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1
I N T R O D U C T I O N

Geometric quantization is an area of symplectic geometry initiated by
Kirillov [Kir62], Kostant [Kos09], and Souriau [Sou67] in the 1960’s and
1970’s. Initially, it arose as a method for obtaining unitary representations
of Lie groups before being realized as a potential candidate for solving
the Quantization Problem—that is, how to systematically take a classical
physics system (described via symplectic geometry) and produce a quan-
tum mechanical system (described via Hilbert spaces and operators). In
its original form and in various generalizations, geometric quantization
has developed into a rich mathematical theory.

The idea is to take a symplectic manifold (M, ω)—to be interpreted as
the phase space of a classical mechanical system—and to associate to it
two auxiliary pieces of data: a polarization P ⊆ TCM and a prequantum
line bundle (L,∇) → (M, ω). These elements are then used to produce a
vector space Q(M), usually by computing “polarized sections” or some
variants such as cohomological wave functions or the index of an operator.

What these constructions attempt to emulate is that, for physicists, sym-
plectic R2n is expected to have quantization L2(Rn), a space of complex-
valued functions on a half-dimensional space. The sections of the line
bundle L are then the complex-valued functions, P represents the “mo-
mentum directions” in phase space, and the connection ∇ provides a way
to differentiate the sections of L.

The most classical definition of quantization given this data is the space
of polarized sections:

Q(M) := σ ∈ Γ(L) | ∇Pσ = 0. (1.1)

As was stated above, other definitions of geometric quantization exist
in the literature. Given the same quantization data, we can produce a
sheaf-theoretic definition (e.g., [Śn75]), an index-theoretic definition (e.g.,
[MS99]), or a shifted-stack theoretic definition (e.g., [Saf23]). In this thesis,
we will focus on the classical definition in Equation (1.1).

1



introduction 2

One of the central problems in geometric quantization is the Quantization
Commutes With Reduction problem. Due to Marsden, Weinstein [MW74],
and Meyer [Mey73], there is a natural way to reduce a symplectic manifold
by a nice symmetry group and obtain another symplectic manifold. The
setup is as follows: we are given a symplectic manifold (M, ω), a com-
pact Lie group K acting freely and symplectically on M, and a moment
map—an equivariant map J : M → g∗, where k = Lie(K) is the Lie alge-
bra of K—which, from the physics point of view, represents “conserved
quantities” à la Noether’s Theorem. This collection of data, summarized
by the symbol J : (M, ω) → k∗, is called a Hamiltonian K-space.

Marsden, Weinstein, and Meyer proved that J−1(0) is a K-invariant
submanifold of M, and that the reduced space M0 := J−1(0)/K comes
equipped with a unique symplectic form ω0, called the reduced symplectic
form, such that if π0 : J−1(0) → M0 is the quotient map, then

π∗
0 ω0 = ω|J−1(0). (1.2)

Returning to quantization, if a Hamiltonian K-space J : (M, ω) → g∗ is
equipped with an equivariant polarization and a prequantum line bundle,
the quantization Q(M) becomes a linear, complex K-representation. Fur-
thermore, provided the quantization data on (M, ω) is sufficiently regular,
we obtain induced quantization data on the reduced space M0. Finally, we
obtain a canonical linear map:

κ : Q(M)K → Q(M0). (1.3)

In the case where κ is a linear isomorphism, we say Quantization Com-
mutes With Reduction, and write [Q, R] = 0. In the original paper by
Guillemin and Sternberg [GS82], they showed that if M is compact and
P is a “positive” polarization, then κ is indeed a bijection. However, as
was shown by Sjamaar and Lerman [SL91], if the symmetry group K does
not act nicely, the resulting reduced space M0 can be highly singular, and
many of the usual quantization techniques break down. Nonetheless, the
reduction M0 has a natural partition into symplectic manifolds that fit
together in a manner analogous to the cells of a CW complex—an object
called a Symplectic Stratified Space.

The goal of this thesis is to provide a framework for quantizing symplec-
tic stratified spaces that is robust enough to prove quantization commutes
with reduction results. In particular, we give definitions for stratified
versions of the prequantum line bundle (Definition 10.1), polarizations
(Definition 11.1), and quantization (Definition 12.3) in a manner analogous
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to the classical definition of quantization in Equation 1.1. We then show
that, under reduction, equivariant quantization data descends to stratified
quantization data (Theorem 10.15 and Theorem 11.7), and we still obtain a
canonical linear map as in Equation 1.3 (Theorem 12.9). Finally, we prove
that in this formalism, [Q, R] = 0 holds for singular quotients of toric
manifolds (Theorem 12.15) and for general cotangent bundles (Theorem
12.16). This provides a proof of concept that this approach is sensible for
quantizing singular spaces.

This thesis is not the first attempt to quantize symplectic stratified spaces.
Indeed, there exist index-theoretic versions of quantization (e.g., [MS99]),
a module-theoretic approach known as “algebraic quantization” [SW83],
and others. Aside from employing different flavours of quantization than
the classical definition in Equation 1.1, these approaches differ from the
one presented in this thesis in that they are defined only for singular
reduced spaces. In contrast, the formalism we develop can be applied to
any stratified symplectic space. The most similar approach to ours is the
singular quantization theory of Śniatycki [Śn13]. However, this formalism
also differs from ours in that Śniatycki works stratum-wise, whereas our
approach adopts a more global perspective.

Although the main aim of this thesis was to develop a theory of quan-
tization for general symplectic stratified spaces, we found it necessary
to further develop both the non-singular theory of quantization and the
theory of singular spaces—namely, subcartesian and stratified spaces. This
was done not only to increase the generality of the theory of quantization
for singular spaces, but also to establish a convenient framework with
standard techniques for formulating and proving results in this setting.

First, on the non-singular side. Much of the literature on geometric
quantization focuses on only two kinds of polarizations: real and Kähler.
This is understandable, as all the natural examples of polarizations are of
either type. Nevertheless, there exists a large class of polarizations that
are neither real nor Kähler—the so-called “mixed” polarizations. Thus,
in Chapter 4, we re-developed the theory of reduction of polarizations,
allowing for arbitrary types and only properly acting groups. This pays
dividends, as we show in Chapter 5 that the [Q, R] = 0 map in Equation
1.3 extends naturally to the mixed case as well.

This thesis is broken into three parts, with each part in turn being broken
up into further chapters. Let us now give a summary of each part and
chapter along with the major results along the way.
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part I: non-singular preliminaries

The goal of Part I is both to set up much of the notation that will be used
later on and to discuss the non-singular versions of quantization that will
be generalized in Part II. Many of the initial proofs of quantization com-
mutes with reduction relied on objects like differential forms, which are
not very well-behaved in the subcartesian setting. Thus, where necessary,
we provided new proofs that do not rely on such objects. The upshot
is that these new non-singular proofs can be readily generalized to the
singular setting and are quite instructive for the techniques we use in a
more familiar smooth context.

Chapter 2 Background in Equivariant Geometry

Chapter 2 begins this thesis with a discussion of group actions, focusing
on proper actions by connected Lie groups. This chapter is mostly a review
of existing material aimed at bringing the reader up to speed on the basics
of proper group actions. Section 2.1 provides the main basic recurring
definitions and elementary results. Sections 2.2 and 2.3 are dedicated to
setting up and stating one of the most important results in the theory of
proper group actions, namely Palais’ Slice Theorem (Theorem 2.13). In
Section 2.4, we then use the Slice Theorem to compute the tangent spaces
of a distinguished class of submanifolds of a proper G-space.

Finally, in Section 2.5, we conclude with a discussion on proper equiv-
ariant vector bundles. We provide a normal form result (Lemma 2.29),
use this to give a new proof of the averaging theorem (Theorem 2.32),
and conclude with a characterization of when the quotient of a proper
equivariant vector bundle is a vector bundle once again (Theorem 2.35).

Chapter 3 Symplectic Geometry

Chapter 3 provides a review of basic definitions and results in symplec-
tic geometry, with a view towards singular reduction and quantization.
Section 3.1 summarizes elementary definitions and results from linear sym-
plectic geometry. Section 3.2 is then dedicated to giving basic definitions,
examples, and theorems for symplectic manifolds, especially regarding
the relationship between symplectic manifolds and Poisson manifolds. In
Section 3.3, we review the basic definitions of Hamiltonian spaces. This
leads to the discussion in Section 3.4 of the theory of linear symplectic
representations and quadratic momentum maps. Section 3.5 is then used
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to state the main reduction theorems for Hamiltonian spaces (Theorem
3.46 and Corollary 3.51) as well as a normal form theorem (Theorem 3.49).

Section 3.6 then closes off the chapter by illustrating the principles of
symplectic reduction for two non-trivial families of examples: the Delzant
construction for toric manifolds in Subsection 3.6.1 and the non-singular
reduction theory for cotangent bundles in Subsection 3.6.2.

Chapter 4: Polarizations

Polarizations are one of the main ingredients for geometric quantization,
and so in Chapter 4 we provide a summary of the basic theory of polariza-
tions. Section 4.1 returns us to the linear symplectic setting from Section
3.1 in Chapter 3, but now to study how Lagrangian subspaces interact
with linear symplectic reduction. However, this section goes beyond the
traditional emphasis on reduction of coisotropic subspaces and provides,
in Theorem 4.10, a linear model for reduction of polarizations which will
be used in both the singular and non-singular settings.

Section 4.2 is then dedicated to the basic theory of polarizations—namely
involutive and Lagrangian complex distributions of a symplectic mani-
fold. As an aside, in Section 4.3, we study when the image of a vector
bundle under a vector bundle morphism is again a vector bundle. Lemma
4.24 gives the precise formulation, which is then used in Lemma 4.29 to
characterize when a smooth map between manifolds can push forward
an involutive distribution. This theory is then used in Section 4.4 to prove
Theorem 4.30, which states when a polarization on a free Hamiltonian
G-space can be reduced. This theory is illustrated in Section 4.5 with the
reduction of the canonical polarization of cotangent bundles.

Chapter 5: Geometric Quantization

In Chapter 5, we close out Part I by giving a summary of the classical
theory of geometric quantization. Section 5.1 is dedicated to motivating
the definition of prequantum line bundles, as well as providing some
elementary results. In Section 5.2, we then state the definition of geometric
quantization and provide early examples, specifically applied to symplectic
R2n and to cotangent bundles.

From here, in Section 5.3, we discuss the reduction theory of prequantum
line bundles and apply this to obtain a new proof of the existence of the
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[Q, R] = 0 map for arbitrary polarizations in Theorem 5.24, extending the
classical theory of Guillemin and Sternberg. Finally, Section 5.4 is dedicated
to applying these results to compute the quantization of toric manifolds
and to providing a quantization commutes with reduction statement for
the non-singular reduction of cotangent bundles.

part II differentiable stratified spaces

As was stated earlier, the general reduction of a symplectic manifold
need not be a manifold once again. Indeed, in the case of proper group
actions, the result is a symplectic stratified space. Part II is then dedicated
to developing the differential geometry of stratified spaces, with an aim
towards applying this theory to singular reduction.

There are three main formalisms for discussing the differential geometry
of stratified spaces: the subcartesian formalism (e.g. [Śn13]), the smooth
atlas formalism (e.g. [Pfl01]), and the reduced differentiable structure
formalism (e.g. [Mol24]). This thesis adopts the subcartesian formalism as
it is the most economical approach in regards to both stating and proving
singular differential geometric results. This choice is mostly a matter of
taste, as Theorem 6.46, which is based on a result of Mol [Mol24], allows
us to easily translate between each formalism.

Chapter 6: Subcartesian Spaces

Chapter 6 is dedicated to setting up the formalism for singular differential
geometry used in this thesis. Subcartesian spaces are generalizations of
manifolds where the chart maps need not have open image; instead, they
are allowed to be any subset of a Euclidean space. This is easy enough to
state, but it requires some set-up using the language of Differential, AKA
Sikorski, spaces. These are topological spaces X equipped with a distin-
guished set of functions C∞(X) which generate the topology, are locally
determined, and are closed under composition with smooth functions on
Cartesian spaces. Section 6.1 is dedicated to developing the elementary
theory of differential spaces, including generating sets for differential
structures in Subsection 6.1.1, differentiable maps in Subsection 6.1.2, and
induced differential structures on subsets in Subsection 6.1.3. With this, in
Section 6.2 we can finally define Subcartesian spaces, which are simply dif-
ferential spaces (X, C∞(X)) with local embeddings into Euclidean spaces.
In Subsection 6.2.1, the Mathers–Schwarz construction of a subcartesian
space structure on C∞(M/G) [Sch80], where G is a connected Lie group
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and M a proper G-space, is provided. In this subsection, we also provide,
in Proposition 6.36, a generalization to construct a subcartesian structure
C∞(A/G) for a distinguished class of subsets A of a proper G-space called
sliceable subsets.

The last sections of Chapter 6 are dedicated to a discussion of the
natural notion of tangent vectors, tangent bundles, and vector fields in the
subcartesian setting, namely Zariski tangent vectors and Zariski tangent
bundles in Section 6.3, and Zariski vector fields in Section 6.4. These
are derivations of the ring of functions C∞(X) of a subcartesian space
and in many ways naturally extend the usual smooth theory of tangent
vectors and vector fields. Using this language, we prove Theorem 6.46,
which can be used to show that the three formalisms mentioned above
for the differential geometry of stratified spaces are nearly equivalent to
one another. Finally, in Section 6.5, we conclude with a discussion on
restricting Zariski vector fields to subspaces and in Corollary 6.64 provide
a sufficient condition for the restriction map being a surjection.

Chapter 7: Differentiable Stratified Spaces

Chapter 7 is dedicated to the theory of differentiable stratified spaces.
Section 7.1 gives a basic introduction to stratified spaces, which are topo-
logical spaces equipped with a locally finite partition into topological
manifolds in the subspace topology, called a stratification, subject to the
frontier condition. This condition states that the closure of an element of
the stratification, called a stratum, is the disjoint union of other strata,
resembling the relationship between the open cells of a CW complex. Sec-
tion 7.2 then defines differentiable stratified spaces as subcartesian spaces
equipped with a compatible stratification, in the sense that the induced
subcartesian structure on each stratum is a smooth structure. Subsection
7.2.1 introduces the main (dare I say polemical) viewpoint of this thesis on
stratifications: they are to be viewed as a kind of singular foliation in the
sense of Stefan [Ste74] and Sussmann [Sus73], another kind of partition
by manifolds which, thanks to Corollary 7.23, also satisfy the frontier
condition. As discussed, there are examples of stratifications which are
not singular foliations and singular foliations which are not stratifications.
Nonetheless, provided certain conditions are met, Corollary 7.23 shows
that demonstrating a partition of a manifold is a singular foliation can
also establish that it is a stratification. In Subsection 7.2.2, this viewpoint is
exploited to prove in Theorem 7.36 that a certain class of singular foliations,
called Singular Riemannian Foliations, induce a canonical stratification
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called the dimension-type stratification. This work is part of a forthcoming
paper with David Miyamoto.

With this preliminary out of the way, Section 7.3 discusses various strat-
ifications arising from proper group actions. Namely, in Subsection 7.3.1
we discuss the orbit-type stratification and in Subsection 7.3.2 the reduced
orbit-type and infinitesimal stratifications. At the manifold level, we give a
new proof in Theorem 7.42 of a result of Jotz-Ratiu-Sniatycki [JRS11] that
the orbit-type stratification is a singular foliation and hence a stratification.
This also shows that the quotient space of a proper group action inherits
a natural stratification called the canonical stratification. Leveraging re-
sults of Posthuma-Tang-Wang [PTW17], Corollary 7.53 establishes that the
reduced orbit-type and infinitesimal stratifications are stratifications and
foliations.

Section 7.4 gives a brief account of stratified vector fields, which can
be viewed as Zariski vector fields tangent to each of the strata. Here, we
provide an alternate construction of the stratified tangent bundle due
to Pflaum [Pfl01] and prove elementary properties of these vector fields.
This leads to Theorem 7.60 of Schwarz [Sch80], stating that all stratified
vector fields on a quotient space arise from equivariant vector fields on
the original space.

To conclude, Section 7.5 presents an extended discussion on regularity
conditions for stratified spaces. General stratified spaces can be somewhat
pathological from the viewpoint of smooth geometry, so various regularity
conditions have been introduced to control singularities. Subsection 7.5.1
reviews the Whitney conditions, arguably the most common regularity
conditions imposed on stratified spaces. These allow the construction of
control data that facilitates using normal bundles to study the stratification.
Since the Whitney conditions may seem unfamiliar to smooth geometers,
Proposition 7.65 proves that if the stratified tangent bundle of a stratified
space is spanned by stratified vector fields, then the space is Whitney
(A). Next, Subsection 7.5.2 discusses local triviality, another condition
reminiscent of singular foliations. Proposition 7.72 shows that locally triv-
ial stratified spaces are automatically Whitney (A). Finally, Subsection
7.5.3 discusses locally conical and quasi-homogeneous stratifications, in-
troduced by Zimhony [Zim24] as Smoothly Locally Trivial with Conical
Fibres and Smoothly Locally Trivial with Quasi-Homogeneous Fibres,
respectively. These are locally trivial stratified spaces which can be locally
realised as subsets of graded vector bundles in the sense of Grabowski-
Rotkiewicz [GR12]. Adapting an argument by David Miyamoto, Theorem
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7.77 shows that quasi-homogeneous stratified spaces satisfy the Whitney
conditions. We conclude by demonstrating that most major examples
of stratifications encountered so far are quasi-homogeneous and hence
Whitney regular.

Chapter 8: Stratified Pseudobundles

Chapter 8 is partially based on my paper [Ros24]. Pseudobundles are a nat-
ural generalization of vector bundles for subcartesian spaces where fibre
ranks may vary. They have previously been studied by Marshall [Mar75],
who used linear versions of the singular charts of subcartesian spaces. In
Section 8.1, I give a new, more general definition of pseudobundles that
is more modern in the sense that the pseudobundle structure is encoded
via linear functions. All of the “singular vector bundles” encountered
so far—such as Zariski, foliation, and stratified tangent bundles—are in
fact pseudobundles. In Section 8.2, we prove Theorem 8.21, which con-
structs differentiable vector bundles over the quotient of a sliceable subset
of a proper equivariant vector bundle, generalizing Theorem 2.35 from
Chapter 2. Section 8.3 then introduces stratified pseudobundles, which are
pseudobundles stratified by smooth vector bundles. By a result of Pflaum
[Pfl01], the stratified tangent bundle of a stratified space is a stratified
pseudobundle only if the underlying stratified space is Whitney A. This is
generalized to more general pseudobundles over stratified spaces via the
regularity condition Linear Whitney (A), introduced in Definition 8.27. As
with stratified spaces, a stratified pseudobundle spanned by its sections is
automatically Linear Whitney A. The final section, Section 8.4, addresses
the complexification of pseudobundles and its specific application to sub-
bundles of the complexified stratified tangent bundle. Key results here
include Theorem 8.37, which shows that fibrewise complexification yields
a pseudobundle as regular as the input, and Lemma 8.49, giving a condi-
tion for when complex distributions on a Euclidean space define stratified
complex distributions on a stratified subset.

part III singular quantization

In Part III, we complete the set-up of the theory of differentiable strati-
fied spaces and are now ready to study symplectic stratified spaces and
their quantization. A key goal of this thesis so far has been to provide a
framework that allows the classical theory of quantization to be applied
in this more general singular setting without undue complication. This
part begins with a discussion of the Sjamaar-Lerman construction [SL91]
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of symplectic stratified spaces arising from singular reduction, followed
by the generalization of polarizations and prequantum line bundles using
the language of pseudobundles developed in Chapter 8.

Chapter 12: Symplectic Stratified Spaces

Symplectic stratified spaces are differentiable stratified spaces equipped
with a Poisson bracket and compatible symplectic forms on each stratum.
They can be viewed as generalizations of Poisson manifolds, except that
the symplectic foliation is required to be locally finite. Chapter 12 studies
these spaces and their appearance through singular reduction. In Section
9.6, we define symplectic stratified spaces and provide initial examples
coming from Poisson manifolds. Sections 9.2, 9.3, and 9.4 develop the
setup and proof of Theorem 9.21 due to Sjamaar and Lerman [SL91],
which states that symplectic reduction of a general proper Hamiltonian
G-space yields a symplectic stratified space. Section 9.2 proves Theorem
9.13 by Zimhony, showing that the orbit and canonical stratifications of
the zero-level set of the moment map and its quotient, respectively, are
quasi-homogeneous stratified spaces, and that each stratum of the reduced
space is naturally a symplectic manifold. In Section 9.3, we outline Sjamaar
and Lerman’s proof that each stratum in the reduced space can be realized
via the classical Marsden-Weinstein-Meyer reduction of the manifolds of
symmetry. Finally, Section 9.4 completes the proof of Theorem 9.21 by
constructing the Poisson bracket on the reduced space.

So far this chapter has reviewed known results. In Section 9.5 I in-
troduce a new definition: Hamiltonian modules (Definition 9.22). These
form a distinguished class of generators for the stratified vector fields
of a stratified symplectic space, containing the Hamiltonian vector fields,
and are crucial for defining a notion of “differentiability” for stratified
prequantum connections. Theorem 9.31 then provides a canonical con-
struction of Hamiltonian modules for singular reduced spaces. Finally,
Section 9.6 summarizes the singular reduction of cotangent bundles due to
Perlmutter-Rodriguez-Olmos-Sousa-Dias [PROSD07]. The last new result
in this chapter, due to me, is Lemma 9.39, which shows that the Liou-
ville 1-form of a cotangent bundle canonically induces a primitive of the
symplectic forms on the strata of the singular reduced space.
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Chapter 10: Singular Reduction of Prequantum Line Bundles

In Chapter 10, we discuss prequantum line bundles on stratified spaces.
Section 10.1 introduces stratified prequantum line bundles (Definition 10.1)
as differentiable complex line bundles over stratified spaces equipped with
a connection that defines a differentiable pairing between sections of the
bundle and elements of a Hamiltonian module. This structure imposes a
global “differentiability” condition ensuring these bundles are more than
just prequantum line bundles restricted to each stratum. Section 10.2 then
presents Theorem 10.15, which constructs the reduction of a prequantum
line bundle on a singular reduced space, generalizing the non-singular
case. Example 10.16 illustrates that the canonical prequantum line bundle
over a cotangent bundle can always be reduced. Finally, Section 10.3
applies Theorem 10.15 together with the Delzant construction to prove
Theorem 10.18, providing a method to construct stratified prequantum
line bundles over singular quotients of toric manifolds.

Chapter 11: Singular Reduction of Polarizations

Now that we have symplectic stratified spaces and stratified prequantum
line bundles, the final component needed for singular quantization is
a suitable notion of a singular polarization. Chapter 11 addresses this
subtle issue. In Section 11.1, we define stratified polarizations (Definition
11.1) as complex stratified distributions, in the sense introduced in Chap-
ter 8, which restrict to genuine polarizations on each stratum. Example
11.4 provides nearly natural examples arising from toric manifold the-
ory—“nearly” because although the stratifications consist of symplectic
manifolds, they do not arise from a global Poisson structure. Section 11.2
then proves Theorem 11.7, which characterizes when a polarization on
a Hamiltonian G-space induces a stratified polarization on the reduced
space. However, as shown by Example 11.10, the natural polarization on
a cotangent bundle almost never induces a stratified polarization upon
reduction. Section 11.3 discusses preservation of polarization type under
reduction, demonstrating that real and complex polarizations induce real
and complex polarizations stratum-wise on the reduced space. Moreover,
Section 11.4 shows that Kähler polarizations can always be reduced. Fi-
nally, Section 11.5 returns to cotangent bundles, where Theorem 11.21

establishes that the canonical polarization of a cotangent bundle induces
a pseudobundle on the reduced space which forms a polarization on an
open dense subset of each stratum.
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Chapter 12: Singular Reduction and Quantization

In the final chapter, Chapter 12, we arrive at the definition of quantization
for symplectic stratified spaces. Section 12.1 presents Definition 12.3, which
closely parallels the classical definition of quantization, but replaces all
standard quantization data with their stratified counterparts. Section 12.2
is devoted to establishing the existence of a canonical [Q, R] = 0 map
relating the quantization of a Hamiltonian G-space to that of its singular
reduced space. Building on this, Section 12.3 proves in Theorem 12.15 that
the [Q, R] = 0 principle holds for singular quotients of toric manifolds.
Finally, Section 12.4 shows that, despite the polarization not inducing a
stratified polarization on the singular reduced space, the [Q, R] = 0 result
still holds in this setting as demonstrated by Theorem 12.16.



Part I

Non-Singular Preliminaries
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2
B A C K G R O U N D I N
E Q U I VA R I A N T G E O M E T RY

Proper actions by Lie groups run at the very heart of this thesis. For this
reason, in this Chapter we give a thorough introduction to the basic con-
cepts of proper actions, most important of all being Palais’ Slice Theorem
2.13. The curious reader is encouraged to consult standard references like
[Lee13] or [Mic08] for more information.

2.1 proper group actions and notation

Let G denote a Lie group and M a smooth manifold equipped with a
smooth (left) G-action

G × M → M; (g, m) 7→ m · m. (2.1)

Definition 2.1 (G-space). Call a manifold M with an action of G as in
Equation 2.1 a G-space.

Example 2.2. Let G be a Lie group and g = Lie(G) its Lie algebra. Then
G has a natural action on g called the adjoint action. Viewing g as the
tangent space to the identity element e, we can define the adjoint action as
the derivative of the conjugation map. That is, for each g ∈ G let

cg : G → G; a 7→ gag−1.

This is a diffeomorphism, hence differentiable at the the identity. Now
define

Adg := Tecg : g → g.

It’s then an exercise in the chain rule to show that

G × g → g; (g, ξ) 7→ Adg(ξ)

makes g into a G-space.

14
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Dualizing the adjoint action, we also obtain the coadjoint action. Write

⟨·, ·⟩ : g∗ × g → R; (α.ξ) 7→ ⟨α, ξ⟩

for the natural pairing between g and its dual g∗. Given now α ∈ g∗ and
g ∈ G, define Ad∗

g(α) by

⟨Ad∗
g(α), ξ⟩ = ⟨α, Adg−1(ξ)⟩.

Then the map
G × g∗ → g∗; (g, α) 7→ Ad∗

g(α)

makes g∗ also into a G-space.

Another core definition we will use is that of equivariance.

Definition 2.3 (Equivariant Map). Let G be a Lie group and M and N two
G-spaces. Say a smooth map f : M → N is equivariant if for all g ∈ G
and m ∈ M, we have

f (g · m) = g · f (m).

Now fix a Lie group G and a G-space M. Given a point m ∈ M, we will
write

G · m = {g · m | g ∈ G} (2.2)

for the orbit through m. We will also write

Gm := {g ∈ G | g · m = m} (2.3)

for the stabilizer group of m. Finally, let us formally define three kinds of
distinguished subsets as these will be central to our later discussions.

Definition 2.4 (Fixed-Point Set, Manifold of Symmetry, Orbit-Type Class).
Let M be a proper G-space and H ≤ G a subgroup.

(1) Define the H-fixed-point set by

MH := {m ∈ M | H ⊆ Gm} (2.4)

(2) Define the H-manifold of symmetry by

MH := {m ∈ M | H = Gm} (2.5)

(3) Define the H orbit-type class by

M(H) := {m ∈ M | Gm is conjugate to H}. (2.6)
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As we will see later on, provided the action of G on M is sufficiently
nice, we can leverage many properties out of the subsets of the form M(H).

Finally, let’s establish some standard notation for the induced Lie algebra
action of G on M. Write g = Lie(G) for the Lie algebra of G. Given ξ ∈ g

we define the fundamental vector field associated to ξ, denote ξM ∈ X(M)

by

(ξM f )(m) =
d
dt

∣∣∣∣
t=0

f (exp(−tξ) · m),

for f ∈ C∞(M). With this definition, the map

g → X(M); ξ 7→ ξM

is a Lie algebra homomorphism.

Now, in general, we will only be interested in a particular type of Lie
group action, namely proper group actions.

Definition 2.5 (Proper Action/ Proper G-Space). Let M be a G-space. We
say the action of G on M is proper if the map

a : G × M → M × M; (g, m) 7→ (g · m, m) (2.7)

is proper. That is, for each compact C ⊆ M × M, the pre-image a−1(C) ⊆
G × M is compact. If the action of G on M is proper, we will call M a
proper G-space.

Let us now record a handy fact that we will be using for our discussion
of equivariant vector bundles.

Proposition 2.6 ([Lee13, Proposition 21.5]). Let M be a G-space. Then the
following are equivalent.

(1) M is a proper G-space.

(2) For any sequences {mi} ⊆ M and {gi} ⊆ G, if both {mi} and {gi · mi}
are convergent, then {gi} has a convergent subsequence.

Corollary 2.7. If M is a G-space and G is compact, then the action of G is proper.

Proof. Since G is compact, any sequence has a convergent subsequence.
Thus the second condition in Proposition 2.6 will automatically hold.

Corollary 2.8. . Let M and N be two G-spaces and f : M → N an equivariant
map. If N is a proper G-space, then M is also a proper G-space.
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Proof. Let {mi} ⊆ M be a convergent sequence and {gi} ⊆ G a sequence
so that {gi · mi} is convergent. By continuity, { f (mi)} and { f (gi · mi)} are
convergent sequences in N. By equivariance, f (gi · mi) = gi · f (mi) for all
i. Thus, since the action of G on N is proper, we deduce that there exists a
convergent subsequence of {gi}. Hence, the action of G on M is proper as
well.

Let us now recall some standard facts about proper group actions.

Proposition 2.9. Let M be a smooth proper G-space and m ∈ M.

(1) The stabilizer group Gm to m is a compact subgroup of G.

(2) The orbit G · m is a closed embedded submanifold of M with the map

G/Gm → G · m; gGm 7→ g · m

being an G-equivariant diffeomorphism.

(3) The tangent space to G · m has the form

Tm(G · m) = {ξM(m) | ξ ∈ g}.

2.2 local normal form for proper actions

Let us now discuss the local normal form for proper G-space which we
will be discussing later on. Let K ≤ G be a compact subgroup and let V
be a real linear K-representation. Define

G ×K V := (G × V)/K, (2.8)

where the K-action on G × V is given by

K × (G × V) → G × V; (k, (g, v)) 7→ (gk−1, k · v).

This is a free action by a compact group, and hence the quotient is a
smooth manifold. We will be using these normal forms for a strengthened
version for proper actions, so I will defer the proof to a standard reference.

Proposition 2.10 ([Lee13]). Let K ≤ G and V be as above.

(1) The space G ×K V is a smooth manifold and the projection

π : G × V → G ×K V; (g, v) 7→ [g, v]

is a surjective submersion.
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(2) The action

G × (G ×K V) → G ×K V; (g, [a, v]) 7→ [ga, v]

makes G ×K V into a proper G-space.

With this in hand, we can observe that the special submanifolds we
introduced in Definition 2.4 are actually submanifolds of proper G-spaces
of the form G ×K V.

Proposition 2.11. Let G be a Lie group, K ≤ G a compact subgroup, and V a
linear K-representation. Write

NG(K) = {g ∈ G | gKg−1 = K}

for the normalizer subgroup of K.

(i) Have equalities
(G ×K V)K = NG(K)×K VK (2.9)

and
(G ×K V)(K) = G ×K VK (2.10)

(ii) The map

(NG(K)/K)× VK → G ×K V; (gK, v) 7→ [g, v] (2.11)

is an NG(K)-equivariant embedding with image (G ×K V)K and

(G/K)× VK → G ×K V; (gK, v) 7→ [g, v] (2.12)

is a G-equivariant embedding with image (G ×K V)(K).

Proof. First, observe two key facts that we will make good use of through-
out this proof.

Fact 1: For any [g, v] ∈ G ×K V we have

G[g,v] = gG[e,v]g
−1 = gKvg−1, (2.13)

where Kv ≤ K is the stabilizer group of the linear K-action on V.

Fact 2: For any (g, v) ∈ G × K,

K ⊆ gKvg−1 ⇒ K = Kv. (2.14)
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The first fact is immediate from the definition of the action of G. As for
the second, note that Kv ⊆ K and K ⊆ gKvg−1 implies that K ⊆ gKg−1. It
follows that K = gKg−1 and hence K = Kv.

With these claims out of the way, we can now prove items (i) and (ii).

(i) First we prove Equation 2.9. The inclusion NG(K)×K VK ⊆ (G ×K

V)K is immediate from Equation 2.13. For the reverse, observe that
if [g, v] ∈ (G ×K V)K, then gKvg−1 = Kv and hence by Equation 2.14

K = Kv and g ∈ NG(K).

Equation 2.10 is proven almost verbatim the same way.

(ii) We only show the map from Equation 2.11 is an NG(K)-equivariant
embedding with image (G ×K V)K. The proof of Equation 2.12 is
similar. To that end, let us give the map from Equation 2.11 a name,
say

ϕ : (NG(K)/K)× VK → G ×K V; (gK, v) 7→ [g, v]

Observe that ϕ makes the diagram commute

NG(K)× VK G × V

(NG(K)/K)× VK G ×K V
ϕ

where the vertical arrows are the quotient maps by the K-action.
Hence, ϕ is trivially an NG(K)-equivariant smooth map. Further-
more, its a triviality to see that the derivative of ϕ must be injective
everywhere. Finally ϕ is an embedding since the top map is a K-
equivariant embedding and K is compact. Clearly the image of ϕ is
(G ×K V)K.

2.3 the slice theorem for proper group actions

One of the foundational results about proper group actions is the existence
of slices. These are submanifolds of a proper G-space which meet the
orbits of the action in a transverse fashion which allows for a form of local
splitting. We will not be going in depth into the theory of slices, but the
curious reader can refer to the original paper of Palais [Pal61] or standard
references like [Lee13] or [Mic08] for more information.
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Fix a Lie group G. In the particular form of the slice theorem we will be
utilizing makes use of a local normal form for proper G-spaces.

Given now a proper G-space M, as we saw in Proposition 2.9, the
stabilizer group Gm ≤ G is compact. Since Gm fixes m, we get a canonical
linear Gm action on the tangent space Tm M given by

Gm × Tm M → Tm M; (g, v) 7→ Tmg(v),

where Tmg : Tm M → Tm M is the derivative of the diffeomorphism

M → M; m 7→ g · m.

Not only does this linearized action of Gm preserve the tangent space of
m, it also preserves the tangent space of the orbit G · m through m. Thus,
we get a canonical action on the normal space

G × (Tm M/Tm(G · m)) → Tm M/(Tm(G · m)).

For our convenience, let us now introduce some notation.

Definition 2.12 (Normal Space to Orbit). For any point m ∈ M, define the
normal space to the orbit through m by

νm(M, G) := Tm M/(Tm(G · m)). (2.15)

Thus, we have shown that given any point m ∈ M, we have a canonical
linear action by the compact group Gm on the normal space νm(M, G).
This now allows us to state the slice theorem.

Theorem 2.13 (Slice Theorem [Pal61]). Let M be a proper G-space. For any
m ∈ M there exists

(1) G-invariant neighbourhoods U ⊆ M of m and V of [e, 0] in G ×Gm

νm(M, G).

(2) A G-equivariant diffeomorphism ϕ : U → V mapping m to [e, 0].

We will call the data ϕ : U → V a slice neighbourhood centred on m.

Although this is technically a consequence of results we will be present-
ing later, now is a most convenient time to state a standard result we will
get much use out of later on.
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Corollary 2.14 ([GGK02, Remark B.25]). Let M be a proper G-space and
m ∈ M. Then there exists a maximal slice neighbourhood centred on m. That
is, a slice neighbourhood

ϕ : U ⊆ M → V ⊆ G ×Gm νm(M, G)

as in Theorem 2.13, but where

V = G ×Gm νm(M, G).

