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Abstract

This thesis presents computations involving certain noncongruence subgroups of the modular group.
Using the Kronecker limit formula, we calculate the scattering constants for three families of nonel-
liptic noncongruence subgroups. For these same groups, we also determine their cuspidal divisor
class groups and show that these groups are finite.

These findings relate to the Manin—Drinfeld theorem, which states that cuspidal divisor class
groups are finite for congruence subgroups. Since no general finiteness result is known for noncon-
gruence subgroups, these examples provide additional insight into their arithmetic properties.

Furthermore, we compute cuspidal divisor class groups for several congruence and noncongruence
subgroups associated with elliptic curves. In some of the noncongruence cases, the cuspidal divisor
class groups are finite, indicating that finiteness can occur outside the congruence setting.

Overall, these computations offer explicit data in a field where such examples are relatively rare

and may contribute to further understanding of noncongruence modular curves.
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Chapter 1

Introduction

Let I' € PSLy(Z) be a finite index subgroup. To each cusp S; of I', we can associate a non-
holomorphic Eisenstein series EJF(Z,S) For two cusps S; and Si, the scattering constant C'jl-ﬂ,C is
defined via the constant term of a Dirichlet series qﬁ;k(s) arising from the Fourier expansion of
E}(z,s) at the cusp Si. Collecting these functions into a matrix (QSJFk(s)) gives the scattering
matriz, whose determinant is called the scattering determinant.

The scattering determinant plays an important role in the analytic theory of Eisenstein series: its
pole corresponds to the pole of the Eisenstein series itself, and its logarithmic derivative accounts for
the contribution of the continuous spectrum to the Selberg trace formula. For congruence subgroups,
its computation is quite involved and has been studied extensively by Hejhal [14] and Huxley [17];
see also [11].

In contrast, for noncongruence subgroups, very little is known. One notable example is due to
Posingies [24], who computed the scattering constants of noncongruence subgroups associated to
Fermat curves using a method based on the Kronecker limit formula. The classical Kronecker limit
formula for T'(1) = PSLy(Z) is

47 lim <EF(1)(Z7 s) — 3/7r> = —log ||A(2)]|? + 24 (C/(l) —log(4m) + 1) , (1.1)
s—1 s—1 ¢(-1)

where A(z) is the Ramanujan A-function, relating the behavior of Eisenstein series at s = 1 to

modular forms.

The Kronecker limit formula approach hinges on the existence of modular forms that vanish at a
single cusp and are nonvanishing at all others, allowing one to isolate the contribution of individual
cusps to the scattering constants. A natural way to study the existence of such modular forms is
through the arithmetic of divisors supported on the cusps.

To make this precise, consider the group 2°° of degree-zero divisors supported on the cusps of
T', and let .#°° be the subgroup of principal divisors of modular functions whose zeros and poles lie
only at the cusps. The quotient

CL(T") = 9> /F*

is called the cuspidal divisor class group of I' and measures the obstruction to constructing modular
functions with prescribed vanishing behavior at the cusps.

If CL(T") is finite, we are able to construct modular forms that vanish at a given cusp and
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nowhere else — precisely the kind needed for applying the Kronecker limit formula. We prove
this sufficiency result in Proposition 3.1, and it forms the foundation of our method for computing
scattering constants.

For congruence subgroups, the finiteness of CL(T") is guaranteed by the Manin—Drinfeld theorem
[22, Theorem 3.5]. For noncongruence subgroups, however, the structure of CL(I") is more subtle
and generally unknown, making its determination a key part of this thesis.

Rohrlich [27] computed CL(T' ) for noncongruence subgroups I'y associated to Fermat curves
oV + 4N =1 (N > 2), showing that

(Z/NZ)3N-T, if N odd,

(Z/NZ)3N-7 x )27, if N even.

Scholl [28] later related these groups to the Fourier coefficients of certain weight-2 modular forms
constructed from derivatives of Eisenstein series, showing in particular that CL(I") is finite if and
only if all such coefficients are algebraic.

In this thesis, we compute scattering constants for several families of noncongruence subgroups
using the Kronecker limit formula, supported by explicit constructions of modular forms made
possible by proving that the corresponding cuspidal divisor class groups are finite.

The first family we consider is the group I'gy, introduced by Sansone [23], which forms an infinite
family of genus zero noncongruence subgroups. Since the associated modular curves have genus zero,
the cuspidal divisor class group of I'gy is trivial, and we compute its associated scattering constants
(see Theorem 2.8).

The second and third families are the groups Y2(N) and Y3(V), studied respectively by Yang—Yin
[32] and Ye [33]. Building on their results, we determine the cuspidal divisor class groups and
compute the corresponding scattering constants, including for several variants of these groups (see
Theorem 2.10, Theorem 2.11, Theorem 2.12, and Theorem 2.13).

Finally, we study cuspidal divisor class groups associated with certain elliptic curves. By Belyi’s
theorem, any elliptic curve arises from a finite index subgroup of SLg(Z), which in many cases
is noncongruence. For several such examples we compute CL(I'g) explicitly, while illustrating the
additional difficulties that arise when no explicit Belyi map is known (see Section 3.2.1, Section 3.2.3,
and Section 3.2.2).

In summary, the finiteness of the cuspidal divisor class group governs the existence of modular
forms required for the Kronecker limit method and serves as a unifying thread linking the analytic,

algebraic, and arithmetic aspects of the noncongruence subgroups studied in this thesis.



Chapter 2

Scattering Constants

The material in this chapter corresponds to the article [16].

2.1 Preliminaries

Let T be a finite index subgroup of I'(1) := PSLy(Z). For a cusp S; € P(Q) of T, we denote by v;

the matrix in I'(1) with ~;(c0) = S;, which always exists. Furthermore, we normalize 7; to

R RV R
UJ'_%'(O 1/+/b;

with b; € N such that G‘;ll—‘jgj = ((¢ 1)), where I'; := Stabr(S;). We call b; the width of the cusp
Sj- Then Ty = (v; (37 )77 -
We introduce the notion of a non-holomorphic Eisenstein series attached to the finite index

subgroup I:

Definition 2.1 ([24, Definition 2.2]). Let I' C I'(1) be a finite index subgroup. For each cusp S,
there is a mon-holomorphic FEisenstein series Ef(z,s), which for z € H, s € C and R(s) > 1 is

defined by the convergent series

Ejr(z,s): Z %(a;laj(z))s

o;€l; \F
An important property of the Fisenstein series is that it admits a Fourier expansion.

Proposition 2.2 ([24, Proposition 2.5]). The Fourier expansion of EJF(z, s) at the cusp Sy is given
by

s I(s—1/2) 1 _
ET S A Vo L G el NS | 1-s
J (,WC(Z)“G) ik b; +7 F(S) b;bk (bjk,o(s)y
s—1/2

L(s) "y 2Ky (27 |mly /by ) e me/ s,

1 r 5| ™
+ Z bsbk ¢jk7m(8)27r a
m#0 J

) tt L

where z = x + iy and K.(-) the modified K-Bessel function, defined by K,(y) = %fo e YT t8 %,
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and

Z Qﬂzmb
c
ka § : 28

c>0 d mod bic
* %
where d runs through d (mod bgc) such that there erists < d) € wj—lF%-
c

This allows us to define the notion of scattering constants:

Definition 2.3 ([24, Definition 2.7 and Remark 2.8]). For T' C T'(1) be a subgroup of finite index

we define the scattering matriz to be

I'(s—1/2 1
(DF(S) — (71_1/2 (SF(S)/ ) . bjbk(/);k’()) 4 ’

)

where j and k run over all cusps of T'.
For all pairs j,k we define the scattering constant CT, i to be the constant term at s =1 of Dirichlet

series (Pr);r(s):

. 1 log(by,
C]Fk = ;1—% (@F(s)jyk — ) — ( )

vol(T')(s — 1) vol(T')
Notations. For convenience, we will specify the set of cusps in order such as j, k € {s1,82, -+ ,8,}
so that the entry in the r-th row and c-th column of the matriz (C’]rk) is the scattering constant
CETSC. Stmilarly, we record the results of the transformations v acting on the modular forms G;
(with divisor div G; =m-j for some m € N) by a matriz (Gﬂ%), where the entry in the r-th row
and c-th column records G£T|’ysc.

Furthermore, we denote I, to be the n X n identity matrixz, and Jy,xn be the matriz with 1 in
every entry. Also, Op,xp represents the m x n zero matriz. When we write a+ A, where a € R, and

A = (a;;) is an m X n matriz, it is understood as an m X n matriz (a + a;;), namely, aJyxn + A.

The scattering constants can be computed directly from this definition only in very simple cases,

and even then, the calculation is already quite involved.

Ezample. We compute the scattering constants of the principal congruence subgroup I'(3) by first

considering the degenerate Kloosterman sum

rfk(g) = 5,530 = #{d (mod 3c¢) ‘ (GRS o lF%}

in Definition 2.3 for T'(3). Recall that I'(3) is a subgroup of I'(1) = PSLy(Z), so
) € '7]711"(3)7;C <~ (¢,d) =+(0,1) (mod 3)
€V 'T(3)m < (¢,d) =+(1,0) (mod 3)

eV ITB3)m < (c,d) =+(1,2) (mod 3)

j=1,k=oo: <* *> eV IDB) 1 <= (¢,d) = £(1,1) (mod 3)
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by an easy calculation. It follows that

ifj:k,thenrk

. {3¢(c), i3] c

0, if3tc
if 7 # k, then TF(3) 0 if3]e
o), iH31c

because I'(3) is a normal subgroup of I'(1) ([4, Proposition 6.2.4 (3)]).
We then make the observation that

M= R G

3le 3le

36(3c) < 99(c) 6¢(c)
*’E: 3c2s"§:(&g %25(3@%

LN 300, 5 6900 0 a5 D)
ot S o 8T8

-1
where () uses the identity Z @ = =1 ([12, Theorem 288]). This gives

c>0 <(8>
1 ray, _6-37% ((2s—1) 6 ¢(25s—1) o
;} 25 ik (¢) = L(s) = 1 _3-2 C(Zs) =3moq (29) for j =k
! 2\ (2s—1) |
Zcﬂ fkg) Z C2s Z 025 7 L(s) = (1—3251>' (29) for j # k.
c>0 3tc >0

We can finally compute the scattering constants for I'(3). Note that we have expansions

1 1 2log(3) 2 1 1 9log(3) 2).
> §—T(s—1)+0((s—1)) and 18 3 (s=1)+0((s—1));

and by the definition of scattering constants for I'(1), we also have

I(s—1/2) ¢@2s—1) 3
I'(s) C(25)  w(s—1)

V- +C"W L O0(s - 1).

It thus follows that

wrr@_ym'<yﬁ .Q%—U>:4(1 )+(1cmn_“%ﬂw)+0@_n

95 I(s) —1  ¢(29) m(s—1 12 167
VT D(s—1/2) 2 ¢(2s —1) 1 1 oy 5log(3)
9 T(s) '((1_3251)' C(2s) ):47r(31)+<120 Y- 167 )JFO(S_D

and therefore

C;IC(S) = lim

s—1

9s I'(s) = c2s Ik (c) = dr(s — 1)

(V?-F““_Lmn-§:17fﬁ)c '1)::i;crux_<5-+3@k>k¥f”.

(2.1)
O

In limited cases where the cusps of I' C T'(1) are totally ramified from cusps of a larger group I”,
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the following linear relations of scattering constants can be helpful:

Proposition 2.4 ([3, Proposition 1.3]). Let I' C TV be finite index subgroups of T'(1), SJF,/ and S,E,/
two cusps of I'. Then

b r 1 by (b
N Aok =Chy - —— Y
B,k T R T (T AN

T T T T
SJ' QSJ" Sj QSJ”

where we sum over a system of representatives {SJF} of cusps of I' such that S]r ~r Sjr,/ and S}, is
any cusp of I' with St ~r S,l;/. The b;, by, and b}, by, respectively denote the width of the cusps of T
and T,

Ezxample. Let p and g be distinct prime numbers such that ¢ > 5 and ¢ does not divide p — 1. We
define

A(z)l/q = e2miz/q H(l — e%ikz)m/q, forze H
k=1

by taking the branch so that (1 — 62”’”)24/ 7 is positive when z is purely imaginary. Put
f(2) = Apz)9/A(2)"1,

Then f(2)? is an automorphic function with respect to T'o(p) because A(pz) € S12(T'o(p)). For
7 € To(p), put
xX(v) = f(v2)/f(2).

Since x(7)9 = 1, we see that x(v) does not depend on z and so yx is a character on I'g(p). Let Iy be
the kernel of x. It is a noncongruence subgroup ([34, Theorem 3.1]) such that [To(p): T'y] = ¢ with
two cusps oo and 0 ([34, §4]).

