)

m2 n2 MT
2 NT

2

0p×2(p+2)



,

F :=
[
01×2 F1 01×p F2 01×p

]T
.

The conditions on Cabk listed in the hypotheses of the theorem imply that S0

is symmetric and uniformly positive definite. Moreover, Sα is everywhere
symmetric for all α = 0, 1, ..., p and uniformly bounded as a result of the
uniform boundedness of Cabk for k = 1, 2 and a, b = 0, 1, ..., p. The existence
of a unique smooth solution (h, α) to (D.9) then follows from the proof of
[31, Corollary 7.10].

The boundedness of (h, α) and of their derivatives follows from the unique-
ness/finite speed of propagation and energy estimates associated to (D.10)
(see e.g., [31, Proposition 7.7 and Lemma 7.5]). In particular, [31, Propo-
sition 7.7] guarantees the existence of a number s0, which depends on the
lower bound on S0 and the upper bounds on Si for i = 1, 2, ..., p, such that
if F in (D.10) vanishes in the set

Cr,x0 := {(t, x) ∈ [0, T ]× Rp : x ∈ Br−s0t(x0)} , (x0 ∈ Rp),

then any C1 solution V of (D.10) vanishes in Cr,x0 as well. Consequently, we
say that the system (D.10) has finite speed of propagation no bigger than
s0.

Fix one such admissible value s0 for (D.10) and x0 ∈ Rp. Also, let r > Ts0,
and let ϕr ∈ C∞

c (Rn) be such that ϕr(x) = 1 for x ∈ Br(x0) and ϕr(x) = 0
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for x ∈ Rp\B2r(x0). Define Fr(t, x) := ϕr(x)F (t, x) and consider the unique

solution Vr =
[
hr αr ∇hr ∇αr

]T
to the problem

Sa∂aV + Sp+1V = Fr, over (0, T )× Rp

V (0, x) = 0, x ∈ Rp,
(D.11)

which is known to exist due to [31, Theorem 7.9 or Corollary 7.10]. Since Fr
and F coincide in Cr, it follows by the finite speed of propagation of (D.10)
that the difference V − Vr vanishes in Cr. Additionally, for each l ∈ N, [31,
Lemma 7.5] implies the existence of a constant kl, depending on the size of
the coefficients Sa (and of their derivatives) and T , such that for m = 0, 1:

sup
t∈[0,T ]

∥(∂mt hr(t, ·), ∂mt αr(t, ·))∥Hl(Rp) ≤ kl

∫ T

0
∥Fr(t, ·)∥Hl(Rp) dt. (D.12)

As a result, since F ∈ C∞
b ([0, T ]× Rp) and Fr has compact support, we

have that

sup
t∈[0,T ]

∥(∂mt hr(t, ·), ∂mt αr(t, ·))∥Hl(Rp) < Kl l ∈ N, m = 0, 1, (D.13)

for some Kl which depends on the size of Sa, F (and of their derivatives)
and on T , but is independent of x0. On the other hand, using the fact that

C00
1 , C

00
2 < −δ uniformly on [0, T ]× Rp, we may rewrite (D.11) as

−∂2t hr = L1[Vr] +
(Fr)1∣∣C00

1

∣∣ and − ∂2t αr = L2[Vr] +
(Fr)2∣∣C00

1

∣∣ , (D.14)

where

Lj [Vr] := − 1∣∣∣C00
j

∣∣∣
(
Ma
j ∂ahr +mjhr +Na

j ∂aαr + njαr
)

j = 1, 2.

Consequently, thanks to the Sobolev embedding H l (Rp;R) ↪→ Ckb (Rp;R)
for l ≥ k + [p/2] + 2, the bound (D.13) with l ≥ [p/2] + 4 (i.e., the case
k = 2) together with Equation D.14 and the boundedness of the coefficients
therein, it follows that ∂2t hr and ∂2t αr are bounded with bounds independent
of x0. For any other k ∈ N, proceeding inductively in a similar fashion
using (D.12) with l ≥ [p/2] + 2 + k, the boundedness of the coefficients
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in Equation D.14, and successive differentiation of Equation D.14, yield
hr, αr ∈ Ckb ([0, T ]×Rp) with bounds independent of x0. Finally, recall that
h = hr and α = αr in Cr,x0 , and that x0 ∈ Rp was fixed but arbitrary.
Therefore, since any (t, x) ∈ [0, T ]× Rp lies on Cr,x0 for some x0 ∈ Rp and
the bounds mentioned above are independent of the choice of x0, the above
argument implies that h, α ∈ C∞

b ([0, T ]× Rp).
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