The main benefit of Palais’ Slice Theorem is that to prove local properties
about proper group actions, it suffices to assume we are in a maximal slice
neighbourhood as in Corollary 2.14 and prove our properties there. Let us
illustrate

One immediate consequence of Palais’ slice theorem that the connected
components of the distinguished subsets we introduced in Definition 2.4
are embedded submanifolds!

Corollary 2.15. Let M be a proper G space and K ≤ G a compact subgroup.

(1) MK and the connected components of M(K) are embedded submanifolds.

(2) MK is a free NG(K)/K-space and the connected components of M(K) are
closed under the action of G.

(3) G · MK = M(K).

Proof. (1) If MK = ∅, then M(K) = ∅ as well so nothing to prove here.
So now suppose x ∈ MK. Since this is a local question, we may pass
to a maximal slice neighbourhood as in in Corollary 2.14. Now it’s a
simple matter of applying Proposition 2.11.

(2) Since for any x ∈ M and g ∈ G we have

Gg·x = gGxg−1 (2.16)

it follows that M(K) is closed under the G-action. Since G is connected,
so are the connected components of M(K). As for MK, Equation 2.16

also shows that MK is closed under the action of NG(K) since if
x ∈ MK and g ∈ NG(K) we have

Gg·x = gKg−1 = K.

Furthermore, given g ∈ NG(K) and x ∈ MK we have g · x = x if and
only if g ∈ K. Hence, NG(K)/K acts freely.
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(3) Clearly G · MK ⊆ M(K). If x ∈ M(K), then Gx = gKg−1 for some
g ∈ G. Thus, g−1 · x ∈ MK.

We will make much use of this fact later on. For now, let us give a
condition for when orbit spaces are manifolds.

Proposition 2.16. Let M be a proper G-space and suppose M = M(K) for some
K. Then M/G is canonically a smooth manifold and the quotient map

π : M → M/G

is a surjective submersion.

Proof. Let x ∈ M and let K = Gx. By Corollary 2.14, we can find an open
neighbourhood U ⊆ M of x and a G-equivariant diffeomorphism

ϕ : U → G ×K νx(M, G). (2.17)

Since M = M(K), by Proposition 2.11 we have νx(M, G) = νx(M, G)K and

G ×K νx(M, G) ∼= (G/K)× νx(M, G).

Hence, U/G ∼= νx(M, G). Since νx(M, G) is a vector space, this provides
us with a chart for M/G. Clearly any two slice neighbourhoods of this
form will be compatible, providing us with an atlas for M/G.

The quotient π : M → M/G is also clearly a surjective submersion
since restricting to a slice neighbourhood as in Equation 2.17, we have the
diagram commutes

U (G/K)× νx(M, G)

U/G νx(M, G)

ϕ

π pr2

ϕ̃

where the second vertical arrow is the projection onto the second factor.

This of course recovers a classical result about free actions.

Corollary 2.17. Suppose M is a proper G space and G acts freely on M. Then
M/G is canonically a smooth manifold and π : M → M/G is a surjective
submersion.

Proof. In this case, M = M({e}), where e ∈ G is the identity.
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Remark 2.18. Of course this is somewhat cheating as we implicitly already
used this statement for compact groups in Proposition 2.10. The non-trivial
part is that we have extended to potentially non-compact groups, provided
they act properly.

2.4 tangent spaces of manifolds of symmetry and orbit-type

classes

Let M be a proper G-space. As we saw in Corollary 2.15 the connected
components of the manifolds of symmetry and the orbit-type classes are
embedded submanifolds. With a little more set-up, we will be able to
actually compute the tangent spaces of these manifolds.

Let G be a Lie group and fix a compact subgroup K ≤ G a compact
subgroup and write k = Lie(K) for the Lie algebra of K. Since k is closed
by the adjoint action of K on g, we get an induced action

K × (g/k) → g/k; (k, ξ + k) 7→ Adk(ξ) + k.

We now seek to determine the fixed-point set of this action. To do this, let
us introduce some notation. Write

NG(K) = {g ∈ G | gKg−1 ⊆ K}

for the normalizer of K in G and write

ZG(K) = {g ∈ G | gk = kg for all k ∈ K}

for its centralizer. These are both closed subgroups of G, hence have Lie
algebras. Write

nG(K) = Lie(NG(K)) and zG(K) = Lie(ZG(K)).

Note that in the case where K is connected, nG(K) is equal to the Lie
algebra normalizer

ng(k) = {ξ ∈ g | [ξ, k] ⊆ k}

and zG(K) is equal to the Lie algebra centralizer

zg(k) = {ξ ∈ g | [ξ, η] = 0 for all η ∈ k}.

In general the Lie algebras of the normalizer and centralizer subgroups
will not be equal to the Lie algebra normalizers and centralizers as the
following example shows.
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Example 2.19. The idea for this counter-example came from the follow-
ing Math StackExchange post [Sch23].Let G = GL2(R) and consider the
subgroup

K =

{(
a 0
0 b

)
∈ GL2(R)

∣∣∣∣ a, b = ±1
}

As K is a discrete subgroup, its Lie algebra k = {0}. Hence,

zgl2(R)(k) = ngl2(R)(k) = gl2(R)

On the other hand, an easy computation shows

NGL2(R)(K) =
{(

a b
c d

)
∈ GL2(R)

∣∣∣∣ a = d = 0 or b = c = 0
}

ZGL2(R)(K) =
{(

a 0
0 b

)
∈ GL2(R)

∣∣∣∣ a, b ∈ R

}
In which case,

nGL2(R)(K) = nGL2(R)(K) =
{(

a 0
0 b

)
∈ gl2(R)

∣∣∣∣ a, b ∈ R

}
Hence, the Lie algebra normalizers and centralizers need not be equal to
the Lie algebras of the Lie group normalizers and centralizers.

None the less, we still get a useful relation.

Proposition 2.20 ([HHS+98, Corollary B]). For any compact subgroup K ≤ G
with Lie algebra k, we have an equality

nG(K) = k+ zG(K).

Using this, we can now show the following.

Proposition 2.21. If G is connected and K ≤ G is a compact subgroup, then

(g/k)K = nG(K)/k.

Proof. Let us first show

nG(K)/k ⊆ (g/k)K.

Suppose that ξ ∈ nG(K) and write

ξ = η + ζ,
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for η ∈ k and ζ ∈ zG(K). Since H acts trivially on ZG(K) via conjugation,
we then trivially have for any k ∈ K that

Adk(ξ) = Adk(η) + ζ.

Therefore,
Adk(ξ)− ξ = Adk(η)− η ∈ k.

Conversely, to show that

(g/k)K ⊆ nG(K)/k,

fix a ξ ∈ g with
Adk(ξ)− ξ ∈ k

for all k ∈ K. Define now a map

Φ : R × G → G; (t, g) 7→ Φt(g) := exp(tξ)g exp(−tξ).

It’s then a straightforward exercise is Lie theory to show that

d
dt

Φt(g)
∣∣∣∣
t=0

= TeLg(Adg(ξ)− ξ).

In particular, for any k ∈ K, we then get that

d
dt

Φt(k)
∣∣∣∣
t=0

= TeLk(Adk(ξ)− ξ) ∈ TkK.

Since K is a closed subgroup of G, it then follows that Φt(k) ∈ K for any
t ∈ R and k ∈ K. In particular, setting t = 1, we get

Φ1(K) = exp(ξ)K exp(−ξ) ⊆ K

and thus ξ ∈ nG(K).

As an application of this, let us now return to the manifolds of symmetry
from Definition 2.4

Proposition 2.22. Fix x ∈ M, write K = Gx, and let S ⊆ M(K) be the connected
component containing x. Then,

Tx MK = (Tx M)K

TxS = (Tx M)K + Tx(G · x)
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Proof. Since this is a local question, we may pass to a slice neighbourhood
as in Theorem 2.13 and assume M = G ×K V for a finite-dimensional
K-representation and x = [e, 0]. Observe that via the quotient map

G × V → G ×K V,

we have a canonical identification

Tx(G ×K V) = g/k⊕ V.

Now, let us first turn to the manifold of symmetry L ⊆ MK. Recall that in
Proposition 2.11 we showed that

MK = NG(K)×K VK

Since L is the connected component of MK containing [e, 0], we immedi-
ately obtain

TxL = nG(K)/k⊕ VK.

By Proposition 2.20, we have

(g/k⊕ V)K = (g/k)K ⊕ VK = (nG(K)/k)⊕ VK.

Thus, (Tx M)K = TxL as desired.

Now for the orbit-type piece S ⊆ M(K). Making use of Proposition 2.11

once again, we have
M(K) = G ×K VK

and thus, since S too is the connected component containing x we get

TxS = (g/k)⊕ VK.

As we already saw,

(Tx M)K = (nG(K)/k)⊕ VK

whereas
Tx(G · x) = (g/k)⊕ 0

Adding these two together, then yields

(Tx M)K + Tx(G · x) = (nG(K)/k)⊕ VK + (g/k)⊕ 0

= (g/k)⊕ VK

= TxS.
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2.5 equivariant vector bundles

Now let us discuss an extension of the Slice Theorem to equivariant
vector bundles. The pay-off for this discussion is (1) we will get a nice
local normal form for equivariant vector bundles and (2) we will get an
averaging procedure for proper group actions.

Definition 2.23 (Equivariant Vector Bundle). Let π : E → M be a smooth
vector bundle and G a Lie group. A G-equivariant vector bundle structure
on π : E → M is a smooth action of G on both E and M such that

(1) π : E → M is G-equivariant.

(2) The action of G on E is linear. That is, for each x ∈ M and g ∈ G, the
induced map

Ex → Eg·x; e 7→ g · e

is linear.

Call π : E → M a proper equivariant vector bundle if the action of G on
M is proper.

It might seem strange that in our definition of a proper equivariant
vector bundle, we only demand that G act properly on the base. As it turns
out, this automatically implies that G acts on the total space E as well.

Proposition 2.24. If π : E → M is a proper equivariant vector bundle, then the
action of G on E is proper.

Proof. This is a simple application of Corollary 2.8.

Example 2.25. The standard example of a proper equivariant vector bundle
is the tangent bundle of a proper G-space. Indeed, if M is a proper G-space,
then by differentiating the G-action on M we get a G-action

G × TM → TM; (g, v) 7→ Tg(v)

where Tg : TM → TM denotes the derivative of the map

M → M; m 7→ g · m.

This action can be dualized to the cotangent bundle. Indeed, given m ∈ M,
α ∈ T∗

m M, and g ∈ G, define g∗α ∈ T∗
g·m M by

⟨g∗α, v⟩ = ⟨α, Tmg−1(v)⟩,
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where v ∈ Tg·m M and ⟨·, ·⟩ denotes the pairing between the tangent and
cotangent fibres.

Example 2.26. Another great class of examples coming from actions on
manifolds would be the “orbit foliation”, which we will be exploring in
more detail later on. Like before, suppose M is a proper G-space and
suppose further that M has only one orbit-type, i.e. M = M(K) for some
compact K ≤ G. Write g for the Lie algebra of G. Then define a G-invariant
subbundle gM ⊆ TM to be the image of the map

g× M → TM; (ξ, m) 7→ ξM(m),

where ξM ∈ X(M) is the fundamental vector field associated to ξ. Note
that for all g ∈ G, m ∈ M, and ξ ∈ g, we have

Tmg(ξM(m)) = (Adgξ)M(g · m)

and thus gM is closed under the action of G. To see that gM is actually a
subbundle, let us fix x ∈ M and pass to a slice neighbourhood centered
on x. That is, let us assume M = G ×K V for compact K ≤ G and a K-
representation V, and x = [e, 0]. Since M = M(K), it follows that V = VK

and hence there is a natural G-equivariant diffeomorphism

M ∼= (G/K)× V.

It’s then easy to see that under this identification

gM = (G/K)× V × (g/k),

where k is the Lie algebra of K. Hence gM is a vector subbundle of TM.

Of course, thanks to Example 2.25, we get a whole bunch of new equiv-
ariant vector bundles from gM. For instance, it’s straightforward to see
that the annihilator

g◦M = {α ∈ T∗M | ⟨α, v⟩ = 0 for all v ∈ gM}

is also an equivariant vector bundle with respect the induced cotangent
action.

In what follows, we will need a particular normal form for proper
equivariant vector bundles.
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Proposition 2.27. Let G be a Lie group, K ≤ G a compact subgroup, and V, W
two finite-dimensional K-representation. Then

π : G ×K (V × W) → G ×K V; [g, (v, w)] 7→ [g, v]

is a proper equivariant vector bundle.

Proof. Since the projection

pr : G × V × W → G × V; (g, v, w) 7→ (g, v)

is smooth and K-equivariant, the induced map on the quotient

G × V × W G × V

G ×K (V × W) G ×K V

pr

π

is smooth. Clearly π is also G-equivariant. As for the vector bundle struc-
ture, given [g0, v0] ∈ G ×K V, the fibre is given by

(G ×K (V × W))[g0,v0] = {[g0, (v0, w)] | w ∈ W},

which is naturally isomorphic to W. To get local trivializations, fix [g0, v0] ∈
G ×K V. Note that since the projection πK : G → G/K is a principal K-
bundle, we can find a neighbourhood U ⊆ G/K of the coset g0K and
isomorphism ϕ of K-principal bundles over U

π−1
K (U) U × K

U

πK

ϕ

pr1

(2.18)

For convenience, write ϕ(g) = (gK, f (g)) for all g ∈ π−1
K (U). Via this

isomorphism, we obtain an isomorphism of vector bundles

π−1
k (U)×K (V × W) U × V × W

π−1
K (U)×K V U × V

ϕ1

π

ϕ0

(2.19)
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where

ϕ0 : π−1
K (U)×K V → U × V; [g, v] 7→ (gK, f (g) · v)

and ϕ1 is defined similarly. The diagram in Equation 2.19 is a local trivial-
ization.

We will now show that every equivariant vector bundle locally has the
form in Proposition 2.27. First, let us recall as result from Segal [Seg68]
regarding equivariant vector bundles for compact G.

Proposition 2.28 ([Seg68]). Let K be a compact Lie group. Suppose we have two
K-spaces with K-homotopic K-equivariant maps ϕ0, ϕ1 : M → N. Furthermore,
suppose N is compact and π : E → N is a K-equivariant vector bundle. Then
then there exists K-equivariant vector bundle isomorphism between the pullback
bundles

ϕ−1
0 E ϕ−1

1 E

M

∃

With this in hand, we can prove the following.

Lemma 2.29 (Local Normal Form for Proper Equivariant Vector Bundles).
Let G be a Lie group, K ≤ G a compact subgroup, and V a finite-dimensional
K-representation. Write M = G ×K V. If π : E → M is a proper G-equivariant
vector bundle, then there exists a finite-dimensional K-representation W and an
equivariant vector bundle isomorphism

G ×K (V × W) E

M

∃

Proof. Fix a proper equivariant vector bundle π : E → G ×K V. Observe
that we can identify V with K ×K V ⊆ G ×K V. Define now A = E|V to be
the restriction of E to V ∼= K ×K V. Since V is closed under the action of K,
π|A : A → V is a K-equivariant vector bundle. Since the action of K on V
is linear, the scalar multiplication map

µ : [0, 1]× V → V; (t, v) 7→ tv
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defines a K-equivariant homotopy between V and {0}. Since both K and
{0} are compact, Proposition 2.28 produces a K-equivariant isomorphism
of vector bundles

A V × W

V

∃

π|A
pr1

(2.20)

where pr1 : V × W → V is the projection onto the first factor. Using an
extremely similar proof as in Proposition 2.27, we can show that

π̃ : G ×K A → G ×K V; [g, a] 7→ [g, π(a)]

is a G-equivariant vector bundle over G ×K V. It’s then an easy task to
show the map

G ×K A → E; [g, a] 7→ g · a

defines a G-equivariant vector bundle isomorphism. Composing with the
isomorphism from Equation 2.20 produces the desired result.

Example 2.30. Using the ideas of the proof above, we can obtain a local
normal form for tangent bundles of proper G-spaces. Indeed, given con-
nected Lie group G, compact subgroup K ≤ G, and a K-representation V,
we have a G-equivariant isomorphism of vector bundles

T(G ×K V) = G ×K (V × (g/k)× V).

Similarly, we can also compute that the cotangent bundle has the form

T∗(G ×K V) = G ×K (V × k◦ × V∗),

where k◦ ⊆ g∗ in the annihilator of k = Lie(K).

The final piece of the puzzle we need for the averaging theorem for
proper actions is the averaging theorem for compact groups.

Lemma 2.31 (Averaging Theorem For Compact Groups [Seg68]). Suppose
K is a compact Lie group, µ a choice of a Haar measure on K, and V and W two
finite-dimensional real K-representations. Given any smooth map f : V → W,
there is a canonical K-equivariant map f K : V → W called the K-average of f
given by

f K(v) :=
1

vol(K)

∫
K

k−1 · f (k · v)dµ(k).

With this, we can now prove the following.
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Theorem 2.32 (Averaging Theorem for Proper Vector Bundles). [JRS11]]
Let π : E → M be a proper G-equivariant vector bundle. Then there exists a
linear surjective map

Γ(E) → Γ(E)G; σ 7→ σG, (2.21)

called an averaging map, such that if σ ∈ Γ(E)G, then σG = σ.

Proof. First, we show that locally we can average sections. Suppose M =

G×K V for compact subgroup K ≤ G and a K-representation V. By Lemma
2.29, we may assume E = G ×K (V × W) and

π : G ×K (V × W) → G ×K V; [g, (v, w)] 7→ [g, v]

for some K-representation W. Fix now a section σ ∈ Γ(E). The restriction

σ|K×KV : K ×K V → K ×K (V × W)

can be identified with the section of the trivial K-equivariant vector bundle
V ×W → V, with the bundle map being the projection onto the first factor.
Since K is compact, we can apply the averaging from Lemma 2.31 to obtain
an equivariant section τ of V × W → V. That is, define

τ := (σ|K×KV)
K ∈ Γ(E|K×KV)

K, (2.22)

where the superscript indicates that the average over K has been taken.
With this, we can now define

σG([g, v]) := g · τ([e, v]).

Since τ is K-equivariant, it easily follows that σG is well-defined and G-
equivariant. Note that if σ was already equivariant, then σ|K×KV would
also be K-equivariant and hence τ = σ|K×KV . Thus, σG = σ in this case.

Now that the local picture has been established, let us now show how
to piece these constructions together to a global construction. First, let us
fix a Haar measure µ on G and let {Ui}i∈I be a locally finite cover of M
by slice neighbourhoods. Let {ϕi}i∈I be a partition of unity subordinate to
the cover {Ui}i∈I . For any i ∈ I, ϕi is compactly supported. Hence, via the
Haar measure µ on G, we can define

ϕG
i : M → R; x 7→

∫
G

ϕi(g · x)dµ(g).
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Clearly ϕG
i is equivariant and smooth. Furthermore, the support of ϕG

i still
lies in Ui since Ui is closed under the G-action. Finally, we will have

∑
i

ϕG
i = 1.

Now, given a section σ ∈ Γ(E), restricting σ|Ui to one of the slice neigh-
bourhoods, we can apply the averaging procedure as above to obtain a
G-equivariant section σG

i ∈ Γ(E|Ui)
G. Now define

σG = ∑
i∈I

ϕiσ
G
i .

Then σG ∈ Γ(E)G.

Remark 2.33. Notice that there is not just one averaging map, there are in
principal an infinity of averaging maps. In particular, the local averaging
maps relied on the specific stabilizer groups at the centres of the maximal
slice neighbourhoods. These were then pieced together making use of a
chosen Haar measure on the global group G.

As an application of averaging and the local normal form we derived
for proper vector bundles, we can now construct a family of subbundles
which have the property that they can be quotiented to obtain vector
bundles over the quotient of the base space. To set up this construction,
let G be a connected Lie group and π : E → M a proper equivariant
vector bundle. For any x ∈ M, since π : E → M is equivariant, it follows
that the stabilizer group Gx acts linearly on the fibre Ex. In particular, the
fixed-point set EGx

x is defined.

Definition 2.34. Let G be a connected Lie group and π : E → M a proper
equivariant vector bundle. Define

Ẽ :=
⋃

x∈M

EGx
x .

This is the key ingredient for our construction.

Theorem 2.35. Let G be a connected Lie group and π : E → M a proper
equivariant vector bundle. Suppose M has one orbit-type, then the following
holds.

(1) Ẽ ⊆ E is a G-invariant vector subbundle of E.

(2) The induced map π̃ : Ẽ/G → M/G is a smooth vector bundle.

Proof. Let K ≤ G be a compact subgroup so that M = M(K). Fix x ∈ M,
we will now make use of Lemma 2.29 to construct a G-equivariant local
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trivialization of Ẽ. Thus, let us assume that M = G ×K V and E = G ×K

(V × W) for some K-representations V, W, x = [e, 0], and

π : G ×K (V × W) → G ×K V; [g, (v, w)] 7→ [g, v].

Since M = M(K) it follows that V = VK. Note that the fibre over [e, 0] is
isomorphic to W as a K-representation. Using the fact that K acts trivially
on V, we have for any v ∈ V that

EK
[e,v]

∼= WK.

Using the G-action on M and E, we then obtain that

Ẽ = G ×K (V × WK) ∼= (G/K)× VK × WK.

This provides the desired G-equivariant local trivialization and hence Ẽ is
a vector subbundle.

From our construction, it also immediately follows that Ẽ/G is a vector
bundle over M/G. Indeed, in the local normal form above, we have

M/G ∼= V

while
Ẽ/G ∼= V × WK,

providing a smooth local trivialization of Ẽ/G.

Corollary 2.36. Let G be a connected Lie group and π : E → M a proper
equivariant vector bundle. If G acts freely on M, then the quotient E/G → M/G
is a vector bundle.

Remark 2.37. One may wonder if the quotient of the total bundle E/G is
also a vector bundle over the quotient of the base M/G. In general, this
is not the case. Indeed, consider the trivial bundle π : R2 → {pt} where
we equip R2 with the natural S1 action given by rotations about the origin
and {pt} the trivial action. Then, R2/S1 is homeomorphic to [0, ∞) which
is clearly not homeomorphic to a vector bundle over {pt}/S1 = {pt} as
[0, ∞) is not homeomorphic to any vector space.

Corollary 2.38. Let G be a connected Lie group and M a proper G-space with
only one orbit-type, i.e. M = M(K) for some compact K ≤ G. Then T̃M = TM
if and only if K if normal.
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Proof. This is a consequence of the normal form in Example 2.30. Passing
to the normal form, we have M = (G/K)×V for a trivial K-representation
V and

TM = (G ×K (g/k))× V × V.

Hence, by Proposition 2.21,

T̃M = (G ×K (g/k)K)× V × V = (G/K)× (nG(K)/k)× V × V.

These two expressions are equal if and only if nG(K)/k = g/k which can
only happen if nG(K) = g. Since G is connected, it follows that NG(K) = G
and thus K is normal.

One consequence of averaging is that we can obtain an alternate charac-
terization of Ẽ as the subbundle spanned by equivariant sections. Further-
more, we can use this further to determine all the sections of the quotient
bundle Ẽ/G.

Proposition 2.39. Let G be a connected Lie group and π : E → M a proper
equivariant vector bundle. Let Ẽ ⊆ E be the subset defined in Definition 2.34.
Then the following holds.

(1) The map
M × Γ(E)G → E; (x, σ) 7→ σ(x) (2.23)

has image Ẽ.

(2) In the case where M has one orbit-type, write πM : M → M/G and
πE : Ẽ → Ẽ/G for the quotient maps. Then there exists canonical linear
isomorphism

(πE)∗ : Γ(E)G → Γ(Ẽ/G)

such that if σ ∈ Γ(E)G, then (πE)∗σ ∈ Γ(Ẽ/G) is the unique section
making the diagram commute

M E

M/G Ẽ/G

πM

σ

πE

(πE)∗σ

(2.24)

Proof. (1) First, let us show the image of the map in Equation 2.23 lies
in Ẽ. Fix an equivariant section σ ∈ Γ(E)G and x ∈ M. Then, for any
g ∈ Gx, we have

g · σ(x) = σ(g · x) = σ(x).
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Hence, σ(x) ∈ EGx
x . Conversely, suppose v ∈ EGx

x . Along the orbit
G · x define a equivariant section

σ0 : G · x → E|G·x; g · x 7→ g · v.

Since v is stabilized by Gx, it follows that σ0 is well-defined and
smooth. Working in local coordinates and making use of partitions of
unity, we can extend σ0 to a global section σ0 ∈ Γ(E) with σ0|G·x = σ0.
Applying an averaging map to σ0, we obtain equivariant section
σ = (σ0)G ∈ Γ(E)G. Since σ0 is equivariant, it follows that σ|G·x = σ0.
In particular, we have constructed equivariant section σ so that
σ(x) = v.

(2) We now assume that M has only one orbit-type, that is, M = M(K)
for some compact subgroup K ≤ G. Suppose σ ∈ Γ(E)G is an
equivariant section. Define

(πE)∗σ : M/G → Ẽ/G; [x] 7→ [σ(x)]

Since σ is equivariant, it follows that (πE)∗ is well-defined. Also,
by construction, (πE)∗σ satisfies Equation 2.24. To see that (πE)∗σ

is smooth, recall that we showed in the proof of Theorem 2.35 that
around any point x ∈ M, we can find a G-invariant neighbourhood
U ⊆ M of x and a G-equivariant vector bundle isomorphism

Ẽ|U ∼= U × W,

where G acts only on the first factor. In this case, σ|U can be identified
with a map

U → U × W; u 7→ (u, f (u))

for some smooth K-invariant map f : U → W. Then in this trivializa-
tion, it’s easy to see that (πE)∗σ becomes the map

U/G → (U/G)× W; [u] 7→ ([u], f (u))

which is well-defined and smooth since f is K-invariant and smooth.
Thus, we have a map

(πE)∗ : Γ(E)G → Γ(Ẽ/G)

which is clearly linear and injective.
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To show (πE)∗ is surjective, let η ∈ Γ(Ẽ/G). Observe that for any
x ∈ M that the map

(πE)x : Ẽx → (Ẽ/G)[x]

is an isomorphism. Hence, define

σ : M → Ẽ; x 7→ (πE)
−1
x (η([x]).

If σ is smooth, its a triviality to see that σ is equivariant and (πE)∗σ =

η. So to show σ is smooth, observe that if we pass to a G-invariant
trivialization U ⊆ M of Ẽ so that Ẽ|U ∼= U × W with the action of G
being only on the first factor. Then, in this trivialization there exists
K-invariant f : U → W so that

η([u]) = ([u], f (u))

for any u ∈ U. After a diagram chase, we obtain

σ(u) = (u, f (u))

and hence σ is smooth.

Corollary 2.40. Let G be a connected Lie group and M a proper G-space with only
one orbit type. Write π : M → M/G for the quotient map. Then if V ∈ X(M)G

is an equivariant vector field, the point-wise pushforward π∗V defines a vector
field on M/G. Furthermore, the map

π∗ : X(M)G → X(M/G)

is a surjection.

Proof. Let gM ⊆ TM be the subbundle spanned by the fundamental vector
fields and consider now the normal bundle

ν(M, G) := TM/gM.

Since gM is an equivariant subbundle, it follows that the quotient is too.
Furthermore, since gM is the kernel of the projection Tπ : TM → T(M/G),
it follows that the induced map

Tπ : ν(M, G) → π−1T(M/G) (2.25)
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is a G-equivariant isomorphism of vector bundles. Now I claim that

˜ν(M, G) = ν(M, G).

In which case, by Theorem 2.35, ν(M, G)/G ∼= T(M/G) as G-equivariant
vector bundles. Furthermore, by Proposition 2.39 the map in Equation 2.25

induces a bijection

Γ(ν(M, G))G → Γ(T(M/G)) = X(M/G)

and hence a surjection

X(M)G → X(M/G).

So to show that ˜ν(M, G) = ν(M, G), we just need to show that νx(M, G)Gx =

νx(M, G) for all x ∈ M. To that end, fix x ∈ M. Passing to the local normal
form in Lemma 2.29 and using the fact that M has only one orbit-type, we
may assume that

M = (G/K)× V

for a compact subgroup K ≤ G and x = (K, 0). Observe that

νx(M, G) =
(g/k)⊕ V
(g/k)⊕ {0}

∼= V

as K-representations. Since K acts trivially on V, the result then follows.
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S Y M P L E C T I C G E O M E T RY

Symplectic manifolds are a natural generalization of “phase space” coming
from the Hamiltonian formalism of classical mechanics. The idea here
is that we have a classical particle of mass m subject to a force F. If the
position is parameterized by coordinates q1, . . . , qn and momentum by
coordinates p1, . . . , pn, we then call the space of all possible positions and
momenta phase space. In our case, this can be viewed simply as Rn × Rn,
or some suitable subset. Writing F(q) = (F1(q), . . . , Fn(q)) for the force,
Newton’s equation then tell us that the position of the particle q(t) will
solve the differential equation

F = ma = m
d2q
dt

=
dp
dt

,

where the derivatives are taken coordinate-wise. The Hamiltonian for-
malism is a variant of Newton’s equation in the case where the force
is conservative, i.e. F is the gradient of some function U(q) called “the
potential energy”. Not only will the particle have potential energy, it will
also have kinetic energy, i.e the energy due to motion

T =
∥p∥2

2m
=

p2
1 + · · ·+ p2

n

2m
.

Putting these two together, gives the total energy, also known as the
Hamiltonian

H(q, p) = T(p) + U(q).

Note that if q(t) is a solution to Newton’s equation, then it’s straightfor-
ward to see that

d
dt

H
(

q, m
d
dt

q
)
= 0

hence the saying that ”energy is a conserved quantity”. Using this (or more
traditionally Hamiltonian functionals), we can then deduce Hamilton’s
equations. Namely a trajectory (q(t), p(t)) satisfies Newton’s equations if{ dqi

dt = ∂H
∂pi

dpi
dt = ∂H

∂qi

39
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To begin to get at symplectic geometry, we first need the Poisson bracket.
Given two functions f and g on phase space, we define

{ f , g} :=
n

∑
i=1

(
∂ f
∂pi

∂g
∂qi

− ∂ f
∂qi

∂g
∂pi

)
. (3.1)

This may seem like a strange thing to do, but it doesn’t take much massag-
ing of Hamilton’s equations so show that if f is a function of phase space
and (q(t), p(t)) is the trajectory of the particle, then

d
dt

f (q(t), p(t)) = {H, f }(q(t), p(t)).

In particular, given that in classical physics measurable quantities, called
observables, are modelled by functions on phase space, we see that the
dynamics of observables are determined by the algebraic properties of the
Poisson bracket.

The insight that lead to symplectic geometry, is that the Poisson bracket
in Equation 3.1 can actually be encoded by a 2-form called a symplectic
form. Furthermore, symmetries which preserve Hamilton’s equations
(called “canonical transformations” by the physicists), are then encoded as
diffeomorphisms of phase space which preserve the symplectic form.

Now the actual history of symplectic geometry is quite long and com-
plex, starting in some sense with Hamilton’s study of optics as detailed in
[GS84]. Thanks to the work of Arnold [Arn78], Weinstein [Wei71], Souriau
[Sou70] and many more, since the 1960’s, symplectic geometry has blos-
somed into one of the major areas of differential geometry far beyond any
interpretations arising from physics.

The interested reader is encouraged to consult any of the sources listed
above for an introduction or to [DS08] for another excellent introduction
to symplectic geometry.

3.1 symplectic vector spaces

We begin our study of symplectic geometry with symplectic vector spaces.
As we shall see repeatedly throughout this thesis, many proofs pass to the
linear case and so it will be necessary to establish a firm foundation here
first.
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Definition 3.1 (Symplectic Vector Space). A symplectic vector space is a
pair (V, ω) where V is a real vector space and ω ∈ ∧2(V∗) is a 2-form
which is non-degenerate. That is, the map

ω♭ : V → V∗; v 7→ ω(v, ·)

is a linear isomorphism.

Example 3.2. The standard example of symplectic vector spaces are to be
found in R2n = Rn × Rn. Write e1, . . . , en and f1, . . . , fn for the standard
basis vectors on the first and second copies of Rn, respectively. Now
let e∗1 , . . . , e∗n and f ∗1 , . . . , f ∗n be the associated dual basis. Now define the
standard symplectic form on R2n by

ω0 =
n

∑
j=1

e∗i ∧ f ∗i .

It’s then easy to check that ω0 is symplectic. Indeed, after identifying
(R2n)∗ ∼= R2n with the canonical inner-product, the matrix form of ω♭

0 has
the form

ω♭ =

(
0 −In

In 0

)
and hence ω0 is non-degenerate.

Definition 3.3 (Linear Symplectomorphism). Let (V1, ω1) and (V2, ω2) be
two symplectic vector spaces. A symplectomorphism is a linear isomor-
phism Φ : V1 → V2 so that

Φ∗ω2 = ω1.

Theorem 3.4. Every symplectic vector space (V, ω) admits a Darboux basis.
That is, a basis e1, . . . , en, f1, . . . , fn ∈ V such that

ω =
n

∑
i=1

e∗i ∧ f ∗i ,

where {e∗1 , . . . , e∗n, f ∗1 , . . . , f ∗n} is the dual basis in V∗.

Corollary 3.5. Let (V, ω) be a symplectic vector space.

(1) V is even dimensional.

(2) If dim(V) = 2n for some n, then there exists a symplectomorphism Φ :
(R2n, ω0) → (V, ω), where ω0 is the standard symplectic form on R2n.
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3.1.1 Symplectic Complements and Distinguished Subspaces

Definition 3.6 (Symplectic Complement). Let (V, ω) be a symplectic vector
space and C ⊆ V a linear subspace. Define the symplectic complement of
C, denoted Cω, by

Cω = {v ∈ V | ω(v, c) = 0 for all c ∈ C}.

Unlike complements for inner-products, a subspace need not be trans-
verse to its symplectic complement. Indeed, in symplectic linear algebra,
we are mostly concerned with subspaces which intersect their symplectic
complements in interesting ways. Before we examine these subspaces, lets
establish some foundational properties of symplectic complements.

Proposition 3.7. Let (V, ω) be a symplectic vector space and A, B ⊆ V two
linear subspaces.

(1) If A ⊆ B, then Bω ⊆ Aω.

(2) (Aω)ω = A.

(3) dim(A) + dim(Aω) = dim(V).

Definition 3.8 (Distinguished Subspaces of Symplectic Vector Space). Let
(V, ω) be a symplectic vector space and C ⊆ V a linear subspace. We say
C is

(1) isotropic if C ⊆ Cω.

(2) coisotropic if Cω ⊆ C

(3) Lagrangian if C = Cω.

(4) symplectic if C ∩ Cω = {0}.

Example 3.9. Consider standard symplectic (R2n, ω0) and let e1, . . . , en, f1, . . . , fn

be the standard Darboux basis. Let’s now look at standard examples of
each kind of subspace introduced in Definition 3.8.

(1) Isotropic.
A = spanR{e1, . . . , ek}

for k ≤ n. A quick computation shows

Aω0 = spanR{e1, . . . , en, fk+1, . . . , fn},

which in particular contains A. Thus A is isotropic. Note that due to
(1) in Proposition 3.7 it follows that Aω0 is coisotropic.
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(2) Coisotropic.
B = spanR{e1, . . . , en, f1, . . . , fk}.

One can also immediately see that

Bω0 = spanR{ek+1, . . . , en}

which is contained in B. Hence, B is coisotropic. Similar to the above,
we also see that property (1) of Proposition 3.7 implies that Bω0 is
isotropic.

(3) Lagrangian.
C = {e1, . . . , en}.

Using the computation in (a), we immediately deduce that Cω0 = C
and hence C is Lagrangian.

(4) Symplectic.
D = spanR{e1, . . . , ek, f1, . . . , fk}.