The computation of the scattering constants of I'y, can be reduced to that of I'g(p) using Propo-
sition 2.4:

q- O = O — - qlog(q?) (2.2)

1
vol(T'y)
because the cusps 00,0 of I'g(p) completely ramifies at the level of I'y. Meanwhile, Proposition 2.4
alone does not help reduce that scattering constants of T'g(p) to that of T'(1) since the cusp oo of
I'(1) splits into cusps 00,0 at the level of I'g(p). Luckily, enough entries in the scattering matrix of
To(p) are known

chow_ 1 o 1% Pl o)
M T C@ o) T velo) \pP-2p—1 w7 ) -1

([11, Example 2]) where [I'(1): T'o(p)] = p+ 1 ([4, Corollary 6.2.13]). Using Proposition 2.4 then
gives
1

1. CFo(p) _CFo(p) —cr _
o000 +p 00 0000 VOI(FO (p))

(1 -1og(p) + p - log(p?))
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and hence
1 D 1 pP—2p—1
cro®) — = (.cgg;g_. <1+2p— log(p
00 p\p+1 vol(To(p)) p?—1 (®) (2.4)
_ v w2 log(p).
[L(1): To(p)] = vol(l'o(p)) p*—1
Combining (2.2), (2.3) and (2.4), we obtain the scattering constants for I'y,
1 To(p) 1
Clx=—— .ol ___—__.9]
N I B T W R
1 1 2p? p? —2p—1) log(p) 1
=t _ - -21log(q).
T T vl \p? —2p 1 92 )P =1 voliy) 218
O

However, in most cases, we cannot compute the scattering constants from Proposition 2.4. So
we survey Posingies’ framework briefly, and apply it to three families of noncongruence subgroups

mentioned in the introduction.

2.1.1 Posingies’ Framework

To compute the scattering constants of what are known to be the Fermat groups I'y associated to

Fermat curves Fy ([24, §5]), Posingies made use of Kronecker Limit formulas:

Proposition 2.5 ([24, Proposition 3.4]). Let ' be a finite index subgroup of I'(1), S; be a cusp of
I'. Suppose there is a modular form G]r € My(I") (k € N), that only vanishes at the cusp S;. Then
there is a constant Ag € R (depending on GJF) such that

) r B 1 . -1 T2 r
Am lim (EJ‘ (2,5) volT)(s— 1)) [r(1);r].%1°gHGjH + 4.

This observation is useful because we have the following relations for the scattering constants:

Proposition 2.6 ([24, Corollary 2.9]). Let T be a finite index subgroup of I'(1), S; and Sk cusps of

I'. We have the following Fourier expansion

log(br)  log(y)
vol(T')  vol(T)

+ higher order terms (2.5)

: r Y r
lim (Ej (Y2, 8) = 5jk;j + Gl +

1
vol(T)(s — 1)) B

In addition, the constant Ag in Proposition 2.5 can be determined by considering the Eisenstein

series of some ambient group:

Proposition 2.7 ({24, Corollary 2.12]). Let I' C I be finite index subgroups of I'(1), and S; be a

cusp of cusp width b; in T' and w; in I, respectively. Then we have

. 1
> i (B e - i)

yeD\I

. _F - , Y5
- il—ﬁr{ (EJ (72, 5) vol(T7)(s — 1)> vol(I') og (w]) .
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In other words, Posingies’ framework reduces the computation of scattering constants to finding
modular forms Gg with divisors div G; = m - j for some m € N. A simple calculation for the

principal congruence subgroup I'(3) using Posingies’ framework is in Section 2.4.3.

2.2 Sansone’s Group [y

We begin with a variant of the Fermat groups, which we call Sansone’s group Ty ([23]). Let

11 -1 1
T = , Si= 0 and U:=ST"'S™! = 0 (2.6)
0 1 1 0 11

be in T'(1), and recall that I'(2) is a free group with generators {72, U?} ([26, Appendix]). Then

Iy is defined as the subgroup of I'(2) with words in T2, U? for which the sum of the exponents

of T? is divisible by N ([23 Theorem 1]).! It has index [['(1): Tgn] = 6N ([23, §2]) with coset

representatives Ty \ T'(2 {TQ" ‘ 0<n< N} ([26, §1]). There are N +2 cusps. A system of cusp

representatives are Sy = {O, 2,--+,2N — 2} with cusp width 2, and 51 = {1}, Soc = {00} both with

cusp width 2N. Moreover, I'gy is a noncongruence subgroup if and only if V{8 ([23, Theorem 2]).
Recall the following modular forms of weight 2 ([24]):

1
- N0

A(2)

722’ F(Q)Z = 22 F(2)2’ =

Gy @ (2) = 0%(2),

where

n—1/2

A2) =‘”2H(1§iq ). a-xe =‘”2H(1qum), (2.7

and 6%(2) = [, (1 —¢")*(1 + ¢"~'/?)® are modular functions. Then div G§(2) =1-jonT(2) at
all cusps j € {0,1,00} ([24, §4]).
We can show as in [26, §1] that the N-th root y = (GI;(Q)/GEO(Q))VN is a modular function on

T'sn, and we have

divy=1-o00, div(y—(¢")=a;—oco and dive*=N-1,

27i

where ( = e~ . Thus, taking for n =0,1,..., N — 1,

N N
(" 1
GooN = (y yC ) 0%, GI°¥ =07 and GLoV = (y) - 0°

gives div G?GN = N -j at all cusps j € SpUS1 USs. These are the modular forms we need to apply
Posingies’ framework to gy .

Using the transformation rules ([24, Lemma 6.4])

yoT?=("'y and yoU’=y,

1This is a variant of the Fermat groups in the sense that Fermat group I'y C I'(2) consists of words in T2, U? for
which the sum of the exponents of both T2 and U? are divisible by N ([24, Lemma 5.3]).
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we get the products
N
H Ghev |y = (_Gg@))

YElsn\T'(2)
N
[I &= (a?) (2.8)
YElsn\T'(2)
[T el = ()
Y€len\T'(2)

This allows us to obtain the Kronecker limit formula for I'gn: note that

. Pon (my g) o L
> Am lim (Ej (z9) VOl(Fb‘N)(Sl))

’YGFGN\F(Q)
. 1 log(1) .
= 47 lim ( BY'® - - by Proposition 2.7
”513%( 1 @) T T @ 1) o)) (Y Proposition 2.7)
2
= - IOgHGEéQ)(Z)H + AL (by Proposition 2.5)
1 2
-—= log [ GT*¥29(2)|” + AL (by eq. (2.8))
’YGFGN\F(Q)

at all cusps j € Sy, and likewise

1
E 47 - lim <E.F“N (vz,8) — )
e s—1 \ Y vol(T'gn ) (s — 1)
-1

2
== Z logHGgaN |2'y(z)H + A§(2) — 2log(N)

YE€Lsn\T'(2)

at all cusps j € {1,000}, where
re _,(6ra) L
A =4 <7rc M 4 G log(Q))

for all j € {0,1, 00} ([24, Proposition 4.1]); so the fact that the constant A;GN is independent of the
cusp in which the Fourier expansion is taken ([24, Remark 3.5 and §7]) implies that

1
: Ten _
Am lim (EJ' (29) = ST = 1))
_ L FGNHQ L (2ora) 2 _ .
= Nlog”Gj tv - c Y+ 3log(2) 2log(N)J;

where §; = 1if j € {1,00} and §; = 0 otherwise. Then we have

Theorem 2.8. Let I'gy be Sansone’s group defined above. With respect to its cusps So U S1 U Seo

in order, its scattering constants are given by:

" 6N T T \3log(N) - Jaxn 12log(2) - Iz + 61og(NV) - Jax2
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Proof. We compare the constant terms on both sides of (2.9) with

1

1 -1 1 0
= =TS and 7o =

acting on z as in [24, Proposition 4.1]. On the left hand side, we use (2.5) to get

2 -1
Yom = < " 0) =T?"S foralln e {0,1,---,N — 1},

Y.Iy 0
(B0 v ) (o)
Ooxn 3% - I2 (2.10)

log(y)
m ((log(Q) - J(N+2)xn  10g(2N) - J(N+2)><2) - m Inia ).

On the right hand side, we have transformation rules ([26, Proposition 1.3] and [4, Corol-
lary 2.3.11])

_xN
zoT =y, yoT = (¢ tu, 020T< N>92
Y

108 =((1/x), yoS=e(L), 0?05=—6"

i 1/N 5
where € = e¥, and z = (G(I)‘(2)/G1;o(2)) is the N-th root. Then we have the actions chw {2%

tabulated in Table 2.1; hence, the constant term on the right hand side of (2.9) is

~1 Cy + Nlog|q"/?| - 1 0
9. N g|q | N lez +log(y)
N 025 v log|16¢*/2| - I
(2.11)
L L g, Onx(N+2) ,
N log(N) - Jax (n+2)
where
16 =
Cy=N <log ‘ Iy + (log‘l ¢ MD )
N m,n
- N ((4log(2) —log(N)) - Iy + (log‘l - g"—MD ) .
— . . . 4 2
(n —m denotes the image of the integer n —m in Z/NZ.) Note that ———— = — and loglg| =
VOI(FGN) N
log|e?™ ()| = —27y. Hence

1 (1 1/1 1 0
CrsN _ 701‘(1) + 2 Z10g(2) = = Nx(N+2)
( ik ) N (6 7w\ 6 &(2) 2 \10g(N) - Jox(v+2)

< Cy Onx2

02><N 1Og(16) . Iz) (Og( ) (N+2)><N Og( ) (N+2)><N>

by equating the constant-term matrices (2.10) and (2.11). Rearranging the terms gives rise to the
scattering constants for gy .
O



CHAPTER 2. SCATTERING CONSTANTS 11

T
G [ Yon o0 Yoo
T N o mi/N N-nt1, \ NV 9 A N—nt1\ NV 9 r
Glon (-1) (%Cy) 0 (%) 0 GLon
GI;GN 7G11—‘6N 7G£gzv G{GN
GggN G(I;GN _Ggezv chGN

Table 2.1: The action of the coset representatives on GJF»GN

2.3 Yang and Yin’s Group Y5(N)

1 0
By = ST72871 = < ) ,
-2 1

and for a fixed positive integer N, we define Yang and Yin’s group Y2(N) to be the subgroup of

Let

['o(2), generated by its commutator subgroup I'g(2)’, T% and BY. It is a noncongruence group if
and only if N {24 ([32, Theorem 2.7]). Since the group Y>(/N) and hence the modular curve Xy, ()
have significant differences in their properties and ramification behaviors for the cases NV is odd and

N is even, we split our computation into two cases, based on the parity of V.

2.3.1 The Case 2/ N

When N is odd, the modular curve Xy, y) has only two cusps 0 and oo ([32, Theorem 6.3]), so
the cover Xy, (n) — Xp,(2) is totally ramified at both cusps. By Proposition 2.4 and the fact that
[To(2): Ya(N)] = N ([32, Corollary 2.5]), we see that

2
N-CR = p® - ~ -log(N) (2.12)

for j,k € {0,00} ([4, Proposition 6.3.8(b)]). In other words, in order to compute the scattering
constants C;/;(N) when N is odd, it suffices to compute 055(2)'

The first step is to find the constant A;O(z)

T'o(2). Recall that T'g(2) has two cusps with stabilizer group and cusp width tabulated as follows:

in the Kronecker limit formula (Proposition 2.5) for
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and [['(1): Ty(2)] = 3 with coset representatives

o363 6 )

Moreover, we have a modular form of weight 8

f(z) = ¥(22) —qH1—q (1—¢")*
and a modular function A@2)
wa(z) =212 S5 920 TT (1 4 g™ 2.14

on I'p(2) ([32, eq (1.2)]), where

2= [[(1—¢") and A(z)=n*(2) =q [[(1 —¢")**

n>1 n>1
Note that divf =1-0+1-00 and divws = —1 -0+ 1 - 0o due to the following proposition.?

Proposition 2.9 ([4, Proposition 5.9.3(1)]). Let a/c € PY(Q) be a cusp with ged(a,c) = 1 and
¢ > 0. The order of n(mz) at a/c is given by

1 ged(m,c)?

vaje(n(mz)) = 5, &5

Therefore, we can construct modular forms
16
Gro® — L H L=\ _ L 77()
0 wo 212 1+4qn 212 pl6(2z)

GLo@) = f .y = 21242 H(l +gM)16(1 — ¢2n)16 = 212. n*%(22)
> ot n'%(2)

(2.15)

on I'y(2) with divisors div Gg[’(z) =1-0and divGh® =2. 0o, satisfying the conditions of Propo-
sition 2.5.