One can check that

Dω0 = spanR{ek+1, . . . , en, fk+1, . . . , fn}.

Note that the restriction of ω0 to both D and Dω0 defines a symplectic
form on each subspace.

Let’s now summarize some easy properties about symplectic vector
spaces that we will be freely using later on.

Proposition 3.10. Let (V, ω) be a symplectic vector space and C ⊆ V a sym-
plectic subspace.

(1) The restrictions ω|C and ω|Cω defines symplectic forms on each subspace.

(2) V is the internal direct sum of C and Cω. That is, V = C ⊕ Cω.

So we see then that symplectic subspaces are precisely the subspaces
where symplectic complements act more like complements associated
to an inner-product. In particular, to each symplectic subspace we get a
canonical projection map.

Definition 3.11 (Symplectic Projection). Let (V, ω) be a symplectic vector
space and C ⊆ V a symplectic subspace. Let PC : V → C be the canonical
projection induced by the internal direct sum V = C ⊕ Cω.
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3.1.2 Linear Symplectic Reduction

Now to close up our introductory discussion on symplectic linear algebra,
let us now discuss linear symplectic reduction.

Proposition 3.12 (Linear Symplectic Reduction). Let C ⊆ V be a subspace.
Then

V0 :=
C

C ∩ Cω

is a symplectic vector space with a unique symplectic form ω0 satisfying

π∗ω0 = ω|C,

where π : C → V0 is the canonical projection.

Proof. Define ω0 on V0 by

ω0([c], [c′]) := ω(c, c′),

where c, c′ ∈ C and [c], [c′] ∈ V0 are their corresponding equivalence
classes. First we show that ω0 is well-defined, then we show ω0 is non-
degenerate.

(i) ω0 is well-defined.

Indeed, if c, d, c′, d′ ∈ C such that c − d, c′ − d′ ∈ C ∩ Cω, then

ω(d, d′) = ω(d + (c − d), d′ + (c′ − d′)) = ω(c, c′).

Hence, ω0([d], [d′]) = ω0([c], [c′]) as desired.

(ii) ω0 is non-degenerate.

Suppose c ∈ C so that [c] ∈ ker(ω♭
0). That is, for all d ∈ C we have

ω0([c], [d]) = 0.

By definition of ω0, this implies ω(c, d) = 0 for all d ∈ C. In particu-
lar, this implies c ∈ Cω and hence c ∈ C ∩ Cω. Therefore, [c] = 0 and
and so ω♭

0 is injective hence a linear isomorphism.

Definition 3.13 (Linear Reduced Space). Given a subspace C ⊆ V, call
V0 = C/(C ∩ Cω) the linear reduction of V at C and call π0 : C → V0 the
reduction map.
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In the next chapter, we will discuss what other structures can be “re-
duced” in a symplectic vector space. In particular, we will study when
Lagrangian subspaces can be reduced.

3.2 symplectic and poisson manifolds

We are now ready to define symplectic manifolds. As is quite unortho-
dox, we will pretty quickly move into even greater generality of Poisson
manifolds. This will be done as many features of symplectic manifolds
which may appear somewhat mysterious become very natural in the more
general Poisson picture. Furthermore, in the singular setting, the Poisson
bracket is the more natural global object and so it is worthwhile spending
time on both concepts at the same time.

Definition 3.14 (Symplectic Manifold). Let M be a manifold. A symplectic
form is a 2-form ω ∈ Ω2(M) satisfying the following two conditions.

(1) (Closed) dω = 0.

(2) (Non-Degenerate) The map

ω♭ : TM → T∗M; v 7→ ω(v, ·)

is an isomorphism of vector bundles.

Example 3.15. Of course any symplectic vector space (V, ω) will be a
symplectic manifold. Turning now to standard symplectic (R2n, ω0), if we
write R2n = Rn ×Rn and write x1, . . . , xn and y1, . . . , yn for the coordinates
of the first and second copies of Rn, respectively, then

ω0 =
n

∑
i=1

dxi ∧ dyi

which is transparently closed. A simple application of Corollary 3.5 then
immediately shows all symplectic vector spaces are symplectic manifolds.

Example 3.16. As a generalization of the above, consider now cotangent
bundles. Fix a manifold Q and let π : T∗Q → Q be the cotangent bundle
of Q. Define the Liouville 1-form θQ ∈ Ω1(T∗Q) by

(θQ)α(v) = ⟨α, (τQ)∗v⟩ (3.2)
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for α ∈ T∗Q and v ∈ Tα(T∗Q). Choosing local coordinates (q1, . . . , qn)

on Q and letting (p1, . . . , pn) be the induced cotangent coordinates, it
immediately follows that in these coordinates

θQ =
n

∑
i=1

pidqi (3.3)

and hence in these coordinates

dθQ = −
n

∑
i=1

dqi ∧ dpi (3.4)

Therefore,
ωQ = −dθ ∈ Ω2(T∗Q) (3.5)

is a symplectic form.

Notice how both the symplectic vector space and the cotangent bundle
examples were able to be written in the same local form. This is a more
general phenomenon of symplectic manifolds.

Theorem 3.17. Let (M, ω) be a symplectic manifold with dim(M) = 2n and
x ∈ M. Then we can find a neighbourhood U ⊆ M of x, a neighbourhood
V ⊆ R2n of 0, and a diffeomorphism

ϕ : U → V

such that ϕ∗ω0 = ω|U , where ω0 is the standard symplectic form.

In particular, there are no local invariants of symplectic manifolds.
This makes symplectic structures a much more rigid structure than say
Riemannian structures. Before we continue on with more basic definitions
of symplectic geometry, let us now discuss another family of examples of
non-trivial symplectic manifolds, namely coadjoint orbits.

Example 3.18. Let G be a connected Lie group with Lie algebra g, and let
g∗ denote its dual. Recall the coadjoint action introduced in Example 2.2

G × g∗ → g∗; (g, q) 7→ Ad∗
g(q).

We will now discuss a canonical symplectic structure on the coadjoint
orbits, called the Kostant-Kirillov-Souriau symplectic structure. Let us now
fix p ∈ g∗ and write

Ad∗
G(p) := {Ad∗

g(p) | g ∈ G}
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for the coadjoint orbit through p. Equip Ad∗
G(p) with a smooth manifold

structure via the bijection

G/Gp → Ad∗
G(p).

Since Ad∗
G(p) is an orbit of a group action, the its tangent spaces are

spanned by fundamental vector fields. In particular, at p, define

ωKKS(ξg∗(p), ηg∗(p)) := ⟨p, [ξ, η]⟩. (3.6)

ωKKS can then be extended by the G-action to all of Ad∗
G(p) to define a

2-form ωKKS ∈ Ω2(Ad∗
G(p)). I claim now that ωKKS is a symplectic form.

Let us assume that Gp ̸= G otherwise Ad∗
G(p) is just a point and we

will agree that points are trivial symplectic manifolds. Now, to show ωKKS
is closed, first identify T∗

q g
∗ = g. In this case, we can then easily show that

if ξ ∈ g and q ∈ g∗, then the fundamental vector field ξg∗(q) at q has the
form

ξg∗(q) = −ad∗
ξ (q), (3.7)

where ad∗
ξ : g∗ → g∗ is defined by

⟨ad∗
ξ (q), η⟩ = −⟨q, [ξ, η]⟩

Making use of the identity

[ad∗
ξ , ad∗

η ] = ad∗
[ξ,η]

then implies dωKKS = 0. Non-degeneracy is a consequence of the fact that
Gp ̸= G.

Given now a symplectic manifold (M, ω), by definition each tangent
space Tx M is a symplectic vector space. Using this, we can now “globalize”
the linear definitions of distinguished subspaces of a symplectic vector
space to submanifolds of a symplectic manifold.

Definition 3.19 (Isotropic/Coisotropic/Lagrangian/Symplectic Subman-
ifolds). Let (M, ω) be a symplectic manifold and C ⊆ M a submanifold.
For each property P ∈ {isotropic, coisotropic, Lagrangian, symplectic},
say C is a P submanifold if TxC ⊆ Tx M is a P subspace for each x ∈ C.

Now symplectic manifolds have a distinguished class of vector fields
called Hamiltonian vector fields. These are obtained by the identification
of vector fields and 1-forms induced by the isomorphism ω♭ : TM → T∗M.
In particular, the Hamiltonian vector fields correspond to the exact 1-forms.
However, before we discuss this any further, it will be most natural for
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when we get into the singular setting to introduce a more general structure
than symplectic forms. Namely, Poisson structures.

Definition 3.20 (Poisson Structure). A Poisson manifold is a pair (M, π),
where M is a manifold and π ∈ ∧2(TM) is a bivector so that the pairing

{·, ·} : C∞(M)× C∞(M) → C∞(M); ( f , g) 7→ { f , g} := π(d f , dg)

satisfies the Jacobi identitiy. That is, for all f , g, h ∈ C∞(M), we have

{ f , {g, h}}+ {g, {h, f }}+ {h, { f , g}} = 0.

We call {·, ·} a Poisson bracket.

Remark 3.21. Given that the Poisson brackets {·, ·} arise from biderivations,
it follows that they are bilinear and antisymmetric. In particular, this
implies a Poisson bracket is a Lie bracket.

Definition 3.22 (Poisson Map). Let (M1, π1) and (M2, π2) be two Poisson
manifolds. A smooth map ϕ : M1 → M2 is said to be Poisson if for all
f , g ∈ C∞(M2) we have

{ϕ∗ f , ϕ∗g}1 = ϕ∗{ f , g}2..

Now, if we are given a Poisson manifold (M, π), there is a very natural
way to obtain vector fields from functions. Given a function f ∈ C∞(M),
observe that since π is a bivector, the map

{ f , ·} : C∞(M) → C∞(M)

is a derivation. As we will be exploring in great detail in Chapter 6,
derivations of the algebra of functions is one way of characterizing vector
fields. This then allows us to give the following definition.

Definition 3.23 (Hamiltonian Vector Field). Let (M, π) be a Poisson mani-
fold and f ∈ C∞(M) a function. Define the Hamiltonian vector field of f ,
denote Vf ∈ X(M), by

Vf (g) = { f , g}

for all g ∈ C∞(M).

Proposition 3.24. Let (M, π) be a Poisson manifold. Then the map

C∞(M) → X(M); f 7→ Vf

is a Lie algebra homomorphism.
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Proof. This is a consequence of the Jacobi identity. Given f , g ∈ C∞(M)

and a test function h ∈ C∞(M), we have

[Vf , Vg]h = Vf (Vgh)− Vg(Vf h)

= { f , {g, h}} − {g, { f , h}}
= { f , {g, h}}+ {g, {h, f }}
= −{h, { f , g}}
= {{ f , g}, h}
= V{ f ,g}h,

where on the third and fifth lines we used antisymmetry of the Poisson
bracket and on line four we used the Jacobi identity.

Returning back to the symplectic case, suppose we have a symplec-
tic manifold (M, ω). By definition, ω defines an isomorphism of vector
bundles

ω♭ : TM → T∗M

Write ω# = (ω♭)−1. Thus, given two functions f , g ∈ C∞(M), we can
define

{ f , g} := ω#(d f )(g) (3.8)

It’s then easy to see that since ω is closed, that {·, ·} defines a Lie bracket.
We can summarize our discussion as follows.

Proposition 3.25. Let (M, ω) be a symplectic manifold.

(1) The pairing

{·, ·} : C∞(M)× C∞(M) → C∞(M); ( f , g) 7→ { f , g}

defined by Equation 3.8 defines a Poisson structure on M.

(2) Given any function f ∈ C∞(M), the Hamiltonian vector field Vf ∈ X(M)

defined by Definition 3.23 is the unique vector field satisfying

d f = ω(Vf , ·).

(3) For any two functions f , g ∈ C∞(M), we have

ω(Vf , Vg) = −{ f , g}.

Example 3.26. Recall that thanks to Theorem 3.17 all symplectic manifolds
are locally symplectomorphic to standard symplectic R2n for some n. Thus,
to understand what Hamiltonian vector fields look like locally, it suffices
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to look at standard symplectic R2n. In which case, fix standard coordinates
x1, . . . , xn, y1, . . . , yn so that

ω0 =
n

∑
i=1

dxi ∧ dyi.

If we let f ∈ C∞(R2n) be a function, then

d f =
n

∑
i=1

(
∂ f
∂xi

dxi +
∂ f
∂yi

dyi

)
.

It’s easy to see that

ω♭
0

(
∂

∂xi

)
= dyi

ω♭
0

(
∂

∂yi

)
− dxi

Hence, the unique vector field Vf ∈ X(R2n) satisfying

d f = ω♭(Vf )

will have the form

Vf =
n

∑
i=1

(
∂ f
∂yi

∂

∂xi
− ∂ f

∂xi

∂

∂yi

)
This also allows us to easily determine the local form of the Poisson bracket
on a symplectic manifold. Given functions f , g ∈ C∞(M), the standard
Poisson bracket on R2n has the form

{ f , g}0 := Vf (g) =
n

∑
i=1

(
∂ f
∂yi

∂g
∂xi

− ∂ f
∂xi

∂g
∂yi

)
In terms of a bi-vector π0 ∈ Γ(

∧2 TM), we can easily deduce

π0 = −
n

∑
i=1

∂

∂xi
∧ ∂

∂yi
.

Example 3.27. Not all Poisson manifolds are symplectic. For instance, the
bivector π ∈ Γ(

∧2 TR2) given by

π = r2 ∂

∂x
∧ ∂

∂y
,
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where r =
√

x2 + y2. It’s easily verified that π is a Poisson bivector,
however it cannot come from a symplectic form π = 0 at (x, y) = (0, 0)
which clearly cannot happen given the local form a symplectic Poisson
bivector given in Example 3.26. However, provided we agree that points
are trivial symplectic manifolds, we do have a canonical partition into
submanifolds

R2 = {0}
⊔
(R2 \ {0})

where the restriction of the Poisson bivector is symplectic. For instance,
writing S = R2 \ {0}, it’s easy to see that π is tangent to S and that the
induced map

π# : T∗S → TS; α 7→ π(α, ·)

is an isomorphism of vector bundles. Writing π♭ for the inverse, map it’s
easy to see that the induced 2-form ωS ∈ Ω2(S) given by

ωS(v, w) := π(π♭(v), π♭(w))

is symplectic. In fact, in coordinates

ωS = −dx ∧ dy
r2 .

Definition 3.28 (Symplectic Submanifold of Poisson Structure). Let (M, π)

be a Poisson manifold. A submanifold S ⊆ M is said to be symplectic if

(1) π is tangent to S, i.e. π|S ∈ Γ(
∧2 TS)

(2) The restriction of the map

π# : T∗M → TM; α 7→ π(α, ·)

to T∗S is defines an isomorphism of vector bundles

π#|T∗S : T∗S → TS

This property that a Poisson manifold decomposes into a disjoint union
of symplectic submanifolds is a general feature of Poisson structures.

Theorem 3.29 ([Wei83]). Let (M, π) be a Poisson manifold. Then for any point
x ∈ M, there exists unique connected symplectic submanifold S ⊆ M containing
x with the following properties.

(1) If R ⊆ M is another connected symplectic submanifold containing x, then
R ⊆ S as an open subset.

(2) TxS is spanned by Hamiltonian vector fields Vf (x) for f ∈ C∞(M).
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We call S the symplectic leaf containing x.

Remark 3.30. Of course if (M, ω) is a symplectic manifold, then the sym-
plectic leaves are simply the connected components of M.

Example 3.31. As an interesting and non-trivial example, let’s return to
coadjoint orbits of a connected Lie group. Fix a connected Lie group G
with Lie algebra g and dual g∗. There is a canonical Poisson structure on
g∗ called the Kostant-Kirillov-Souriau (KKS) Poisson structure, denoted
πKKS. To define πKKS, identify T∗g∗ = g∗ × g. Using this identification, we
can define a bracket on Ω1(g∗) given by

[α, β](p) := [α(p), β(p)]g, α, β ∈ Ω1(g∗), p ∈ g∗

where [·, ·]g is the Lie bracket on g. Using this, we now define

πKKS(α, β)(p) := ⟨p, [α(p), β(p)]⟩, α, β ∈ Ω1(g∗), p ∈ g∗. (3.9)

The fact that πKKS satisfies the axioms of a Lie bracket on functions is a
consequence of the fact that [·, ·]g is a Lie bracket. Now, let us see why the
coadjoint orbits are the symplectic leaves for this Poisson structure.

A choice of a basis ξ1, · · · , ξn ∈ g defines a coordinate system on g∗.
Using this and Equation 3.7, we have for any f ∈ C∞(g∗) and p ∈ g∗ that

Vf (p) =
n

∑
i=1

∂ f
∂ξi

ad∗
ξi
(p).

This allows us to conclude that (1) the Hamiltonian vector fields are
tangent to the coadjoint orbits and (2) the set of Hamiltonian vector
fields is spanned by the fundamental vector fields. Putting these two facts
together, we deduce that the coadjoint orbits are precisely the symplectic
leaves of πKKS.

Example 3.32. More generally, give a Lie algebra (g, [·, ·]) we can define a
linear Poisson structure on its dual g∗ given as follows. For f , g ∈ C∞(g∗),
we identify d f , dg : g∗ → g. We then define

πx(dx f , dyg) := ⟨x, [dx f , dxg]⟩

This endows g∗ with a Poisson structure called a linear Poisson structure.
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3.3 hamiltonian spaces and reduction

We now begin to combine the equivariant geometry of Chapter 2 with
the symplectic geometry developed thus far. This leads to Hamiltonian
spaces. These can be motivated either from a purely symplectic point of
view or from a physics point of view via Noether’s Theorem. For sake
of space, I will confine myself to the symplectic picture. The idea is to
suppose we have a symplectic manifold (M, ω) and a Lie group G acting
on M symplectically. That is, for each g ∈ G, we have

g∗ω = ω.

Then, as we saw in Chapter 2, each Lie algebra element ξ ∈ g = Lie(G)

induces a vector field ξM ∈ X(M). Since the action of G preserves the
symplectic form, it follows that the flow of ξM preserves ω. That is,

LξM ω = 0,

where L denotes the Lie derivative operator. Another class of vector field
which preserves the symplectic form are the Hamiltonian vector fields.
Thus, the most natural kind of action is one where the fundamental vector
fields are also Hamiltonian, i.e. for each ξ ∈ g there exists a function
Jξ ∈ C∞(M) so that VJξ = ξM. Combining these functions together and
imposing further conditions leads to the following definition.

Definition 3.33 (Hamiltonian G-space). A Hamiltonian G-space consists of
a symplectic manifold (M, ω) and a map J : M → g, called the momentum
map, such that the following holds.

(1) M is a G-space and the G-action preserves ω.

(2) J is G-equivariant with respect to the coadjoint action of G on g∗.

(3) (Hamiltonian Condition) If ξ ∈ g and we write ξM ∈ X(M) for the
induced fundamental vector field and

Jξ : M → R; x 7→ ⟨J(x), ξ⟩,

then
dJξ − ω(ξM, ·) = 0.

We will write J : (M, ω) → g∗ for a Hamiltonian G-space. If G acts properly
on M, say J : (M, ω) → g∗ is a proper Hamiltonian G-space.

Definition 3.34 (Isomorphism of Hamiltonian G-Spaces). Let J1 : (M1, ω1) →
g∗ and J2 : (M2, ω2) → g∗ be two Hamiltonian G-spaces. An isomorphism
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between them is a G-equivariant symplectomorphism Φ : M1 → M2 such
that the diagram commutes

M1 M2

g∗

Φ

J1

J2

Example 3.35. Let G be a connected Lie group and p ∈ g∗. Then the
inclusion

ι : Ad∗
G(p) ↪→ g∗

of the coadjoint orbit through p is a moment map with respect to the
KKS symplectic structure ωKKS ∈ Ω2(Ad∗

G(p)) from Example 3.18. By
definition, ωKKS is preserved by the G-action on Ad∗

G(p), so we only have
to show ι is moment map. Fixing ξ ∈ g, recall that

ξg∗(q) = −ad∗
ξ (q).

In particular, ξg∗ is linear in q. Hence,

Example 3.36. Let G be a lie group, g = Lie(G) its Lie algebra, and
Q a proper G-space. The cotangent bundle T∗Q then has a canonical
Hamiltonian G-space structure

J : (T∗Q, ωcan) → g∗

which we describe now. Write τ : T∗Q → Q for the bundle map, θ ∈
Ω1(T∗Q) for the Liouville 1-form and ω = −dθ for the canonical symplec-
tic form.

First, recall from Example 2.25 that T∗Q has a canonical proper G-
equivariant vector bundle structure given by

G × T∗Q → T∗Q; (g, α) 7→ g · α

where for α ∈ T∗
q Q and v ∈ Tg·qQ

⟨g · α, v⟩ = ⟨α, Tqg−1(v)⟩.
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This action preserves the Lioville 1-form. Indeed, given q ∈ Q, α ∈ T∗
q Q,

v ∈ Tα(T∗Q), and g ∈ G, we have

(g∗θ)α(v) = θg·α(Tαg(v))

= ⟨g · α, Tg·ατ ◦ Tαg(v)⟩
= ⟨g · α, Tqg ◦ Tατ(v)⟩
= ⟨α, Tατ(v)⟩
= θα(v).

Thus, the action by G also preserves the symplectic form ω = −dθ.

Now to describe the moment map. Fix α ∈ T∗Q and define J(α) ∈ g∗ by

⟨J(α), ξ⟩ = ⟨α, ξQ(τ(α))⟩, (3.10)

where ξ ∈ g and ξQ ∈ X(Q) is the associated fundamental vector field on
Q. To see that J is a moment map, fix ξ ∈ g. By definition of the Liouville
1-form, we have

Jξ = θ(ξT∗Q)

where ξT∗Q ∈ X(T∗Q) is the fundamental vector field associated to ξ. Note
that by construction, θ is an invariant 1-form and thus,

LξT∗Q
θ = 0

where LξT∗Q
is the Lie derivative. By Cartan’s magic formula (see for

instance [Lee13, Theorem 14.35])

0 = dθ(ξT∗Q, ·) + d(θ(ξT∗Q)

and hence
dJξ = d(θ(ξT∗Q)) = ω(ξT∗Q, ·).

Thus, J is a momentum map.

As we will be studying cotangent bundles in great detail, let’s give a
name to the above construction.

Definition 3.37 (Hamiltonian Lift). Let G be a Lie group and Q a proper
G-space. Call the proper Hamiltonian G-space

J : (T∗Q, ω) → g∗

constructed in the above example the Hamiltonian lift of the action on Q.
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3.4 linear symplectic representations

To understand the local structure of Hamiltonian spaces, it will be neces-
sary to move to describe the infinitesimal structure associated to symplectic
representations.

Definition 3.38 (Symplectic Representation). Let G be a Lie group. A
symplectic representation is a symplectic vector space (V, ω) together
with a G-representation structure on V which preserves the symplectic
form.

As we will be making good use of a modified version of the Slice
Theorem (i.e Theorem 2.13) for proper Hamiltonian spaces, and hence
our interest will primarily lie with symplectic representations of compact
Lie groups. Now let us establish a foundational property of symplectic
representations that will be quite prominent when we discuss symplectic
reduction.

Proposition 3.39. Let K be a compact Lie group and (V, ω) a symplectic K-
representation. Then the fixed-point set VK is a symplectic subspace.

Proof. Since the action by K on V is linear, it immediately follows that VK

is a linear subspace. By assumption, ω is K-invariant. In particular, this
means it defines an isomorphism of K-representations

ω# : V → V∗; v 7→ ω(v, ·)

and hence a linear isomorphism

ω# : VK → (V∗)K.

Using averaging, we can easily show that the natural map

(V∗)K → (VK)∗

induced by restricting the dual of the inclusion VK ↪→ V is a linear
isomorphism. In particular, if v ∈ V we can then find λ ∈ (V∗)K so that
λ(v) ̸= 0. Using the isomorphism ω#, λ corresponds to some w ∈ VK. By
definition this then means that

ω(v, w) = −λ(v) ̸= 0.

Thus, VK is symplectic.

Continuing on with the theme of reduction, let’s now apply our results
about linear reduction to invariant subspaces.
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Proposition 3.40. Let K be a compact Lie group, (V, ω) a finite dimensional
symplectic representations, and C ⊆ V a sub K-representation. Then the following
holds.

(1) The symplectic complement Cω is a sub K-representation.

(2) The linear reduction V0 = C/(C ∩ Cω) has a canonical symplectic repre-
sentation structure.

Proof. (1) This follows from the fact that K preserves the symplectic
form. If v ∈ Cω and k ∈ K, then for any c ∈ C we have

ω(k · v, c) = ω(v, k · c) = 0

since C is closed under the action of K. Hence, k · v ∈ Cω and so Cω

is a sub-representation.

(2) Since both C and Cω are sub-representations, so is the intersection
C ∩ Cω. And thus, we have a canonical action on the reduced space
V0 given by

K × V0 → V0; (k, [c]) 7→ [k · c].

To see that this action preserves the reduced symplectic form ω0, let
π0 : C → V0 be the quotient map. Clearly π0 is equivariant, thus if
k ∈ K, then

π∗
0 k∗ω0 = k∗π∗

0 ω0 = k∗(ω|C) = ω|C
Thus, by definition of ω0 we have k∗ω0 = ω0. Hence (V0, ω0) is a
symplectic K-representation.

Corollary 3.41. Let K be a compact Lie group and (V, ω) a symplectic K-
representation. Then the symplectic complement (VK)ω is a symplectic sub-
representation of V.

Proof. Since VK is symplectic, then by Proposition 3.40, so is the com-
plement (VK)ω. Furthermore, by item (1) of Proposition 3.40 (VK)ω is a
sub-representation.

As it turns out, symplectic representations have a canonical moment
map called the quadratic momentum map. To set this up, suppose K is
a compact Lie group and (V, ω) a symplectic representation. Since V is
a vector space, we have a canonical identification TV = V × V. Hence, if
ξ ∈ k is a Lie algebra element and ξV ∈ X(V) the associated fundamental
vector field, then for each v ∈ V we can identify ξV(v) ∈ V. This now
allows us to show the following.
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Lemma 3.42. Let K be a compact Lie group and (V, ω) a symplectic representa-
tion. Then the map JV : V → k∗ defined by

⟨JV(v), ξ⟩ = 1
2

ω(ξV(v), v), ξ ∈ k, v ∈ V (3.11)

is a moment map for the K-action. We call J the quadratic momentum map

Proof. To see that this is a momentum map, let ξ ∈ k and v ∈ V. We show

dJξ
V + ω(ξV , ·) = 0.

Indeed, fix v ∈ V and identify w ∈ V with an element of TvV by the action

w( f ) =
d
dt

∣∣∣∣
t=0

f (v + tw),

where f ∈ C∞(V). Then on one hand we have

dv Jξ
V(w) =

d
dt

∣∣∣∣
t=0

Jξ
V(v + tw) =

ω(ξV(v), w) + ω(ξV(w), v)
2

,

where we used the linearity of ξV . Since the action of K on (V, ω) is
symplectic, we have

ω(ξV(w), v) = −ω(w, ξV(v))

which, together with the antisymmetry of ω returns

dv Jξ
V(w) =

ω(ξV(v), w) + ω(ξV(v), w)

2
= ω(ξV(v), w).

Hence
dJV − ω(ξV , ·) = 0.

We also need to show JV is equivariant, but this is a consequence of the
fact that for any k ∈ K, ξ ∈ k, and v ∈ V we have

k · ξV · k−1 · v = (Adkξ) · v.

From this and the K-invariance of JV , it immediately follows that

JV(k · v) = Ad∗
k JV(v).

Let us now record some facts about linear symplectic representations
that will come in handy later on.
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Lemma 3.43. Let K be a compact Lie group and (V, ω) a symplectic K-representation.

(1) If JV : V → k∗ is the quadratic momentum map, then J−1
V (0)K = VK.

(2) If JW : W → k∗ denotes induced quadratic momentum map, then

J−1
V (0) = J−1

W (0) + VK.

Proof. (1) First, the statement makes sense since JV is equivariant. Hence,
since G fixes 0 ∈ k∗, it follows that K acts on J−1

V (0). In particular, we
clearly then have J−1

V (0)K ⊆ VK. On the otherhand, if v ∈ VK then
we see for any ξ ∈ k that

ξV(v) = 0.

In particular, this implies that

⟨JV(v), ξ⟩ = 1
2

ω(ξV(v), v) =
1
2

ω(0, v) = 0.

Since v and ξ we arbitrary, we conclude that VK ⊆ J−1
V (0).

(2) Since W and VK are both symplectic spaces and are are symplectic
complements, then they are also linear complements. That is, V =

VK +W and VK ∩W = {0}. Hence, for every v ∈ V there are unique
vK ∈ VK and w ∈ W so that

v = vK + w.

Now, observe that since K is a sub-representation, if ξ ∈ k, then

ξV |W = ξW .

With this, we see that if v ∈ VK and w ∈ W, then for any ξ ∈ k, we
have

⟨JV(v+w), ξ⟩ = 1
2

ω(ξV(v+w), v+w) =
1
2

ω(ξW(w), w) = ⟨JW(w), ξ⟩.

In particular, we see that if v ∈ VK and w ∈ W, then JV(v + w) = 0
if and only if JW(w) = 0. The result then follows.
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3.5 reduction and local normal forms

Our main interest for Hamiltonian G-spaces is going to be performing
symplectic reduction. We now introduce this foundational concept below.

Definition 3.44 (Symplectic Reduction). Let J : (M, ω) → g∗ we define the
symplectic reduction of M at level 0 of the moment map to be the quotient

M0 := J−1(0)/G.

We will write π0 : J−1(0) → M0 for the quotient map. Call π0 the reduction
map

Example 3.45. Let G be a connected Lie group and Q a proper G-space
on which G acts freely, and let J : T∗Q → g∗ be the Hamiltonian lift
as in Definition 3.37. Let’s first determine J−1(0). Given α ∈ T∗Q by
definition α ∈ J−1(0) if and only if ⟨J(α), ξQ⟩ = 0 for all ξ ∈ g, where
ξQ ∈ X(Q) is the associated fundamental vector field. Recall from Example
2.26 that since G acts freely, the fundamental vector fields span a G-
invariant subbundle gQ ⊆ TQ. Thus, we have shown that J−1(0) is the
annihilator of gQ, that is

J−1(0) = g◦Q ⊆ T∗Q,

Since G acts freely on Q, we also have that the reduced space

(T∗Q)0 = J−1(0)/G = g◦Q/G

is a vector bundle over Q/G. Which vector bundle? Well as we will show
in more generality later on, it is precisely T∗(Q/G).

In the case where a compact Lie group is acting freely, the so-called
“miracle of reduction” occurs. Let K be a compact Lie group and J :
(M, ω) → k∗ a Hamiltonian K-space. Suppose 0 is a regular value of J and
that K acts freely on J−1(0). Then it is a straightforward calculation to
show for any x ∈ J−1(0) that

(Tx J−1(0))ωx = Tx(K · x).

This is the “miracle of reduction” for the following reasons. First, J−1(0)
is a coisotropic submanifold and for each x ∈ J−1(0), the tangent space of
the quotient space has the form

T[x](J−1(0)/K) = Tx J−1(0)/Tx(K · x)
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which is precisely the linear reduction of Tx J−1(0). Thus, we have mostly
shown the following classic result.

Theorem 3.46 (Marsden-Weinstein-Meyer Reduction [MW74, Mey73]). Let
K be a compact Lie group with Lie algebra k and J : (M, ω) → k∗ a Hamiltonian
K-space. Suppose 0 is a regular value of J and that K acts freely on J−1(0). Then
the following holds.

(1) J−1(0) ⊆ M is an embedded coisotropic submanifold.

(2) The reduction M0 = J−1(0)/K has a canonical symplectic form ω0 ∈
Ω2(M0) such that

π∗
0 ω0 = ω|J−1(0),

where π0 : J−1(0) → M0 is the reduction map.

Now we are going to be dealing with proper actions by groups which
need not act freely. Thus, we will need a local normal form to properly
discuss this more general setting. An application of Theorem 3.46 together
with Reduction in Stages (see for instance [MMO+

07] for a comprehensive
source) allows us to show the following.

Lemma 3.47 (Local Model of Proper Hamiltonian Space [SL91]). Let G be a
connected Lie group and K ≤ G a compact subgroup. Write k for the Lie algebra
of K and

k◦ = {p ∈ g∗ | ⟨p, ξ⟩ = 0 for all ξ ∈ k}

for the annihilator of k. Suppose we have the following data Suppose we have the
following data.

(i) A linear symplectic representation (V, ωV) of K.

(ii) A K-equivariant splitting p : k∗ → g∗ of the short exact sequence

0 k◦ g∗ k∗ 0

Write π : G × k◦ × V → G ×K (k◦ × V) for the quotient map and ωT∗G ∈
Ω2(G × g∗) for the canonical symplectic form.

(1) G×K (k◦×V) is canonically a symplectic manifold with unique G-invariant
symplectic form ω satisfying

π∗ω = ωT∗G × ωV |G×g∗×V .

(2) Writing JV : V → k∗ for the quadratic momentum map from Example 3.42,
the map

J : G ×K (k◦ × V) → g∗; [g, q, v] 7→ Ad∗g(q + p ◦ JV(v))
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is a moment map.

Now that we have our local model, let’s now discuss the local normal
form and how to obtain it. Fix a Hamiltonian G-space J : (M, ω) → g∗

and let x ∈ M. Then the tangent space Tx M has a natural symplectic Gx

representation structure. Clearly this action preserves the tangent space
to the orbit Tx(G · x). Thus, by Proposition 3.40 the reduction of the
complement Tx(G · x)ωx has a canonical symplectic action by Gx as well.
This allows us to give the following definition.

Definition 3.48 (Symplectic Normal Space). Let J : (M, ω) → g∗ be a
Hamiltonian G-space and x ∈ M. Define the symplectic normal space to
the orbit through x to be the linear reduction of Tx(G · x)ωx , that is

νx(M, G) :=
Tx(G · x)ωx

Tx(G · x)ωx ∩ Tx(G · x)
(3.12)

Write Jx : νx(M, G) → g∗x for the induced quadratic moment map as in
Lemma 3.42

We now have enough set-up to state a version of the slice theorem for
Hamiltonian spaces.

Theorem 3.49 (Local Normal Form for Momentum Map Along Zero
Level-Set[SL91]). Let J : (M, ω) → g∗ be a proper Hamiltonian G-space and
x ∈ J−1(0). Write gx for the Lie algebra of the stabilizer group Gx and suppose
p : g∗x → g∗ is a splitting as in Lemma 3.47. Then there exists the following data.

(1) G-invariant neighbourhoods U ⊆ M of x and V ⊆ G×Gx (g
◦
x ×Sνx(M, G))

of [e, 0, 0]

(ii) An isomorphism of Hamiltonian G-space Φ : U → V with respect to the
momentum map

M ×Gx (g
◦
x × V) → g∗; [g, q, v] 7→ Ad∗g(q + p ◦ Jx(v)),

where Jx : Sνx(M, G) → g∗x is the quadratic momentum map, such that
Φ(x) = [e, 0, 0].

Definition 3.50 (Symplectic Slice Neighbourhood). Let J : (M, ω) → g∗

be a proper Hamiltonian G-space and x ∈ M. Call neighbourhoods U ⊆
M and V ⊆ G ×Gx (g

◦
x × Sνx(M, G)) together with the isomorphism of

Hamiltonian G-spaces Φ : U → V a symplectic slice neighbourhood
about x.

As a consequence of this, we get the following extension of Marsden-
Weinstein-Meyer reduction.
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Corollary 3.51. Let G be a connected Lie group and J : (M, ω) → g∗ a proper
Hamiltonian G-space. Suppose J−1(0) ̸= ∅ and any two points in J−1(0) have
conjugate stabilizers. Then the following holds.

(1) J−1(0) is an embedded submanifold.

(2) The reduction M0 = J−1(0)/G is a canonically a symplectic manifold with
symplectic structure ω0 ∈ Ω2(M0) satisfying

π∗
0 ω0 = ω|J−1(0),

where π0 : J−1(0) → M0 is the reduction map.

Proof. Since both statements are local in nature, by Theorem 3.49 we may
assume that we are in a local model of a Hamiltonian G-space. That
is, M = G ×K (k◦ × V) for a compact subgroup K ≤ G and symplectic
K-representation (V, ω) with J : M → g∗ having the form

J : G ×K (k◦ × V) → g∗; [g, q, v] 7→ Ad∗
g(q + p ◦ JV(v)),

where p : k∗ → g∗ is a splitting and JV : V → k∗ is the quadratic moment
map.

(1) Since the image of p lies in the kernel of the natural projection
g∗ → k∗, it follows that

J−1(0) = G ×K ({0} × J−1
V (0)).

Since [e, 0, 0] ∈ J−1(0), by assumption we must have that J−1(0) ⊆
M(K). As we saw in Proposition 2.11,

G ×K (k◦ × V)(K) = G ×K ((k◦)K × VK)

and hence by Lemma 3.43,

J−1(0) = G ×K ({0} × J−1
V (0)K) = G ×K ({0} × VK). (3.13)

This is trivially equivariantly diffeomorphic to (G/K) × VK and
hence J−1(0) is an embedded submanifold.

(2) Using Equation 3.13, we obtain that

M0 = J−1(0)/G ∼= VK.

This shows both that the reduced space M0 has a natural smooth
manifold structure. Furthermore, since V is symplectic, we have by
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Proposition 3.39 that VK is a symplectic subspace and thus M0 has a
natural symplectic structure.

As a final consequence of the the normal form theorem, we can give
a infinitesimal description to the tangent space of a proper Hamiltonian
G-space which will come in handy when we pass to the singular setting.

Proposition 3.52. Let G be a connected Lie group, J : (M, ω) → g∗ a proper
Hamiltonian G-space, and x ∈ J−1(0). Then a symplectic slice neighbour-
hood about x induces a Gx-equivariant isomorphism of linear symplectic Gx-
representations

ϕ : (Tx M, ωx) → (T∗(g/gx)× Sνx(M, G), ω0)

where ω0 = ωT∗(g/gx) × ωSνx(M,G).

Proof. Fixing x ∈ J−1(0), let

Φ : U ⊆ M → V ⊆ G ×Gx (g
◦
x × Sνx(M, G))

be a symplectic slice neighbourhood around x. In particular, we obtain a
Gx-equivariant linear symplectomorphism

TxΦ : Tx M → T[e,0,0]G ×Gx (g
◦
x × Sνx(M, G)).

Since Gx acts freely on G × g◦x × Sνx(M, G), we have

T[e,0,0]G×Gx (g
◦
x ×Sνx(M, G)) ∼= T(e,0,0)(G×g◦x ×Sνx(M, G))/T(e,0,0)(Gx · (e, 0, 0)) = (g/gx)×g◦x ×Sνx(M, G).

The dual of the projection g → g/gx provides a Gx-equivariant isomor-
phism (g/gx)∗ → g◦x and hence (g/gx)× g◦x

∼= T∗(g/gx). Since the sym-
plectic form on the local normal form is given by the reduction of the
product of the symplectic form on T∗G and Sνx(M, G), the result then
follows.

3.6 non-trivial examples of reduction

3.6.1 Toric Manifolds and the Delzant Construction

A beautiful application of the theory of reduction is to the theory of
toric manifolds. These are a particular kind of Hamiltonian space and, as
we shall see, they can be reconstructed from the image of the moment
map. Unless otherwise stated, everything below can be found in Delzant’s
original paper [Del88].
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Definition 3.53 (Toric Manifold). Let T be a torus, i.e. a compact connected
abelian Lie group which is isomorphic to (S1)n for some n. Write t for
the Lie algebra of T. A toric T-manifold is a Hamiltonian T-space J :
(M, ω) → t such that

(1) T acts effectively on M, i.e. ⋂
x∈M

Tx = {e}

and

(2) dim(M) = 2 dim(T).

Delzant’s construction takes as input a particular kind of polytope and
produces a toric manifold. In order to set up this construction, we first
give a definition of this special class of polytope.

Definition 3.54 (Delzant Polytope). Consider a subset ∆ ⊆ Rn. We say ∆
is a Delzant polytope if the following holds.

(1) There exists inward normals v1, . . . , vN ∈ ZN so that

∆ = {x ∈ RN | ⟨x, vi⟩ ≥ λi for all i = 1, . . . , N}

for some λ1, . . . , λN ∈ R.

(2) The map linear map π : RN → Rn defined by π(ei) = vi, where
e1, . . . , eN ∈ RN is the standard basis, is a surjective linear map such
that

π(ZN) = Zn.

Remark 3.55. Given a Delzant polytope

∆ = {x ∈ RN | ⟨x, vi⟩ ≥ λi for all i = 1, . . . , N},

we can use the normals to cut out the facets. Namely, given any set of
indices I ⊆ {1, . . . , N}, we define

FI := {x ∈ ∆ | ⟨x, vi⟩ = λi for all i ∈ I}.

If non-empty, this is again another polytope inside of Rn. Furthermore,
it’s easy to see that if I1 ⊆ I2 are two sets of indices, then

FI2 ⊆ FI1 .
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The vertices can be identified as the minimal facets with respect to inclu-
sion. Finally, as it will be helpful later on, let us define the open facets of
∆ to be subsets of the form

F̊I := FI \
⋃
I⊊J

FJ ,

i.e. what remains from a facet after removing smaller facets with respect
to inclusion. These are submanifolds of Rn.

Let’s now fix a Delzant polytope ∆ ⊆ Rn with normals v1, . . . , vN ∈ ZN

so that
∆ = {x ∈ Rn | ⟨x, vi⟩ ≥ λi for all i = 1, . . . , N} (3.14)

for some λ1, . . . , λN ∈ R. Delzant’s construction for a toric manifold M∆

is as follows. Let π : RN → Rn be the linear map defined by

π(ei) = vi for all i = 1, . . . , N,

where e1, . . . , eN ∈ RN is the standard basis. Furthermore, let k = ker(π).
Then we get an exact sequence

0 k RN Rn 0π (3.15)

Since π(ZN) ⊆ Zn, it follows that π induces a group homomorphism

π : TN = RN/ZN → Tn = Rn/Zn

and, furthermore, the kernel K is a subtorus of TN and its Lie algebra can
be canonically identified with k. Hence, we get a exact sequence of Lie
groups.

0 K TN Tn 0π (3.16)

Identify TN = (S1)N ⊆ (C×)N , and let ω be the canonical symplectic
form on CN . The action

TN × CN → CN ; ((t1, . . . , tN), (z1, . . . , zN)) 7→ (t1z1, . . . , tNzN)

has a canonical moment map

CN → RN ; (z1, . . . , zN) 7→
1
2
(|z1|2, . . . , |zN |2) (3.17)
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Since TN is abelian, we can shift J by a constant in RN and still have a
moment map. For this reason, we will define

J : CN → RN ; (z1, . . . , zN) 7→
1
2
(|z1|2, . . . , |zN |2)− λ. (3.18)

As a final step towards the construction, let ι : k ↪→ RN be the inclusion
and let ι∗ : (RN)∗ → k∗ be its dual. Then the map

ι∗ ◦ J : CN → k∗ (3.19)

is a moment map for the induced K-action.

Lemma 3.56 ([Del88]). K acts freely on (ι∗ ◦ J)−1(0).

Proof. This amounts to showing that if z = (z1, . . . , zN) ∈ (ι∗ ◦ J)−1(0),
then zj ̸= 0 for all j. A nice proof of this fact can be found in [Gui94,
Theorem 1.6]

Consequently, using Marsden-Weinstein-Meyer reduction (Theorem
3.46), ϕ−1(0)/K is canonically a symplectic manifold. Furthermore, we see
that (ι∗ ◦ J)−1(0) is precisely the set of points in CN mapped to k◦ ⊆ (RN)∗,
the annhilator of k. This can canonically be identified with (RN/k)∗ ∼=
(Rn)∗ ∼= Rn.

Definition 3.57 (Toric Manifold from a Delzant Polytope). Given a Delzant
polytope ∆, let (M∆, ω∆) denote the symplectic reduction of CN along
ϕ−1(0). Furthermore, we let

J∆ : M∆ → Rn; [x] 7→ J(x) (3.20)

be the induced map.

Delzant’s construction turns out to produce all toric manifolds.

Theorem 3.58 ([Del88]). J∆ : (M∆, ω∆) → Rn is a toric Tn-manifold. If ∆
is compact, then so is M∆. Furthermore, if J : (M, ω) → Rn is any toric Tn-
manifold, then ∆ = J(M) is a Delzant polytope and as Hamiltonian Tn-spaces,
(M, ω) ∼= (M∆, ω∆).

3.6.2 Reduction of Cotangent Bundles

As was hinted at in Example 3.45, the symplectic reduction of a cotangent
bundle where the underlying group is acting both properly and freely
produces the cotangent bundle of the quotient space. It turns out we can
push this much further as we shall see.
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For the rest of this section, we will let G be a connected Lie group with
Lie algebra g, Q a proper G-space with the property that Q = Q(K) for
some compact K ≤ G, J : T∗Q → g∗ the canonical Hamiltonian G-space
structure on the cotangent bundle, and we will let

gQ := spanR{ξQ | ξ ∈ g} ⊆ TQ (3.21)

be the invariant subbundle spanned by the fundamental vector fields from
Example 2.26.

Lemma 3.59 ([ER90]). Suppose the action of G on Q is regular. That is, Q =

Q(K) for some compact subgroup K ≤ G.

(i) J−1(0) = J−1(0)(K)

(ii) (T∗Q)0 = J−1(0)/G is a smooth manifold and there exists unique sym-
plectic form ω0 ∈ Ω2((T∗Q)0) such that

π∗
0 ω0 = ω|J−1(0),

where π0 : J−1(0) → (T∗Q)0 is the quotient map.

(iii) The restriction of the Liouville 1-form θQ|J−1(0) is basic and hence induces
a 1-form θ0 ∈ Ω1((T∗Q)0) such that

π∗
0 θ0 = θQ|J−1(0). (3.22)

and dθ0 = ω0.

Proof. (i) Suppose α ∈ J−1(0) and let g ∈ Gα. Writing x = τQ(α), we see
that

g · x = g · τQ(α) = τQ(g · α) = τQ(α) = x.

Hence, Gα ⊆ GτQ(α) ∼ K. Thus, we may assume after conjugation
that Gα = Kα ⊆ K.

To show that K ⊆ Kα, choose a G-invariant metric on Q so that we
have a splitting

TxQ = Tx(G · x)⊕ νx(Q, G)

Since there is only one orbit-type on Q, it immediately follows that
K acts trivially on νx(Q, G). Now fix v ∈ TxQ and k ∈ K. Since K
stabilizes x = τQ(α), it follows that k · α ∈ T∗

x Q. Hence, we may pair
k · α and v, yielding

⟨k · α, v⟩ = ⟨α, k−1 · v⟩
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Writing v = ξQ(x) + w for some ξ ∈ g and w ∈ νx(Q, G), we have

k−1 · v = (Adk−1 ξ)Q(x) + w

Thus,
⟨α, k−1 · v⟩ = ⟨α, w⟩

Similarly,
⟨α, v⟩ = ⟨α, w⟩.

Thus, k · α = α

(ii) Since the orbit foliation on Q is regular, J−1(0) is an embedded
submanifold of T∗Q. Furthermore, J−1(0) has only one orbit-type
by Lemma 3.59, hence the quotient J−1(0)/G is a manifold. There-
fore, by Marsden-Weinstein reduction, (T∗Q)0 inherits a canonical
symplectic form ω0 with

π∗
0 ω0 = ωQ|J−1(0).

(iii) This immediately follows from the fact that θQ is G-invariant and
from the uniqueness of ω0.

Recall that gQ ⊆ TQ from Equation 3.21is defined to be the span of
the fundamental vector fields. This is the tangent bundle of foliation by
G-orbits on Q. Hence, if we write π : Q → Q/G for the projection map,
we have a short exact sequence of vector bundles over Q

0 ξQ TQ π−1T(Q/G) 0Tπ

where π−1T(Q/G) ⊆ Q × T(Q/G) is the pull-back bundle. Dualizing the
short exact sequence, we get a short exact sequence

0 π−1T∗(Q/G) T∗Q (ξQ)
∗ 0

ϕ Tπ

where
ϕ : π−1T∗(Q/G) → T∗Q

is defined by
⟨ϕ(q, β), v⟩ = ⟨β, Tqπ(v)⟩
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for (q, β) ∈ π−1T∗(Q/G) and v ∈ TqQ. Working point-wise, we see that
the image of (π−1T∗(Q/G))q by ϕ is precisely gQ(q)◦ = J−1(0)q for all
q ∈ Q. Thus, we have an isomorphism of vector bundles over Q

ϕ : π−1T∗(Q/G) → J−1(0). (3.23)

Now to set up the next statement, write τQ/G : T∗(Q/G) → Q/G for the
bundle projection map. By definition,

π−1T∗(Q/G) = {(q, β) ∈ Q × T∗(Q/G) | π(q) = τQ/G(β)}

where π : Q → Q/G is the quotient map. Hence, we have two natural
maps

pr1 : π−1T∗(Q/G) → Q; (q, β) 7→ q

and
pr2 : π−1T∗(Q/G) → T∗(Q/G); (q, β) 7→ β.

Lemma 3.60. In the setting where Q has only one orbit-type, let θQ/G ∈
Ω1(T∗(Q/G)) denote the Liouville 1-form on T∗(Q/G). Then,

ϕ∗θQ = pr∗2θQ/G.

Proof. Let us fix (q, β) ∈ π−1T∗(Q/G) and v ∈ T(q,β)(π
−1T∗(Q/G)). We

first have

(ϕ∗θQ)(q,β)(v) = (θQ)ϕ(q,β)(ϕv) = ⟨ϕ(q, β), (τQ)∗ϕ∗v⟩ = ⟨β, (π ◦ τQ ◦ ϕ)∗v⟩

After a diagram chase, we have

π ◦ τQ ◦ ϕ = τQ/G ◦ pr2

Hence,

(ϕ∗θQ)(q,β)(v) = ⟨β, (τQ/G ◦ pr2)∗v⟩ = (θQ/G)β((pr2)∗v⟩ = (pr∗2θQ)(q,β)(v).

With this fact established, we can now prove the following.

Theorem 3.61. Suppose Q has only one orbit-type. Then the map ϕ : π−1T∗(Q/G) →
J−1(0) from Equation 3.23 induces a canonical symplectomorphism

ϕ̃ : T∗(Q/G) → (T∗Q)0 (3.24)
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Proof. Write π0 : J−1(0) → (T∗Q)0 for the quotient map. Since

ϕ : π−1T∗(Q/G) → J−1(0)

is an isomorphism of G-equivariant vector bundles, ϕ induces an isomor-
phism between the quotients

ϕ̃ : T∗(Q/G) → (T∗Q)0

By Lemma 3.59, the symplectic form on (T∗Q)0 has a canonical primitive
θ0. By Lemma 3.60, we have

ϕ̃∗θ0 = θQ/G

and hence ϕ̃ is a symplectomorphism.



4
P O L A R I Z AT I O N S

Given the description of symplectic manifolds at the beginning of Chapter
3 as generalizations of phase space from classical physics, we may wonder
what other physics concepts can be generalized and ported over to the
symplectic world. Polarizations represent the generalization of momen-
tum, or rather, momentum directions to symplectic manifolds. Indeed,
an arbitrary symplectic manifold (M, ω) may be describable locally as a
phase-space thanks to Darboux’s Theorem, but this does not mean the local
notion of momentum from this description is globally coherent. The key
here is that in phase space, the momentum variables carve out Lagrangian
submanifolds. Then thanks to Frobenius’ Theorem, the tangent space of
this foliation by momentum submanifolds gives an involutive subbundle
P ⊆ TM by Lagrangian subspaces. This in turn can be generalized further
by demanding not that the polarization lie in the tangent bundle, but
rather in the complexified tangent bundle TCM, giving us a notion of
“complex momentum”. As we shall see in the next chapter, this concept
will be key in formulating geometric quantization.

Our goal in this chapter is to not only lay out an elementary theory
of polarizations, but also to develop the non-singular theory of their
reduction. This is an essential idea for fusing Hamiltonian geometry with
quantization.

4.1 lagrangian subspaces and their reductions

Before we can work out the case of general reduction of polarizations, it
will be helpful to have some preliminary facts handy.

For all that follows, we will be assuming (V, ω) is a finite dimensional
real symplectic vector space, ωC will be the C-linear extension of ω to
VC := V ⊗ C, and L ⊆ VC will be a complex Lagrangian subspace. The
main question we want to answer in this section is the following: given a
subspace C ⊆ V and its reduction π0 : C → V0, where V0 = C/(C ∩ Cω),
when is

L0 = π0(L ∩ CC) ⊂ (V0)C

72
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a Lagrangian subspace? In the case where C is coisotropic, i.e. Cω ⊆ C,
the answer is always.

Proposition 4.1. Suppose C ⊆ V is a coisotropic subspace and let V0 = C/Cω

and π : C → V0 be the reduction map. Then,

L0 := π0(L ∩ CC) ⊆ (V0)C

is a complex Lagrangian subspace.

Proof. L0 being isotropic is immediate by the definition of the reduced
symplectic form ω0. So we just need to show L0 is coisotropic. Let c ∈ C
so that π0(c) ∈ Lω0

0 . Then, for any ℓ ∈ L ∩ CC, we have

0 = ω0(π0(c), π0(ℓ)) = ω0(c, ℓ).

Hence,
c ∈ (L ∩ CC)

ω = Lω + Cω
C = L + Cω

C

Writing c = a+ b, a ∈ L and b ∈ Cω
C , we have that a ∈ L∩CC since Cω ⊆ C.

Thus,
π0(c) = π0(a) ∈ L0.

A question worth investigating here, is what happens to the type after
we do reduction along a coisotropic subspace.

Corollary 4.2. Let C ⊆ V be a coisotropic subspace, L ⊆ VC a complex La-
grangian subspace, and let π0 : C → V0 be as in Proposition 4.1.

(1) If L is totally complex, i.e. L ∩ L = {0}, then L0 is also totally complex, i.e.
L0 ∩ L0 = {0}.

(2) If L is real, i.e. L = L, then L0 is also real.

Proof. Both (1) and (2) are consequences of the fact that L0 is obtained
by intersecting a complex subspace with the complexification of a real
subspace.

Example 4.3. Let (V, ω) be a 4 dimensional symplectic vector space and
{e1, e2, f1, f2} a Darboux basis for ω, i.e

ω = e∗1 ∧ f ∗1 + e∗2 ∧ f ∗2 ,

where {e∗i , f ∗i } is the dual basis. Consider now the coisotropic subspace

C = spanR{e1, e2, f1}.
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C is indeed coisotropic with

Cω = spanR{e2}

and hence the reduced space V0 = C/Cω has a canonical Darboux basis
which can be identified with {e1, f1}. Write π0 : C → V0 for the reduction
map. Now, consider the following three Lagrangian subspaces,

L1 = spanC{e1, e2}
L2 = spanC{e1 + i f1, e2 + i f2}
L3 = spanC{e1 + i f1, e2}
L4 = spanC{e1, e2 + i f2}

Note that L1 is real, L2 is totally complex, and L3 and L4 are mixed. Indeed,
as we suspect, we see that the reduction of L1 remains real

(L1)0 = π0(L1 ∩ CC) = spanC{e1},

the reduction of L2 remains complex

(L2)0 = π0(L2 ∩ CC) = spanC{e1 + i f1}.

Whereas we see that the reduction of L3

(L3)0 = π0(L3 ∩ CC) = spanC{e1 + i f1}

becomes totally complex and the reduction of L4

(L4)0 = π0(L4 ∩ CC) = spanC{e1}

becomes real. So the only stable types under reduction are real and totally
complex.

Before we move on to the general case, I would like to recall a result of
Guillemin and Sternberg. First, a definition.

Definition 4.4. Let (V, ω) be a real symplectic vector space and L ⊆ VC a
complex Lagrangian subspace. Define inner-product

VC × VC → C; (v, w) 7→ iω(v, w), (4.1)

where w denotes the complex-conjugate of w. If the inner-product in
Equation 4.1 is positive-definite when restricted to L, then say L is positive.
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Proposition 4.5 ([GS82]). Suppose L ⊆ V ⊗C is a positive Lagrangian subspace
and C ⊆ V a coisotropic subspace. Then,

L ∩ Cω
C = {0}.

Proof. This is near verbatim the proof found in [GS82]. Let c1, c2 ∈ Cω so
that ℓ = c1 + ic2 ∈ L. Then,

iω(ℓ, ℓ) = 2ω(c1, c2) = 0

since Cω is isotropic. Since L is assumed to be positive, it then follows that
ℓ = 0.

Corollary 4.6. Suppose L ⊆ V ⊗ C is a positive Lagrangian subspace and
C ⊆ V is coisotropic. Then the reduced Lagrangian L0 ⊆ (V0)C = (C/Cω)⊗ C

is a positive polarization.

Proof. Write π0 : C → V0 for the projection. Recall that

L0 = π0(L ∩ CC).

Write ω0 for the reduced form on V0. Then, if ℓ1, ℓ2 ∈ L ∩ CC we have

iω0(π0(ℓ1), π0(ℓ2)) = iω(ℓ1, ℓ2)

Suppose now that π0(ℓ1) = π0(ℓ2) ̸= 0. Then there exists c ∈ Cω
C with

ℓ2 = ℓ1 + c.

Thus,
iω0(π0(ℓ1), π0(ℓ2)) = iω(ℓ1, ℓ1 + c) = iω(ℓ1, ℓ1) > 0

where we used the fact that L is positive and that Cω
C is closed under

complex conjugation.

In the case of non-singular reduction, this will immediately imply that
a polarization induces a reduced polarization on the reduced space, pro-
vided certain regularity conditions hold. However, it will not suffice on its
own in the case of singular reduction. For that, we need a few auxiliary
results.

Proposition 4.7. Suppose S ⊆ V is a symplectic subspace and suppose that

L = L ∩ SC + L ∩ Sω
C . (4.2)

Then L ∩ SC is a complex Lagrangian subspace of SC.
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Proof. Let ωS := ω|S. Clearly,

L ∩ SC ⊆ (L ∩ SC)
ωS

so L ∩ SC is isotropic. To show coisotropic, let x ∈ (L ∩ SC)
ωS and let ℓ ∈ L.

By the decomposition in Equation 4.2, we can write

ℓ = ℓ1 + ℓ2,

where ℓ1 ∈ L ∩ SC and ℓ2 ∈ L ∩ Sω
C . Observe that

ω(x, ℓ) = ω(x, ℓ1) + ω(x, ℓ2).

Since x ∈ SC and ℓ2 ∈ Sω
C , the second summand vanishes and thus

ω(x, ℓ) = ω(x, ℓ1) = ωS(x, ℓ1) = 0.

Therefore, x ∈ Lω = L and hence x ∈ L ∩ SC.

Recall now that if S ⊆ V is a symplectic subspace, then so is its comple-
ment Sω. Furthermore, we have a canonical internal direct sum V = S⊕ Sω.
Thus, we have a natural projection PS : V → S along the complement of S.

Proposition 4.8. Suppose L ⊆ VC a complex Lagrangian subspace and C ⊆ V a
subspace. Suppose there is a symplectic subspace S ⊆ V such that

(1) C = C ∩ S + C ∩ Sω

(2) L = L ∩ SC + L ∩ Sω
C

(3) C ∩ S is coisotropic in S.

(4) c − PS(c) ∈ Cω for all c ∈ C.

Then the following holds.

(i) The symplectic complements of C ∩ S in S is given by

(C ∩ S)ω|S = C ∩ Cω ∩ S

and the image of C ∩ Cω under the symplectic projection PS : V → S is
given by

PS(C ∩ Cω) = (C ∩ S)ω|S .

(ii) Define

V0 =
C

C ∩ Cω
and S0 =

C ∩ S
(C ∩ S)ω|S



4.1 lagrangian subspaces and their reductions 77

and let πC : C → V0 and πS : C ∩ S → S0 be the respective projections.
Then the inclusion ι : C ∩ S ↪→ C defines a symplectomorphism ϕ : S0 →
V0 making the diagram commutes

C ∩ S C

S0 V0

ι

πS πC

ϕ

(iii) L0 = πC(L ∩ CC) is a Lagrangian subspace of (V0)C.

Proof. (i) First, observe that

C ∩ Cω ∩ S = (C ∩ S)ω|S

Indeed, since
C = C ∩ S + C ∩ Sω,

it is straightforward to see that

(C ∩ S)ω|S = Cω ∩ S.

But we are assuming C ∩ S is coisotropic, thus

Cω ∩ S ⊆ C ∩ S

and hence

Cω ∩ S = (Cω ∩ S) ∩ (C ∩ S) = C ∩ Cω ∩ S.

Now to show that

PS(C ∩ Cω) = C ∩ Cω ∩ S.

Let c ∈ C ∩ Cω. Using the identity

(C + Cω)ω = C ∩ Cω,

we show PS(c) lies in the symplectic complement of C + Cω. To that
end, let x ∈ C and y ∈ Cω. Using the fact that PS(C) = C ∩ S, we
obtain

ω(PS(c), x + y) = ω(PS(c), x) = ω(PS(c), PS(x))
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Now, since c − PS(c) ∈ Sω, we obtain

ω(PS(c), PS(x)) = ω(PS(c) + c − PS(c), PS(x)) = ω(c, PS(x)).

Once again using the fact that PS(C) = C ∩ S and c ∈ Cω, we then
obtain

ω(c, PS(x)) = 0

hence the claim.

(ii) To define ϕ let c ∈ C ∩ S and let

ϕ(πS(c)) = πC(c).

This is well-defined since if c − c′ ∈ C ∩ Cω ∩ S, then clearly πC(c −
c′) = 0. By construction, it makes the diagram commute. Writing ω0

for the symplectic form on V0 and (ωS)0 for the symplectic form on
S0, we observe that

π∗
Sϕ∗ω0 = ι∗π∗

Cω0 = ι∗(ω|C) = ω|S∩C = (ωS)|C∩S

Since (ω0)S is the unique two form on S0 satisfying π∗
S(ωS)0 =

ωS|C∩S, it follows that
ϕ∗ω0 = (ωS)0.

It remains to show that ϕ is a linear isomorphism. Since ϕ pulls back
a non-degenerate 2-form to a non-degenerate 2-form, it immediately
follows that ϕ is injective. For surjectivity, observe that if c ∈ C, then
since

c − PS(c) ∈ Cω,

we immediately conclude that

ϕ(πS(PS(c)) = πC(c).

Hence, ϕ is a symplectomorphism.

(iii) Using the commuting diagram in (ii), we obtain that

πC(L ∩ CC) = ϕ(πS(L ∩ CC ∩ SC)).

Since C ∩ S is coisotropic and by Proposition 4.7, L ∩ SC is a complex
Lagrangian subspace of SC, it follows that πS(L ∩ CC ∩ SC) is a
complex Lagrangian subspace of (S0)C. Hence, by Proposition 4.7, it
follows that πS(L ∩ CC ∩ SC) ⊆ (S0)C is a complex Lagrangian and
since ϕ is a symplectomorphism, so is its image.
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It might seem unlikely that we should ever be in the presence of a
symplectic subspace as in Proposition 4.8. However, in the presence of
a linear action of a compact group, much of the above becomes auto-
matic. So henceforth, let us fix a compact (not necessarily connected) Lie
group K, and suppose (V, ω) is a symplectic K-representation. We will
also be assuming that the Lagrangian subspace L ⊆ VC is a complex
K-representation.

Proposition 4.9. (1) L = L ∩ VK
C + L ∩ (VK)ω

C , and

(2) LK is a Lagrangian subspace of VK.

Proof. (1) Recall from Proposition 3.39 that VK is a symplectic subspace.
Hence, we have a natural surjective projection along (VK)ω

PVK : V → VK ⊆ V.

Restricting, we get a map PVK |L : L → LK ⊆ L and hence we also get
a canonical direct sum

L = LK + ker(PVK |L).

It’s then automatic that LK = L ∩ VK
C and ker(PVK |L) = L ∩ (VK)ω

C .

(2) In light of Proposition 4.7, L ∩ VK
C is a complex Lagrangian subspace

of VK
C . Furthermore, we have

LK = L ∩ VK
C .

The result then follows.

With this, we can now do a linear version of singular reduction.

Theorem 4.10. Let V and W be two finite dimensional symplectic K-representations
and let F ⊆ V be a K-invariant real Lagrangian subspace and define

C = F ⊕ WK

and let

(V ⊕ W)0 :=
F ⊕ WK

(F ⊕ WK) ∩ (F ⊕ WK)ω

and write π : C → V0 for the projection. If L ⊆ VC ⊕ WC is a K-invariant
complex Lagrangian subspace, then

L0 = π(L ∩ CC) ⊆ (V ⊕ W)0 ⊗ C
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is a complex Lagrangian subspace of (V ⊕ W)0.

Proof. Let S = VK ⊕ WK = (V ⊕ W)K. S is a symplectic subspace and the
projection map

PS : V ⊕ W → VK ⊕ WK; (v, w) 7→ (vK, wK)

is given by averaging over K. By Proposition 4.9,

L = L ∩ SC + L ∩ Sω
C .

Since C is closed under the K-action, we also have

C = C ∩ S + C ∩ Sω.

Next,
C ∩ S = FK ⊕ WK

which is clearly co-isotropic in VK ⊕ WK. Finally, for any ( f , w) ∈ F ⊕ WK,
we have

( f , w)− PS( f , w) = ( f , w)− ( f K, w) = ( f − f K, 0)

which lies in Cω since F is Lagrangian in V. Thus, we can apply Proposition
4.8 and the result then follows.

4.2 polarizations

Now that the linear theory of Lagrangian subspaces is complete, we can
now go to the global theory of polarizations.

Definition 4.11 (Polarization). Let (M, ω) be a symplectic manifold. A
polarization of (M, ω) is a complex distribution P ⊆ TCM satisfying the
following properties.

• P is involutive. That is, if V, W ∈ Γ(P), then [V, W] ∈ Γ(P).

• P is Lagrangian. That is, for all x ∈ M, the fibre Px ⊆ TC
x M is a

complex Lagrangian subspace with respect to the complexification
ωC

x of the symplectic form ωx.

Given a polarization P ⊆ TCM, define the polarized functions by

OP (M) := { f ∈ C∞(M, C) | v( f ) = 0 for all v ∈ P}.

We will also write C∞
P (M) for real-valued functions in OP (M).
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We are to think of a polarization as representing the “momentum direc-
tions” of a symplectic manifold. Locally, this represents half the variables
on which a wave-function could depend, so we will only take wave-
functions which are constant in those directions. Before we make this
notion precise, let us discuss some examples of polarizations and some of
their features.

Example 4.12. Let (M, ω) = (R2n, ωcan) be standard symplectic R2n with
Darboux coordinates (x1, . . . , xn, y1, . . . , yn). This symplectic manifold has
a large number of natural polarizations. Viewing the y coordinates as
momentum coordinates, we can produce the momentum polarization

Pmomentum = spanC

{
∂

∂yi

∣∣∣∣ i = 1, . . . , n
}

and, viewing the x coordinates as the position varibles, we get the position
polarization

Pposition = spanC

{
∂

∂xi

∣∣∣∣ i = 1, . . . , n
}

.

Both of these polarizations are meaningful for quantization. Note that they
are also the complexifications of real distributions and hence are foliations.
In both cases, the polarized functions OPmomentum(R

2n) and OPposition(R
2n)

are equal to the functions on R2n which are constant along the leaves and
hence can be identified with C∞(Rn, C).

We can get other kinds of polarizations via complex structures. Let
I denote the standard complex structure on R2n identifying it with Cn.
Now consider the holomorphic and anti-holomorphic tangent bundles
T0,1R2n and T0,1R2n. These are both involutive Lagrangian subbundles of
TCR2n and hence are polarizations. In this case, the polarized function
OT1,0R2n(R2n) and OT0,1R2n(R2n) are equal to the anti-holomorphic and
holomorphic functions, respectively.

Example 4.13. As a generalization of the above, cotangent bundles are also
extremely natural places for polarizations to arise. Let Q be a manifold and
τ : T∗Q → Q the cotangent bundle of Q. Since τ is a surjective submersion
with fibres the cotangent fibres, the complexification of the kernel

P = ker(Tτ)⊗ C ⊆ TC(T∗Q)

is an involutive complex distribution. Furthermore, since for any α ∈ T∗Q
we have

Pα = Tα(T∗
τ(α)Q)⊗ C,
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it immediately follows from the definition of the Liouville form θ ∈
Ω1(T∗Q) that P is Lagrangian. Working in cotangent coordinates, we
can immediately deduce that the polarized function OP (T∗Q) are the
complex-valued smooth functions which are constant along the cotangent
fibres. Put another way,

OP (T∗Q) = τ∗C∞(Q, C). (4.3)

Example 4.14. Suppose Tn is an n-dimensional torus and J : (M, ω) → t∗

is a toric Tn space with Tn acting freely. Then by Example 2.26, the subset
tM ⊆ TM defined by

(tM)x = {ξM(x) | ξ ∈ t}, x ∈ M

is a Tn-invariant subbundle. I claim P = tM ⊗ C is a polarization. Involu-
tivity follows immediately from tM being the tangent bundle to a foliation.
As for Lagrangian, since Tn is abelian we have for any ξ, η ∈ t that

ω(ξM, ηM) = ηM(Jξ) = 0

since Jξ : M → R is invariant for any ξ ∈ t. Thus, the rank of tM is half
the dimension of M, it follows that P is fibre-wise Lagrangian and hence
a polarization.

Proposition 4.15. Let P be a polarization.

(1) Let f ∈ C∞(M, C). Then f ∈ OP (M) if and only if Vf ∈ Γ(P).

(2) OP (M) is a Poisson subalgebra of C∞(M, C).

Proof. (1) Let f ∈ C∞(M, C). Then f ∈ OP (M) if and only if dx f lies in
the annihilator of Px for all x. Since d f = ω(Vf , ·), this occurs if and
only if Vf (x) ∈ Pω

x = Px for all x. In turn, this occurs if and only if
Vf ∈ Γ(P).

(2) Let f , g ∈ OP (M). Then,

V{ f ,g} = [Vf , Vg].

By (1), Vf , Vg ∈ Γ(P) and so by involutivity, we have V{ f ,g} ∈ Γ(P)

which implies { f , g} ∈ OP (M) by (1).

There are two archetypal (and most extensively studied) kinds of po-
larizations: real and Kähler. Fix a symplectic manifold (M, ω) for the
following discussion. Now suppose we have a (non-singular) foliation
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F of M by Lagrangian submanifolds. Then, by Frobenius’ Theorem, the
tangent bundle of the foliation TF is involutive, and clearly TxF ⊆ Tx M
is Lagrangian. Hence, the complexification

TF ⊗ C ⊆ TM ⊗ C

is a polarization.

Proposition 4.16. Let F denote a Lagrangian foliation and let P = TF ⊗ C.
Then the polarized functions OP (M) are precisely the complex functions which
are constant along the leaves of F .

Proof. By definition, f ∈ OP (M) if and only if d f |L = 0 for every leaf
L. Since the leaves are connected and d f |L = d( f |L), this implies the
result.