To determine the constants A;O(Q) in Proposition 2.5, we compute the products

[T &°Plsv(2), where j € {0,00}
YET0(2)\I'(1)

as in [24, Lemma 6.4]. This involves finding the actions of the coset representatives (2.13) on the
modular forms (2.15) using ([4, Theorem 5.8.1(a)])

n(z+1)=e"p*(z) and 7 (j) =22 n}(2). (2.16)

2Note that the cusp width at 0 is 2.
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13

(12)

versnr | (g ) ()
Lo(2 1 32 2 1 32 >

BUE | g y 3ps)
32 P 32 2

Table 2.2: The action of the coset representatives on G

For demonstration purposes, we compute

1 9P+
n'%((2 +1)/2)

24
1 2=+ 1)/2)
26 piS(z 4 1)

Lo (2)
J

722/ (2 4 1))

ro<2>’ 1oy 1 1
Go s<1 1) () =51 e

1 e127'ri/3

n'%(2z/(z + 1))
72(=1/(z + 1))

(2418
1 (z+1)16

n'(=2/(z +1))

n*?(z+1)

(2418
1 732 (z+1)
S 20 (2 +1)/2)

((z+1)/2)®

(= +1)/2)

2 1)/2 5

and the remaining results are tabulated in Table 2.2. Recall that "z + 1)/ = — I (2)2 (4,
nz+1)  n?(z/2)n%(22)

Proposition 2.3.13]), so

1
[I k) =55 8%) and ]I GRPla()=2"-4%).  (17)
YEL0(2)\I'(1) €T (2)\I'(1)
To(2)

We are now ready to compute the constants A j

to Proposition 2.7. In particular, we have

Z 47 lim (EgO(Q) (vz,s) —
s—1

Y€l (2)\I'(1)

1
vol(T'o(2))(s — 1))

-log 2

= 47 lim (Ep(l)(z7 s) —
s—1

= —log[|A(2)[[* + AT
= —log||A(2)|]* + 4xCTM

1 ) - 4
vol(T'(1))(s — 1) vol(I'(1))

2

1 1
. log 5% A%(2)|| +4nCT® — 3210g(2)
2
1
=—=log H GgO(Q)\gv(z) + 47C"M — 3210g(2)
YETo(2\I'(1)
1

2
=—= Z logHGgO(z)\gv(z)H +47CTM — 3210g(2)
YET0(2)\I'(1)

in Proposition 2.5, which is possible thanks

(by Proposition 2.7)

(by eq (1.1))
(by [24, eq (1.0.1)]) and [3, eq (0.1)])

(by eq (2.17))
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and likewise

7 lim Lo (v, 5) — !
>, 4l (EOO (725) vol(F0(2))(s—l)>

~ETH()\T'(1)
1 2
T2 Z IOgHGI;oS(z”S’V(Z)H +47C™W 4 410g(2).
Y€Lo(2)\I'(1)

To(2)
J
Remark 3.5 and §7]) for all j € {0, 00}, it follows that

Since the constant A is independent of the cusp in which the Fourier expansion is taken ([24,

—21log(2), ifj=0

ro(2) _ 4m (1)
A0 = ?C +

31og(2), if j = oo.

From the Kronecker limit formula

1 -1 2
7r;_)q< 50 (2,8) lTo@) G = 1) Py og||G; + A%,

we then have

Theorem 2.10. Let Y5(N) be Yang and Yin’s group defined above with 24 N. With respect to the

cusps 0,00 in order, its scattering constants are:

3N 3 N N7

1 1 1
= 37NCF(1) + m (<3 - 3(Sjk> 10g(2) — QIOg(N)) .

Proof. We compare the constant term matrices on both sides with

(0 -1 (10
Yo = 1 0 ) Yoo = 0 1
acting on z as in [24, Proposition 4.1]. On the left hand side, we use Proposition 2.6 to get
y/2 0 o(2) log(2) log(y)
1 () j. .
i (( 0 y> A A @) T Vel (2))
On the right hand side, we look up our computations in Table 2.2 and find

1 log|q/24| log}1/212| s To(2)
_— (9. 1 A
2( <1ogyl/24| log|212g2| ) 18 | A

. 1 1 log(2 2
O30 = g0+ (3 - 30 ) B o)

4 . . .
Note that ————— = 4, so equating the constant term matrices gives
vol(T'(2))

To(2) __log(?) i 4 12 T'o(2)
(cjk )_ R R vl DR LR
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and so ) ) log(2)
To(2) _ 2 (1) 1 50 ) 10gls)
Cip " = 3C + (3 35Jk> -

This agrees with Proposition 2.4 for T'g(2) C I'(1):

log(2
2058(2) + 02)0(2) — ot _ 5log(2)
™

2CEo 4+ 1) _ oroy _ 2105(2)

° T

Therefore, we plug CJFIS ) hack into (2.12) and obtain our result. O

2.3.2 The Case 2 | N

When N is even, Y5(V) has four cusps with the stabilizer group and cusp width tabulated as follows:

S; 0 1 o0 1/2

Staby, v (S;) | (BY) ((T*B)™) (TN) (TBHY)

b; 2N 2N N N

o= () (02 () e =0 (0 (50

It is also known that [I'(2): Y2(N)] = N ([32, Lemma 4.1]) with coset representatives
['(2)/Y2(N) = {id, 7%, , TN "%, By, T?Bs,--- , TN ?Bs}.
Moreover, consider the modular forms of weight 2 from [32, eq (6.1)]):

Ya(N A Ya(N Ya(N
Gy ™) = T G ™M =02, GEW =n30*  and G = h36?,
where hy = )\w;/2 + 4 and hg = f)\w;/Q + 4. Since the cover Xy,n) — Xr(o) is totally ramified
at the cusps 0,1 with ramification index N ([32, §5]), we have div G}fz(N) = N - j at all cusps
j €{0,1,00,1/2}. For future reference, we record the relation ([32, eq (4.1)]):

16
= . 2.18
TN (2.18)
To compute the products [ ey, yy\r(2) G;/Z(N)bfy(z), we use the transformation laws
T?0hy =hy and T?ohs = hs
(2.19)

BQ o h1 = 7h3 and BQ o h3 = h1

([32, Lemma 6.1]) for the coset representatives I'(2)/Y2(N) to act on G2 and G}%N), which
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gives
I[I ™)
YEY2(N)\I'(2)
_ (h%Gi’z(N)) (h%G}/Q(N)) (h%Gi/’Z(N)) (th}@(N)) (th}@(N)) (th}@(N))
= (hihs)Y (G?‘(M)N = (=A\2wy + 16)Y (G?(N))N (2.20)

@ v (_yo_ 1 MmN _ev (1Y ()Y

_ 16 (anm)”

(where the equation (x) follows from (2.18)) and likewise

N
[T &) = 16" (ij(m) : (2.21)

YEY2(N)\I'(2)

This allows us to obtain the Kronecker limit formula for Y3(V): Let j € {o00,1/2} and note that

. Y2(N) 2.8) — L
> g (B2 059 - e )

YEV2(N\T(2)
- r(2) 1 log(N/2) b Probositi
_ ; _ _ tion 2.7
A lim (EJ (29~ T@)G=1) ~ vlT() (by Proposition 2.7)
2 N
=— logHG};EQ)(z)H + AT _21og <2> (by Proposition 2.5)

1 2
=-% Z logHG;/Z(N)b'y(z)H + AL _210g(N) 4+ 101log(2) (by eq (2.20) and eq (2.21)),
YEY2(N)\I'(2)

where

AT®) =4 (CC/((—_II)) —log(4m) + 1+ élog(2)> )

([24, Proposition 4.1]); so the fact that the constant A;/z(N) is independent of the cusp in which the
Fourier expansion is taken ([24, Remark 3.5 and §7]) implies that

1 1 2
o lim (B2 (5 ) — - HG’@(N)H A 2.22
7‘-55% ( j (Z, 3) VOI(}/Q(N))(S — 1) N 0g 7 + J ’ ( )

where

A;/Q(N) = % (AI;EQ) —2log(N) + 1010g(2)) = % (i“l((—_ll)) —log(4m) +1+ glog@) - ;log(N)) .

Then we have

Theorem 2.11. Let Y5(N) be Yang and Yin’s group defined above with 2 | N. With respect to the
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cusps 0,1,00,1/2 in order, its scattering constants are:

14
Yz(N)):L ray L [ log(2) | 2
(Cﬂf N’ Nt | 6 |1
1

2 -1 -1
14 -1
-1 14
-1 2 14

+ log(N)

17

Proof. To compute the scattering constants C;E(N) for j,k € {oc0,1/2}, we compare the constant

terms on both sides of (2.22) with

1 0 1 0
o = and = =B;!
v (0 1) Y1/2 (2 1) 2

acting on z as in [24, Proposition 4.1]. On the left hand side, we use (2.5) to get

log(y)

N J

47 (ylz + (C}'E(N)) + voll(gffi](vj\)f))

On the right hand side, we use the transformation laws (2.19) to get

hilovij2(2) = h1 and  hsfoyi/2(2) = has,

and the transformation laws ([4, Corollary 2.3.11])

-1
G}/Q(N)(z +2)= G}/Q(N)(z) and G}fz(N) <z> = —ZQG?(N)(Z)

-1 2 1
) _ TGi/z(N) < Zi+
z z

Yz(N)(Z).

to get

Ya(N) _ 1 Ya(N) z
G12 |2’Y1/2(2> = WGlQ (

-1 vy (1

so the constant term on the right hand side of (2.22) is

2z+1

vol(Y2(NV))

).

—4 (log|32¢"?|  log(8) | log(y?) LAV,
N log(8) log|32¢'/?| N I
4 . . .
Note that ——————~ = —; so equating the constant term matrices gives

vol(Ya(N)) N

N ( 5 ¢(-1)
(e ) (71
WN<<(_1) log(dr) +1 - =3 (1 7

%log(N) + (2 3) log(2) — (C/(_l)

) - log(N)>

—log(4m) +1+ glog(Q) — ;log(N))>
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for j, k € {00, 1/2}, which agrees with Proposition 2.4 for Y3(N) C T'(2):

N 1 vamv vy 1 ({(=1) 4log(2) _ Ar(2)  log(IN/2)
- (COOOO —&—C%OO ) = <<(_1) —log(4m) +1— —3 —log(N)) =l _ —

In fact, using Proposition 2.4 further gives

1
Ya(N re .
NCR™N = 03 — —log (N?) for ji.k € {0,1}
v _ e L (N -
NC 7 =0y —2—log > for j € {0,1} and k € {o0,1/2}
7r

and so we deduce from the identity

re _ 1.ra 1 log(2)
Ci 6c<><2.5jk+3) -

for j,k € {0,1,00} ([3, eq (1.4) and eq (1.5)]) that

4 2 -1 -1

Y2<N>):L ray 1 flog2 |2 14 -1 -1 lox(N
(Cﬂk 6NC N~ 6 x % 14 2 +log(N)

* * 2 14

for 4,k € {0,1,00,1/2}. Since the scattering matrix is symmetric ([20, Theorem 2.2.1]), we have our
result. O

Remark. Define Ya ((N) = (Y2(N), TB5™), where the relation Y5(N) C Y (N) C T'p(2) holds. Tt is
a noncongruence group if and only if N 1 24 ([32, Theorem 2.10]). We are interested in the case where

Y5, s(IN) has more than two cusps, where it has three cusps {0, 00, 1/2}, when ([32, Lemma 3.3])

1. N|2s,Ntsand N =2 (mod 4)

In this case, [['o(2): YQ’%(N)] = N ([32, Lemma 2.9]), so [YQ%(N): Y2(N)] = 2, and the cusp
widths at 0,00,1/2 are 2N, N/2, N/2, resp. Using Proposition 2.4, we obtain from the above
theorem that

—4 —4
2%( ) 1 I'(1) 1 10g(2)

_ - 2log(N

(Cﬂk ) v ¢ N7 3 i 84 84 +21og(N)

2. N |4s,N t2sand N =4 (mod 8)
In this, [To(2): YQ?i%(N)] = & ([32, Lemma 2.9]), so [Yz,i%(N): Y2(N)] = 4, and the cusp
widths at 0,00,1/2 are N, N/4, N/4, resp. Using Proposition 2.4, we obtain from the above
theorem that

—-20 -20

Y, 2~ (N) 2 1 log(2
(leji4 ) S o —3( Vo0 4 —20| +4log(V)
—20 —20 4
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2.4 Ye’s Group Y3(N)

1
B3 = ST357 ! = < O) ,
-3 1

and for a fixed positive integer N, we define Ye’s group Y3(IN) to be the subgroup of I'g(3) generated

Let

by its commutator subgroup I'o(3)’, 7% and Bj'. It is a noncongruence group if and only if N { 12
([33, Theorem 2.6]). Since the group Y3(/N) and hence the modular curve Xy, have significant
differences in their properties and ramification behaviors for the cases 31 N and 3 | N, we split our

computation into two cases, based on the divisibility of N by 3.

2.4.1 The Case 3{ N

When 3 { N, the modular curve Xy, y) has only two cusps 0 and co ([33, Theorem 3.1]), so the
cover Xy,(n) — Xr,(3) is totally ramified at both cusps. By Proposition 2.4 and the fact that
[To(3): Y3(N)] = N ([33, Theorem 4.2]), we see that

5 3
N-CRW = cp® - 5 - log(N) (2.23)

for j,k € {0,00} ([4, Proposition 6.3.8(b)]). In other words, in order to compute the scattering
constants CﬁO(N) when 3t N, it suffices to compute Cf,;’(3).

The first step is to find the constant AJPO(B)
T'o(3). Recall that T'g(3) has two cusps with stabilizer group and cusp width tabulated as follows:

in the Kronecker limit formula (Proposition 2.5) for

Sj 0 (0]

Stabr,(2)(S;) | (Bs') (T)

b; 3 1

and [['(1): T'o(3)] = 4 with coset representatives
To(3)\I'(1) = {id, S, ST, ST} (2.24)

([33, Lemma 2.3]). Moreover, we have a modular form f(z) := n'%(2)n?(32) and a modular function

o= (31)

on I'g(3) ([33, §2]). Note that divf =2-0+1-00 and divgs = —1-0+ 1 - 0o by Proposition 2.9,

so we can construct modular forms

(2.25)

3Note that the cusp width at 0 is 3.
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Gro@ | id S ST ST?
a0 1 7¥(2) 1 9T(2) R ECED)) 1 (2 +2)
0 36 n9(32) 332 n°(2/3) 332 (= +1)/3) 332 (2 +2)/3)
Gho® | g B2 1 M3 1 (413 1 (2 42)/3)
~ 1°(2) 332 °(2) 32 (2 +1) 332 (2 +2)

Table 2.3: The action of the coset representatives on G§°(3) (up to some constant with norm 1)

on T'y(3) with divisors div Gy = 1-0 and div G, = 3- 00, satisfying the conditions of Proposition 2.5.

To determine the constants A;O(g') in Proposition 2.5, we compute the products

[T ")), where je 0,00}
YETO(3)\I'(1)

as in [24, Lemma 6.4], which amounts to finding the actions of the coset representatives (2.24) on

the modular forms (2.25) using the transformation rules (2.16). For demonstration purposes, we

compute

)| (1 0) (2) = 1 7z/(z+1) 11 nf(=1/(z+1)

T35 e+ 1) PBz/(z+1) 3 (z+1)° n(=3/(z+1))
1 1 4+ pTz+1) 1 p(z+1)

T3 ) (/372 (1B 32 Pz +1)/3)

2
and the remaining results are tabulated in Table 2.3. Recall that H ! :
= nz+i) n(3z)

(z+1)/3) _ n(2) ([33, §1))

SO )
To(3) _ 3
H Gy’ |97 ~ 321/2 -A% and
€L (3)\I'(1)

I Gh®|y =37 A% (2.26)

YETO(3\I'(1)

We are now ready to compute the constants Ag‘)(g) in Proposition 2.5, which is possible thanks
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to Proposition 2.7. In particular, we have

im To(3) 2.8} — 1
> 4 lim (EO (v2,9) vol(Fo(3))(8—1))

Y€l (3\I'(1)
=47 lim ( EYW(z,5) — ! o Ar log(3) (by Proposition 2.7)
s—1 ’ vol(T'(1))(s — 1) vol(I'(1))
= —log AP + AT 12108(3) (by eq (1.1)
= —log||A(2)|]* + 4xCTM — 1210g(3) (by [24, eq (1.0.1)] and [3, eq (0.1)])
1 1 g
=-3 log‘ 321/ CA3(2)|| +4nCT) —1910g(3)

2
1
=-3 log H GgO(B) ’97(2) +47C" ™ —1910g(3) (by eq (2.26))

YELO(3)\I'(1)

1 2
=— Z logHGgO(?’)lgv(z)H + 47CT M —1910g(3),

YELO(3)\I'(1)

and likewise

1
> dmlim <E§£(3)(vz,s) - >
serg@nra) St vol(T'o(3))(s — 1)
_ ! To(3) 2 (1)
= ST log||GRe®| y(2)| + 4Ot + 5l0g(3).
YETO(3)\T'(1)

Since the constant A?O(S) is independent of the cusp in which the Fourier expansion is taken ([24,

Remark 3.5 and §7]) for all j € {0, 00}, it follows that

19 A
Ar0(3) = CF(I) + 1 1Og(3)a lf] =0
] $log(3), if j = oo.

From the Kronecker limit formula

1 -1 2 :
m lim < 50 (=, 8) Wl G =1) Iz og||G; + A%,

we then have

Theorem 2.12. Let Y5(N) be Ye’s group defined above with 31 N. With respect to the cusps 0,00

in order, its scattering constants are:

3N 16 TN 27N
- % (2 (i/((__ll)) — log(4m) + 1) - (136 - g%) log(3) — ;log(N)> :

Proof. We compare the constant term matrices on both sides with g and 7, acting on z (as in [24,

: 1 3 3 log(3 3
CE(N) =_—Ccrd _ ( - 25jk> ) _ —— log(N)
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Proposition 4.1]). On the left hand side, we use Proposition 2.6 to get

0

vol(To(3)) 2 vol(T'o(3))

4W<<y/3 0) +(er]3(3>) N log(3) I log(y)

On the right hand side, we look up our computations in Table 2.3 and find

3/2 6
1 (2' <log|q/3 | logf1/3 |> +log(y9)> +A§0(3).

3 log|1/3%/2| log|3'2¢?|

Note that ﬁ’;(?’)) = 3, so equating the constant term matrices gives

—3log(3 1 1 4 :
(052(3)) _ Og( )12 + — (( 8) 10g<3) —i—AFO

Hence

) ; 21 log(3
3056](3) n C(I:OOO(J) — o _ 211og(3)

47
O 4 ot — orto — U0 )

Therefore, we plug CT®) back into (2.23) and obtain our result.
Jk

2.4.2 The Case 3| N

When 3 | N, Y3(N) has six cusps with stabilizer group and cusp width tabulated as follows:

1/3

1/6

Staby,)(S)) | (BY) (TBYT™Y) (T2BYT=2) (T™) (By'TBy)

b; 3N 3N 3N N

Here

1-3N 3N 1-6N
TBYT! = ( > , T?BYT? = (
—3N

—3N 143N

1-3N N 1-6N
S ( ) s ( 36N

-9N 143N

N

(B3 *TN B3)

N

1+6N>’

1+6N>'

It is also known that [['(3): Y5(N)] = N ([33, Lemma 4.1]) with coset representatives

I'(3)/Ys(N) = {id, T%,--- , T3 B3, T°Bs,--- ,T"*B3, B, T°B3,--- , TV *B3}.
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Moreover, let

(2.27)

which is a modular form of weight 1 on I'(3) with div F'=1-0 ([33, §5 (p.304)]). Consider also the
so-called modular u-function ([33, §4 (p.301)]), which is a modular function on I'(3) with

poo) = o0, w(0)=1, p(1)=¢ and u(2) =G (2.28)

(here, (3 = €2™/3). For future reference, we also note the relation ([33, Theorem 4.3]):

3(2) =1 =27g3" (z):1+177(§)3=1q—%+1+--- (2.29)
W g3 9 14 3,'7(32)3 3 .
This can be proved by observing that F|;S = —iﬂ%,‘l Now, consider the modular forms of
weight 1:
3_ -1/3 3_ —-1/3 3_ (2 —1/3
GV — F. H3=gs , Gi@‘ém =F" /3= Cogy and GiﬁéN) =F- w3 =Gy ,
p—1 / p—1 / p—1
-3 ¢
GrW g @™ —p BTS ang qW™) o p BT
0 J 1 //4_ 1 2 /1/_ 1
We note that
Gy 2N N1 N1
HT20s )= 73 33 3 6
1 2N 1 N N 1
di _ 3y =22 2 o2 2.30
W(h=3Gys ") =753 -5 05 (2.30)
_ 1 2N 1 N 1 N
le(M—3C§933)27'6—3'5—5'00

Since the cover Xy, (n) — Xp(3) ramifies at the cusp oo as 0o,1/3,1/6 each of index N/3 ([33, §5]),
and totally ramifies at the cusps 0, 1,2 each of index N (cf. (2.36)), we have div G;/s(N) =N-jat
each cusp.

To compute the products HweF\F(3) G;%(N) |1~y, we use the transformation laws

- —~1/3 -1 -1/3
,uoT:(glu and g; / oT:§3lg3/

—-1/3

i (2.31)
poBy=p and g5 '"° 0By = (s

, Corollary o. or the coset representatives 3 to act on Gos' 7, an
(133, Corollary 5.4]) for th ives T'(3)/Y3(NV) GEM YN and gYaN)

1/3 1/6
which gives
Ya(N Ya(N )
[I ™|y =(@e™-arg™ - arg)Ve = Gh® /9N (2.32)
~YET\I'(3)
(where the equation (x) follows from (2.29)) and likewise
Ya(N N Ya(N

[T eiVhr= (") = I o™ (2:33)

yeM\I'(3) yeM\I'(3)

41t follows from the fact that dim S1(I'(3)) = 0 [4, p. 262], and by comparing Fourier coefficients.
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This allows us to obtain the Kronecker limit formula for Y3(N): let j € {00,1/3,1/6}, and note that

m lim Yo(N) (n7 ) — 1
> dnlin (EJ (v, 5) vol(Y3(N))(s—1))

YEY3(N)\I'(3)
. 1 log(N/3) .
= 4r lim ( B} P (z,5) - - by Proposition 2.
™ ( i) T TG =T vlT(3) (by Proposition 2.7)
2 N
=— logHGEO(?’)(z)H + AL _log <3) (by Proposition 2.5)
1 2
==~ Z 1ogHG;/S(N)‘2'y(z)H + AL®) _log(N) — 2log(3). (by eq (2.32) and eq (2.33))
YEY3(N)\I'(3)

where AN = L (4rCT ™M —310g(3)) from (2.39); so the fact that the constant A;/s(N) is independent
of the cusp in which the Fourier expansion is taken ([24, Remark 3.5 and §7]) implies that

1 1 . 2 Y.
dr lim (B (2, 5) - =~ log|| G} M| AT 2.34
Sl—>1< J (z,5) vol(Y3(IN))(s — 1) N % G; J (2.34)

where

vav) _ L (1) _ _ 1l r 9 _
Al N(Aoo log(N) 21og(3)) ~ (57 1 log(3) —log(N) ).

Then we have

Theorem 2.13. Let Y3(N) be Ye’s group defined above with 3 | N. With respect to the cusps

0,1,2,00,1/3,1/6 in order, its scattering constants are:

17 5 5 1 1 1
5 17 5 1 1 1
(CY3(N))— ICF(l)_i logB) |5 5 17 1 1 1 +log(N)
Jk T 12N 7N 16 1 1 1 17 5 5 2
1 1 1 5 17 5
1 1 1 5 17

Proof. To compute the scattering constants C;;S(N) for j, k € {o0,1/3,1/6}, we compare the constant
terms on both sides of (2.34) with

10 10 10
o = , = =B;' and = =B;?
Y <O 1) Y1/3 <3 1) 3 an Y1/6 (6 1) 3

acting on z as in [24, Proposition 4.1]. On the left hand side, we use (2.5) to get

Ya(N) log(N)  log(y)
Am (y/NI3+(Cjk )+V01(Y3(N)) vo1(y3(N)))'

On the right hand side, we use the transformation laws (2.31) to get the constant term on the right
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hand side of (2.34):

logfgl - log|(1—Go)/3] log|(1=G)/3[\ |
Ya(N
—5 (el =)l logl3dl  logl(1— )3l | - =5 + AT
log|(1 —¢3)/3]  log|(1 —¢3)/3] log|3q|
4 . . .
Note that ———— = —; so equating the constant term matrices gives

vol(Ya(V)) N

“1/2 —1/2
vav)) _ —1 [log(N)  log(3) [ B LI o) 2 0003) — toe( N
() = | B+ 22 -2 1 -2 =1 (50" - {log(3) — log()
~1/2 -1/2 1
1 1 | log(3) AR
_ ra) _ 1 | log -
N’ N | 16 157 157 + 5 108(N)

for j, k € {00,1/3,1/6}, which agrees with Proposition 2.4 for Y5(N) C I'(3):

N <C£g> n CI:;(N) n C?(N)) _ icru) _ 9log(3)  log() — T log(IV/3)
3 3 6> 12 167 27 2m

In fact, using Proposition 2.4 further gives
vaN) _ P31 2 .
NC 7 =0y fﬂlog (N?) for j, k€ {0,1,2}

. 1 N2
ch,gW) =P - 1 los <3> for j € {0,1,2} and k € {c0,1/3,1/6}

and so we deduce from identity (2.42)

r'(3) 7i ra) Y § log(3)
(1) = =C (3 i+ 2

for j, k € {0,1,2,00} that

7 5 5 1 1 1
5 17 5 1 1 1
(CY3(N)>_ 1 CF(l)_i logB3) |5 5 17 1 1 1 +log(N)
gk T 12N TN 16 « % x 17 5 5 2
* % % 17 5

for j,k € {0,1,2,00,1/3,1/6}. Since the scattering matrix is symmetric ([20, Theorem 2.2.1]), we
obtain the result. O

Remark. Define Y3 ((N) = (Y3(N), TB5™), where the relation Y3(N) C Y3 ((N) C I'y(3) holds. Tt
is a noncongruence group if and only if N t 12 ([33, Theorem 2.9]). We are interested in the case
where Y3 (V) has more than two cusps, where it has four cusps {0, 00,1/3,2/3} when N | 3s, N { s
and i% = —1 (mod 3) ([33, Lemma 3.2]). In this case, [['o(3): Y37i%(N)] = N ([33, Lemma 2.9]),
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S0 [YB,i% (N): Y3(V)] = 3. Using Proposition 2.4, we obtain from the above theorem that

27 —9 -9 -9
Y, (V) 1 1 | log3) |1 -9 27 -9 -9 3
C-&i 3 —— oM _ - —log(N
( ik ) AN Na| 16 |9 o o7 _g| " 2'8W)
—9 -9 -9 27

2.4.3 The Group I'(3)

We include another computation of the scattering constants for the principal congruence subgroup

). The coset representatives of

I'(3), whose Kronecker limit formula is needed for computing C’;;;’(N
I'(3) in I'(1) are