Let us now discard the Lagrangian foliation F and consider the opposite
“extreme” (in a sense to made precise later): a Kähler structure. Let I be
an integrable complex structure on M which is compatible with ω in the
sense that

g(X, Y) := ω(X, I(Y))

defines a Riemannian metric on (M, ω). I naturally extends to an endo-
morphism

I : TM ⊗ C → TM ⊗ C

which allows us to decompose TM ⊗ C into its i and −i eigenbundles,
respectively

TM ⊗ C = T0,1
J M ⊕ T1,0

J M.

It immediately follows that each of T0,1
I M, T1,0

I M ⊆ TM ⊗ C are La-
grangian subbundles and they are both involutive by Newlander-Nirenberg
[NN57]. Hence, we get two polarizations from I: T0,1

I M and T1,0
I M.

Proposition 4.17. Let (M, ω, I) be a Kähler manifold. Then the complex po-
larized functions with respect to the polarization T0,1M of holomorphic tangent
bundle is the antiholomorphic functions. Conversely, the complex polarized func-
tions with respect to the antiholomorphic tangent bundle T1,0M is given by the
holomorphic functions on M.

Proof. This is merely the definition of holomorphic and antiholomorphic
functions.

I said that this example coming from Kähler structures was opposite to
that of a Lagrangian foliation. This is in the sense of complex conjugation.
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Notice that if F is a Lagrangian foliation, then TF ⊗ C is equal to its
fibre-wise complex conjugate

TF ⊗ C = TF ⊗ C,

while for a Kähler structure I, the holomorphic and anti-holomorphic
tangent bundles T1,0

I M and T0,1
I M intersect trivially and are permuted by

complex conjugation. That is,

T0,1
I M ∩ T0,1

I M = {0}.

This leads naturally to the notion of types of polarizations.

Definition 4.18 (Polarization Types). Let (M, ω) be a symplectic manifold
and P ⊆ TM ⊗ C a polarization.

(1) P is called real if P is equal to its fibre-wise complex conjugate, that
is

P = P .

(2) P is called totally complex if P trivially intersects its fibre-wise
complex conjugate, that is

P ∩ P = {0}.

(3) If P is neither real nor totally complex, it is said to be of mixed type.

Remark 4.19. In general, totally complex polarizations need not correspond
to a Kähler structure. Indeed, rather they correspond to pseudo-Kähler
structures which means the induced metric g is a pseudo-Riemannian
metric. That is, the induced metric g is not demanded to be positive-
definite. Indeed, given a totally complex polarization P we have an internal
direct sum

TM ⊗ C = P ⊕P .

Define then
I : P ⊕P → P ⊕P ; v + w 7→ iv − iw.

If we let v ∈ TM, then we can write v = p + p for unique p ∈ P . By
definition,

I(v) = ip − ip

Observe that I(v) = I(v) which implies that I(v) lies in TM. Hence, we
get a map

I : TM → TM
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Trivially I2 = −id TM and I is integrable by Niewlander-Nerenberg. Now
define symmetric 2-tensor on TM by

g(v, w) = ω(v, I(w)).

g need not be positive definite, but it will be non-degenerate, hence
defining a pseudo-Riemannian metric.

For instance endow C2 with complex coordinates (z1, z2) and let

ω =
i
2

2

∑
j=1

dzj ∧ dzj

be the canonical symplectic form. Now define

P =

〈
∂

∂z1
,

∂

∂z2

〉
.

It’s then easy to see that P is involutive and Lagrangian, hence a polariza-
tion. Furthermore, we trivially have P ∩P = 0. Thus, P is totally complex.
In this setting, we see that the induced symmetric 2-tensor has the form

g =
∂

∂x1

∂

∂x1
+

∂

∂y1

∂

∂y1
− ∂

∂x2

∂

∂x2
− ∂

∂y2

∂

∂y2

where concatenation indicates symmetric product, and the xj, yj are de-
fined by

xj =
zj + zj

2
and yj =

i
2
(zj − zj).

In particular, the induced metric has mixed signature (+ +−−) and thus
is pseudo-Riemannian.

Example 4.20. Let (M1, ω1) and (M2, ω2) be two symplectic manifolds, F
a Lagrangian foliation of M1 and J a Kähler structure on M2. Then, the
external direct sum

P = (TF ⊗ C)⊕ T0,1
J M2 ⊆ T(M1 × M2)⊗ C

is a polarization of mixed type.

As a last property of polarizations, I would like to discuss positivity.
Observe that for each x ∈ M, we can define a symmetric sesquilinear form
on Px as follows:

⟨v, w⟩ := iωx(v, w), (4.4)

where w denotes the complex-conjugate of w.
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Definition 4.21. A polarization P is said to be positive if the pairing
defined in Equation (4.4) is positive-definite.

As we shall see below, a polarization being positive is equivalent to
being Kähler. The point of providing this alternate characterization is that
positivity is an easy condition to verify in the context of taking quotients.

Lemma 4.22. Let (M, ω) be a symplectic manifold and P ⊆ TCM a totally
complex polarization. Then the following are equivalent.

(1) P is positive.

(2) There exists Kähler structure I so that P = T0,1
I M.

Proof. First, let us suppose P = T0,1
I M for some Kähler structure I. Write

g for the induced Riemannian metric given by

g(v, w) = ω(v, I(w)).

Fixing x ∈ M and v ∈ Px and plugging v into the inner-product from
Equation (4.4),

⟨v, v⟩ = iωx(v, v)

Since v lies in the complexificaiton of TM, there exists w1, w2 ∈ Tx M so
that v = w1 + iw2. From here, it then follows that

⟨v, v⟩ = 2ωx(w1, w2).

Now, since I(v) = −iv, it follows that I(w1) = w2 and I(w2) = −w1. In
particular,

⟨v, v⟩ = 2ωx(w1, I(w1)) = 2gx(w1, w1).

In particular, if w1 ̸= 0, we have ⟨v, v⟩ > 0 and hence P is positive.

For the converse, let us suppose that P is positive. First I claim that P
is totally complex. Indeed, if v ∈ Px ∩ Px for some x ∈ M, then it follows
that v ∈ Px. Hence,

⟨v, v⟩ = iωx(v, v) = 0

since Px is Lagrangian. Since ⟨·, ·⟩ is assumed to be positive-definite, it
follows that v = 0. Thus, Px ∩ Px = 0 and so P is totally complex.

Thus, by the discussion in Remark 4.19, there exists an integrable com-
plex structure I : TM → TM such that P = T0,1

I M. To finish, we need to
show that

g(v, w) := ω(v, I(w))
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is positive definite. This is straightforward as for any v ∈ TM first see that

I(v + iI(v)) = I(v)− iv = −i(v + iI(v))

and hence v + iI(v) ∈ P and furthermore

g(v, v) = ω(v, I(v)) =
i
2

ω(v + iI(v), v − iI(v)) =
⟨v + iI(v), v + iI(v)⟩

2

If v ̸= 0, it then immediately follows from positivity that g(v, v) > 0 and
thus I is a Kähler structure.

4.3 images of vector bundles and complex distributions

In the previous section, we derived the infinitesimal picture needed for
singular reduction. Now we will need to piece everything together making
use of integrability. The main ideas here are coming from vector bundle
and complex distribution theory.

First, we need to ask a somewhat simple question. When is the image of
a vector bundle again a vector bundle? In particular, if

A B

M N

p

f

is a vector bundle morphism with f a surjective submersion, when is
p(A) ⊆ B a vector subbundle over N? Unless f is a diffeomorphism, it
does not suffice to just assume that p is constant rank.

Example 4.23. To demonstrate that a vector bundle morphism p with
constant rank need not have a vector bundle as its image, consider the
universal covering map

f : R → S1 ⊆ C; θ 7→ eiθ

Let B = S1 ×R2 be the trivial rank 2 bundle over S1 and define A ⊆ R×R2

as follows. For each θ ∈ R, let Rθ ∈ SO(2) be the counter-clockwise
rotation by θ. Choosing a line

L = {(x, 0) | x ∈ R}.



4.3 images of vector bundles and complex distributions 88

Now define A ⊆ R × R2 by

Aθ := Rθ/4(L).

The restriction of the projection pr1 : R × R2 → R onto the first factor
defines a vector bundle structure

πA : A → R.

Write πB : S1 × R2 → S1 for the projection on the first factor as well. Since
Aθ ⊆ R2 for each θ, we get a canonical vector bundle morphism

A B

M N

p

πA πB

f

given by fibre-wise inclusion. Then, we see p(A) is not a vector subbundle
of B. Letting

X = {(x, y) ∈ R2 | x = 0 or y = 0},

we see that
p(A) ∩ ({(1, 0)} × R2) = {(1, 0)} × X

and over every other point in S1 will be a rotated copy of X. Hence, p(A)

is not a vector subbundle.

Constant rank does not suffice to ensure the image of a vector bundle
morphism is a vector bundle, so we need to impose a further condition.

Lemma 4.24. Let

A B

M N

p

f

be a vector bundle morphism with f a surjective submersion. Then p(A) ⊆ B is
a vector subbundle of B with

p(A) f (x) = p(Ax)

for any x ∈ M if and only if

(1) The map
M → Z; x 7→ dim p(Ax)

is constant.
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(2) If f (x) = f (y), then p(Ax) = p(Ay).

Proof. First, suppose p(A) ⊂ B is a vector subbundle with

p(Ax) = p(A) f (x)

for all x ∈ M. Then clearly the dimension of p(Ax) must be constant and
if x, y ∈ M satisfy f (x) = f (y), then p(Ax) = p(Ay).

So let us now assume the converse. That is, assume p(Ax) is constant
in x and p(Ax) = p(Ay) for any x, y ∈ M with f (x) = f (y). To show
that p(A) is a vector subbundle, it suffices to show that around any point
n ∈ N, we can find a neighbourhood U ⊆ N of n and point-wise linearly
independent sections τ1, . . . , τk ∈ Γ(U, B) which span p(A)|U .

Thus, making use of the fact that f is a submersion, we can pass to local
coordinates and assume M = Rn × Rm, N = Rn, and f : Rn × Rm → Rn

is the projection onto the first factor. Note that since p is assumed constant
rank, the kernel ker(p) ⊆ A is a vector subbundle. Thus, we can find
sections

σ1, . . . , σk, σℓ+1, . . . , σr ∈ Γ(Rn × Rm, A)

so that σℓ+1, . . . , σr is a frame for ker(p). For each i = 1, . . . , k, define

τi : Rn → B; x 7→ p ◦ σi(x, 0)

By construction, τ1, . . . , τk span p(A) and are point-wise linearly indepen-
dent. Hence the claim.

Definition 4.25. Let

A B

M N

p

f

be a vector bundle morphism. If p(Ax) = p(Ay) for any x, y ∈ M with
f (x) = f (y), say p is constant along the fibres of f .

Remark 4.26. Returning to the vector bundle morphism from Example 4.23

A ⊆ R × R2 S1 × R2

R S1

p

f
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where f (θ) = eiθ is the universal covering map and A is defined by

Aθ := Rθ/4(L) ⊆ R2

where L = {(x, 0) ∈ R2 | x ∈ R} and Rθ/4 ∈ SO(2) is the counter-
clockwise rotation around the origin by θ/4.

The reason why p(A) was not a vector subbundle of S1 × R2 was
precisely because p violates hypothesis (ii) in Lemma 4.24. Indeed, consider
the fibres A0 and A2π. We have

p(A0) = { f (0)} × L = {1} × L

whereas
p(A2π) = { f (2π)} × Rπ/2(L) = {1} × Rπ/2(L).

Clearly p(A0) ̸= p(A2π) even though f (0) = f (2π).

Example 4.27. If we do not demand p be constant along the fibres of the
base map, we can also obtain examples where p(A) is a vector bundle.
Indeed, consider now f : S1 × R → R given by projection onto the second
factor. Let B = R×R2 be the trivial rank-2 vector bundle and let us define
A ⊆ (SO(2)× R)× R2 as follows. Let

L = {(x, 0) ∈ R2 | x ∈ R}

and for each (R, t) ∈ SO(2)× R, define

A(R,t) := R(L) ⊆ R2.

These fibres then piece together to a real line bundle A → SO(2) × R.
Letting p : A → B be given by fibre-wise inclusion, we see that p is
constant rank, but if R, R′ ∈ SO(2) are distinct elements and are not
inverses, then for any t ∈ R the two lines R(L) and R′(L) are not equal
and thus

A(R,t) ̸= A(R′,t)

and hence their images are not equal either under p. However, it’s easy to
see that

p(A) = B

and hence is a vector subbundle. Notice that in this case, p(A(R,t)) ̸= p(A)t

for any (R, t) ∈ SO(2)× R.
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Corollary 4.28. Suppose p : A → B is a vector bundle morphism which is
constant along the fibres of f . Then any choice of splitting

A = ker(p)⊕ A′

defines an injective map

p! : Γ(p(A)) → Γ(A′); σ 7→ p!σ

such that for any σ ∈ Γ(p(A)), the diagram commutes

A′ p(A)

M N

p

f

p!σ σ

Proof. Clearly p induces an isomorphism of vector bundles over M be-
tween the pullback bundle f−1(p(A)) and A′,

f−1(p(A)) ∼= A′ (4.5)

Thus, if σ ∈ Γ(p(A)) is a section, we get an induced pull-back section
f−1σ ∈ Γ( f−1 p(A)) which gets identified with a section p!σ ∈ Γ(A′) via
the isomorphism in Equation 4.5.

The immediate consequence of our discussion of general vector bundles
is that we can now push-forward distributions by surjective submersions
provided certain conditions are met.

Lemma 4.29. Suppose M and N are smooth manifold, P ⊆ TCM is a complex
involutive subbundle, and π : M → N a surjective submersion. Write VCM :=
ker(TCπ). Suppose the following conditions hold.

(i) TCπ|P : P → TCN is constant along the fibres of π and is constant rank.

(ii) For any sections X ∈ Γ(VCM) and Y ∈ Γ(P) we have

[X, Y] ∈ Γ(P).

Then
π∗P := Tπ(P) ⊆ TCN

is an involutive complex distribution on N.

Proof. The map
Tπ|P : P → TCN
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is a constant rank vector bundle morphism which is constant along fibres
over a surjective submersion. By Lemma 4.24, its image π∗P is a complex
subbundle of TCN. Now to show π∗P is involutive.

Let X, Y ∈ Γ(π∗P) be two sections and let XL, YL ∈ Γ(P) be two lifts
as in Corollary 4.28. Then [XL, YL] ∈ Γ(P) since P is involutive. Since
XL ∼π X and YL ∼π Y, we have [XL, YL] ∼π [X, Y]. Thus, [X, Y] ∈ Γ(π∗P)
as well.

4.4 the non-singular reduction of polarizations

For all that follows, let G be a connected Lie group, J : (M, ω) → g∗ a
proper Hamiltonian G-space, and P ⊆ TM ⊗ C a G-invariant polarization.

Theorem 4.30. Suppose 0 is a regular value of J, J−1(0) ̸= ∅, and so that G acts
freely on J−1(0). Let M0 = J−1(0)/G be the reduced space and π0 : J−1(0) →
M0 the quotient map. If

PJ−1(0) := P ∩ TC J−1(0) ⊆ TCM

is an embedded submanifold of TCM, then

P0 := (π0)∗(PJ−1(0))

is a polarization of M0.

Proof. Since PJ−1(0) is an embedded submanifold of TCM, it immediately
follows that PJ−1(0) is a complex vector subbundle of TC J−1(0). Further-
more, since PJ−1(0) is given by the intersection of two subbundles which
are closed under Lie brackets, PJ−1(0) is a complex distribution of J−1(0).

We are assuming that P is G-invariant, and so it follows immediately
that the vector bundle morphism

PJ−1(0) TCM0

J−1(0) M0

Tπ0

π0

(4.6)

is constant along the fibres of π0 in the sense of Definition 4.25. Further-
more, since J−1(0) is a coisotropic submanifold and

Tx(G · x) = (Tx J−1(0))ωx
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for all x, it follows from the linear reduction statement in Proposition 4.1
that Txπ0((PJ−1(0))x) ⊆ TC

π0(x)M0 is a Lagrangian subspace of TC
π0(x)M0

for any x. From this, we obtain two facts at once. First, the vector bundle
morphism in Equation 4.6 is constant rank. Making use of Lemma 4.29,
we deduce that (π0)∗(PJ−1(0)) = P0 ⊆ TCM0 is a complex distribution on
M0. Second, since P0 is fibre-wise Lagrangian, it must be the case that P0

is a polarization.

Definition 4.31. Given a G-invariant polarization P , say P is reducible
PJ−1(0) := P ∩ TC J−1(0) is an embedded submanifold of TCM.

In light of this theorem, from now on we shall be assuming that 0 is a
regular value of J and that G acts freely on J−1(0). The main question we
will be investigating further is when P is reducible and the implications
therein.

Proposition 4.32. Let gJ−1(0) ⊆ TJ−1(0) denote the tangent bundle of foliation
of J−1(0) by orbits of the free G-action. If P is fibre-wise positive as in Definition
4.21, then

P ∩ gJ−1(0) = {0}.

Proof. This follows from the fact that for each x ∈ J−1(0), we have

(Tx J−1(0))ωx = Tx(G · x) = (gJ−1(0))x.

So, by Proposition 4.5, Px ∩ TC
x (G · x) = {0} since P is positive.

Corollary 4.33 ([GS82]). If P is a positive polarization, then it is reducible.
Furthermore, the reduced polarization

P0 = (π0)∗(PJ−1(0))

is a positive polarization on M0.

Proof. By Proposition 4.32, the sum

P|J−1(0) + gJ−1(0) ⊗ C

defines a vector subbundle of TCM|J−1(0). Working point-wise, we see the
symplectic dual is given by

(P|J−1(0) + gJ−1(0) ⊗ C)ω = P ∩ TC J−1(0) = PJ−1(0).

Hence, PJ−1(0) is a subbundle and thus P is reducible. The reduced polar-
ization P0 being positive-definite is a consequence of Corollary 4.6.
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Applying this result together with Corollary 4.2, allows us to conclude
the following.

Corollary 4.34. If I is a Kähler structure, then it canonically induces a Kähler
structure on M0.

Example 4.35. It follows from both Theorem 3.58 and Corollary 4.34 that all
toric manifolds are Kähler manifolds and, in fact, come equipped with an
invariant Kähler structure. Let J : (M, ω) → t∗ be a toric T-manifold with
n = dim(T). Then by Theorem 3.58 J : (M, ω) → t∗ is T-equivariantly
diffeomorphic to the reduction of standard symplectic CN with respect to
the action of some subtorus K ≤ (S1)N .

Now let Ican be the standard complex structure on CN . Clearly Ican is
invariant under the full (S1)N action, hence also under the action of the
subtorus K. Therefore by Corollary 4.34, Ican induces a Kähler structure I∆

on M∆. Note that via Delzant’s construction, the action of T on M can be
identified with the action of (S1)N/K on the reduced space. In particular,
it then follows that I∆ must be invariant under the action of T as well.

On the other extreme is of course real polarizations. These are most
definitely not positive polarizations, so we will need to approach the
question of when they are reducible in a slightly different fashion. Before
we give the statement, let us recall a standard definition (for instance,
[Hud24, Example 2.7, (c)].)

Definition 4.36. Let M be a manifold and A, B ⊆ M two submanifolds.
We say A and B intersect cleanly if

(i) A ∩ B is a submanifold of M.

(ii) Tx(A ∩ B) = Tx A ∩ TxB for all x ∈ A ∩ B.

Proposition 4.37. Suppose F = {Lx}x∈M is a Lagrangian foliation of M. If the
leaves of F intersect J−1(0) cleanly and with constant rank, then the partition

FJ−1(0) =
⋃

L∈F
π0(L ∩ J−1(0))

is a regular foliation of J−1(0) and

TF ∩ TJ−1(0) = TFJ−1(0)

Proof. By construction, TFJ−1(0) is an involutive subbundle of TJ−1(0).
Thus, by Frobenius’ Theorem (for instance, see [Lee13, Theorem 19.12]),
TFJ−1(0) is the tangent bundle of a regular foliation on J−1(0).
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Corollary 4.38. If P is a real polarization and the Lagrangian leaves of P
intersect J−1(0) cleanly with constant rank, then P is reducible and its reduction
P0 is also real. Furthermore, if x ∈ J−1(0), Lx ∈ F the Lagrangian leaf through
x, and L̃[x] ⊆ M0 the leaf through [x] ∈ M0, then

π−1
0 (L̃[x]) = Lx ∩ J−1(0).

4.5 reduction of polarization on cotangent bundles

Our other natural family of examples we’ve been examining in this thesis
are cotangent bundles as they are equipped with natural real polarizations.
Let G be a connected Lie group, Q a proper G-space, and τQ : T∗Q → Q
the cotangent bundle. As we saw in Example 4.13, T∗Q has a natural
polarization PQ ⊆ T(T∗Q)⊗C given by the complexification of the kernel
of the derivative of the bundle map τQ. Recall that in the case that Q has
only one orbit-type, we showed in Theorem 3.61 that the reduction (T∗Q)0

is naturally symplectomorphic to the cotangent bundle T∗(Q/G). This of
course also has a natural polarization PQ/G given by the complexification
of the kernel of the bundle map τQ/G : T∗(Q/G) → Q/G.

Proposition 4.39. Suppose Q has only one orbit-type and let

ϕ : T∗(Q/G) → (T∗Q)0

be the symplectomorphism from Theorem 3.61. Then PQ is reducible. Furthermore,
the induced polarization P0 ⊆ TC(T∗Q)0 satisfies

TCϕ̃(PQ/G) = P0.

Proof. Clearly

PQ ∩ TC J−1(0) = ker(TτQ|J−1(0))⊗ C

Hence, PQ is reducible and

P0 = TCπ0(PQ ∩ TC J−1(0))

is a real polarization on (T∗Q)0. Writing

τQ : (T∗Q)0 → Q/G
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for the induced projection, (T∗Q)0 → Q/G is a vector bundle over Q/G
and P0 coincides with the canonical foliation of (T∗Q)0 by the fibres of τQ.
Furthermore, the map

ϕ̃ : T∗(Q/G) → (T∗Q)0

is also an isomorphism of vector bundles. Thus, ϕ̃ maps PQ/G to P0.



5
G E O M E T R I C
Q UA N T I Z AT I O N

Quantization is a term that refers to a wide variety of procedures and tech-
niques that take mathematical objects corresponding to classical physics,
i.e. the physics of Newton, Hooke, Lagrange, etc., and produce a quantum
analogue. This is quite a vague introduction, but it must be by necessity
given the great depth of different versions of “quantization” which tend
to try and reproduce different aspects of quantum mechanical theory in
vastly different fashions. We will now get more specific with a discussion
of geometric quantization, at least its simplest form.

The general idea is that classical physical systems are to be represented
by symplectic manifolds (M, ω). The manifold M itself is to be thought of
as a “phase-space” for some system, i.e. the set of all permissible positions
and momenta that a system can take on. The observables are then modelled
by the smooth functions C∞(M), where a particular function f ∈ C∞(M)

is to be thought of as representing a some quantity that can be measured
directly via experiment. The symplectic form then induces an algebraic
structure of a Poisson algebra {·, ·} on C∞(M). Provided we are given a
distinguished function H ∈ C∞(M) corresponding to the energy of the
system, we can then determine how any observable f ∈ C∞(M) evolves
using the Hamilton-Jacobi equation:

d
dt
( f ◦ ϕH(t)) = {H, f }(ϕH(t)),

where ϕH(t) denotes the Hamiltonian flow of H.

On the quantum side, we make use of Hilbert spaces and self-adjoint
operators instead. Here we have a Hilbert space H with elements of the
projectivization H corresponding to “wave-function” which are to be
thought of as the states of a quantum mechanical system. The observables
in this context are then the self-adjoint operators S(H) (or, more generally
the essentially self-adjoint operators [Hal13]) with the possible values an
operator A ∈ S(H) represent being given by elements of the spectrum.

97
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S(H) also have a algebraic structure, that of the commutator. Given A, B ∈
S(H) and h̄ > 0, define

[A, B]h̄ :=
i
h̄
[A, B],

where [·, ·] is the commutator of operators. In this case, if we have a
distinguished observables H ∈ S(H) corresponding to the energy, we
can also track how another observable A ∈ S(H) changes over time by
Schrodinger’s equation

d
dt

A(t) = [H, A(t)]h̄,

where
A(t) = eitH/h̄ Ae−itH/h̄

See Hall [Hal13] for more information about this formalism.

We can see there are some major parallels between the symplectic for-
malism of classical mechanics and the Hilbert space formalism of quantum
mechanics. Namely both have a state space, a set of observables with a
real Lie algebra structure, and the necessity of a choice of a distinguished
operator corresponding to energy who determines how an observable
changes through the Lie bracket. This leads to the following “definition”
of quantization.

Let (M, ω) be a symplectic manifold. A quantization of (M, ω) consists
of a Hilbert space H and a Lie algebra homomorphism

ϕ : C∞(M) → S(H)

such that ϕ(1) = id H. Furthermore, the pair (H, ϕ) should be “minimal”

Now, what exactly is meant by minimal will depend on who you talk to.
There is the classical definition of Dirac [Dir82] which further imposes that
a complete set of functions on (M, ω) should be mapped to a complete
set of self-adjoint operators on H. As was shown by Groenewold von
Hove [Gro46], this is impossible for Euclidean spaces. However, Dirac
quantizations do exist for tori as shown by Gotay [Got95], so it’s not
an entirely impossible dream. This thesis is not concerned with Dirac
quantization, so we shall leave it at that.

Rather, let us impose a different version of “minimality”.
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Definition 5.1 (Quantization Procedure). A quantization procedure for a
collection C of symplectic manifolds consists of the following data.

(i) A map

Q : C → Hilbert Spaces; (M, ω) 7→ Q(M, ω)

assigning a Hilbert space to each symplectic manifold in the collec-
tion C.

(ii) To each symplectic manifold (M, ω) ∈ C there is a Lie subalgebra
A ⊆ C∞(M) called the quantizable functions.

(iii) To each symplectic manifold (M, ω) there is a Lie algebra homomor-
phism

Q : A → S(Q(M, ω)).

This data must satisfy the following axioms

(1) If 1M ∈ C∞(M) denotes the constant 1 function, then 1M ∈ A and
Q(1M) = id Q(M,ω).

(2) Standard symplectic (R2n, ω0) ∈ C and

Q(R2n, ω0) = L2(Rn).

I will now outline a particular quantization procedure called “Geometric
Quantization” which ultimately goes back to the work of Kostant [Kos09],
Kirillov [Kir62], and Souriau [Sou67].

Remark 5.2. As a final note before we move on, we will be working in
so-called “natural units” where we set h̄ = 1 as I don’t want to have to
keep track of unnecessary constants as we go along. In particular, the Lie
bracket on self-adjoint operators will now have the form

[A, B]1 = i[A, B].

I leave it as an exercise to the reader to insert h̄ in the correct positions in
all the definitions to follow.

5.1 prequantum line bundles

Prequantum line bundles first emerged from the work of Kirillov [Kir62] as
a way of obtaining unitary representations of Lie groups via their coadjoint
orbits. In the subsequent work of Kostant [Kos09] and Souriau [Sou67],
they were extended to more general symplectic manifolds as a potential
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first step for achieving a systematic framework for quantization. Let us
now see how examine how one could derive such objects before giving
the formal definition.

Suppose for simplicity that we have a compact symplectic manifold
(M, ω). We have a canonical Hilbert space associated to (M, ω), namely
the space of compactly supported complex-valued functions C∞(M, C)

with the inner-product

⟨ f , g⟩ =
∫

M
f g

ωn

n!
,

where g denotes the point-wise complex conjugate and 2n = dim(M). The
symplectic structure gives us a way of mapping functions to operators,
namely Hamiltonian vector fields. Observe that if f ∈ C∞(M) and g1, g2 ∈
C∞(M, C), then

⟨Vf g1, g2⟩ =
∫

M
(Vf g1)g2

ωn

n!

=
∫

M
(Vf (g1g2)− g2Vf g2)

ωn

n!

=
∫

M
Vf (g1g2)

ωn

n!
− ⟨g1, Vf g2⟩

Using the fact that LVf ω = 0 and Stoke’s Theorem, we see that

0 =
∫

M
Vf

(
g1g2

ωn

n!

)
=

∫
M

Vf (g1g2)
ωn

n!
.

Thus, the Hamiltonian vector field Vf is a skew-adjoint operator on
C∞(M, C). Given that mapping a function to its Hamiltonian vector field
is a Lie algebra homomorphism, we then obtain our first guess for a
quantization map, namely

C∞(M) → S(C∞(M, C)); f 7→ −iVf , (5.1)

This already gets us part of the way to a quantization scheme as in
Definition 5.1, however we quickly run into a problem here. Namely, if
1M ∈ C∞(M) is the constant 1 function, then V1M = 0, which violates
Axiom (1) in Definition 5.1. This can easily be remedied by adding another
term to the map in Equation 5.1. For any f ∈ C∞(M), define the point-wise
multiplication operator

m f : C∞(M) → S(C∞(M, C)); g 7→ m f g,
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where m f g(x) = f (x)g(x) for all x ∈ M and g ∈ C∞(M). We then get a
new map to the self-adjoint operators

C∞(M) → S(C∞(M, C)); f 7→ −iVf + m f (5.2)

which now maps 1M to the identity. However, the map in Equation 5.2 is
not a Lie algebra homomorphism! Indeed, given f , g ∈ C∞(M), we have

i[−iVf + m f ,−iVg + mg] = −i[Vf , Vg] + [Vf , mg] + [m f , Vg] + i[m f , mg]

= −iV{ f ,g} + [Vf , mg] + [m f , Vg] + i[m f , mg]

By acting against a test function f ∈ C∞(M, C), we obtain that

[Vf , mg] = m{ f ,g}

[m f , mg] = 0.

Thus,

i[−iVf + m f ,−iVg + mg] = −iV{ f ,g} + 2m{ f ,g} ̸= −iV{ f ,g} + m{ f ,g}.

To remedy this situation, suppose that ω is exact, that is ω = dθ for some
1-form θ ∈ Ω1(M). Then for any function f ∈ C∞(M) we can add a
correction term to Equation 5.2, namely θ(Vf ). This provides for us a third
potential map

Qpre : C∞(M) → S(C∞(M, C)); f 7→ −iVf + mθ(Vf ) + m f (5.3)

can easily be verified to satisfy Axiom (1) and is a Lie algebra homomor-
phism. Indeed, we first see that

Qpre(1M) = iV1M + mθ(1M) + m1M

As we’ve already seen, V1M = 0 and so

Qpre(1M) = i · 0 + mθ(0) + m1M = m1M = id C∞(M,C)

As for being a Lie algebra homomorphism, for any f , g ∈ C∞(M), making
use of our previous computation, we obtain

i[Qpre( f ),Qpre(g)] = i[−iVf + mθ(Vf ) + m f ,−iVg + mθ(Vg) + mg]

= −iV{ f ,g} + 2m{ f ,g} + [Vf , mθ(Vg)] + [mθ(Vf ), Vg].
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Again, acting a against a test-function, we obtain

[Vf , mθ(Vg)] + [mθ(Vf ), Vg] = mVf θ(Vg)−Vgθ(Vf ).

Note that
ω(Vf , Vg) = Vf θ(Vg)− Vgθ(Vf )− θ([Vf , Vg]).

Thus, since −{ f , g} = ω(Vf , Vg) and [Vf , Vg] = V{ f ,g}, we conclude that

[Vf , mθ(Vg)] + [mθ(Vf ), Vg] = −m{ f ,g} + mθ(V{ f ,g})
.

Therefore,

i[Qpre( f ),Qpre(g)] = −iV{ f ,g} + 2m{ f ,g} − m{ f ,g} + mθ(V{ f ,g})

= −iV{ f ,g} ++mθ(V{ f ,g})
+ m{ f ,g}

= Qpre({ f , g}).

Of course a general symplectic manifold will not be exact, so in principle
we would need to pass to an open cover of M where primitives of ω exist,
then glue these together to obtain a well-defined global operator. The cost
of doing this is that our pre-Hilbert space is no longer C∞(M, C), but
rather the sections of a complex line bundle. This now leads us to the
definition of a prequantum line bundle.

Definition 5.3 (Prequantum Line Bundle). Let (M, ω) be a symplectic
manifold. A prequantum line bundle is a Hermitian complex line bundle
over M L → M together with a compatible connection

∇ : X(M)⊗ Γ(L) → Γ(L); X ⊗ σ 7→ ∇Xσ

such that if V, W ∈ X(M) are vector fields and σ ∈ Γ(L) is a section, then

∇V(∇Wσ)−∇Y(∇Vσ)−∇[V,W]σ = iω(V, W) (5.4)

We call ∇ the prequantum connection and write (L,∇) → (M, ω) for the
data of a prequantum line bundle.

Example 5.4. As we’ve already seen, any exact symplectic manifold admits
a prequantum line bundle. More formally, suppose (M, ω) is a symplectic
manifold with ω = dθ for some θ ∈ Ω1(M). Let

L = M × C
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with the standard Hermitian structure on C. Identifying Γ(L) = C∞(M, C),
define

∇ : X(M)⊗ C∞(M, C) → C∞(M, C); V ⊗ f 7→ LV f + iθ(V) f ,

where LV f is the Lie derivative of f along V. Doing pretty well the exact
same computation as we did for showing the map in Equation 5.3, we can
easily show that

[∇V ,∇W ]−∇[V,W] = idθ(V, W) = iω(V, W).

Hence, (L,∇) → (M, ω) is a prequantum line bundle.

As was suggested above, the exact case corresponds to the local picture
of prequantum line bundles. If (L,∇) → (M, ω) is a prequantum line
bundle, then on a trivializing neighbourhood U ⊆ M so that L|U ∼= U × C

as complex line bundles, we can identify Γ(L|U) with C∞(U, C). Under
this identification, we get a canonical complex-valued 1-form α ∈ Ω1(U, C)

defined by
α(X) = ∇X(1U),

where 1U ∈ C∞(U) is the constant 1-function. Using Equation 5.4 one
can verify that α is actually imaginary, i.e α = iθ for a real-valued 1-form
θ ∈ Ω1(U) and that this real-valued 1-form θ is a primitive of ω, i.e.
dθ = ω. With this discussion, we have outlined a proof of the following.

Proposition 5.5. Let (L,∇) → (M, ω) be a prequantum line bundle, U ⊆ M
an open subsets, and

ϕ : L|U → U × C

a trivialization. Then, identifying the sections of L|U → U with complex-valued
smooth functions C∞(U, C), there exists a 1-form θ ∈ Ω1(U) such that dθ =

ω|U and so that ∇ can be identified with

∇V f = LV f + iθ(V) f ,

where LV denotes the Lie derivative of f along V.

This then allows us to translate then the map defined by Equation 5.3
into the language of connections to obtain the following definition.

Definition 5.6 (Prequantum Operator). Let (L,∇) → (M, ω) be a pre-
quantum line bundle and f ∈ C∞(M). Define the prequantum operator
of f to be the linear operator on sections

Qpre( f ) : Γ(L) → Γ(L)
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given by
Qpre( f ) = −i∇Vf + m f ,

where m f is the point-wise multiplication operator by f .

As is expected from the local description given above, prequantum
operators satisfy Axiom (2) of Definition 5.1.

Proposition 5.7. Let f , g ∈ C∞(M), then

i[Qpre( f ),Qpre(g)] = Qpre({ f , g}).

Furthermore, Qpre(1) = id Γ(L).

Proof. Fix f , g ∈ C∞(M). Then, as operators on Γ(L)

i[Qpre( f ),Qpre(g)] = i[−i∇Vf + m f ,−i∇Vg + mg]

= −i[∇Vf ,∇Vg ] + [∇Vf , mg] + [m f ,∇Vg ] + i[m f , mg].

First note that clearly [m f , mg] = 0 as both m f and mg are just point-wise
multiplication by real-valued functions. Next, since ∇ is a connection we
have for any σ ∈ Γ(L)

[∇Vf , mg]σ = ∇Vf (gσ)− g∇Vf σ = (Vf g)σ = { f , g}σ.