{T*,ST*, TST*, T*ST"} for each a € {0,1,2}. (2.35)

where S and T are defined in (2.6), and the recall auxiliary modular functions F in (2.27) and
w in (2.28). They together give modular forms of weight 1 on I'(3) with div Gg(g) =1-j for all
j €{0,0,1,2}:

CEO) = Fe) oty O = )
o (2.36)

M) =G ey gy MBI =G
e O O s

To determine A]F.(s) in Proposition 2.5, we compute the products H'yeF(S)\F(l) G§(3)|1’y(z), or
equivalently finding the actions of the coset representatives (2.35) on the modular forms (2.36). The
actions can be determined by the location of their (only) simple zero, up to leading coefficients,
because there are no cusp forms on I'(3) ([6, Theorem 3.6.1]). We tabulate the result of all actions
in Table 2.4 (up to a constant with absolute value 1), where 7 denotes the image of the integer n in
Z/3Z. Note that

G (=) =

@IS = (PL3) @ o 62)
3V3 33 <n<1/z> ) ) o

where () uses the transformation rules (2.16).
This gives the products

3

[T &)= (V30 -6)0-@) 65060 6P ) 69 )

YET(3)\I'(1)
4 3
(3\/3 (Fer ) - 1))

(oo (55))

=) (3/3. 7(32)\" (n3(32) 3239/2Az
( ( n(z) ) (2777(2))) (2)

for all j € {00,0,1,2}, where (%) and (xx) respectively use (2.29) and (2.37). We then find the sum

(2.38)
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of the residues of the Eisenstein series for I'(3):

7 lim () Z,8 ——1
>, 4rlim (EJ (72, 5) VOI(F(S))(S—1)>

YET3\I(1)
=4z lim | EYW(z,s) — ! A log(3) (Proposition 2.7)
s—1\ vol(T'(1))(s — 1) vol(T'(1))
4
= —log||A(z)||> + AT® — % log(3) (Proposition 2.5)
7r
2
S 1ogH39/2A(z)H + AT _ 310g(3)
2
=—log]| [] GilE%)|| +AT® ~3l0g(3) (2.38)
YET3\I(1)
2
= — Z logHGj|g(3)'y(z)H + 47 CT M — 31og(3) (see footnote”)
YET(3\I(1)

for all j € {00,0,1,2}. The fact that the constant Ag(?’) is independent of the cusp in which the

Fourier expansion is taken ([24, Remark 3.5 and §7]) then gives the Kronecker limit formula for T'(3):

4 lim (Ef D(z,s) - W) = —1ogHG§<3>(z) AT (2.39)
where A§(3) = £ (4rCTM — 3log(3)) for all j € {o0,0,1,2}.

v e T(3\I(1) Te ST TST® T2ST*
Gz | ) VB (1-G)-GR2() (1-¢) - Gr(z)
GoPlin(z) | i) 3v3-GRP(2) ) L6 ()
GVl |6 .69k 3vE-GRY(y) o a0
Gy Vhz) | G52k e el 869 () 3v3- GV (2)

Table 2.4: The actions of the coset representatives on Gg(?’) (up to a constant with absolute value

1)

Finally, to compute the scattering constants, we compare the constant term matrices on both
sides of (2.39) with

10 0 -1 1 -1 | 9 _1
oo = , = s = an =
7 o 1) 71 o =l 2=\ o

5By comparing the constant terms on both sides of Kronecker limit formula (see [24, Proposition 3.4]) for T'(1), it
is easy to see that AT(1) = 47CT(),
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acting on z as in [24, Proposition 4.1]. On the left hand side, we use (2.5) to get

Y 3, log(3) log(y)
in (3‘5j O+ W) Vol(F(B))) '

On the right hand side, we look up our computations in Table 2.4 and find

- (2 log‘?)\/?:ql/?” <Ok + log(y)) + Ag(g).

4
Note that — = 1, so equating the constant term matrices (2.40) and (2.41) gives
vol(T'(3))
re _ 1 . ra)\ _ L ray (D Y log(3)

This agrees with our earlier result (2.1).

28

(2.40)

(2.41)

(2.42)



Chapter 3

Cuspidal Divisor Class GGroups

The material in this chapter corresponds to the article [15].

3.1 Examples from Chapter 2

Recall that Posingies’ framework reduces the computation of scattering constants to finding modular
forms Gg with divisors div G? = m-j for some m € N. A sufficient condition for which this is possible

is given in the following proposition

Proposition 3.1. If the cuspidal divisor class group CL(T) = 9°°/F>° is finite, then there exists
modular forms G? with divisors div G]r =m-j for some m € N at each cusp S; of I.

Here, 9°° denotes the free abelian group of degree 0 divisors supported on the cusps, and F>
denotes its subgroup of divisor div(f) for some modular function f whose divisor is supported on

the cusps.

Proof. Let co = 51,83, ...,S, be cusps of I over co. Suppose divA = a151 + -+ + a,S,, where
a; € Z, and a; > 0 for all . Then for any cusp S of I', consider the divisor bS — (@151 + -+ +
anSy,) € P, where b = a; + -+ + a,. Since CL(T") is finite, there exists m € Z such that
m(bS — (a1S1 + -+ 4+ anSyn)) € F°°. Hence there exists a modular function f such that div(f) =
m(bS — (a151 + -+ + @, Sy)). Then div fA™ = mbS. O

Note that CL(T'gy) is trivial since I'gy has genus zero ([23, §5]). Moreover, Yang and Yin have
computed the cuspidal divisor class group of Y2(N) to be

0 if IV is odd,

SR S
(Z)5Z)* if N is even,

as stated in [32, Theorem 6.3]. In this section, we compute the cuspidal divisor class groups for
the additional groups considered in Chapter 2, further illustrating and confirming the validity of

Proposition 3.1.

29
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3.1.1 Yang and Yin’s Variant Y, (N)

Recall that Y5 (N) = (Yo(N), TB3™), where the relation Y2(N) C Yz ((N) C T'g(2) holds, and it is

noncongruence if and only if N t24. The cases we computed scattering constants for were

1. N|2s,Ntsand N =2 (mod 4)

In this case, recall that [}/2% (N): Y2(N)] = 2, and the group Yo n (N) has three cusps 0, 00,1/2

with cusp widths 2N, %, %, respectively. Moreover, the function field of XY2 ~ () 18 given by
2

72

(Y5 (V) = C (wf , (1 — 20" )

([32, Theorem 4.4]), where wo and X are respectively defined in (2.14) and (2.7). Using the
2 1
fact that N = 2 (mod 4), we can choose our generators wg and (1 — 2\)wi — 8 to be from

Z > instead. To be precise, we have

2 1 s N N
divewd ——2.0+1-0041-5 and div[(l—?A)w§—8]=—§-0+5~oo

([32, Table 1 and 2]), noting the fact that the cups 0 of Yy (N) splits into 0 and 1 under the
branched cover Xy, y) — XYz,g(N)' It follows that CL(Y, x (N)) = Z/ 5 Z.

2. N |4s,N {2sand N =4 (mod 8)

In this case, recall that [Y; . x (N): Y2(NV)] = 4, and the group Y , v (N) has three cusps
0,00,1/2 with cusp widths N, %, %, respectively. Moreover, the function field of XY2,:(:%(N)
is given by

a 2
C(Yay (V) =C (wf, (1 —22)0)

([32, Theorem 4.4]), where wo and X are respectively defined in (2.14) and (2.7). Using the

fact that N = 4 (mod 8), we can choose our generators wg and (1 — 2\)wi — 8 to be from

F° instead. To be precise, we have

N
0+ —-00

4 1 N
divw =—2-041-00+1-- and  div[(1—2\)ws — 8 = — Z

N
2 1

([32, Table 1 and 2]), noting the fact that the cups 0 of YQ’i%(N) splits into 0 and 1 under
the branched cover Xy, y) — Xyz,i%(N). It follows that CL(Y, _x (N)) = Z/§Z.
3.1.2 Ye’s Group Y3(N)

Recall that Y3(N) = (I'o(3)’, TV, BY) is a subgroup of Tx(3), and it is noncongruence if and only
if Nt12. If 31 N, it is known that Y3(N) has genus zero ([33, Theorem 3.1]), so CL(Y3(V)) is
automatically trivial. Suppose now 3 | N. It has three cusps co,1/3,2/3 with cusp width N and
three other cusps 0, 1,2 with cups width 3N. We claim that

fi=93, faorp—1, fa=p—C, fi=p—393% f5:=p—30Gg;°>.

are generators of % .
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Indeed, we apply the transformation rules

_1 . -1 _1 _1
pol =C3'p,  poB=p,  gs°oT=Clgs’ and g3’ 0B =(ygs’ (3.1)
([33, Corollay 5.4]) and the case G =T'4(3), v = S and m = 3 of the following proposition

Proposition 3.2 ([26, Proposition 1.1]). Let G be a subgroup of finite index in SLa(Z) and for some
fized v in SLa(Z), let m be the smallest positive integer such that yT™~~' is in G. Suppose f is

modular with respect to G and holomorphic and never zero on the upper half plane. Then

(log f) o YT™y~* — (log f) = 2mi - ordﬁoof.

to the generators fs, f3, f1, f5 as well as

_1
fas=p—¢  and  fis=p—3(3gs °,

which gives !
1 1t 1 1 1 1
Js oB=¢(."f5, fsCOB:fsca f263°B:f3C7
1 1 1 1 1 1
ffoB=fs, [yoB=Vf5 [zoB=/ff

27i/c

(3.2)

where ¢ is a positive integer and (. = e In addition, by comparing the constant term of the

expansions on both sides (see for example, [26, Proposition 1.3]), we find that

g ~1e: g ~1pc 3 ~1pc
J3oT=C f5y [§oT =C fos [fozoT =C0 [y (3.3)

Also, since log f4 = log3+ %z—f—log(l—&—(*)q—lm --) and log f5 = log % — 22+ log(1+ (%)q+---),
we have

fEoT=Gofis  fioT=GM s and  f§oT=(lfs. (3.4)

Using these transformation rules (3.2), (3.3) and (3.4), we tabulate the actions of some relevant com-
muatators on the proposed generators in 3.1. It can then be deduced that if f = (f{" f52 fg3 fo4 fas)t/e

is modular with respect to Y3(V), then
—as—as+as=ay—ay4=—-astaz=az—az—as+a5 =0 (mod c)

It follows that as = a3 = a4 = a5 = 0 (mod ¢) and hence we must also have a1 = 0 (mod ¢). Now
1
the function field of X (Y3(NN)) is given by C(X (Y3(N))) = C(gd , ). It is clear that

C(F 1) = Cf1, o f5),

ie. > is generated by fi,..., f5.
By identifying 2°° with the subgroup {(:zzz) czb | Sa; = 0} via the mapping

1 2 1
x1~oo+x2-§+x3-§+x4-0+x5~1+x6~§»—>(x1,...,336).

1 1
1This uses the fact that if f has no zeros and no poles in the upper half plane, then we have fc = ec 18/
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i | B 5" 24 ) & 4
TOBTBT| UL B Gt R Gl
T-13-1TR ¢ 1/c fgl/c ¢t 213/0 ¢t i/c ;/c Cfi 1/C
BB U G 24 ) 3’ 4
BIBI'T™ | Gf/* G e T

Table 3.1: The action of commutators on the generators of CL(®"(V))

so that

= (170707()’05 _1)a /B = (Oa 150707()’ _1)7 Y= (0,0, 170707 _1)7
6 :=(0,0,0,1,0,—-1) and e:=(0,0,0,0,1,-1)

form a basis for 2°°, we may write

divfi=(1,1,1,-1, -1, -1 =a+8+v—6—e
divfgz(—];)f, Z; ];fzvom g(a+6+7—36)7
div fo = (=5~ 55, 0,0,N) = 3 (—a— =),
divf4:(g, ];7, 1;7000) ga—gﬁ—g%
din5:(*]§,2év, ];:OOO) fga+&6fg

([33, Table 1] and (2.30)). It is then straightforward to compute (as in [19, Theorem IV.4.56]) that

1 1 1
atfty—0—e —glatfty=30), —a-F-7y 2a-F-7) F(-a+26-7)
form a Z-basis for 2°°, and therefore

CL(Y3(N)) = (Z/NZ)* x Z./ 5 Z. (3.5)

3.1.3 Ye’s Variant Y3¢%(N)

Recall that Y3 ,(N) = (Y3(N), TB5""), where the relation Y3(N) C Y3 ,(N) C To(3) holds, and it
is noncongruence if and only if N 4 12. The case we computed scattering constants for was N | 3s,
Ntsand £4 = —1 (mod 3) ([33, Lemma 3.2]). In this case, recall that [Y3 ,(N): Y3(N)] = 3 and
the group Y3 (V) has four cusps 0,00,1/3,2/3 with cusp widths 3N, J;f, Jg, ]:;[7 respectively.
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1 1
Using the transformation rules (3.1), we get g4 o TB*5+1 = C;lgg\’ as well as

-1 N _ +&41 -1 -1 N +842 1
(=3g5 *)oTB* 3+ = (M (u=3¢ * g5 %) and (u—3(C3g5 °)oTB*3 T = (5 (=3¢ ° g5 7).