Thus, swapping f and g in the above we obtain

[∇Vf , mg] + [m f ,∇Vg ] = 2m{ f ,g}.

Finally, the prequantum condition on ∇ provides

[∇Vf ,∇Vg ] = ∇[Vf ,Vg] + iω(Vf , Vg)

= ∇V{ f ,g} − im{ f ,g},

where we used the facts that [Vf , Vg] = V{ f ,g} and ω(Vf , Vg) = −{ f , g}
via Proposition 3.25. Therefore,

i[Qpre( f ),Qpre(g)] = −i(∇V{ f ,g} − im{ f ,g}) + 2m{ f ,g}

= −i∇V{ f ,g} + m{ f ,g}

= Qpre({ f , g})

as desired. Qpre(1M) = id Γ(L) follows from the fact that V1M = 0.
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As was the case for an exact compact symplectic manifold, if M is
compact then we can make Γ(L) into a Hilbert space via

⟨σ1, σ2⟩ =
∫

M
(σ1, σ2)

ωn

n!

where 2n = dim(M) and (·, ·) is the Hermitian structure on L. In this case,
Qpre( f ) ∈ S(Γ(L)) for all f ∈ C∞(M). If M is not compact, then we need
to take the Hilbert space completion of the space of compactly supported
section Γ0(L), in which case Qpre( f ) will only be essentially self-adjoint.

So prequantum line bundles seem like quite the promising direction
towards quantization of symplectic manifolds. However we must now
ask which symplectic manifolds admit prequantum line bundles. Given
Proposition 5.5, it follows that a prequantum line bundle (L,∇) can be
obtained by gluing together local trivializations of neighbourhoods where
the symplectic form ω is exact. This procedure can only work out if ω

satisfies an integrality condition. In particular, using a Cech cohomology
argument, one can prove the following.

Theorem 5.8 ([Kos09]). A symplectic manifold (M, ω) admits a prequantum
line bundle if and only if the cohomology class 1

h̄ [ω] ∈ H2(M) lies in the image
of

H2(M, Z) → H2(M).

This is quite nice as it suggests the discrete properties associated to
quantization, like, for instance, the discrete orbits an electron can inhabit
in an atom. However, as this next example shows, prequantum line bundles
cannot be the end of the story as far as quantization goes.

Example 5.9. Let (M, ω) = (R2n, ωcan) be standard symplectic R2n. That
is, writing (x1, . . . , xn, y1, . . . , yn) for coordinates on R2n, we have

ωcan =
n

∑
i=1

dxi ∧ dyi.

Using the primitive

θ = −
n

∑
i=1

yidxi

of ω and making use of the construction in Example 5.4, the Hilbert
space the prequantum operators act on is the Hilbert space completion of
C∞

0 (R2n, C). This is easily computed to be L2(R2n), which is not the right
Hilbert space!
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As we can see from the above example, prequantum line bundles pro-
duce a Hilbert space which is “too big” in the sense that the Hilbert
space depends on too many variables. This is a serious issue as important
quantum mechanical properties like the uncertainty principle for position
and momentum will not hold in the spaces produced by prequantum
line bundles. So, we need to modify our procedure and cut down on the
variables. This is achieved by polarizations.

Let us now record some elementary properties of prequantum line
bundles which we will be using later on.

Proposition 5.10. Let (L,∇) → (M, ω) be a prequantum line bundle, σ ∈
Γ(L), and x ∈ M. If V, W ∈ X(M) and Vx = Wx, then

∇Vσ(x) = ∇Wσ(x).

Proof. Fix x ∈ M, a section σ ∈ Γ(L), and vector fields V, W ∈ X(M)

with Vx = Wx. Let U ⊆ M be a trivializing neighbourhood of L. Then, by
Proposition 5.5, after identifying the sections Γ(L|U) with complex-valued
functions C∞(U, C) we can identify the connection ∇ with the operator

∇ = L + iθ,

where L is the Lie derivative operator for a vector field and θ ∈ Ω1(U) is
a local primitive of ω. Via the trivialization, we can identify σ|U with a
function h ∈ C∞(U, C). Then,

∇Vh(x) = Vxh + iθ(Vx)h(x) = Wxh + iθ(Wx)h(x) = ∇Wh(x).

Corollary 5.11. For each σ ∈ Γ(L) and v ∈ TCM, define

∇v σ := ∇V σ, (5.5)

where V ∈ XC(M) is any complex vector field with Vx = v. Then the map

∇σ : TCM → L; v 7→ ∇v σ (5.6)

is well-defined and a smooth map between complex vector bundles.
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Proof. Due to Proposition 5.10, the map in Equation 5.6 is well-defined. To
show smooth, fix x ∈ M and let U ⊆ M be an open neighbourhood which
admits a frame V1, . . . , Vn ∈ XC(U) of TCU. Then the map

U × Ck → TCU; (y, λ1, . . . , λk) 7→ ∑
i=1

λi(Vi)y

is an isomorphism of vector bundles. Define now

ϕ : U × Ck → L|U ; (y, λ1, . . . , λk) 7→ ∑
i=1

λi∇Vi σ(y)

Then ∇σ fits into the diagram

TCU L|U

U × Ck

∇σ

ϕ

Hence, ∇σ is smooth.

5.2 geometric quantization

Definition 5.12 (Quantization Data, Geometric Quantization). By quantiza-
tion data I will mean a triple (M,P ,L) where M is a symplectic manifold,
P a polarization of M, and L a prequantum line bundle over M. We then
define the geometric quantization of the triple by

Q(M,P ,L) := {σ ∈ Γ(L) | ∇Pσ ≡ 0}.

If P and L are understood from context, we write

Q(M) = Q(M,P ,L).

Example 5.13. Going back to our example with symplectic R2n. Defining

PR = spanC

(
∂

∂y1
, . . . ,

∂

∂yn

)
then P is a polarization of R2n. Using the same prequantum line bundle
L = R2n × C, we obtain

Q(R2n) = { f ∈ C∞(R2n, C) | f (x, y) = g(x) for some g ∈ C∞(Rn, C)}

which can be identified with C∞(Rn). Note that is precisely the space of
polarized functions OPR

. Of course we have another canonical polarization
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obtain by identifying R2n = Cn. Letting Ican denote the canonical complex
structure, let

PC = T0,1R2n.

In this case, if we use the primitive

θ =

Then Q(R2n) = OPC
which is exactly the space of holomorphic functions

on R2n.

As we see from the above, geometric quantization need not output a
Hilbert space. Indeed, further procedures like half-forms or metaplectic
constructions provide the extra data needed. See Sniatycki [Śn75] for a
good overview of these kinds of constructions. However, using a very
similar idea to the proof above, we can prove the following about the
geometric quantization of cotangent bundles.

Theorem 5.14. The quantization of T∗Q is equal to the polarized functions
OP (T∗Q). In particular, there is a canonical bijection

Q(T∗Q) = τ∗C∞(Q, C).

Proof. Let f ∈ C∞(T∗Q, C). Then f ∈ Q(T∗Q) if and only if for and
α ∈ T∗Q and V ∈ Tα(T∗

τ(α)Q) we have

∇V f = V f + iθ(V) f = 0. (5.7)

Note that by construction, we have θ(V) = 0 if V is tangent to the
cotangent fibres. Hence, Q(T∗Q) coincides with the polarized functions
OP (T∗Q). By Equation 5.7, we have

OP (T∗Q) = τ∗
QC∞(Q, C).

5.3 quantization commutes with reduction

For all that follows, G will be a connected Lie group and J : (M, ω) → g∗

a proper Hamiltonian G-space.

Definition 5.15 (Equivariant Prequantum Line Bundle). A prequantum
line bundle (L,∇) → (M, ω) is called equivariant if L → M is equipped
with the structure of a G-equivariant line bundle and if for each ξ ∈ g and
σ ∈ Γ(L) we have

ξ · σ = ∇ξM σ + i Jξσ,
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where ξ · σ ∈ Γ(L) is defined by

(ξ · σ)(x) :=
d
dt

∣∣∣∣
t=0

exp(tξ)σ(exp(−tξ) · x)

Example 5.16. Suppose (M, ω) is a symplectic manifold with exact sym-
plectic form ω with a chosen primitive θ ∈ Ω1(M). Recall from Exam-
ple 5.4 we have a canonical prequantum line bundle, the trivial bundle
L = M × C together with the connection

∇ = L + iθ.

Now suppose a connected Lie group G acts on M properly and in a
Hamiltonian fashion

J : M → g∗.

If we equip L with the trivial action on the second factor, then for any
ξ ∈ g and f ∈ C∞(M, C),

ξ · f = ξM f .

Hence, the equivariance condition boils down to

ξM f = ξM f + iθ(ξM) f + i Jξ f

Hence, ∇ is equivariant if and only if

θ(ξM) = −Jξ (5.8)

for all ξ ∈ g. More generally, if we also have a representation

ρ : G → C×

and use this to non-trivially act on the second factor of L, then for any
ξ ∈ g and f ∈ C∞(M, C), we have

ξ · f = ρ∗(ξ) f + ξM f ,

where we are viewing ρ∗(ξ) ∈ C. Hence, ∇ is equivariant if and only if

θ(ξM) = −Jξ − iρ∗(ξ)

for all ξ ∈ g. Note that this only makes sense if ρ∗(ξ) ∈ iR which is
guaranteed to happen if ρ is a unitary representation, i.e. has image in
S1 ⊆ C×.



5.3 quantization commutes with reduction 110

Example 5.17. We will see below examples of 1-forms satisfying Equation
5.8 in Example 5.16, but we can actually obtain a large number of examples
from cotangent bundles. Let G be a connected Lie group and Q a proper
G-space. Let J : (T∗Q, ω) → g∗ be the induced Hamiltonian G-space
structure on T∗Q with respect to the canonical symplectic form where

⟨J(α), ξ⟩ = ⟨α, ξQ⟩

for α ∈ T∗Q, ξ ∈ g, and ξQ ∈ X(Q) the associated fundamental vector
field. The canonical symplectic form has of course a canonical primitive,
namely the negative of the Liouville 1-form θ ∈ Ω1(Q). Observe that if
τ : T∗Q → Q is the bundle map, α ∈ T∗Q, and ξ ∈ g, then since τ is
equivariant we have

θα(ξT∗Q(α)) = ⟨α, Tατ(ξT∗Q(α))⟩ = ⟨α, ξQ(τ(α))⟩ = Jξ(α).

Thus, −θ satisfies Equation 5.8 and so the trivial prequantum line bundle
L = T∗Q × C with the connection ∇ = L − iθ is an equivariant prequan-
tum line bundle.

Due to the equivariance of the moment map, the level set J−1(0) is
closed under the action of G. Hence, so is the restriction L|J−1(0) for an
equivariant prequantum line bundle. With this, we can now formally
define the reduction of prequantum line bundles.

Definition 5.18 (Reduction of Prequantum Line Bundle). Let G be a con-
nected Lie group, J : (M, ω) → g∗ a proper Hamiltonian G-space, and
(L,∇) → (M, ω) an equivariant prequantum line bundle. Define the
reduction of L along the 0-level set by

L0 := (L|J−1(0))/G. (5.9)

For all that follows, we fix an equivariant prequantum line bundle
(L,∇) → (M, ω). An easy application of Theorem 2.35 and Proposition
2.39 allows us to conclude the following.

Lemma 5.19. Suppose J−1(0) ⊆ M is an embedded submanifold and, further-
more, suppose J−1(0) has only one orbit-type. Write πM : J−1(0) → M0 and
πL : L|J−1(0) → L0 for the quotient maps. If the map

J−1(0)× Γ(L)G → L; (x, σ) 7→ σ(x) (5.10)

is surjective, then the following holds.

(i) The induced map L0 → M0 is a smooth complex line bundle over M0.
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(ii) The projection πL : L|J−1(0) → L0 induces a bijection

κ : Γ(L|J−1(0))
G → Γ(L0)

(iii) The map
κ : Γ(L)G → Γ(L0); σ 7→ κ(σ|J−1(0))

is a surjective map.

Remark 5.20. If G acts freely on J−1(0), then the assumption that the map

J−1(0)× Γ(L)G → L|J−1(0)

is automatic. However, if the action of G on J−1(0) is not free, then

J−1(0)× Γ(L)G → L|J−1(0)

need not be surjective. The main consequence of this fact is that L0 =

(L|J−1(0))/G need not be a manifold and hence need not be a line bundle.
To see how this could be the case, consider the following example. Let
M = R2 × R2 and let L = M × C be the trivial bundle. Equip M with the
canonical S1 action

S1 × M → M; (t, (x, y)) 7→ (t · x, y),

where t · x is the standard action of S1 on R2. Consider also the standard
representation ρ : S1 → C× given by the inclusion. It’s then an easy check
to see that the moment map is given by

J : M → R; (x, y) 7→ ∥x∥2

2
.

By Example 5.16, a equivariant connection is specified by a primitive
θ ∈ Ω1(M) of the symplectic form satisfying

θ(ξM) = Jξ − iρ∗(ξ) (5.11)

for all ξ ∈ g = R. Let β be any primitive of the standard symplectic form
on the second factor of R2 × R2 and consider the primitive

θ =
−x2dx1 + x1dx2

2
+ pr∗2 β
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on R2 × R2. It easily follows that θ satisfies Equation 5.11. Now, since we
are acting by the canonical S1 action on C×, we see that over J−1(0) =

{0} × R2

C∞(J−1(0), C)S1
= {0}

Furthermore, we have

L|J−1(0)
∼= R2 × (C/S1)

which is not a line bundle over J−1(0).

To remedy the fact that the map

J−1(0)× Γ(L)G → L; (x, σ) 7→ σ(x)

need not be surjective in general, one could extend this analysis to consider
orbibundles as in done in [MS99]. However, for the purposes of this thesis
we will content ourselves with a more restrictive equivariance condition.

As a special case of the above, we have the following Theorem of
Guillemin and Sternberg.

Theorem 5.21 ([GS82]). Suppose 0 is a regular value of J and G acts freely
on J−1(0). Then L0 admits a unique prequantum connection ∇0 which has the
property that

π∗∇0 = ι∗∇,

where π : J−1(0) → M0 is the quotient map and ι : J−1(0) ↪→ M is the
inclusion.

This is proven by passing to G-invariant trivializing neighbourhoods
of points in J−1(0) and showing that local primitives of the symplectic
form are basic and hence descend to primitives of the reduced symplectic
form. This approach requires that G act freely, and so we need to make an
adjustment to extend to the more general (but still non-singular!) setting
of Lemma 5.19. To set up this more general approach, recall that by
Corollary 2.40 if J−1(0) is an embedded submanifold and has only one
orbit-type, then the reduction map π0 : J−1(0) → J−1(0)/G = M0 induces
an surjection

(π0)∗ : X(J−1(0))G → X(M0).

Using this map, we can construct ∇0 as follows. Letting V ∈ X(M0) and
σ ∈ Γ(L0), find lifts to W ∈ X(M, J−1(0))G and τ ∈ Γ(L)G with

(π0)∗(W|J−1(0)) = V and κ(τ) = σ.
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Then define
∇0

Vσ := κ(∇Wτ). (5.12)

By Corollary 2.40 and Lemma 5.19, both W and τ are guaranteed to exist.
The issue now is to show that ∇0 is well-defined, is smooth, and is a
prequantum connection.

Theorem 5.22. Suppose J−1(0) ⊆ M is an embedded submanifold with only one
orbit type and suppose

J−1(0)× Γ(L)G → L; (x, σ) 7→ σ(x)

is surjective. Then the following holds.

(i) Suppose σ1, σ2 ∈ Γ(L)G and V1, V2 ∈ X(M, J−1(0))G satisfy

σ1|J−1(0) = σ2|J−1(0)

and
(π0)∗(V1|J−1(0)) = (π0)∗(V2|J−1(0)).

Then,
∇V1 σ1|J−1(0) = ∇V2 σ2|J−1(0). (5.13)

(ii) L0 = (L|J−1(0))/G is canonically a prequantum line bundle over M0 =

J−1(0)/G with prequantum connection ∇0 given by

∇0
Vσ = κ(∇Wτ),

where W ∈ X(M, J−1(0))G and τ ∈ Γ(L)G satisfy

(π0)∗W|J−1(0) = V and κ(τ) = σ.

Proof. (i) Fix σ1, σ2 ∈ Γ(L)G and V1, V2 ∈ X(M, J−1(0))G satisfy σ1|J−1(0) =

σ2|J−1(0) and (π0)∗(V1|J−1(0)) = (π0)∗(V2|J−1(0)). Observe that

∇V1 σ1 −∇V2 σ2 = ∇V1(σ1 − σ2) +∇V1−V2 σ2

I claim both terms vanish after restricting to J−1(0).

To show the first term vanishes, fix x ∈ J−1(0) and let U ⊆ M
be a trivialization neighbourhood for L. Then, after choosing an
isomorphism L|U → U × C, we can identify Γ(L|U) with C∞(U, C).
Thus, since σ1 = σ2 over J−1(0), we can identify σ1 − σ2 with a
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function f ∈ C∞(U, C) with f |J−1(0) = 0. Furthermore, we can find a
local primitive α ∈ Ω1(U) of ω|U so that

∇ = d + iα.

Hence,
∇V1( f ) = V1 f + iα(V1) f .

Using the fact that f (x) = 0, we get

∇V1 f (x) = (V1)x f .

Since V1 is tangent to J−1(0) and f vanishes on J−1(0), we have
(V1)x f = 0. Since this holds in any trivializing neighbourhood inter-
secting J−1(0), we obtain ∇V1(σ1 − σ2)|J−1(0) = 0.

Now for the second term. Since (π0)∗V1|J−1(0) = (π0)∗V2|J−1(0), we
have

(π0)∗((V1 − V2)|J−1(0)) = 0.

Since π0 : J−1(0) → M0 is the quotient map by the G-action and the
action of G on J−1(0) is regular, there exists functions h1, . . . , hM ∈
C∞(J−1(0)) and Lie algebra elements ξ1, . . . , ξM ∈ g so that

(V1 − V2)|J−1(0) =
M

∑
i=1

hi(ξi)J−1(0),

where (ξi)J−1(0) ∈ X(J−1(0)) is the fundamental vector field associ-
ated to ξi. Thus,

∇V1−V2 σ2|J−1(0) =
M

∑
i=1

hi∇(ξi)M
σ2|J−1(0).

By the equivariance of ∇ and σ2, we have

∇(ξi)M
σ2 = ξi · σ + i Jξi σ2 = +i Jξi σ2

Thus, restricting to J−1(0) we have

∇V1−V2 σ2|J−1(0) = 0.

(ii) L0 is a complex line bundle is statement (i) from Lemma 5.19. Now
let us show ∇0 is well-defined. Fix V ∈ X(M0) and σ ∈ Γ(L0) and
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suppose W1, W2 ∈ X(M, J−1(0))G are two lifts of V and τ1, τ2 ∈
Γ(L)G are two lifts of σ. Then, by construction we have

(π0)∗W1|J−1(0) = (π0)∗W2|J−1(0) = V

and
κ(τ1) = κ(τ2) = σ.

Hence, by (i)
∇W1 τ1|J−1(0) = ∇W2 τ2|J−1(0).

Since both ∇W1 τ1 and ∇W2 τ2 are equivariant sections of L, we con-
clude by (iii) of Lemma 5.19 that

κ(∇W1 τ1) = κ(∇W2 τ2).

Hence, ∇0 is well-defined. ∇0 is also clearly smooth since the image
of κ is the smooth sections of Γ(L0). Finally, we show ∇0 is prequan-
tum. Fix V1, V2 ∈ X(M0) with lifts W1, W2 ∈ X(M, J−1(0))G and a
section σ ∈ Γ(L0) with a lift τ ∈ Γ(L)G. Unfolding definitions shows

[∇0
V1

,∇0
V2
]σ = κ([∇W1 ,∇W2 ]τ)

and since the map (π0)∗ : X(M, J−1(0))G → X(M0) is a Lie algebra
homomorphism,

∇0
[V1,V2]

σ = κ(∇[W1,W2]τ).

Hence,

[∇0
V1

,∇0
V2
]σ −∇0

[V1,V2]
σ = κ([∇W1 ,∇W2 ]τ −∇[W1,W2]τ)

= κ(−iω(W1, W2)τ)

= −iω0(V1, V2)σ.

where we used the fact that ∇ is prequantum and that ω|J−1(0) =

π∗
0 ω0. Thus, ∇0 is prequantum.

Now let us fix a G-invariant polarization P ⊆ TCM. If P is reducible
as in Definition 4.31, then we can reduce the polarization to get a new
polarization P0 ⊆ TCM0. The question now is what is the relationship
between the quantization of M with respect to P and (L,∇) → (M, ω)

and that of the reduced space? Guillemin and Sternberg showed that
provided a strong relationship in the compact and free case.

Theorem 5.23 ([GS82]). Let (L,∇) → (M, ω) be an equivariant prequantum
line bundle and P ⊆ TCM a G-invariant positive polarization. Suppose further
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both M and G are compact and G acts freely on M. Then the map κ : Γ(L)G →
Γ(L0) from Lemma 5.19 restricts to a bijection

κ : Q(M)G → Q(M0).

This Theorem is the archetypal [Q, R] = 0 result. We can provide a
partial generalization for arbitrary proper actions and polarizations.

Theorem 5.24. Let (L,∇) → (M, ω) be an equivariant prequantum line bundle
and P ⊆ TCM a G-invariant reducible polarization.

(1) The quantization Q(M) ⊆ Γ(L) is a linear subrepresentation with respect
to the canonical action

G × Γ(L) → Γ(L); (g, σ) 7→ g · σ,

where
(g · σ)(x) = g · σ(g−1 · x).

(2) The map κ : Γ(L)G → Γ(L0) from Lemma 5.19 restricts to a map

κ : Q(M)G → Q(M0). (5.14)

Proof. (1) Since G is connected, it suffices to show ξ · σ ∈ Q(M) for
all σ ∈ Q(M) and ξ ∈ g. To that end, fix σ ∈ Q(M), ξ ∈ g, and
V ∈ Γ(P). Then, using the equivariance property of ∇, we obtain

∇V(ξ · σ) = ∇V(∇ξM σ + i Jξσ)

= ∇V∇ξM σ − i(V Jξ)σ,

where we used the derivation property of the connection and the
fact that ∇Vσ = 0. Observe that by definition

∇V∇ξM σ = ∇ξM∇Vσ +∇[V,ξM ]σ + iω(V, ξM)σ

Since P is invariant under the G-action, we have [V, ξM] ∈ Γ(P)

and hence the terms ∇ξM∇Vσ and ∇[V,ξM ]σ vanish. Furthermore, by
definition of the moment map, we have

ω(V, ξM) = −V Jξσ

Thus,
∇V(ξ · σ) = −iV Jξσ + iV Jξσ = 0.

Thus, ξ · σ ∈ Q(M).
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(2) Suppose σ ∈ Q(M)G and let κ(σ) ∈ Γ(L0) be the induced section
on the reduced prequantum line bundle. To show κ(σ) ∈ Q(M0), let
x ∈ J−1(0) and v ∈ (P0)[x] be an element of the reduced polarization
and choosing a lift ṽ ∈ Px. Then, by the definition of ∇0, we have

∇0
vκ(σ) = κ(∇ṽσ) = κ(0) = 0.

5.4 non-singular [q ,r]=0 examples

5.4.1 Cotangent Bundles

With this, we can now show that quantization commutes with reduction for
cotangent bundles. Let G be a connected Lie group , Q a proper G-space,
and J : T∗Q → g∗ the Hamiltonian lift as in Definition 3.37. Writing θQ ∈
Ω1(Q) for the Liouville 1-form, we get a canonical equivariant prequantum
line bundle given by LQ = T∗Q × C and prequantum connection

∇Q = L − iθQ,

where L denotes the Lie derivative operator. Via Theorem 3.61, the reduc-
tion (T∗Q)0 = J−1(0)/G is canonically symplectomorphic to T∗(Q/G).
Letting π : Q → Q/G be the quotient map, recall that the dual of the
projection Tπ : TQ → π−1T(Q/G),

ϕ : π−1T∗(Q/G) → J−1(0),

has image in J−1(0) and induces a symplectomorphism ϕ̃ : T∗(Q/G) →
(T∗Q)0. Not only that, but as we saw, the Liouville 1-form θQ induces
a 1-form θ0 on (T∗Q)0 which pulls back to the Liouville 1-form θQ/G ∈
Ω1(T∗(Q/G)). Finally, writing PQ ⊆ TC(T∗Q) and PQ/G ⊆ TC(T∗(Q/G))

for the canonical real polarizations, we saw in Proposition 4.39 that PQ is
reducible and induces a polarization P0 on T∗(Q/G) with the property
that Tϕ̃(PQ/G) = P0. With this, we are now ready to prove the following.

Theorem 5.25. Suppose Q has only one orbit-type.

(i) (LQ,∇Q) is reducible. In particular,

(LQ|J−1(0))/G ∼= (T∗Q)0 × C

and the induced prequantum connection ∇0 has the form

∇0 = L − iθ0,
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where θ0 ∈ Ω1((T∗Q)0) is as in Lemma 3.59.

(ii) The natural map
κ : Q(T∗Q)G → Q((T∗Q)0)

is a bijection. In particular, there are two canonical linear isomorphisms

Q((T∗Q)0) → Q(T∗(Q/G))

and
Q(T∗Q)G → Q(T∗(Q/G))

which make the diagram commute

Q(T∗Q)G Q((T∗Q)0)

Q(T∗(Q/G))

κ

Proof. (i) Have LQ = T∗Q × C. Hence,

LQ|J−1(0) = J−1(0)× C.

Since G only acts on the first factor, the statement that LQ|J−1(0) is
generated by G-invariant sections is equivalent to the statement that

Q × C∞(J−1(0), C)G → Q × C; (q, f ) 7→ (q, f (q))

is surjective. Clearly this holds. Thus, LQ induces a prequantum line
bundle (L0,∇0) → (T∗Q)0. Clearly,

L0 = (T∗Q)0 × C.

Now, let π0 : J−1(0) → (T∗Q)0 be the quotient map. The map

π∗
0 : C∞((T∗Q)0, C) → C∞(J−1(0), C)G

is a bijection. Hence, the canonical map

κ : Γ(LQ)
G → Γ(L0)

can be identified with the map

κ : C∞(T∗Q, C)G → C∞((T∗Q)0, C); f 7→ (π∗
0)

−1( f |J−1(0)).
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Now, suppose V ∈ X((T∗Q)0) and f ∈ C∞((T∗Q)0, C). Choose lifts
W ∈ X(T∗Q, J−1(0))G and h ∈ C∞(T∗Q, C)G. Then,

∇0
V f = κ(∇Wh) = κ(Wh + iθQ(W)h) = V f + iθ0(V) f

Hence the claim.

(ii) For all three quantizations, the prequantum connections have the
form

∇ = d + iθ,

where θ vanishes on the vector bundle fibres. Furthermore, the
polarizations are given by vectors tangent to the vector bundle fibres.
Hence, the quantizations all coincide with the polarized functions.
Since

ϕ̃ : T∗(Q/G) → (T∗Q)0

is a symplectomorphism which preserves the polarizations, the pull-
back defines a bijection

ϕ̃∗ : OP0((T
∗Q)0) → τ∗

Q/GC∞(Q/G, C)

This gives us our first bijection. As for the second, note that Q(T∗Q, C) =

τ∗
QC∞(Q, C) and Q(T∗(Q/G)) = τ∗

Q/GC∞(Q/G, C). Since τQ is equiv-
ariant, we have

(τ∗
QC∞(Q, C))G = τ∗

Q(C
∞(Q, C)G)

The quotient map π : Q → Q/G defines a bijection

π∗ : C∞(Q/G, C) → C∞(Q, C)G

Furthermore, τ∗
Q : C∞(Q, C) → τ∗

QC∞(Q, C) and τ∗
Q/G : C∞(Q/G, C) →

τ∗
Q/GC∞(Q/G, C) are also bijections since τQ and τQ/G are surjec-

tive submersions. Thus, chaining this all together, we get a chain of
bijections

λ = τ∗
Q/G ◦ (π∗)−1 ◦ (τ∗

Q)
−1 : τ∗

QC∞(Q, C)G → τ∗
Q/GC∞(Q/G, C).

It is then a simple matter of a diagram chase to show

ϕ̃∗ ◦ κ = λ.
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We will discuss the case where G does not have a single orbit type when
we get to singular spaces.

5.4.2 Geometric Quantization of Toric Manifolds

Recall Delzant’s construction of a toric manifold. Let

∆ = {x ∈ Rn | ⟨x, vi⟩ ≤ λi, i = 1, . . . , N}

be a Delzant polytope with inward pointing normals vi. For all that follows,
we let λ = (λ1, . . . , λN). Recall that as part of Delzant’s construction, we
obtain a toric Tn manifold

J∆ : (M∆, ω∆) → Rn

via the symplectic reduction of standard symplectic CN with respect to the
action of a subtorus K ≤ (S1)N . Specifically, letting k ⊆ RN be the kernel
of the map

RN → Rn; ei 7→ vi

and K = exp(k) ⊆ (S1)N , then

M∆ = (ι∗ ◦ J)−1(0)/K,

where

J : CN → RN ; (z1, . . . , zN) 7→
1
2
(|z1|2, . . . , |zN |2)− λ

and ι∗ : RN → k∗ is the dual of the inclusion ι : k ↪→ RN . We can then
identify (S1)N/K = Tn a n-dimensional torus.

Theorem 5.26. In the setup above, J∆ : (M∆, ω∆) → Rn admits a Tn-equivariant
prequantum line bundle if both λ ∈ ZN and ι∗(λ) lies in the integral lattice of k.

Proof. Assume λ ∈ ZN and ι∗(λ) ∈ k∗ lie in the integral lattices. Writing
(z1, . . . , zn) for the complex coordinates of CN and (θ1, . . . , θN) for the
real coordinates on RN , we have a canonical primitive for the canonical
symplectic form

α =
N

∑
j=1

r2
j

2
dθj.

With this, the trivial line bundle Lcan = CN × C with connection

∇can = d + iα
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is a prequantum line bundle over (CN , ωcan). Since λ ∈ ZN , we get a
representation

ρ : TN → C×; (eiθ1 , . . . , eiθN ) 7→ e−i⟨λ,(θ1,...,θN)⟩.

Its then a straightforward matter to show for all f ∈ C∞(CN , C) and
j = 1, . . . , N that with respect to this representation,

ej · f = ∂θj f − iλj f

where e1, . . . , eN ∈ RN are the standard basis. Hence, letting

J : CN → RN ; (z1, . . . , zN) 7→
1
2
(|z1|2, . . . , |zN |2)− λ

we obtain
ξ · f = ∇ξ

CN f + i Jξ f

hence (Lcan,∇can) → (CN , ωcan) is a TN-equivariant prequantum line
bundle. Since ι∗(λ) is also assumed to be integral, we automatically obtain
that (Lcan,∇can) → (CN , ωcan) is also a K-equivariant prequantum line
bundle. Since K acts freely on J−1(0), by Lemma 5.19

L∆ := (Lcan|J−1(0))/K = (J−1(0)× C)/K

is a complex line bundle over M∆ = J−1(0)/K and comes equipped with
a canonical prequantum connection ∇∆. Note that since the action of K is
free on J−1(0)× C, there is a natural action of Tn ∼= TN/K on L∆ making

L∆ → M∆

into an equivariant complex line bundle. I claim this is an equivariant
prequantum connection. Indeed, recall the definition of ∇∆. Take V ∈
X(M∆) and σ ∈ Γ(L∆). Then we can find lifts Ṽ ∈ X(CN)K and σ ∈
Γ(Lcan)K. We then set

∇∆
Vσ = κ(∇can

Ṽ σ̃),

where
κ : Γ(Lcan)

K → Γ(L∆)

is the surjection as in Lemma 5.19. In particular, taking ξ ∈ Rn and
σ ∈ Γ(L∆), choose η ∈ RN and f ∈ C∞(CN , C)K such that π(η) = ξ and
so that κ( f ) = σ. It’s then a simple matter to show

κ(η · f ) = ξ · σ.
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From here, it then follows that

ξ · σ = κ(η · f )

= κ(∇can
η

CN
f + i Jη f )

= ∇∆
ξM

f + i Jξ
∆σ.

Hence the conclusion.

Now, let Ican be the canonical complex structure on CN . Since Ican is
K-equivariant and the action of K on J−1(0) is free, it induces a Kähler
structure I∆ on M∆. This induced Kähler structure is also Tn invariant. We
will write P∆ = T0,1

I∆
M∆.

Theorem 5.27 ([Ham08]). For any element a = (a1, . . . , an) ∈ Zn
≥0, write

ψa : Cn → C; (z1, . . . , zn) 7→ za1
1 · · · zan

n .

Then there is a canonical isomorphism of Tn representations

Q(M∆,P∆,L∆) ∼= spanC{ψa | a ∈ ∆ ∩ Zn}.

Proof. Let T0,1CN denote the antiholomorphic tangent bundle of CN with
respect to the canonical complex structure. Since T0,1CN has a canonical
trivialization, being spanned by the anti-holomorphic vector fields ∂/∂zi,
we see that a function f ∈ C∞(CN , C) lies in the quantization Q(CN) if
and only if

∇ ∂
∂zj

f = 0

for all j = 1, . . . , N. Making use of the fact hat

∇can = d + i
N

∑
j=1

r2
j

2
dθj

we easily deduce that f ∈ Q(CN) if and only if there exists holomorphic
function h ∈ O(CN) such that

f (z) = h(z)e−2π∥z∥2
,

where ∥ · ∥ is the canonical L2 norm on CN . Note that the factor e−2π∥z∥2

is invariant under the TN action, hence as TN spaces we have a canonical
isomorphism between Q(CN) and the space of holomorphic functions
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h : CN → C where we have equipped C with the action induced by λ. In
particular, we have

Q(CN)K ∼= {h ∈ O(CN) | h(t · z) = ρ(t)h(z) for all t ∈ K}.

For any element a = (a1, . . . , aN) ∈ ZN , write

za := za1
1 · · · zaN

N .

Then, as is shown in [Ham08], the space of equivariant holomorphic
functions has basis

{za | a ∈ ZN ∩ ∆},

Since K acts freely on J−1(0) and P∆ is a Kähler structure, it follows
then from Theorem 5.24 that

Q(M∆) ∼= Q(CN)K ∼= {ψa | a ∈ ∆ ∩ Zn}.



Part II

Differentiable Stratified
Spaces
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6
S U B C A RT E S I A N S PA C E S

Subcartesian structures are, along with diffeologies (e.g. [IZ13]) and stacks
(e.g. [Vis05]) one the main ways to studying the differential geometry of
singular spaces, i.e. spaces which are not manifolds. This approach dates
back to the work of Aronszajn and Smith [AS61] in their study of Bessel
potentials, and was subsequently generalized in the works of authors like
Marhsall [Mar75] to a extension of the theory of smooth manifolds.

The idea of subcartesian spaces is quite simple. Take a topological space
X, locally embed it into some Euclidean space RN , then restrict differential
geometric constructions on RN to X suitably. This simple idea gets us a lot
of mileage as we can get vector fields, tangent bundles, and even flows on
singular spaces in this fashion (see [Śn13] or [KL23] for more information
on flows). Of course it’s not quite as simple as I have presented it, as
we need an a priori notion of a what a “smooth function” means on the
topological space X in order to make the local embeddings coherent. This
is where the notion of a differential (also known as a Sikorski) structure
comes into play.