S1ox1 1oz
It follows that (u—3gs *)gs TN and (u— 3(395 ° )g;F N are modular functions with respect to <I>2_LE (N)

3
and thus are in %, When 5 =F1 (mod 3). In fact, by writing N = F3 4 9k, we find

2 1 2
divgs" =1-0041-54+1-5-3-0

. 1 oFl 1 2
dlv(,u—3g33)g3N:(2k$1)-oo—k-§—k~§j:1~0 (3.6)

: —3, T 1 2
div(p — 3¢395 ®)g, :—k~oo+(2k$1)-§—k~§i1~0.

It is easy to see that, under the condition % = F1 (mod 3), we have

C(X (Y (N)) =Clg5, 95" ™) = Clg5", (1t — 395 *)g5 ™, (1 — 3C3g5 *)g3 ™)

Fx

In other words, .#°° is generated by 93 Y, (p—3g5° ) pw— 3395 ° )

Fr
3 (
= (2;) € Z* | > x; = 0} via the mapping

Again, by identifying 2°° with the subgroup {:v

1
xl-oo+x2-§+:r3-§+$4'0'—> ($1,$27$375€4)-

so that
a=(1,0,0,-1) 8 :=1(0,1,0,—1) and ~v:=(0,0,1,-1).

forms a basis for 2°°, the divisors in (3.6) can then be rewritten as
div 93% =a+B+7y
divip—3g; *)g; ¥ = (2kF o — kB — ky = (3k F D — k(a + B+ )
div(s — 3Csg )z ¥ = —ko+ 2k F 1)8 — by = 3k F 1) — k(o + f+7).

Therefore, a straightforward computation (as in [19, Theorem IV.4.56]) gives

CL(Ys 15 (N)) = (Z/(3k F1)2)* = (Z/ T L)*.

3.2 Examples from Elliptic Curves

Let E be an elliptic curve. Let Pic’(E) = Div’(E)/ Div'(E) be the Picard group, where Div®(E) is
the group of divisors of degree 0 and Div'(FE) is the subgroup of principal divisors, i.e.

Div/(E) = {6 € Div’(X) | 6 = div(f) for some f € C(X)}
Then we have the isomorphism ([29, Proposition 3.4])

E(C) = Pic®(E), (3.7)
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given by P +— [P — O], where O is the identity element in E(C) and [P — O] is the class of the
divisor P — O.

Recall that the Belyi map is a finite morphism 3 : E — P! with at most three critical values
0,1,00. It is equivalent to the fact that there exists I'g, a finite index subgroup of I'(2) such that
Tp\H = E(C) ([10, Theorem 4.31]). In many cases, 'z is a noncongruence subgroup. Moreover,
since 2> can be regarded as a subgroup of Div’(E), we can consider CL(I'g) as a subgroup of E(C)
under the above isomorphism (3.7).

3.2.1 Elkies’ Examples

Ezample 1. Let E be the elliptic curve y? = 2% + 52 + 10 studied in [3].% It has a degree 5 Belyi map
Bz, y) = @753)72“16 ([3, Proposition 3.1]), and the cusps correspond to points in E(C) as follows:
So =0, 51 =(1,4), So = —45; = (6,—16), S3 = =51 = (1,—4), S4 = 451 = (6,16)

([3, eq (3.3)]). Here under the map E — P!, Sy lies above oo; Sy and Sy lie above 0; S3 and Sy lie
above 1. Therefore, we can identify CL(I'g) with the subgroup

4 4
=0 =0

in E(C), where

4
Zszl = 2151 — 42251 — 1357 +4x4S1 = (1‘1 —4x9 —x3 + 431‘4)51.
=0

Note that the Mordell-Weil group E(Q) = Z is generated by S1 = (1,4) ([3, Proposition 3.2]).
Therefore,
CL(Tg) 2 Z.

As a consequence, it follows from Manin-Drinfeld theorem that I'r must be a noncongruence sub-

group. O
Ezample 2. Let E be the elliptic curve y? = 2® — 120z + 740 in the list [7] given by Elkies. Its
Mordell-Weil group is isomorphic to Z, and is generated by Sy = (16,54). The integral points are

(—11,£27), (—4,+34), (4,£18) and (16,454)

([21, 900.€2]). It has a degree 5 Belyi map ¢(z,y) = ("E@fyjm, where

e Over oo, there is only one cusp O.

e Over 0, there are two cusps 35Sy = (—11,27) and —2Sy = (4, —18). Here 35y has multiplicity
3, and —25( has multiplicity 2.

e Over 1, there are two cusps 25y = (4,18) and —3Sy = (—11,—27). Here 2S5y has multiplicity
3, and —35) has multiplicity 2.

2The authors in this article attributed the example to Elkies’ paper [8].
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So again CL(T'g) & Z. As a consequence, it follows from Manin-Drinfeld theorem that I'p must be

a noncongruence subgroup. O

3.2.2 Berger’s Examples

We reproduce the setup in Berger’s paper [2]. Recall that the congruence subgroup I'g(16) has
six inequivalent cusps 0,1/2,4+1/4,1/8,00 ([6, p.103]) and no elliptic points ([6, Corollary 3.7.2]).
Moreover, the covering map Xo(16) — X (1) is of degree

16 (1 )

6-0016)

([6, p.107]), so the modular curve X(16) has genus 1 + 22 — S = 0 ([6, Theorem 3.1.1]). By the
uniformization theorem, the open modular curve Y;(16) is then topologically a Riemann sphere
with six punctures. This means that its fundamental group is a free group with five generators ([13,

Example 1.21]), or equivalently

7T1(Y0(16)) = <a1,- c,Qp

6
HO(Z‘ = 1>
i=1

Since the action of SLa(Z) on H is properly discontinuous ([6, Proposition 2.1.1]) and T'g(16) has
no elliptic points, we have the isomorphism I'g(16) = 71 (I'o(16)\H) ([13, Proposition 1.40(c)]). In
particular, the generator of the stabilizer of each cusp can be identified with the loop around the
corresponding puncture on the Riemann sphere ([1, Example 6.3.5]). Therefore, we have the group

presentation

[o(16) = <70771/27’Y1/4,’71/4,71/8,%0 H Ve = 1>7
)

t: cusp of I'g(16

where 7; is a generator of the stabilizer I'g(16) of the cusp t.

This allows us to define homomorphisms
¥: To(16) — {£1}

by sending two of the generators to 1 and the remaining four to —1 so that their kernels A have index
2 in T'y(16). These homomorphisms induce canonical maps Xa — Xo(16) of degree 2 ([6, p.66])
ramified over the four points corresponding to the generators sent to —1 ([6, p.67]). In particular,

we define four homomorphisms

Y1 Y185 Yoo > 1y Yo Y14y Y172 > 1, ¥3: 70,70 1 and Py 0,718 — 1

via the generators
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with respective kernels A1, Ao, Az, Ay.
Now, since X((16) has genus 0, we may specify a Hauptmodul z satisfying

z(0) =0, z(1/2) =00 and z(c0) = -1

so that C(X((16)) = C(x). By our construction of A;, it follows that C(Xa,) = C(z,y) where
y?> = fi(z) is a polynomial in x. In fact, the Riemann-Hurwitz formula ([29, Theorem I1.5.9])
suggests that the modular curves Xa, have genus 1, so the polynomials f; must be cubic polynomials

in z ([29, Proposition II1.3.1(a)]). We thus have a commutative diagram

XAi L Ei:yQZfi(.Z‘)
l l (3.8)
X0(16) z Pt

where the maps E; — P! are not Belyi because the map of modular curves Xa, — Xo(16) ramifies
over four points.

With some algebra, one can also show that the Hauptmodul z has Fourier series
oo
w(2) == [[A+P1 - ) = —1+4g -84 +---.
n=1

with additional special values z ({£1}) = {£i} and z(§) =1 ([2, Theorem 1]).

Ezample 1. By construction and diagram (3.8), the map E; — P! ramifies over the four points
2({0,1/2,£1/4}) = {0, 00, 4i}. For convenience, we work with® the elliptic curve E;: y? = 2® + z,

so that the cusps of A; correspond to points in E1(C) as follows:

So=0, S =1(0,0), S=(i,0), S3=—5=(—i,0)
Sy=(=1,V2i), S5=—84=(-1,-V2i), S¢=(1,vV2), Sr=-8;=(1,—V2).

Using computational tools like SageMath (example code provided in Appendix A.1), we have the

identities

251 =25, =253 =0, S1+ Sy =55
25, = 54, 2S¢ = S5, Sy + Sg = Ss.

As a result, CL(A1) can be identified with the subgroup

=0
30ur choice differs from that made in [2] because we are not concerned with the rationality of the Fourier coefficients
of y.
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where

7
Z%‘Si = 22154 + 2282 + x3(254 + S2) + 2454 — €554 + w6(S2 — Sa) — x7(S2 — S4)
i=0

= (z2 4+ x3 + 26 — x7) 52 + (221 + 223 + x4 — x5 + x7)54.

Therefore, we have
CL(A,) 2 Z/27 x Z./AZ.
O

Ezample 2. By construction and diagram (3.8), the map E; — P! ramifies over the four points

2({0,1/2,1/8,00}) = {0,00,1,—1}. For convenience, we work with? the elliptic curve Ey: y* =

2% — x, so that the cusps of Ay correspond to points in Ey(C) as follows:

So=0, S5 =(0,0), S;=(1,0), S3=-S52=(-1,0)
Sy = (ia \/i(]- - Z))a S5 = -84 = (iv _\[2(1 - Z))a Se = (_ia \/5(1 +'L))a S7=—56 = (_ia _\/5(1 + Z))

Using computational tools like SageMath (example code provided in Appendix A.1), we have the

identities

251 =285, =253 =0, S1+ Sy =53
25, = 54, 2S¢ = 51, S4+ Sg = S3.

As a result, CL(A3) can be identified with the subgroup

=0

where

7
ZmiSi = 21154 + x2(254 — 53) + 2353 + 454 — 554 + $6(53 — S4) — .137(53 — 54)
=0

= (—1‘2 + 23+ x5 — 167)53 + (21‘1 + 229+ x4 — 5 — X6 + $7)S4.

Therefore, we have
CL(As) X Z/27 x Z./AZ.

O

Example 3. By construction and diagram (3.8), the map E3 — P! ramifies over the four points
x({1/2,+£1/4,1/8}) = {oo,=4i,1}. For convenience, we work with® the elliptic curve F3: y? =

4see Footnote 3
5see Footnote 3
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23 — 2% + x — 1, so that the cusps of Az correspond to points in E3(C) as follows:

So=0, S =(1,0), S»=(i,0), S3=(—i,0)
Sy =(0,4), Ss=—8=(0,—i), S¢=(—1,2i), S7=—S=(—1,-2i).

Using computational tools like SageMath (example code provided in Appendix A.1), we find that

S, is of infinite order and
251 =285, =253 =0, So + S3 = 54, Sy + Sg = 5.

As a result, CL(A3) can be identified with the subgroup

=0

where

7
inSi =151 + 1252 + 1‘3(51 — Sg) + 24854 — 554 + 336(51 — S4) + .737(54 — Sl)
=0

= (371 +x3 + x5 — $7)Sl + (112 — .%'3)52 + ($4 — x5 — Tg + :1?7)54.

Therefore, we have
CL(A3) = (Z/27)* x Z.

O

Example 4. By construction and diagram (3.8), the map E; — P! ramifies over the four points
z({1/2,£1/4,00}) = {oo,+i,—1}. For convenience, we work with® the elliptic curve E4: y? =
2% + 2% + x + 1, so that the cusps of Ay correspond to points in E4(C) as follows:

So=0, S1=(-1,0), Sy=1(i0), S3=(—i,0)
Sy =(0,1), S5=—-8,=(0,-1), Ss=(1,2), S7=—5=(1,-2).

Using computational tools like SageMath (example code provided in Appendix A.1), we find that

Sy is of infinite order” and

251 =25, =253 =0,
S1+ Sy = 53, S1+ 84 =57, Sy + Sg = 5.

As a result, CL(A,4) can be identified with the subgroup

{ZS S :0}

=0

6see Footnote 3
7 Alternatively, one can check that 2554 # 0. By [5], the order of the 2-torsion subgroup of E(K) is at most 2°,
where K = Q(, V/2). Hence S, has infinite order.
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where

7
Z%‘Si = 2151 + 2252 + x3(S1 — S2) + x454 — 2554 + 26(S1 — Sa) + 27(Ss — S1)
i=0

= (z1 + 23+ 26 +x7)51 + (2 — 23)S2 + (x4 — x5 — T + 27)S4.

Therefore, we have
CL(Ay) = (Z/27)* x 7.

3.2.3 Special Elliptic Curves

In this section, we consider special classes of elliptic curves and their cuspidal divisor class groups.

For more discussions on their Belyi maps, see [18].

Ezample 1. Consider the elliptic curve Es : y? = 23 + D?, where D is a positive integer. It has zero
j-invariant and a degree 3 Belyi map 3: E3 — P! given by B3(x,y) = %. Note that Sy = O lies
over oo; S1 = (0, —D) lies over 0; Sy = —S; = (0, D) lies over 1. Hence the cusps corresponding to
g, are {So, S1,52}. Therefore, CL(I'g,) corresponds to the subgroup {E?:o x;S; Z?:o x; = O}

where

2
insi = 37151 — $251 = (acl — $2)Sl.
=0

Since 351 = O, we conclude that
CL(Tg,) X Z/3Z.

O

Example 2. Consider the elliptic curve Ey : y? = 22 + Az. It has j-invariant 1728 and degree 4 Belyi
map B4: E — P! given by B4(x,y) = —%2. Note that Sg = O lies over oo; S1 = (0, 0) lies over 0; So =
(vV/=A4,0) and S5 = (—v/—A4,0) lie over 1. Hence the cusps corresponding to I'g, are {Sg, Sy, S2, S3}.
It can be computed that Se+ 53 = S, so CL(T'g,) corresponds to {Z?:o ;S5 : Z?:o T; = 0} where

3
Z%Si = 21(S2 + S3) + 2252 + 2353 = (21 + 22)S2 + (v1 + x3)55.
i=0
Since 257 = O, we conclude that
CL(Tg,) = (Z/27)*.

O

Ezxample 8. Consider the elliptic curve Fg : 42 = 2% + B. It has a degree 6 Belyi map 8¢ : Eg — P*
given by SBs(z,y) = —%. Note that Sy = O lies over oo; S; = (0,v/B) and Sy = —S; = (0, —VB)
lie over 0;

S3 = (z1,0), Sy = (22,0), S5 = (z3,0)
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lie over 1, where 2° + B = (z — 21)(x — x2)(x — x3). Hence the cusps corresponding to I'g, are
{So0, 51, ..., S5}. It can be computed that

251 = Sg and S3 +S4 = S5

so CL(T'g,) corresponds to the subgroup {Zf:o iS; Z?:o x; = O} where

5

Z z;5; = 2151 + 302(251) + 2353 + x454 + 1175(53 + S4)

1=0

= (z1 +222)S1 + (23 + 5)53 + (T4 + 75)5s.

Since 357 = 2535 = 25, = O, we conclude that

CL(T'g,) = Z/3Z x (Z/27)>.

For the remaining of the subsection, we prove the following:

Theorem 3.3. The modular groups I'g, and I'g, are congruence, while I' g, is noncongruence.
We first explain the correspondence

Proposition 3.4. The following are in one to one correspondences:
1. Belyi maps of degree d;

2. permutation triples (00,01,00) € S5, 000100 = 1, which give rise to the monodromy map
M :T(2) — Sq such that ~v; — o; fori=0,1;

3. finite index subgroup of T'(2) of index d given by M~1(Stab(1)).

-1 0 q -1 2
= an =
Yo 9 _1 Al 9 3

are the generators of I'(2). Recall the definition of a dessin:

where

Definition 3.5 ([10, Definition 4.1]). A dessin d’enfant, or simply a dessin, is a pair (X, D) where

X is an oriented compact Riemann surface, and D C X is a finite graph such that:
(i) D is connected

(i) D is bi-coloured (i.e. the vertices have been given either white or black color and vertices

connected by an edge have different colors)
(ii) X \ D is the union of finitely many topological disks, which we call faces of D

Let (F, () be the Belyi pair given by one of those special elliptic curves, and let (D, X) be its
corresponding dessin (given by [10, Proposition 4.25]). Suppose D has d edges labelled from 1 to d.

We can define its permutation pair (og,01) as follows. Draw small (topological) circles around each
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of the white (resp. black) vertices and set og(i) = j (resp. o1(¢) = j) if j is the edge that follows 4
under a positive orientation (c.f. [10, §1.2.1]). The permutation pair is also called the monodromy
group of the dessin (or monodromy group of the Belyi pair). This is because it is precisely the
inverse of the pair Mg(y0,71) ([10, Proposition 4.29]), where Mgz is the monodromy map from
I'(2) to the symmetric group Sy determined by regarding the restriction Bo: E\ f71({0,1,00}) —
P\ {0,1,00} as a map between covering spaces (see [10, p.229]). The finite index subgroup I' for
which Tz \ H ~ E(C) can then be recovered as M 5 (Stab(1)), the preimage of the stabilizer of 1
under the monodromy map Mg.

In particular, the cycle types of the permutation triples are determined by the splitting behavior
of the cusps 0,1,00. For example, for I'g,, there is only one cusp lying over each of the cusps
0,1,00. Hence 09, 01,0 should all be 3-cycles. So the only choice would be o9 = o1 = (123). Let

Yoo = (§ %) so that 497170 = 1. The permutation triples of our special elliptic curves are given by

Mpg,: T'(2) — Ss Mg, : T(2) — Sy Mpg,: T'(2) — Se
~o > (123) ~o > (1234) ~o > (154)(263) 59)
T4 (123) 11 (13)(24), 11 s (12)(34)(56)
oo > (123) oo > (1234). oo > (135246)

(See [9, Section 8] for I'g, and [10, Example 4.14] for I'g, ). Note that the image image(Mg,) is all

cyclic, i.e.
image(Mp,) = ((123)), image(Mp,) = ((1234)), and image(Mpg,) = ((135246)).

Hence the intersection Stab(1) Nimage(Mp,) = {1} is trivial and so 'y, = ker(Mag,).
Now, we use the result of Wohlfahrt [31]

Proposition 3.6. Suppose I' is a finite index subgroup of SLa(Z). Let N be the level, namely, the

least common multiple of the cusp widths of T'. IfT" is a congruence subgroup, then I' contains I'(N).

to determine whether I'g; is a congruence subgroup. The level of I'g, is 6,8,12, respectively. So we
should check that
I'6) C I'g,, I'(8) CT'g, and TI'(12) € I'g,.

This can be checked programatically, for example, using SageMath (example code provided in Ap-

pendix A.2) by checking if the generators of I'(N) gets mapped to {1} under the map Ms.

e For example, one can check that for each v of 13 generators of I'(6), if we write v =[]\, ~;"
with v; € {70,71}, then >_1" ; 7, =0 (mod 3).

Ti
%

e Similarly, for each 7 of 33 generators of I'(8), if we write v = [[;—, 7;* with v; € {79,71}, then
1

2

Pl lf I
St a;r; =0 (mod 4) where a; = . 7 70.
B lf Yi =1

e For I'g,, note that g = 02, and oy = ¢3,. Consider the generator

(157 —36
Tl 1
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of I'(12), which we write v = [[;—, v/* with v; € {70,71}. It can be shown that > " ; a;r; # 0

2, if =
(mod 6), where a; = =

37 if Vi =71
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Future Direction(s)

As discussed in Chapter 1, Posingies computed the scattering constants, and Rohrlich computed the
cuspidal divisor class groups, for the Fermat groups ®(N) associated with the Fermat curves F(N).
A central theme of this thesis has been to extend these ideas to other families of noncongruence
subgroups for which such arithmetic and analytic invariants can be made explicit.

A natural direction for future work is to further generalize the class of Fermat-type groups and
to investigate their associated scattering constants and cuspidal divisor class groups, which remain
largely unexplored. In particular, one may ask whether the guiding role played by cuspidal divisor
class groups in the Fermat case persists more broadly.

Recall that the Fermat groups are defined (see [26, Proposition 1.2]) by
O(N)={oceT'(2)|alo)=p(c)=0 (mod N)},
where a, 8 : I'(2) — Z are homomorphisms determined by

) /B(Tz) = 07
and
B(B2) =1

2
oy
N
|
P —

Equivalently, ®(N) is generated by the commutator subgroup I'(2)’ together with 72V and B .
Since I'(2) itself is generated by T2 and By (see [26, Appendix]), this characterization admits a more

conceptual reformulation:
(N) = (I(2)', 7V |7 € T(2)).

That is, ®(N) is the subgroup of I'(2) generated by its commutator subgroup together with all N-th
powers of elements of T'(2).

This description suggests a natural generalization to higher levels. Let p be a prime. We define
Q(p, N) to be the subgroup of I'(p) generated by the commutator subgroup I'(p)’ together with the

set
{¥N 7€)}

With this notation, the classical Fermat groups ®(N) are precisely the groups Q(2, N).

The groups (p, N) form a rich family of noncongruence subgroups. Indeed, it was shown in [25]

43
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that Q(p, N) is noncongruence whenever N > 1 and (N, p) = 1.! Despite their natural definition and
close relationship to the classical Fermat groups, neither the scattering constants nor the cuspidal
divisor class groups of Q(p, N) have been computed.

From the perspective developed in this thesis, a first step toward understanding these invariants
is to determine whether CL(Q2(p, N)) is finite and, if so, to describe its structure explicitly. Such
information is essential for constructing modular forms with prescribed vanishing behavior at the
cusps, which in turn is the key input for applying Posingies’ Kronecker limit formula framework (see
Section 2.1.1).

To illustrate the nature of the problem, consider the case p = 3. It is well known that the

1 0 4 -3 q 1 3
= s = s an OO::
LA R 7 0 1

generate the principal congruence subgroup I'(3) in PSLy(Z).? In this setting, the subgroup Q(3, N)

matrices

admits a particularly concrete description.

Fact. We have Q(3, N)<T'(1), with index [['(1) : Q(3, N)] = 12N3. The group has 4N? cusps, all of
the same width 3NN. A system of representatives for the cosets (3, N)\I'(3) is given by

{767{750}, i, ke{0,1,...,N —1}.

A system of representatives for the cusps is S = Sy U .S7 U S U Sy, where
So= {110}, Si={ikl},  S={vk2}, and Sw={riroc},

with 4,5 € {0,1,..., N — 1}. The cusps in S; are I'(3)-equivalent to i for each 7 € {0, 1,2, co}.

The natural goal is to construct modular forms

Gglj(B,N) Gi(S,N), GSzlj(S,N), GQ(3-7N)

) 00,7

for (3, N) whose divisors satisfy
div GZ(?”N) =m-i;

for some integer m, where ¢; denotes a cusp in the above system of representatives. This construction
would be directly analogous to [24, Lemma 6.3]. Moreover, for the purpose of computing scattering
constants, these modular forms should arise from suitable factorizations of the corresponding forms
G£(3), as in [24, Lemma 6.4].

Progress along these lines would extend the explicit computations known for Fermat groups to
a broader and more systematic family of noncongruence subgroups. More broadly, it would provide
further evidence that cuspidal divisor class groups play a fundamental role in the analytic study of

Eisenstein series for noncongruence subgroups, reinforcing the central theme of this thesis.

I This condition is not necessary: for example, the Fermat groups ®(N) are noncongruence if and only if N { 8; see
[26, Appendix].
2Note that the matrix v1v0v5" fixes the cusp 2 of I'(3).



Appendix A

SageMath Code

A.1 Berger’s Examples

For reader’s convenience, we include the SageMath setup to perform various group law computations

in Section 3.2.2.

# SageMath code for Example 1.
x = polygen(ZZ, 'x')

# SageMath code for Exzample 2.

K.<i> = NumberField(x"2 + 1) # 1 x = polygen(ZZ, 'x')

L.<sqrt2> = K.extension(x"2 - 2) # K.<i> = NumberField(x"2 + 1) # 1
o sqrt(2) E_2 = EllipticCurve(X, [0,0,0,-1,01)
E_1 = EllipticCurve(L, [0,0,0,1,01) S_1 = E_2(0, 0)

S_1 =E_1(0, 0) S_2 =E_2(1, 0)

S_2 = E_1(i, 0) S_3 = E_2(-1, 0)

S_3 = E_1(-i, 0) S.4=E2@, 1 - 1)

S_4 = E_1(-1, sqrt2 * i) S5 =E_2(i, -(1 - i)

S_56 = E_1(-1, -sqrt2 * i) S_6 = E_2(-i, 1 + i)

S_6 = E_1(1, sqrt2) S_7 = E_2(-i, -(1 + i))

S_7 = E_1(1, -sqrt2)

# SageMath code for Exzample 3. # SageMath code for Exzample 4.

x = polygen(ZZ, 'x') x = polygen(ZZ, 'x')

K.<i> = NumberField(x"2 + 1) # 1 K.<i> = NumberField(x"2 + 1) # 1
E_3 = EllipticCurve(X, [0,-1,0,1,-1]) E_4 = EllipticCurve(X, [0,1,0,1,1])
S_1 =E_3(1, 0) S_1 = E_4(-1, 0)

S_2 = E_3(i, 0) S_2 = E_4(i, 0)

S_3 = E_3(-i, 0) S_3 = E_4(-i, 0)

S_4 = E_3(0, i) S_4 = E_4(0, 1)

S_5 = E_3(0, -1i) S_5 = E_4(0, -1)

S_6 = E_3(-1, 2 * i) S_6 = E_4(1, 2)

S_7 = E_3(-1, -2 * i) S_7 = E_4(1, -2)

45
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A.2 Special Elliptic Curves

For reader’s convenience, we include the SageMath code to verify Theorem 3.3. The common setup
for all three families of special elliptic curves is the matrices gg, g1, goog, which are respective stabilizers

of the cusps {0,1,00} of T'(2). We use the notation ggg rather than g, to simplify the code.