Differential structures, as their alternate name suggests, are due to
Sikorski [Sik67]. They provide an abstract framework for discussing “dif-
ferentiable functions” on a topological space which allow for an easy
generalization of constructions in smooth geometry which only depend on
the smooth functions. For instance, vector fields on a smooth manifold can
be characterized as derivations of the algebra of smooth functions, and so
we can use the exact same definition for differential structures to obtain
so-called Zariski vector fields. In this set-up, a subcartesian structure is
just a differential structure which locally looks like the restriction of a
smooth structure on a euclidean space.

It is worth noting that in older literature on subcartesian spaces, there is
no mention of differential structures. Rather there is another formalism
based on compatible charts, mimicking the definition of a smooth structure
on a smooth manifold. As we show in Theorem 6.46 the two formalisms
are in fact equivalent.

125



6.1 differential spaces 126

6.1 differential spaces

We now begin our discussion on differential spaces. Much of the following
can be found in either [Śn13] or [KL23].

Definition 6.1 (Differential Space). Let (X, τ) be a topological space. A
collection F ⊆ C0(X) of continuous functions is called a differential or
Sikorski structure if the following axioms hold.

(1) The weak topology induced by F , denoted τ(F ) coincides with the
given topology τ on X.

(2) For any f1, . . . , fn ∈ F and any G ∈ C∞(Rn), the composition
G( f1, . . . , fn) ∈ F .

(3) If f ∈ C0(X) has the property that around each point x ∈ X there
exists an open neighbourhood U ⊆ X and a function g ∈ F satisfying
g|U = f |U , then f ∈ F .

Call the pair (X,F ) a differential space. If the context is clear, we will
write C∞(X) for a differential structure. If the topology on X is given,
we will call a differential structure F which induces the same topology a
differential structure on X.

Example 6.2. (1) Let (X, τ) be a completely regular topological space
and C0(X) the continuous functions on X. Complete regularity is
equivalent to the weak topology induced by C0(X), τ(C0(X)), being
equal to the topology τ on X. Composition of continuous functions
remaining continuous gives the second axiom, and the third amounts
to the fact that the association

{open in X} → Ab; U 7→ C0(U)

is a sheaf.

(2) Let M be a smooth manifold and consider the ring of smooth func-
tions C∞(M). Write τ for the given topology on M. Just as with
continuous functions, the second and third axioms of a differential
structure hold immediately. The only thing to show is that the weak
topology induced by C∞(M), τ(C∞(M)) is equal to the given topol-
ogy τ on M. Since M is Hausdorff and second countable, the τ is
determined by convergent sequences. So let {xk} ⊂ M be a sequence
and x0 ∈ M such that for all f ∈ C∞(M), we have

lim
k→∞

f (xk) = f (x0).
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We show limk→∞ xk = x0 in the topology of M. To do this, let ϕ :
U → Rn be a chart with x0 ∈ U. Letting B ⊆ U be a relatively
compact ball centered on x0, we can find a compact set K ⊆ U and a
smooth function ψ : M → R such that

ψ|B ≡ 1 and ψ|M\K ≡ 0.

So now define F = ψϕ : M → Rn. Writing F(x) = (F1(x), . . . , Fn(x))
we see each Fi ∈ C∞(M) and hence F(xk) converges to F(x0). Since
F|B : B → ϕ(B) is a homeomorphism and x0 ∈ B, we thus get
xk converges to x0. Since {xk} and x0 we arbitrary, we conclude
τ(C∞(M)) = τ. Hence, C∞(M) is a differential structure on M.

Remark 6.3. Note that all differential spaces are automatically completely
regular.

6.1.1 Induced Differential Structures

Given that differential structures are a kind of C∞-algebraic space, it is
only natural that we should consider generators of such a structure. Unlike
commutative rings where generators are simply elements whose linear
combinations span the whole ring, generators for differential structures
need to be “C∞ combinations”. We shall make this notion more precise
below.

Theorem 6.4. Let (X, τ) be a topological space and {Fα}α∈I an arbitrary collec-
tion of differential structures on X. Define

F :=
⋂
α∈I

Fα.

If F is non-empty and τ(F ) = τ, then F is a differential structure on X.

Proof. Just as with the previous examples, we only need to show the second
and third axioms hold. First, suppose G ∈ C∞(Rn) and f1, . . . , fn ∈ F .
Fixing α ∈ I, we have f1, . . . , fnFα and hence G( f1, . . . , fn) ∈ Fα. Since α

was arbitrary, we conclude that G( f1, . . . , fn) ∈ F .

Now suppose f : X → R is a real-valued function, {Ui} is an open cover
of X, and {gi} ⊆ F satisfies f |Ui = g|Ui . Fixing α once again, we have
{gi} ⊆ Fα and hence f ∈ Fα. The arbitrariness of α implies f ∈ F .

Corollary 6.5. Let X be any set and A an arbitrary (non-empty) collection of
real-valued functions on X. If X is endowed with the weak topology τ(A) from A,
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then there is a smallest differential structure, denoted ⟨A⟩, with τ(⟨A⟩) = τ(A)

and A ⊆ ⟨A⟩.

Proof. Let τ(A) denote the weak topology induced by A. Also write CA(X)

for the set of all real-valued continuous functions with respect to τ(A).
Since CA(X) is a differential structure on X with A ⊆ CA(X), this implies
the set

I = {F ⊆ CA(X) | F is a differential structure on X with A ⊆ F}

is non-empty. Set
⟨A⟩ :=

⋂
F∈I

F .

Since the weak topology induced by C0
A(X) coincides with τ(A) and

A ⊆ ⟨A⟩ ⊆ C0
A(X), we conclude that τ(⟨A⟩) = τ(A) and hence by

Theorem 6.4, ⟨A⟩ is a differential structure on X.

Example 6.6. Using Corollary 6.5 we can obtain a differential structure
on product spaces. Let X1 and X2 be two differential spaces and let
pr1 : X1 × X2 → X1 and pr2 : X1 × X2 → X2 be the projections onto the
first and second factors, respectively. Write for i = 1, 2 write

pr∗i C∞(Xi) := { f ◦ pri : X1 × X2 → R | f ∈ C∞(Xi)}.

Define now
C∞(X × Y) = ⟨pr∗1C∞(X) ∪ pr∗2C∞(Y)⟩

We call C∞(X × Y) the product differential structure.

Proposition 6.7. Let X be a differential space and suppose we have a subset
A ⊆ C∞(X) with ⟨A⟩ = C∞(X). Then f ∈ C∞(X) ⇐⇒ f satisfies property
(P) stated below.

(P) For each x ∈ X there exists G ∈ C∞(Rn) for some n, h1, . . . , hn ∈ A, and
an open neighbourhood U ⊆ X of x such that

f |U = G(h1, . . . , hn)|U .

Proof. Let F ⊆ C0(Y) denote all continuous functions satisfying property
(P). First note that since A ⊆ ⟨A⟩ and ⟨A⟩ is a differential structure, if
h1, . . . , hn ∈ A and G ∈ C∞(Rn), then G(h1, . . . , hn) ∈ ⟨A⟩. The sheaf
property of differential structures then implies that F ⊆ ⟨A⟩ = C∞(Y).
Note that since A ⊆ F we have the weak topology induced by F is equal
to the one induced by A.
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Using the minimality of ⟨A⟩, it suffices to now show that F satisfies the
C∞-ring property and the sheaf property of a differential space. The sheaf
property is inherent from the definition of F . The C∞-ring property holds
automatically since all elements of F are locally compositions of elements
of A and smooth functions on Euclidean spaces. Composing with another
function from Euclidean space preserves this. Hence F is a differential
structure and so F = ⟨A⟩ by minimality.

Definition 6.8 (Sheaf of Differentiable Functions). Let X be a differentiable
space. For every open subset U ⊆ X, define

C∞(U) := ⟨C∞(X)|U⟩.

Write C∞
X for the resulting sheaf of differentiable functions.

Proposition 6.9. C∞
X being a sheaf is equivalent to condition (3) in the definition

of differential structure.

6.1.2 Differentiable Maps

Now that we have our objects, we need our morphisms. As can be seen in
sources like [Nes03], a continuous map F : M → N between two smooth
manifolds is smooth if and only if F pulls back smooth functions on N to
smooth functions on M. In symbols, F∗C∞(N) ⊆ C∞(M). Since we now
have a characterization of a differential geometric property in terms of the
ring of smooth functions, we can now generalize to differential spaces.

Definition 6.10 (Differentiable Map). Let X and Y be differential spaces.
A map F : X → Y is called differentiable if F∗C∞(Y) ⊆ C∞(X), where

F∗C∞(Y) = { f ◦ F : X → R | f ∈ C∞(Y)}.

If F is invertible and the inverse F−1 is also differentiable, call F a diffeo-
morphism. Write C∞(X, Y) for the set of all differentiable maps from X to
Y.

Proposition 6.11. Let X and Y be differential spaces and F : X → Y a map of
sets.

(1) If F is differentiable, then F is continuous.

(2) If C∞(Y) = ⟨A⟩, then F is differentiable ⇐⇒ F∗A ⊆ C∞(X).
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Proof. (1) Let U ⊆ Y be open and suppose x ∈ F−1(U). Since Y has the
weak topology induced by C∞(Y), there exists f1, . . . , fm ∈ C∞(Y)
and open intervals I1, . . . , Im ⊆ R with

F(x) ∈
m⋂

i=1

f−1
i (Ii) ⊆ U.

Hence,

x ∈ F−1(F(x)) ⊆
m⋂

i=1

( f ◦ F)−1(Ii) ⊆ F−1(U).

Since fi ◦ F is continuous for each i, we conclude that U must be
open.

(2) Clearly if f : X → Y is differentiable, then f ∗A ⊆ C∞(X). So we just
need to show f ∗A ⊆ C∞(X) implies f is differentiable. In this case,
we make use of Proposition 6.7 and the sheaf property of differential
spaces. In particular, if f ∈ C∞(Y) we show around each x ∈ M
there exists open neighbourhood U ⊆ X of x and g ∈ C∞(X) such
that g|U = F∗ f |U . So fix f ∈ C∞(Y) and x ∈ X. By Proposition 6.7,
we can find an open neighbourhood V ⊆ Y of F(x), G ∈ C∞(Rn) for
some n, and h1, . . . , hn ∈ A so that

f |V = G(h1, . . . , hn)|V .

Note that
F∗G(h1, . . . , hn) = G(F∗h1, . . . , F∗hn)

and so g := F∗G(h1, . . . , hn) ∈ C∞(X) by the C∞-ring property. In
particular, F∗ f |F−1(V) = g|F−1(V) and x ∈ F−1(V). Hence, F∗ f ∈
C∞(X).

Proposition 6.12. Let X, Y, and Z be differential spaces and F : X → Y and
G : Y → Z differentiable maps. Then the composition

G ◦ F : X → Z

is also differentiable.

Example 6.13. Let X and Y be completely regular topological spaces. Then
the set of continuous functions from X to Y coincides with the set of
differentiable maps. This is a consequence of (1) from Proposition 6.7.

Example 6.14. Let M and N be two smooth manifolds, then the differen-
tiable maps between M and N are precisely equal to the smooth maps
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between M and N. That is, a map F : M → N is differentiable if and
only if for each x ∈ M there exists charts ϕ : U ⊆ M → RN about x and
ψ : V ⊆ N → RM such that F(U) ⊆ V and so that

ψ ◦ F ◦ ϕ−1 : ϕ(U) → ψ(V)

is a C∞-map between open subsets of Euclidean spaces.

Since smooth maps are closed under composition, a map F : M →
N being smooth in the usual sense clearly implies F is differentiable.
Conversely, if F : M → N is differentiable and x ∈ M, then by continuity
alone we can find charts ϕ : U ⊆ M → RN and ψ : V ⊆ N → RM so that
F(U) ⊆ V. Clearly the resulting map

G := ψ ◦ F ◦ ϕ−1 : ϕ(U) → ψ(V)

is differentiable. Hence, if we write x1, . . . , xM for the coordinate functions
on RM G∗x1, . . . , G∗xM ∈ C∞(ϕ(U)) and hence the coordinate functions
of G are all C∞-differentiable, hence a smooth map.

6.1.3 Subspace Differential Structures

Our goal is to give a definition of subcartesian spaces which are differential
spaces which locally “look like” subsets of Euclidean spaces. In order
to make this precise, we need to discuss how to endow a subset of a
differential space with a differential structure.

Definition 6.15 (Subspace Differential Structure). Let X be a differential
space and Y ⊆ X a subspace. Define the subspace differential structure on
Y, denoted C∞(Y) by

C∞(Y) := ⟨C∞(X)|Y⟩,

where
C∞(X)|Y = { f |Y : Y → R | f ∈ C∞(X)}.

Proposition 6.16. If X is a differential space and Y ⊆ X is a subspace.

(1) C∞(Y) is the smallest differential structure on Y such the inclusion ι :
Y ↪→ X is differentiable.

(2) The weak topology induced by C∞(Y) coincides with the subspace topology
on Y.
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(3) f ∈ C∞(Y) if and only if for each y ∈ Y there exists a neighbourhood
U ⊆ X of x and g ∈ C∞(X) such that

f |U∩Y = g|U∩Y.

Proof. (1) Since C∞(Y) is generated by C∞(X)|Y = ι∗C∞(X), it automat-
ically follows that ι is differentiable, hence continuous. Thus, the
subspace topology ι∗τ is contained in τ(C∞(Y)), the weak topology
induced by C∞(Y). Conversely, if U ⊆ Y is a τ(C∞(Y)) open set,
then since this is the same as the topology induced by C∞(X)|Y, then
for every y ∈ U we can find f1, . . . , fℓ ∈ C∞(X) and open intervals
I1, . . . , Iℓ ⊆ R so that

y ∈
ℓ⋂

i=1

( f |Y)−1(Ii) ⊆ U.

Note that
ℓ⋂

i=1

( f |Y)−1(Ii) =

( ℓ⋂
i=1

f−1
i (Ii)

)
∩ Y.

Thus, for each y ∈ U we can find an open set Vy ⊆ X containing y
so that Vy ∩ Y ⊆ U which implies

U =

( ⋃
y∈U

Vy

)
∩ Y

and hence U is ι∗τ open. Thus, the weak topology induced by C∞(Y)
coincides with the subspace topology.

(2) As we say already, ι is differentiable. Since any other differential
structure on Y with ι differentiable must also contain ι∗C∞(X) =

C∞(X)|Y, it follows from minimality that C∞(Y) is the smallest.

(3) This is a straightforward usage of Proposition 6.7. Let y ∈ Y and
f ∈ C∞(Y). Then we can find a neighbourhood W ⊆ Y of y, G ∈
C∞(Rm) for some m, and h1, . . . , hm ∈ C∞(X) so that

f |W = G(h1|Y, . . . , hm|Y)|W .

Since the topology on Y is the subspace topology, there exists open
U ⊆ X with W = U ∩ Y and and G(h1, . . . , hm) ∈ C∞(X), we have

f |U∩X = G(h1, . . . , hm)|U∩X

hence the claim.
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Proposition 6.17. Suppose X is a differential space which admits partitions
of unity. That is, for any collection of open sets {Ui}i∈I we can find functions
{ρi}i∈I ⊆ C∞(X) so that

(1) supp(ρi) ⊆ Ui for all i ∈ I.

(2) The collection {ρi}i∈I is locally finite.

(3) ∑
i∈I

ρi = 1.

Then, for any closed subset Y ⊆ X, we have

C∞(Y) = ⟨C∞(X)|Y⟩ = C∞(X)|Y.

Proof. Fix f ∈ C∞(Y). We show there exists g ∈ C∞(X) so that g|Y = f .
Due to Proposition 6.16, we can find an open cover {Ui}i∈I of Y and
functions hi ∈ C∞(X) so that

f |Y∩Ui = hi|Y∩Ui

for all i ∈ I. Consider now

U∞ := X \ Y

and write h∞ for the zero function on X. Choose a partition of unity
{ρi}i∈I∪{∞} subordinate to the cover {U∞} ∪ {Ui}i∈I and define

g := ∑
i∈I∪{∞}

ρihi.

Clearly g ∈ C∞(X) and g|Y = f .

Proposition 6.18. Let X be a differential space and R ⊆ S ⊆ X a chain of
subsets. Then

⟨C∞(X)|R⟩ = ⟨C∞(S)|R⟩.

Proof. This is an easy application of minimality.

Definition 6.19 (Differential Embedding). Let X and Y be differential
spaces and f : X → Y a differentiable map. Say f is a differentiable
embedding if the induced map

f : (X, C∞(X)) → ( f (X), C∞( f (X)))

is a diffeomorphism.
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6.2 subcartesian spaces

We now can give a formal definition of a subcartesian space. As we shall
see, these are strict generalizations of smooth manifolds.

Definition 6.20 (Subcartesian Space). A subcartesian space is a differential
space (X, C∞(X)) such that

• X is Hausdorff, second countable, and paracompact.

• C∞(X) admits singular charts. That is, for every x ∈ X there exists
an open neighbourhood U ⊆ X, a positive integer N ∈ N, and a
differentiable embedding

ϕ : U ↪→ RN

We will just write X for a subcartesian space if there will be no confusion.
If all charts can be chosen so that the image is locally closed, we call X a
locally closed subcartesian space.

Example 6.21. Let M be a smooth manifold. Then the usual charts ϕ : U ⊆
M → Rn with images being open subsets are also singular charts. Hence
M is a subcartesian space.

Conversely, if X is a subcartesian space which admits a covering {(Ui, ϕi)}i∈I
by singular charts with the property that

(1) There exists n ∈ N such that each ϕi maps into Rn.

(2) ϕi(Ui) ⊆ Rn is an open subset,

then {(Ui, ϕi)}i∈I is a smooth atlas in the usual sense and the smooth
functions are precisely the subcartesian structure C∞(X).

Example 6.22. Given two subcartesian spaces X and Y, the product differ-
ential structure C∞(X × Y) is clearly subcartesian once again.

Example 6.23. Let N ≥ 1 be an integer and X ⊆ RN a subset. Then X
together with its subspace differential structure C∞(X) = ⟨C∞(RN)|X⟩ is
subcartesian. Thus, objects which are very far away from being manifolds
(like the Cantor set) are subcartesian.

Example 6.24. Even “infinite dimensional” spaces can be subcartesian. As
a rather trivial example, consider the disjoint union

X =
⊔

n∈Z>0

{n} × Rn.
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Endow X with the disjoint union topology and a differential structure
C∞(X) given by

f ∈ C∞(X) ⇐⇒ f |{n}×Rn ∈ C∞(Rn)

for all n ∈ Z>0. It’s easy to see that C∞(X) is a differential structure.
Furthermore, since each of the Rn’s making up X are open subsets, X is
subcartesian.

Example 6.25. Not all differential spaces are subcartesian. Recall that for
each n ∈ Z>0 we have a natural embedding

CPn ↪→ CPn+1; [z0, . . . , zn+1] 7→ [z0, . . . , zn+1, 0]

Define then
CP∞ = colimnCPn

endowed with the weakest topology so that the inclusions

ιn : CPn ↪→ CP∞ (6.1)

is continuous. Define

C∞(CP∞) := { f : CP∞ → R | ι∗n f ∈ C∞(CPn) ∀n ∈ Z>0}.

Making use of the natural CW complex structure on CP∞, we deduce
that the topology is sequential. Using then the compactness of CPn for all
n then shows that the weak topology induced by C∞(CP∞) is the same
as the colimit topology. Thus, making use of Theorem 6.4 shows that
(CP∞, C∞(CP∞)) is a differential space. However, it is not subcartesian.

Indeed, if ϕ : U ⊆ CP∞ ↪→ RN were some singular chart for some N,
it’s easy to see that this would provide local embeddings of CPn into RN

for arbitrary n, which is clearly absurd.

Proposition 6.26. Let X be a subcartesian space and Y ⊆ X a subspace. Then
C∞(Y) = ⟨C∞(X)|Y⟩ is also a subcartesian space.

Proof. Subsets of a Hausdorff, second countable, and paracompact space
are also Hausdorff, second countable, and paracompact. So we just need
to show the existence of singular charts. To this end, let y ∈ Y and let
ϕ : U ↪→ RN be a singular chart about y. Then I claim

ϕ|U∩Y : U ∩ Y ↪→ RN
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is also a singular chart. Indeed, we just need to show the induced map

ϕ|U∩Y : (U ∩ Y, C∞(U ∩ Y)) → (ϕ(U ∩ Y), C∞(ϕ(U ∩ Y)))

is a diffeomorphism of differential spaces. This is a trivial consequence of
the fact that ϕ|Y∩U and its inverse are both compositions of differentiable
maps and hence both ϕ|U∩Y and (ϕU∩Y)

−1 are differentiable, hence the
conclusion.

Corollary 6.27. Let M be a smooth manifold and N ⊆ M a subset which is
a topological manifold in the subspace topology. Then the induced subcartesian
structure C∞(N) = ⟨C∞(M)|N⟩ defines a smooth manifold structure on N
⇐⇒ N is an embedded submanifold. That is, around any x ∈ N there exists
submanifold charts.

Proof. If N is an embedded submanifold, then clearly C∞(N) defines a
smooth manifold structure on N. Conversely, if C∞(N) defines a manifold
structure, then passing to local charts as in the proof of Proposition 6.26

provides the desired submanifold coordinates around any point n ∈ N.

Lemma 6.28. Let X and Y be two subcartesian space, F : X → Y a smooth map,
and x ∈ X. Then there exists

(1) singular charts ϕ : U ⊆ X ↪→ RN about x and ψ : V ⊆ Y ↪→ RM about
F(x) with F(U) ⊆ V

(2) Open neighbourhood W ⊆ RN of ϕ(U)

(3) A smooth map H : W → RM

such that
H|ϕ(U) = ψ ◦ F ◦ ϕ−1

Proof. Fixing x ∈ X, by continuity of F we can find charts ϕ : U ⊆ X ↪→ RN

about x and ψ : V ⊆ Y ↪→ RM with F(U) ⊆ V. Write

G := ψ ◦ F ◦ ϕ−1 : ϕ(U) → ψ(V).

Since G is a differentiable map, if we write G = (G1, . . . , GM), then Gi ∈
C∞(ϕ(U)) for each i. By Proposition 6.16, for each i we can find an open
neighbourhood Wi ⊆ RN of ϕ(U) and smooth functions hi ∈ C∞(Wi) such
that hi|ϕ(U) = Gi. Letting

W :=
M⋂

i=1

Wi

and letting
H := (h1|W , . . . , hM|W)



6.2 subcartesian spaces 137

we get the desired result.

6.2.1 Quotients by Proper Group Actions

As a special, but very important case, let’s examine the case of representa-
tions of compact group actions. For all that follows, we let K be a compact
Lie group and V a finite-dimensional real K-representation.

Definition 6.29. Let π : V → V/K be the canonical quotient map. Define

C∞(V/K) := { f : V/K → R | π∗ f ∈ C∞(V)K}.

Our goal is to show C∞(V/K) is a subcartesian structure on V/K. Write
R[V]K for the ring of K-invariant polynomials on V.

Theorem 6.30 (Hilbert [Wey16]). The ring R[V]K is finitely generated.

This allows us to make the following definition following [Mol24].

Definition 6.31 (Hilbert Map). Let p1, . . . , pN ∈ R[V]K be a finite list of
generators. Call the map

p : V → RN ; v 7→ (p1(v), . . . , pN(v))

a Hilbert map.

Note that different choices of generators will give us different Hilbert
maps.

Theorem 6.32 ([Sch75, Mat77]). The Hilbert map p : V → RN induces a
continuous embedding

p : V/K ↪→ RN .

Furthermore, p∗C∞(RN) = C∞(V/K).

This means that quotients of compact group actions have natural global
singular charts.

Corollary 6.33. Let V be a finite dimensional K-representation and VK the fixed
point set of V.

(1) C∞(VK) = C∞(V)|VK = C∞(V)K|VK .

(2) A choice of a Hilbert map p : V → RN defines an embedding of smooth
manifolds

p|VK : VK ↪→ RN .
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Proof. (1) The identity C∞(VK) = C∞(V)|VK is a consequence of VK

being a closed subset. For the equality C∞(V)|VK = C∞(V)K|VK

choose some f ∈ C∞(V). Choosing a K-invariant inner-product on
K such that vol(K) < ∞, we define

f K(v) :=
1

vol(K)

∫
k∈K

f (k · v).

Then f K is invariant and if v ∈ VK then f K(v) = f (v). Hence,
f K|VK = f |VK .

(2) This amounts to unfolding definitions.

Thanks to the slice theorem (Theorem 2.13), this whole discussion can
naturally be extended to that of proper group actions. Now let G be a
connected Lie group and M a smooth proper G-space.

Proposition 6.34. C∞(M/G) is a subcartesian structure on M/G.

Proof. This is a simple application of Theorem 2.13. Around any x ∈ M
we can find a G-invariant neighbourhood U ⊆ M of x and a G-equivariant
diffeomorphism ϕ : U → G ×Gx νx(M, G). Hence, we have

U/G ∼= (G ×Gx νx(M, G))/G ∼= νx(M, G)/Gx

Equipping νx(M, G) with a Hilbert map as in Theorem 6.32 p : νx(M, G) →
RN provides the desired singular charts.

This result can be generalized to distinguished closed subsets of M.

Definition 6.35 (Sliceable Subset). Let A ⊆ M be a subset which is closed
under the G-action. Say A is sliceable if for any a ∈ A, we can find a slice
neighbourhood ϕ : U ⊆ M → G ×Ga νa(M, G) about a so that

ϕ(U ∩ A) = G ×Ga S,

where S ⊆ νa(M, G) is a Ga-invariant subset.

Proposition 6.36. Suppose A ⊆ M is a closed sliceable subset of M and write
πA : A → A/G for the quotient map of the G-action on A. Then

C∞(A/G) = { f : A/G → R |π∗
A f ∈ C∞(A)G}

is a subcartesian structure on A.
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Proof. Since πA is an open map, it readily follows that C∞(A/G) is a
differential structure. So we only need to produce singular charts, which is
a local matter. Thus, since A is sliceable, we may assume M = G ×K V for
compact subgroup K ≤ G and K-representation V, and that A = G ×K S
for a closed K-invariant subset S ⊆ V. Letting p : V → RN be a Hilbert
map, we have have by Schwarz

p∗C∞(RN) = C∞(V)K

Now making use of Proposition 6.17, since S is closed, we have C∞(S) =
C∞(V)|S and thus C∞(S)K = C∞(V)K|S. Therefore,

(p|S)∗C∞(RN) = C∞(S)K

Thus, the induced map

A/G ∼= S/K ↪→ RN

is a singular chart for A/G.

Example 6.37. To see an example of a sliceable subset, consider now a
proper Hamiltonian G-space J : (M, ω) → g∗ for connected Lie group G. If
non-empty, I claim J−1(0) is a closed sliceable subset. From the continuity
and equivariance of J, clearly J−1(0) is closed and G-equivariant. For
sliceability, recall from Lemma 3.47 that for any x ∈ J−1(0) we can find
a G-invariant open neighbourhood U ⊆ M of x and a isomorphism of
Hamiltonian G-spaces

ϕ : U → V ⊆ G ×Gx (g
◦
x × Sνx(M, G)),

where V is a G-invariant neighbourhood of [e, 0, 0]. In this local model, the
moment map J has the form

J : G ×Gx (g
◦
x × Sνx(M, G)) → g∗; [g, q, v] 7→ Ad∗

g(q + p ◦ Jx(v)),

where Jx : Sνx(M, G) → g∗x is the quadratic moment map and p : g∗x → g∗

is a Gx-equivariant splitting. Here we see then that

J−1(0) = G ×Gx ({0} × J−1
x (0))

and clearly J−1
x (0) ⊆ Sνx(M, G) is closed and Gx-invariant. Therefore, by

Proposition 6.36 we can equip the reduced space M0 = J−1(0)/G with a
subcartesian structure C∞(M0) given by

C∞(M0) = { f : M0 → R | π∗
0 f ∈ C∞(M)G|J−1(0)},
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where π0 : J−1(0) → M0 is the quotient map.

6.3 zariski tangent vectors

Now that we have set up subcartesian spaces, we can begin a discussion on
where subcartesian spaces really shine as a generalization of differential
geometry in comparison to diffeologies or stacks: tangent structures. In
some sense, subcartesian spaces are extremely well-suited to generalizing
covariant geometric structures (like tangent spaces), but are very ill-suited
to contravariant structures (like cotangent spaces).

As with any good discussion on vector fields, we first need to give a
point-wise description.

Definition 6.38 (Zariski Tangent). Let X be a subcartesian space and fix
x ∈ X. A Zariski tangent vector at x is a linear map

V : C∞(X) → R

such that for any f , g ∈ C∞(X) we have

V( f g) = (V f )g(x) + f (x)(Vg).

Write TxX for the set of all Zariski tangent vectors at x.

Example 6.39. Let M be a smooth manifold, then this notion perfectly
recovers the definition of a usual tangent vector.

Example 6.40. Let X = {(x1, x2) ∈ R2 | x1 = 0 or x2 = 0} be the union of
the coordinate axes in R2. Then we see

T(x1,x2)X =


spanR(∂1), x1 ̸= 0

spanR(∂2), x2 ̸= 0

T(0,0)R
2, (x1, x2) = (0, 0)

In particular, the dimension of Zariski tangent spaces can vary over a
general subcartesian space.

Lemma 6.41. Let X be a subcartesian space, x ∈ X, and U ⊆ X an open
neighbourhood of x. Suppose f ∈ C∞(X) satisfies f |U = 0. Then V f = 0 for all
V ∈ TxX.

Proof. Choose a neighbourhood W ⊆ U of x and a function ϕ ∈ C∞(X)

such that ϕ|W = 1 and ϕ|X\U = 0. Then ϕ f = 0. Hence for any V ∈ TxX
we have

V(ϕ f ) = 0.
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Using the derivation property, we then get

0 = V(ϕ f ) = V(ϕ) f (x) + ϕ(x)V( f ) = V( f ).

Corollary 6.42. If X is a subcartesian space, x ∈ X, and f , g ∈ C∞(X) satisfy
f |U = g|U on some open neighbourhood U ⊂ X of x, then V f = Vg for all
V ∈ TxX.

Definition 6.43 (Derivative at a Point). If X and Y are two subcartesian
spaces, F : X → Y a differentiable map, and x ∈ X. Define the derivative
of F at x to be the linear map

TxF : TxX → TF(x)Y

defined as follows. Choosing V ∈ TxX and f ∈ C∞(Y), we define

TxF(V)( f ) := V( f ◦ F).

Corollary 6.44. Let X be a subcartesian space, Y ⊆ X a subspace, and y ∈ Y. If
ι : Y ↪→ X is the inclusion, then

(1) Tyι : TyY → TyX is injective.

(2) Let IY = { f ∈ C∞(X) | f |Y = 0}. Then,

Tyι(TyY) = {V ∈ TyX | V f = 0 for all f ∈ IY}.

Proof. (1) Let V ∈ TyY and suppose Tyι(V) = 0. We show V = 0. To do
this, fix f ∈ C∞(Y). Then we can find a neighbourhood U ⊆ X of y
and g ∈ C∞(X) so that g|U∩Y = f |U∩Y. By Lemma 6.41, this implies
V(g|Y) = V( f ). Notice that, by definition, V(g|Y) = Tyι(V)g. Hence
V f = 0. Since f was arbitrary, we conclude that V = 0 and thus Tyι

is injective.

(2) Suppose V ∈ TyY and f ∈ IY. Then clearly

Tyι(V) f = V( f |Y) = V(0) = 0.

Now suppose V ∈ TyX satisfies V f = 0 for all f ∈ IY. We de-
fine V ∈ TyY as follows. Choose f ∈ C∞(Y) and let U ⊆ X be a
neighbourhood of y and g ∈ C∞(X) satisfy g|U∩Y = f |U∩Y. Then
define

V f := Vg. (6.2)
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This is well-defined. To see this, let g1, g2 ∈ C∞(X) be two functions
and U1, U2 ⊆ X two neighbourhoods of y so that gi|Ui∩Y = f |Ui∩Y.
We show Vg1 = Vg2. Letting U = U1 ∩ U2, we see that g1 − g2 ∈
IU∩Y. Choose a neighbourhood W ⊆ X of x and a non-negative
function ϕ ∈ C∞(X) with

ϕ|W = 1 and ϕ|X\U = 0.

Then we see ϕ(g1 − g2) ∈ IY. In particular, we have

0 = V(ϕ(g1 − g2)) = V(ϕ)(g1(y)− g2(y))+ϕ(y)V(g1 − g2) = V(g1 − g2).

Hence Vg1 = Vg2. Therefore, the formula in Equation 6.2 is well-
defined. Clearly V ∈ TyY and clearly Tyι(V) = V.

Lemma 6.45. Suppose X, Y ⊆ RN are two subsets and suppose F : X → Y is
a diffeomorphism of subcartesian spaces. Then around each x ∈ X, we can find
neighbourhoods U, V ⊆ RN of x and F(x), respectively, and a diffeomorphism
H : U → V so that H|U∩X = F|U∩X.

Proof. After potentially applying affine transformations, we may assume
that x = F(x) = 0. Due to Lemma 6.28, we can find a neighbourhoods
U, V ⊆ RN around 0 and a smooth map G : U → V so that

G|U∩X = F|U∩X

An argument of Mol [Mol24] show that after possibly shrinking U, we can
find a map A : U → V such that A|U∩X = 0 and so that

H = G + A

satisfies T0H is invertible. Thus, after possibly shrinking U once again, we
get the desired map H.

Theorem 6.46. Let X be a subcartesian space and ϕ : U ↪→ RN and ψ :
V ↪→ RM two singular charts with U ∩ V ̸= ∅. Write Q : max(N, M) and let
ιN : RN ↪→ RQ and ιM : RM ↪→ RQ be the inclusions of the first coordinates.
Then, for each x ∈ U ∩ V there exists

(1) An open neighbourhood x ∈ W ⊆ U ∩ V

(2) Open neighbourhoods Oϕ, Oψ ⊆ RQ about ϕ(W) and ψ(W), respectively.

(3) A C∞-diffeomorphism H : Oϕ → Oψ
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all so that the diagram commutes.

Oϕ Oψ

W

H

ϕ ψ
(6.3)

Proof. Without loss of generality, we may assume N = M = Q. Fix charts
ϕ : U ↪→ RN and ψ : V ↪→ RN with x ∈ U ∩ V. Then its a triviality to see
that the chain of maps

ϕ(U ∩ V) U ∩ V ψ(U ∩ V)
ϕ−1 ψ

defines a diffeomorphism between two subcartesian subsets of RN . Hence,
by Lemma 6.45 we can find open neighbourhoods A, B ⊆ RN about
ϕ(x) and ψ(x), respectively, and a diffeomorphism H : A → B such that
H|A∩ϕ(U∩V) = ψ ◦ ϕ−1|A∩ϕ(U∩V). Letting W = ϕ−1(ϕ(U ∩ V) ∩ A) gives
the desired diagram.

6.4 zariski vector fields

Now that we have Zariski tangent vectors, it is natural to consider “smoothly
varying” tangent vectors, i.e vector fields. These can be characterized ei-
ther abstractly as derivations of the ring of differentiable functions, or as
differentiable sections of the Zariski tangent bundle (a notion to be made
more precise later on). A powerful aspect of Zariski vector fields is that
they have flows (see for instance [KL23]), but we will not be discussing
flows in this thesis as they are not relevant to the later discussions on
quantization.

Definition 6.47 (Zariski Vector Field). Let X be a subcartesian space. A
Zariski vector field on X is a derivation

V : C∞(X) → C∞(X).

Write X(X) for the set of all Zariski vector fields on X.