# g0, g1, g00 resp fizes 0, 1 and 00

# {go, g1} is an indep set of generators for \Gamma(2)

# 'h0, hl and hOO are the resp inverse of g0, g1 and g00'
g0 = Matrix([[-1,0],[2,-111)

gl = Matrix([[-1,2],[-2,311)

hOo = g0.inverse()

h1l = gi.inverse()

g00 = h1l * hO

h00 = g00.inverse()

# output command in interactive python session:

# https://ask.sagemath.orqg/question/9837/how-are-list-of-matrices-printed-by-sage/
# the “None™ on the last line of the output shouldn't be there

import sys

print (' [[\ng0, g1, g00\nl,\n[\nhO, hi, hOO\nl]l = ')

print(sys.displayhook([[g0, g1, g00], [hO, hi, h00]1))

A.2.1 The Elliptic Curve FEj;

We call the built-in generators of I'(6), factorize the generators, and check that we have the correct

factorization.

# SageMath butilt-in generators of Gamma(6)
G6 = FareySymbol(Gamma(6)) .generators()
G6

# factorize each of the generators in G(6)
F6 = [Matrix([[1,0],[0,111)] * len(G6)

F6[0] = g00°3

F6[1] = -g00"3 * g0°3

F6[2] = -g00 * hi * h0O * g0

F6[3] = -g00 * hl * g00 * hi

F6[4] = h1°3

F6[5] = -g0072 * gl * h0O * gl

F6[6] = -g00°2 * hO * g00 * gl

F6[7] = -g00 * h0"2 * gl

F6[8] = -g00"2 * hl * hOO * gO * hOO
F6[9] = -g00°2 * h1l * g00 * hl * hOO
F6[10] = g00 * hi1"3 * hOO
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F6[12]

F6

F6[11] = -g00"2 * h0"3 * h00"2
g00”2 * h173 * h00"2

b = true

if (F6[i]

for i in range(len(G6)):

'= G6[il):

b = false

print(f' [\nF6[{i}], G6[{i}]\n] = ')
print(sys.displayhook([F6[i]l, G6[il]))

print(£f"F6 {'=' if b else '!'}= G6")

# check entries in F6 are indeed factorizations of elements in G6

We now check that entries in F6 are mapped trivially under the monodromy map Mg, (see (3.9))

associated to the Belyi pair F3 : y?> = 2% + D? and Bs(z,y) =

y+D

2D -

F6_str = """

F6[0] = g00"3
F6[1] = -g00~3
F6[2] = -g00 =
F6[3] = -g00 *
F6[4] = h1"3

F6[5] = -g00~2
F6[6] = -g00"2
F6[7] = -g00 *
F6[8] = -g00~2
F6[9] = -g00~2
F6[10] = g00 *

nun

* g0~

h1l *
hil *

* gl
* hO
h0~"2
* hil
* hil
h1°3

3

h0O *
g00 *

*

*

*

*

h00
g00
gl

h00
g00
h00

# data manipulation: convert the expressions in F6 to strings

g0
hi

* gl
* gl

* g0 * h0O
* hi * hOO

F6[11] = -g00~2 * h0~3 * h00"2
F6[12] = g00”"2 * h17"3 * h00"2

FAC6 = [line.split('=')[1].strip() for line in F6_str.split('\n') if line.strip()]

#
b = true
exp = 0

for i in range(len(FAC6)):

# check entries in FAC6 are contained in Gamma_{E_3}

by checking the images of FAC6 under M_{\beta_3} are trivial in S_3
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fac = FAC6[i]
print (' I

# get rid of minus signs in front
if (fac[0] == '-'):
fac = fac[1:]

# sum the effective exponents until running out of 'x'
ind_star = 0
while (ind_star != -1):

ind_star = fac.find(' * ')

term = fac if ind_star == -1 else fac[:ind_star]

# *** main logic

ind_power = term.find('"')

pow = 1 if ind_power == -1 else int(term[-1])
exp += pow if term[0] == 'g' else -pow
#okkk

fac = fac[ind_star + 3:]

print (f'F6[{i}] = {FAC6[il} has effective exponent {expl}')
if (exp % 3 !'= 0):

b = false

perm = '(123)' if exp % 3 == 1 else '(132)'

print(f'so its image under phi_{{E_1}} is {perm} in S_3')
exp = 0

print (' )
print(£"Gamma(6) is {'' if b else 'NOT '}contained in Gamma_{{E_3}}")

A.2.2 The Elliptic Curve FE,

We call the built-in generators of I'(8), factorize the generators, and check that we have the correct

factorization.

# SageMath built-in generators of Gamma(8)
G8 = FareySymbol(Gamma(8)) .generators()
G8

# factorize each of the generators in G(8)
F8 = [Matrix([[1,0],[0,1]11)] * 1len(G8)

F8[0] = g00"4
F8[1] = g00~3 * hi * g0"3
F8[2] = g00"2 * hl * g0 * hl * gO
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F8[3] = h1 * g00 * gl™2 * g0

F8[4] = g00 * hi * h0OO * hO * gl * gO
F8[5] = g00"2 * gl * h0O * g0

F8[6] = g00"2 * hO * g00 * hi

F8[7] = hl * hOO * gl * hO * hi

F8[8] = g00 * hl * g00 * hO"2 * hil

F8[9] = g00 * h1"2 * g0 * hi

F8[10] = h174

F8[11] = g00"3 * gl * hO * g1"2

F8[12] = g00 * hO * h1 * g0 * h00 * gl
F8[13] = g00°2 * hl * h00"2 * gl

F8[14] = g00"2 * hi * g00°2 * gl

F8[15] = g00 * g1 * g0~2 * g00 * gl
F8[16] = g00°2 * hO * gl * hO * gl
F8[17] = g00 * h0"3 * g1

F8[18] = g00°3 * hl * g0 * hl * g0 * hOO
F8[19] = g00 * hl * g00 * gl1~2 * g0 * h0O
F8[20] = g00°3 * gl * hOO * g0 * hOO
F8[21] = g00~3 * hO * g0O0 * hl * h0OO
F8[22] = g00 * hi * hOO * gl"2 * g00 * hl * hOO
F8[23] = g0072 * h1"2 * g0 * hl * h0O
F8[24] = g00 * hi~4 % hOO

F8[25] = g00"3 * hl * h00"2 * gl * h0O
F8[26] = g00°3 * hl * g00°2 * gl * hOO
F8[27] = g00°3 * hO * gl * hO * gl * hOO
F8[28] = g00"2 * h0"3 * gl * hOO

F8[29] = g0073 * h1"2 * g0 * hl * h00"2
F8[30] = g00~"2 * h1”4 * h00"2

F8[31] = g00~3 * h0"4 * h00~3

F8[32] = g00”3 * h1"4 * h00"3

F8

# check the entries in F8 are indeed factorizations of elements in G8

b = true
for i in range(len(G8)):
if (F8[i] !'= G8[il):
b = false
print (f' [\nF8[{i}], G8[{i}]\n] = ")

print(sys.displayhook([F8[i], G8[il]))

print(£"F8 {'=' if b else '!'}= G8")

We now check that entries in F'8 are mapped trivially under the monodromy map Mg, (see (3.9))

7;1/‘2

associated to the Belyi pair By : y* = % + Az and S4(z,y) = =5,



APPENDIX A. SAGEMATH CODE

50

# data manipulation: convert the expressions in F8 to stirings
F8_str = """

F8[0] = g00"4

F8[1] = g00~3 * hi * g0~3

F8[2] = g00~2 * hl * g0 * hl x g0

F8[3] = hi * g00 * g1°2 * g0

F8[4] = g00 * hl * h0O * hO * gl * g0
F8[5] = g00~2 * gl * hOO * g0

F8[6] = g00~2 * hO * g00 * hi

F8[7] = hl * hOO * gl * hO * hil

F8[8] = g00 * hl * g00 * h0"2 * hi

F8[9] = g00 * h1"2 * g0 * hi

F8[10] = h1°4

F8[11] = g00"3 * gl * hO * gl1~2

F8[12] = g00 * hO * hi % g0 * h0O * gl
F8[13] = g00"2 * hl * h00"2 * gl

F8[14] = g00~2 * hl * g00°2 * gi

F8[15] = g00 * gl * g0~2 * g00 * gl
F8[16] = g00~2 * hO #* gl % hO * gi
F8[17] = g00 * h0"3 * gl

F8[18] = g00"3 * hl * g0 * hil * gO * h0O
F8[19] = g00 * hi * g00 * gl~2 * g0 * hOO
F8[20] = g00~3 * gl * h0O * g0 * hOO
F8[21] = g0073 * hO * g00 * hl * h0O
F8[22] = g00 * hi * h0O * g1°2 * g00 * hi * hOO
F8[23] = g00~"2 * h1"2 * g0 * hl * hOO
F8[24] = g00 * h1"4 * h0O

F8[25] = g00~3 * hl * h00"2 * gl * hOO
F8[26] = g00~3 * hi % g00~2 * gi * h0O
F8[27] = g00~3 * hO * g1 * hO * g1 * hOO
F8[28] = g00~2 * h0"3 * gl * h0OO

F8[29] = g00~3 * h1"2 * g0 * hl % h00"2
F8[30] = g00~"2 * h1"4 * h00"2

F8[31] = g00~3 * h0"4 * h00~3

F8[32] = g00~3 * hi"4 * h00"3

nun

FAC8 = [line.split('=')[1].strip() for line in F8_str.split('\n') if line.strip()]

# check entries in FAC8 are contatined in Gamma_{E_4}
# by checking the images of FAC8 under M_{\beta_4} are trivial in S_4
b = true
exp = 0
for i in range(len(FAC8)):
fac = FAC8[i]

print ('

# get rid of minus signs in front
if (fac[0] == '-'):
fac = fac[1:]
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# sum the effective exponents until running out of 'x'
ind_star = 0
while (ind_star != -1):

ind_star = fac.find(' * ')

term = fac if ind_star == -1 else fac[:ind_star]

# *** main logic

ind_power = term.find('""')

pow = 1 if ind_power == -1 else int(term[-1])
cusp = term[1:] if ind_power == -1 else term[1:-2]
if (cusp == '1'):

pow *= 2
exp += pow if term[0] == 'g' else -pow

#okkk

fac = fac[ind_star + 3:]

print (£'F8[{i}] = {FAC8[i]} has effective exponent {exp}')
if (exp % 4 !'= 0):

b = false
perm = '(1234)' if exp % 4 == 1 else '(13)(24)' if exp / 4 == 2 else '(1432)'
print(f'so its image under phi_{{E_3}} is {perm} in S_4')
exp = 0
print (' )

print(£"Gamma(8) is {'' if b else 'NOT '}contained in Gamma_{{E_4}}")

A.2.3 The Elliptic Curve Ej

We call the built-in generators of I'(12), factorize the generators, and check that we have the correct

factorization.

# SageMath butlt-in generators of Gamma(12)
G12 = FareySymbol(Gamma(12)) .generators()
G12

# factorize each of the generators in G(12)
F12 = [matrix.identity(2)] * len(G12)
FAC12 = [''] * len(G12)

for i in range(len(G12)):
mat = G12[i]

while (mat != matrix.identity(2)):
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a = mat[0] [0]
b = mat[0][1]

if (a * b > 0):
if (abs(a) >= abs(b)):

mat *= g0

F12[i] = hO * F12[i]

FAC12[i] = ' * hO' + FAC12[i]
else:

mat *= h0O

F12[i] = g00 * F12[i]

FAC12[i] = ' * g00' + FAC12[i]

else:

if (abs(a) >= abs(b)):

mat *= hO

F12[i] = g0 * F12[i]

FAC12[i] = ' % g0' + FAC12[i]
else:

mat *= g00

F12[i] = h0O * F12[i]

FAC12[i] = ' * h0O' + FAC12[i]

FAC12[i] = FAC12[i][3:]

F12

# check the entries in F12 are indeed factorizations of elements in GI12

b = true

for i in range(len(G12)):
if (F12[i] !'= G12[il]):
b = false

print(f' [\nF12[{i}], G12[{i}]\n] = ')
print(sys.displayhook([F12[i], G12[i]]))

print(£"F12 {'=' if b else '!'}= G12")

We now check that entries in FAC12 are mapped trivially under the monodromy map Mg, (see
(3.9)) associated to the Belyi pair Eg : y? = 23 + B and SBs(x,y) = %f:s.

# check entries in FAC12 are contained in Gamma_{E_6}
# by checking the images of FAC12 under phi_{E_2} are trivial in S_6
b = true

exp = 0
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for i in range(len(FAC12)):
fac = FAC12[i]
print (' B}

print (' B}
# get rid of minus signs in front
if (fac[0] == '-'):

fac = fac[1:]

# sum the effective exponents until running out of '*'

ind = 0
while (ind != -1):
ind = fac.find(' * ')
term = fac if ind == -1 else fac[:ind]

# *x** main logic

cusp = term[1:]

pow = 2 if (cusp == '0') else 1
exp += pow if term[0] == 'g' else -pow
#oHHK

fac = fac[ind + 3:]

print (f'F12[{i}] = {FAC12[i]l} has effective exponent {exp}')
if (exp % 6 != 0):

b = false
perm = '(135246)' if exp } 6 == 1 else '(154)(263)' if exp % 6 == 2 else '(12)(34)(56)"
— if exp /% 6 == 3 else '(145)(236)' if exp % 6 == 4 else '(164253)'
print(f'so its image under phi_{{E_2}} is {perm} in S_6"')
exp = 0
print (' )
print (' )

print (f"Gamma(12) is {'' if b else 'NOT '}contained in Gamma_{{E_6}}")
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