Remark 6.48. I will insist upon using the full phrase “Zariski vector field”
rather than simply “vector field” because Sniatycki [Śn13] defines vector
fields to be Zariski vector fields with flows by local diffeomorphisms.
Many of the Zariski vector fields we will be discussing later on will also
be vector fields in the sense of Sniatycki, but as flows are not an important
consideration in this thesis, I will not be remarking further on this.
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Since Zariski vector fields are just derivations, we get a canonical Lie
bracket on Zariski vector fields. Indeed, if V, W ∈ X(X) and f ∈ C∞(X),
then since V( f ), W( f ) ∈ C∞(X), we can define

V(W( f ))− W(V( f ))

It’s straightforward to see that this actually defines a new derivation, hence
Zariski vector field.

Definition 6.49 (Lie Bracket on Zariski Vector Fields). Let X be a subcarte-
sian space and V, W ∈ X(X). Define the Lie bracket of V and W, denoted
[V, W], by

[V, W]( f ) = V(W( f ))− W(V( f )).

It’s then an exercise in linear algebra to see that

[·, ·] : X(X)×X(X) → X(X); (V, W) 7→ [V, W]

is bilinear, antisymmetric, and satisfies the Jacobi identity. Now, before
we get to key properties of Zariski vector fields in regards to subspaces, I
would first like to give an alternative interpretation in terms of a version
of the tangent bundle for subcartesian spaces.

Definition 6.50. Let X be a subcartesian space. Define the Zariski tangent
bundle by

TX :=
⋃

x∈X

TxX

Let π : TX → X be the natural projection defined by

π|TxX : TxX → X; V 7→ x,

for x ∈ X. This allows us to formally define a collection of real-valued
functions on TX by

π∗C∞(X) := { f ◦ π | f ∈ C∞(X)}.

Furthermore, given f ∈ C∞(X) we can define

d f : TX → R; V 7→ V( f ).

Hence, allowing us to define another formal collection of functions on TX:

dC∞(X) := {d f | f ∈ C∞(X)}.
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Definition 6.51 (Tangent Differential Structure, [Śn13]). Let X be a sub-
cartesian space and endow TX with the initial topology induced by
π∗C∞(X) ∪ dC∞(X) and the differential structure

C∞(TX) = ⟨π∗C∞(X) ∪ dC∞(X)⟩.

Our aim now is to show that C∞(TX) defines a subcartesian structure
on TX. To do this, let us also introduce the (for now) formal derivative of
a differentiable map between subcartesian spaces.

Definition 6.52 (Tangent Map). Let F : X → Y be a differentiable map
between subcartesian spaces. Define the tangent map TF : TX → TY by

TF|TxX = TxF : TxX → TF(x)Y,

where TxF is the derivative map from Definition 6.43.

As one might imagine, the derivative map is a differentiable map.

Proposition 6.53. Let F : X → Y and G : Y → Z be a differentiable maps
between subcartesian spaces.

(1) The diagram commutes

TX TY

X Y

TF

F

(6.4)

where the vertical arrows are the canonical projection maps TX → X and
TY → Y.

(2) TF : TX → TY is differentiable.

(3) T(G ◦ F) = TF ◦ TG

(4) If F is a diffeomorphism, so is TF.

Proof. (1) This is an immediate consequence of the fact that the image
of TxF lies in TF(x)Y for all x ∈ X.

(2) Write πX : TX → X and πY : TY → Y for the projection maps. By
Proposition 6.11 it suffices to show for all f ∈ C∞(Y) that

– (TF)∗π∗
Y f ∈ C∞(X) and

– (TF)∗d f ∈ C∞(X).

For definiteness, let us fix f ∈ C∞(Y). First, we have from Equation
6.4 that

(TF)∗π∗
Y f = (πY ◦ TF)∗ f = (F ◦ πX)

∗ f .
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F ◦ πX is differentiable, hence (TF)∗π∗
Y f ∈ C∞(TX). Now, to show

that (TF)∗d f ∈ C∞(TX) observe that from unwinding definitions
that

(TF)∗d f = d(F∗ f )

Once again, F∗ f ∈ C∞(X), and thus d(F∗ f ) ∈ C∞(TX).

(3) Trivially follows from the definitions of the point-wise derivative.

(4) Apply (3) to F and F−1 and the result follows.

Lemma 6.54. Let M be a smooth manifold. Then the natural smooth structure on
TM coincides with the differential structure C∞(TM) defined in Definition 6.51.

Proof. Recall that TM is constructed using differentials of local charts. In
particular, f : TM → R is smooth if and only if for each chart ϕ : U ⊆
M → Rn, the map

f ◦ (Tϕ)−1 : Tϕ(U) → R

is smooth. Let x1, . . . , xn be the coordinate function on Rn and v1, . . . , vn

the corresponding linear coordinates on TRn = Rn × Rn. Letting F =

f ◦ (Tϕ)−1, we see that since Tϕ(U) ⊆ TRn is an open subset that F is a
function of the form

F(x1, . . . , xn, v1, . . . , vn).

Now, writing ϕ = (ϕ1, . . . , ϕn) for the coordinates of ϕ and π : TM → M
the projection map, we have

f = F ◦ Tϕ = F(π∗ϕ1, . . . , π∗ϕn, dϕ1, . . . , dϕn)

This precisely means that f ∈ C∞(TM) from Definition 6.51. The converse
inclusion is clear.

Theorem 6.55. Let X be a subcartesian space and endow TX with the differential
structure

C∞(TX) = ⟨π∗C∞(X) ∪ dC∞(X)⟩.

Then the following holds.

(1) The projection π : TX → X and the zero section

0X : X → TX

are differentiable.
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(2) C∞(X) is a subcartesian structure. In particular, if ϕ : U ⊆ X ↪→ RN is a
singular chart of X, then

Tϕ : π−1(U) = TU ↪→ TRN

is a singular chart of TX.

(3) Both scalar multiplication

R × TX → TX

and fibre-wise addition

TX ×π TX → TX

are both differentiable.

Proof. (1) By definition, π∗C∞(X) ⊆ C∞(TX), and so π is differentiable.
Let

0X : X → TX

be the map which sends each x to the zero tangent vector. Note that

0∗Xπ∗C∞(X) = C∞(X)

and
0∗XdC∞(X) = {0} ⊆ C∞(X).

By Proposition 6.11, 0X is differentiable.

(2) Let ϕ : U ⊆ X ↪→ RN be a singular chart. Since ϕ is a diffeomor-
phism onto its image, we have Tϕ : TU → Tϕ(U) ⊆ TRn is also a
diffeomorphism.

(3) In local charts, both scalar multiplication and addition can be realized
as restrictions of the usual scalar multiplication and additions on
TRn, hence are smooth.

Proposition 6.56. Let X be a subcartesian space.

(1) Let V ∈ X(X) be a Zariski vector field and x ∈ X. Then the map

Vx : C∞(X) → R; f 7→ V( f )(x) (6.5)

is a Zariski tangent vector.
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(2) The map in equation 6.5 defines a canonical bijection between the Zariski
vector fields X(X) and the set of all differentiable sections of the map
π : TX → X.

6.5 restricting vector fields

To close out this chapter, let us now discuss the matter of restricting
Zariski vector fields to subsets. As is the case with submanifolds, we
cannot restrict any arbitrary vector field to a subset and hope that it
remains tangent. Rather, only special vector fields can be restricted. As
is the case with submanifolds, these can be characterized in terms of
preserving the vanishing ideal of the subset. They key importance here
for the following discussion is generalizing the construction of a reduced
prequantum connection from Section 5.3, where we restricted, then pushed
vector fields tangent to the zero level-set of the momentum map to the
reduced space. As it turns out, we can use almost precisely the same
construction in the singular setting. But first, we need our set-up.

Definition 6.57 (Restrictable Vector Fields). Let X be a subcartesian space
and Y ⊆ X a subset. Write

X(X, Y) := {V ∈ X(X) | Vy ∈ TyY for all y ∈ Y}.

for the set of all Zariski vector fields which are tangent to Y.

As promised, restrictable vector fields can be characterized in terms of
preserving vanishing ideals.

Proposition 6.58. Let Y ⊆ X is a subset of a subcartesian space.

X(X, Y) = {V ∈ X(X) | VIY ⊆ IY}.

Furthermore, for any V ∈ X(X, Y) and f ∈ C∞(X) we have

V|Y( f |Y) = V( f )|Y.

Proof. This is a straightforward application of Proposition 6.56 together
with the point-wise characterization of tangent spaces to subsets given in
Corollary 6.44.

Corollary 6.59. Suppose V, W ∈ X(X, Y). Then,

(1) The Lie bracket [V, W] ∈ X(X, Y)

(2) The Lie bracket commutes with restriction. That is, [V|Y, W|Y] = [V, W]|Y.
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Proof. (1) Suppose f ∈ IY. By Proposition 6.58 we have V( f ), W( f ) ∈ IY.
Applying the Proposition once again, we then obtain that V(W( f )), W(V( f )) ∈
IY as well. Hence,

[V, W]( f ) = V(W( f ))− W(V( f )) ∈ IY.

Thus, [V, W] ∈ X(X, Y).

(2) To show [V|Y, W|Y] = [V, W]|Y it suffices to show for any f ∈ C∞(X)

that
[V|Y, W|Y]( f |Y) = [V, W]|Y( f |Y).

Fixing f ∈ C∞(X), we first see that

[V|Y, W|Y]( f |Y) = V|Y(W|Y( f |Y))− W|Y(V|Y( f |Y))

Using Proposition 6.58, we have

V|Y(W|Y( f |Y)) = V(W( f )|Y) = V(W( f ))|Y

By symmetry, we obtain

[V|Y, W|Y]( f |Y) = V(W( f ))|Y −W(V( f ))|Y = [V, W]( f )|Y = [V, W]( f |Y).

Given a subcartesian space X and a subset Y ⊆ X, we now have a notion
restrictable vector fields X(X, Y) and a natural map

X(X, Y) → X(Y); V 7→ V|Y.

The question is now, when is this map surjective? This is a non-trivial
question as it will determine the viability of defining prequantum connec-
tions on reduced spaces. To begin to study this question, we then turn to a
result of Karshon and Lerman.

Lemma 6.60 ([KL23]). Suppose X ⊆ RN is a subset and V ∈ X(X). Then for
any open neighbourhood W of X and h ∈ C∞(W) we have

V(h) =
N

∑
i=1

V(xi|X)
∂h
∂xi

∣∣∣∣
X

.

Corollary 6.61. Let X ⊆ RN be a subset and V ∈ X(X). Then there is a
neighbourhood W ⊆ RN of X and a vector field Ṽ ∈ X(W, X) with Ṽ|X = V.



6.5 restricting vector fields 150

Proof. Let x1, . . . , xN : RN → R be the coordinate functions on RN . Since
there are only finitely many functions, we can find an open neighbourhood
W ⊆ RN of X and g1, . . . , gN ∈ C∞(W) so that

V(xi|X) = gi|X.

Define Ṽ ∈ X(W) by

Ṽ :=
N

∑
i=1

gi
∂

∂xi

Observe that if U ⊆ W is an open set and f ∈ IU∩X, then making use of
Lemma 6.60, we get

V( f |U∩X) =
N

∑
i=1

V(xi|U∩X)
∂ f
∂xi

∣∣∣∣
U∩X

= 0.

In particular, notice that if x0 ∈ U ∩ X and ( f )x0 ∈ (IX)x0 , then

Ṽx0( f )x0 = 0.

Hence Ṽ|X = V.

Corollary 6.62. If M is a smooth manifold and X ⊆ M is a closed set, then the
canonical map

X(M, X) → X(X); V 7→ V|X
is a surjection.

Proof. Let V ∈ X(X). Using Corollary 6.61 chart-wise, we can find a
covering {Ui}i∈I of X and vector fields Ṽi ∈ X(Ui, Ui ∩ X) such that
Ṽi|Ui∩X = V|Ui∩X. Let U∞ = M \ X and V∞ = 0. Then we can find a
partition of unity {ϕi}i∈I∩{∞} and we define

Ṽ := ∑
i∈I∪{∞}

ϕiṼi.

It is then straightforward to see that Ṽ|X = V. Hence the result.

Example 6.63. Using the above result, we can show that extending is not
possible in general. That is, we can find an example of a subcartesian space
X and a closed set A ⊆ X so that

X(X, A) → X(A)
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is not surjective. This is an example due to Sniatycki [Śn13]. Indeed,
consider

X = {(x, y) ∈ R2 | x = 0 or y = 0}

and let
A = {(x, y) ∈ R2 | x ≥ 0 and y = 0}.

Observe that A ⊂ X ⊂ R2 are both closed subsets of R2, hence the maps

X(R2, X) → X(X) and X(R2, A) → X(A)

are surjective. In particular, observe that if V ∈ X(R2, X) then V0 = 0.
Indeed, this is a consequence of the fact that V(xy) ≡ 0. On the other
hand, we can easily see that ∂/∂x ∈ X(R2, A) and this vector field clearly
does not vanish at 0. In particular, we see that ∂/∂x|A admits no extension
to X(X).

So, in general we have no reason to presume that a vector field on a
closed set should admit an extension to the whole space. This is not a
problem for us because the kinds of spaces we will be dealing with later on
all have contained within them a distinguished connected open dense set
which carries a manifold structure. For spaces like this, extension results
do hold.

Corollary 6.64. Let X be a locally closed subcartesian space and A ⊆ X a closed
set. Suppose X has a connected open dense set U ⊆ X such that

(1) A ∩ U is dense in A.

(2) For any point a ∈ A, we can find a chart ϕ : W ⊆ X ↪→ RN so that

ϕ(U ∩ W) = Rk × {0}

for some k.

Then
X(X, A) → X(A); V 7→ V|A

is surjective.

Proof. Fix a Zariski vector field V ∈ X(A). It suffices to show for any
a ∈ A we can find a neighbourhood Wa ⊆ X and a vector field Ṽa ∈
X(Wa, A ∩ Wa) so that

Ṽa|A∩Wa = V|A∩Wa .

Indeed, if this is the case, then we can find a cover {Wi} of A and par-
titions of unit {ϕi} subordinate to {Wi} ∪ {X \ A} and patch these local
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extensions together to obtain a global extension that vanishes outside an
open neighbourhood of A.

Thus, passing to charts, it suffices to assume that X ⊆ RN is a closed
subset and that the distinguished dense subset U is an open subset of
U = Rk × {0}. Now let x1, . . . , xN be the coordinate functions on RN .

By construction, xk+1|U = · · · = xN |U = 0. Thus, since U is dense in X,
we have xk+1|X = · · · = xN |X = 0. Thus, V(xk+1|A) = · · · = V(xN |A) = 0.
Thus, by Corollary 6.61, if we let α1, . . . , αk ∈ C∞(RN) be extensions of
V(x1|A), . . . , V(xk|A), then

Ṽ =
k

∑
i=1

αi
∂

∂xi

is an extension of V to X(RN). Furthermore, by construction Ṽ is tangent
to U and hence to X. Indeed, if f ∈ IX is a function which vanishes on
X then f ∈ IU as well. By definition, Ṽ(IU) ⊆ IU and hence Ṽ( f ) ∈ IU .
Hence, Ṽ( f )|X is a continuous function which vanishes along an open
dense set and thus Ṽ( f )|X = 0. Thus, Ṽ ∈ X(RN , X) and Ṽ|X ∈ X(X, A)

with Ṽ|A = V.
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D I F F E R E N T I A B L E
S T R AT I F I E D S PA C E S

Another approach to studying singular spaces, would be to take the
singular space, partition it into smooth manifolds, then do differential
geometry on each of the pieces of the partition and hope we can glue
the results together coherently. This is roughly the idea of a stratified
space. These spaces were first investigated by Whitney [Whi15], Thom
[Tho69], and Mather [Mat73] as a way to extend smooth geometry to
algebraic varieties, as well as to studying the stability of mappings. Later
on, Bierstone [Bie75], Schwarz [Sch75], and Mather [Mat77] would extend
this theory to quotients by proper group actions, an area we will be
discussing in great detail in Section 7.3. Molino [Mol88] also extended
stratification theory into the realm of singular foliations with his definition
of the “dimension stratification”. This also is discussed (and actually
proven to be a stratification!) in Subsection 7.2.2.

Now, there is unfortunately many inequivalent approaches to the study
of stratified spaces, and I shall unfortunately be adding to this confusion.
In order to avoid introducing more concepts on top of the mountain of
ideas covered by this thesis, I shall be relying on the theory of stratified
spaces presented in [CM18]. The curious reader is encouraged to consult
that source as it gives an excellent overview of the various approaches.
I also discuss the different approaches to stratified spaces in my paper
[Ros24].

7.1 topological stratified spaces

To begin, let us discuss topological stratified spaces. These are topologi-
cal spaces together with a partition into topological manifolds, which fit
together in a manner similar to the open cells of a CW complex. We will in-
troduce differential geometry into the equation later on via a compatibility
condition with subcartesian structures.

Definition 7.1 (Topological Stratified Space). A topological stratified space
is a pair (X, Σ) where

153
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(i) X is a Hausdorff, second countable, paracompact topological space;
and

(ii) Σ is a locally finite partition of X into connected and locally closed
subsets

such that the following axioms hold.

(1) Each element S ∈ Σ is a topological manifold in the subspace topol-
ogy.

(2) (Axiom of the Frontier) If S, R ∈ Σ are two pieces with S ∩ R ̸= ∅
and S ̸= R, then S ⊆ R and dim S < dim R. Write S ≤ R if S ⊆ R.

We call Σ a stratification of X and the elements of Σ are known as strata.
We will simply write X for (X, Σ) if the stratification is understood from
context.

Remark 7.2. The symbol ≤ used in the axiom of the frontier in Definition
7.1 is apt as the axiom of frontier makes Σ into a partially ordered set.
This ties into one definition of stratified spaces which can be found in, for
instance the paper of Ayala et. al. [AFT17]. In this, a stratified space is a
topological space X, a partially ordered set P , and a continuous map

Σ : X → P ; x 7→ Σx

with respect to (some kind of topology). The idea here being that the
“strata” are simply the pre-images Σ−1(S). Of course this is a vast general-
ization of Definition 7.1 in the sense that the only assumption really being
made of the strata is that they satisfy the axiom of the frontier and nothing
more.

Example 7.3. Consider the union of the coordinate axes in R2:

X = {(x, y) ∈ R2 | x = 0 or y = 0}.

There are many ways to partition X into manifolds, but not all of them
will be stratifications. For instance, consider the partition

X = H ∪ V+ ∪ V−, (7.1)

where
H = {(x, 0) ∈ R2 | x = 0}

and
V± = {(0, y) ∈ R2 | ± y > 0}
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X

V+

V−

H

This defines a partition of X into topological manifolds (each piece
being homeomorphic to R), but this partition is not a stratification. Indeed,
observe that

V+ = {(0, y) | y ∈ [0, ∞)}

and hence H ∩ V+ ̸= ∅. However, clearly H ̸⊆ V+ as, for instance, (1, 0) ̸∈
V+. Thus, the axiom of the frontier fails to hold for this partition.

Nonetheless, a refinement of the partition in Equation 7.1 does give a
stratification of X. Consider now the partition

X = {(0, 0)} ∪ H+ ∪ H− ∪ V+ ∪ V−, (7.2)

where
H± = {(x, 0) ∈ R2 | ± x > 0}.

Now we have four one-dimensional pieces, H±, V± and one zero-dimensional
piece {(0, 0)}. In this case, we see that the axiom of the frontier holds as,
for instance {(0, 0)} ⊆ H+.

Example 7.4. Let M be a topological manifold. Since M may be discon-
nected, the partition {M} is not a stratification. Rather, the set of connected
components, π0(M), canonically forms a stratification.
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H− H+

V−

V+

{(0, 0)}

Example 7.5. Let ∆ ⊆ Rn be a subset carved out by hyperplanes. That is,
there exists dual vectors α1, . . . , αm ∈ (Rn)∗ such that

∆ =
m⋂

i=1

{x ∈ Rn | αi(x) ≥ 0}.

∆ has a canonical stratification, described as follows. For each x ∈ ∆,
define set of indices I(x) ⊆ {1, . . . , m} by

I(x) = {i ∈ {1, . . . , m} | αi(x) = 0}.

Now, given any subset I ⊆ {1, . . . , m}, define

ΣI := {x ∈ ∆ | I(x) = I}.

Then define
S(∆) = {ΣI | I ⊆ {1, . . . , m}, ΣI ̸= ∅}. (7.3)

Observe that for any ΣI ∈ S(∆), we have

ΣI = {x ∈ Rn | I ⊆ Ix}

This immediately shows S(∆) satisfies the axiom of the frontier.

Example 7.6. Given a stratified space (X, Σ), we can produce a new strati-
fied space by taking the open cone of X. That is, let

CX = (X × [0, 1))/ ∼

where we declare (x, 0) ∼ (x′, 0) for all x, x′ ∈ X. Write ∞ for the equiva-
lence class [(x, 0)]. Then the partition

CΣ = {∞} ∪ {S × (0, 1) | S ∈ Σ}
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defines a stratification of CX. Taking cones of stratified spaces adds a 0
dimensional stratum and increases the dimension of all strata by 1. Also
note that the stratum {∞} is the unique minimal element with respect
to the natural partial order on the strata. This is a useful property and
gets much use in the theory of intersection homology (see for instance
[Max19]).

As a last elementary definition for stratified spaces, let us introduce the
notion of a stratified morphism.

Definition 7.7 (Stratified Morphisms). Let (X1, Σ1) and (X2, Σ2) be two
topological stratified spaces. A stratified morphism between them is a
continuous map F : X1 → X2 such that for each S1 ∈ Σ1 there exists
S2 ∈ Σ2 such that F(S1) ⊆ S2.

Example 7.8. A continuous map between topological manifolds f : M →
N is stratified with respect to the canonical stratifications in Example 7.4.

Example 7.9. We will mostly be considering ourselves with stratifications
arising from group actions and foliations in the rest of the thesis, but as a
last elementary example let us return back to the cone of a stratified space.
Let (X, Σ) be a stratified space and fix t ∈ [0, 1). Then,

ft : X → CX; x 7→ [x, t]

defines a stratified morphism for all t. Note that for t = 0, the map f0 is
constant and sends all points to the unique minimal stratum {∞}.

7.2 differentiable stratified spaces

Stratifications are usually structures we place on singular spaces (i.e.
things that aren’t manifolds) in the hopes of being able to transfer over
ideas and techniques from smooth geometry to settings where it normally
wouldn’t apply. This of course also ties into the ideas of Sikorski spaces
and Subcartesian spaces. Here we give a union of these two ideas in
the definition of a differentiable stratified space. First, let us give the
elementary definitions and examples of differentiable stratified spaces
before we begin a more in depth study of examples arising from the
theory of singular foliations and proper group actions.

Definition 7.10. Differentiable Stratified Space Let (X, C∞(X)) be a sub-
cartesian space and Σ a stratification of X.

(1) We say Σ and C∞(X) are compatible if for each stratum S ∈ Σ, the
restricted subcartesian structure C∞(S) is a smooth structure on S.
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(2) If C∞(X) and Σ are compatible and X is a locally closed subcartesian
structure, we call the triple (X, Σ, C∞(X)) a differentiable stratified
space.

(3) If C∞(X) and Σ are compatible and X is not assumed to be locally
closed, we say (X, Σ, C∞(X)) is a weakly differentiable stratified
space.

We will just write X if Σ and C∞(X) are understood from context.

Remark 7.11. There are roughly three different approaches to equipping
stratified spaces with “smooth structure”. There is the subcartesian ap-
proach we are taking in this thesis (and most notably can be found in
[Śn13]), the smooth atlas approach found in [Pfl01] or [Zim24], and the
reduced differentiable structure approach found in [CM18] or [Mol24].
These approaches are not exactly the same, but thanks to results like
Theorem 6.46 many of the ideas from one approach can be ported over
the other directly. This will be most useful when we discuss the Whitney
conditions later on in Section 7.5.1.

Example 7.12. Let M be a smooth manifold and let C∞(M) denote the
set of smooth functions. Then the triple (M, π0(M), C∞(M)) is naturally a
differentiable stratified space.

Example 7.13. The polytopes considered in Example 7.5 are clearly when
equipped with the subspace subcartesian structure.

Proposition 7.14. Let (X1, Σ1) and (X2, Σ2) be two weakly differentiable strati-
fied space, and let F : X1 → X2 be a continuous map. If F is both differentiable and
a stratified morphism then for any strata S1 ∈ Σ1 and S2 ∈ Σ2 with F(S1) ⊆ S2,
the restriction map F|S1 : S1 → S2 is a smooth map between smooth manifolds.

Proof. Fix two strata S1 ∈ Σ1 and S2 ∈ Σ2 with F(S1) ⊆ S2. If f ∈ C∞(X2),
then clearly

(F|S1)
∗( f |S2) = (F∗ f )|S1 .

Thus, by Proposition 6.11, we have F∗C∞(S2) ⊆ C∞(S1). Thus, F|S1 is a
smooth map.

7.2.1 Singular Foliations and Stratifications

A somewhat similar appearing structure to a stratification is that of a
singular foliation. These are also partitions of a space into manifolds, but
with no assumption of being locally finite.
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Definition 7.15 ((Stefan-Sussmann) Singular Foliation). Let M be a mani-
fold and F a partition of M into connected immersed submanifolds. For
each x ∈ M write Lx for the unique element of F containing x. We call
F a singular foliation of M and the elements of F leaves if the following
smoothness condition holds.

(S) If x ∈ L, and v ∈ TxLx, then in a neighbourhood U ⊆ M of x there
exists a vector field V ∈ X(U) such that Vx = v and Vy ∈ TyLy for all
y ∈ U.

Call the pair (M, F ) a foliated space.

Example 7.16. A first example would of course be the usual notion of a
foliation, here called regular foliations. A regular foliation of a manifold
M is a partition F into immersed submanifolds which admits foliation
charts. That is, around each point x ∈ M there exists a chart

ϕ : U → Ω ⊆ Rk × Rm

for open Ω, with the property that for all y ∈ U, we have

ϕ(U ∩ Ly) = Ω ∩ (Rk × {v})

for some v ∈ Rm. By a result of Stefan [Ste74], a Stefan-Sussmann foliation
F if regular if and only if the map

M → Z; x 7→ dim Lx

is constant.

Example 7.17. To see a truly singular example of a foliation, consider the
partition F of R2 given by

Lx = {y ∈ R2 | ∥y∥2 = ∥x∥2},

where ∥ · ∥ is the usual norm on R2. This is a partition of R2 into two
kinds of leaves: one-dimensional concentric circles centred on the origin
and a single zero-dimensional leaf consisting of the origin {0}. To see that
F is a singular foliation, let x1, x2 be the standard coordinate functions on
R2. Now consider

V(x1,x2) = x2
∂

∂x1
− x1

∂

∂x2
.

It’s easy to see that V is tangent to all the one-dimensional leaves and is
non-vanishing. Furthermore, V(0,0) = 0. Thus, through V we can imple-
ment the smoothness condition (S) in Definition 7.15.
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Example 7.18. Let G be a connected Lie group and M a proper G-space.
From the G-action, we will get three, possibly four distinct singular folia-
tions.

(1) Orbit Foliation.

Due to Proposition 2.9, the set of all orbits

FG = {G · x | x ∈ M}

is a singular foliation. Indeed, each orbit is an embedded submani-
fold and the map

g× M → TFG; (ξ, m) 7→ ξM(m)

is a surjection, where ξM ∈ X(M) is the associated fundamental
vector field. In particular, TFG = gM. Note that equipping R2 with
its canonical S1 action given by rotations about the origin, returns
the foliation in Example 7.17.

(2) Foliating by Manifolds of Symmetry.

Recall that the manifolds of symmetry are submanifolds of M of the
form

MK = {x ∈ M | Gx = K}

for compact subgroup K ≤ G. We saw from Proposition 2.22 that if
x ∈ MK, then Tx MK = (Tx M)K. Furthermore, recall that since TM is
a G-equivariant vector bundle, we may define a subset

T̃M =
⋃

x∈M

(Tx M)Gx

and from Proposition 2.39 that the map

M ×X(M)G → T̃M; (x, V) 7→ Vx

is a surjection. And thus, this implies the partition

F =
⋃

K≤G

π0(MK)

is a singular foliation of M.

(3) Foliating by Orbit-Type Pieces.
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Recall that the orbit-types of M are subsets of the form

M(K) = {x ∈ M | Gx is conjugate to K}

for subgroups K ≤ G. As we also saw from Corollary 2.15, the con-
nected components of the orbit-types are embedded submanifolds.
Furthermore, if S ⊆ M(K) is an orbit-type piece, then

TxS = (Tx M)Gx + Tx(G · x).

Thus, letting F denote the partition of M by connected components
of the orbit-types, then the module M ⊆ X(M) given by

M = {V + ξM | V ∈ X(M)G and ξ ∈ g}

spans TF . Hence, F is a singular foliation.

There is potentially one further foliation by reduced orbit-types, but we
will discuss this partition in more detail in Subsection 7.3.2.

Example 7.19. Let (M, π) be a Poisson manifold. Then π induces a singular
foliation by symplectic submanifolds, called the symplectic foliation of π.
Recall due to Theorem 3.29 each point x ∈ M admits unique connected
symplectic submanifold S ⊆ M such that

TxS = {Vf (x) | f ∈ C∞(M)}.

In particular, letting Fπ denote the partition into symplectic leaves, we
have the map

M × C∞(M) → TFπ; (x, f ) 7→ Vf (x)

is a surjection and hence Fπ is a singular foliation.

Example 7.20. As one last example, it is worth noting that singular folia-
tions can be truly singular in general. Indeed, let C ⊂ [0, 1] be the Cantor
set and consider the partition F of R consisting of

• the points of C

• the connected components of R \ C, a countable collection of disjoint
open intervals.
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This partition is indeed a foliation. Since C is closed, we may find a smooth
function f : R → R such that f−1(0) = C. Define a vector field X ∈ X(R)

by

Xx := f (x)
d

dx
.

Clearly Xx ∈ TxF for every x ∈ R. Furthermore, if v ∈ Tx0F for some x0,

then v = c
d

dx

∣∣∣∣
x=x0

. If x0 ∈ C, then v = Xx0 . Else, v =
c

f (x0)
Xx0 .

In general, given any manifold M and any closed set C ⊆ M, we can
construct a singular foliation FC where the zero leaves are precisely given
by the points of C. Hence, singular foliations can be arbitrarily singular.

One of the most celebrated results in the theory of regular foliations
is Frobenius’ Theorem (see for instance [Lee13, Theorem 19.12]) which
provides an equivalence between regular foliations on a manifold and
subbundles of the tangent bundle TM which are closed under Lie brackets.
This way of viewing foliations still bears fruit in the setting of singular
foliations, although we will in general be dealing with pseudobundles
instead of subbundles (see Chapter 8 for a precise definition).

Definition 7.21 (Tangent Bundle of SF). Let M be a manifold and F a
partition of M into immersed submanifolds. Define the tangent bundle of
the partition by

TF :=
⋃

x∈M

TxLx ⊆ TM.

Equip TF with the subspace topology. Write X(F ) for smooth vector
fields V ∈ X(M) with Vx ∈ TxLx for all x ∈ M.

For our own convenience, I will now collect a bunch of significant results
about singular foliations into one statement.

Theorem 7.22 ([Ste74, Sus73, Miy23]). Let F be a partition of a smooth
manifold M into connected immersed submanifolds. The following are equivalent.

(1) F is a singular foliation of M.

(2) The map
X(F )× M → TF ; (V, x) 7→ Vx

is surjective.

(3) x, y ∈ M lie on the same leaf ⇐⇒ there exists V1, . . . , Vn ∈ X(F ) and
t1, . . . , tn ∈ R such that

ϕV1
t1

◦ · · · ◦ ϕVn
tn
(x) = y,
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where ϕVi
ti

is the flow of Vi by time ti.

Corollary 7.23. Singular foliations satisfy the axiom of the frontier. That is, if
(M, F ) is a foliated space and Lx, Ly ∈ F are two leaves with Lx ∩ Ly ̸= ∅,
then Lx ⊆ Ly.

Proof. Without loss of generality, we may assume x ∈ Ly. Let z ∈ Lx be
some other point. Then, by (3) in Theorem 7.22, we can find vector fields
V1, . . . , Vn ∈ X(F ) and times t1, . . . , tn so that

ϕV1
t1

◦ · · · ◦ ϕVn
tn
(x) = z.

Let U ⊆ M be an open neighbourhood so that

ψ := ϕV1
t1

◦ · · · ◦ ϕVn
tn

is defined. Note that ψ is a diffeomorphism which preserves the leaves.
Now let {yk} ⊂ Ly be a sequence converging to x. After possibly shrinking
U and passing to a subsequence, we may assume {yk} ⊆ U. Hence, by
continuity, we have

lim
k→∞

ψ(yk) = ψ(x) = z

However, ψ preserves the foliation and hence ψ(yk) ∈ Ly for all k. Thus,
z ∈ Ly.

From this we achieve one technique for proving a partition of a manifold
is a stratification, namely showing that the candidate partition is a singular
foliation!

Corollary 7.24. If (M, F ) is a singular foliation which is locally finite and
such that the leaves are embedded submanifolds of M, then F is a differentiable
stratification of M.

Remark 7.25. (1) Note that given a regular foliation F of a manifold M,
if the dimensions of the leaves is not dim(M), then F has no chance
of being a stratification. This is purely for the reason that a non-trivial
regular foliation will never be locally finite, as is self-evident from
the definition of foliation charts in Definition 7.16.

(2) In a similar vein of giving caveats, a stratification Σ of a manifold M
need not define a singular foliation. Indeed, consider the following
example due to Whitney [Whi15]. Consider the variety

X = {(x, y, z) ∈ R3 | xy(x − y)(y − xz) = 0}

This variety consists of 4 “sheets” which all meet in the z-axis.
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x

y

z

Figure 7.1: The variety xy(x − y)(y − xz) = 0

Using X, we obtain a stratification of R3 as follows. Let

Z = {(0, 0, z) ∈ R3 | z ∈ R}

denote the z-axis. Let

Σ = π0(R
3 \ X) ∪ π0(X \ Z) ∪ {Z}

Then Σ is a stratification of R3 with one 1-dimensional stratum
given by the z-axis, the 2-dimensional strata given by the connected
components of X \ Z, and the 3-dimensional strata given by the
connected components of the complement of X. However, Σ is not a
foliation. Indeed, an argument from Whitney involving cross-ratios
demonstrates that we cannot find a non-trivial vector field whose
flow remains tangent to the sheets and the z-axis, violating (3) from
Theorem 7.22.

Definition 7.26 (Foliate Map). Let (M1, F1) and (M2, F2) be two foliated
spaces and F : M1 → M2 a smooth map. Then we call F foliate if for each
x ∈ M we have

F(L1
x) ⊆ L2

F(x),

where L1
x ∈ F1 and L2

F(x) ∈ F2. Call F a foliate diffeomorphism if F is a
diffeomorphism and its inverse F−1 is also foliate.



7.2 differentiable stratified spaces 165

Example 7.27. As an elementary example, consider R2 with the orbit
foliation from the canonical S1 action by rotations about the origin. Fixing
t ∈ R \ {0}, the scalar multiplication map

µt : R2 → R2; (x, y) 7→ (tx, ty)

is foliate as it fixes the origin and maps circles to circles. In particular,
foliate diffeomorphisms need not fix the leaves.

Corollary 7.28. A smooth map F : M1 → M2 between two foliated spaces
(M1, F1) and (M2, F2) is foliate ⇐⇒

TF(TF1) ⊆ TF2.

7.2.2 Singular Riemannian Foliations

As we saw in Example 7.20, singular foliations can be arbitrarily singular
in general. So it is natural to impose regularity and compatibility condi-
tions in order to get more workable objects. One profoundly rich (and
rigid) class of well-behaved singular foliations are Singular Riemannian
Foliations (SRF) due to Molino [Mol88]. We will now walk through the
basic definitions and structural results of singular foliations before we
show that underlying every SRF is a very well-behaved stratification called
the “dimension-type” stratification.

Definition 7.29 (Singular Riemannian Foliation). Let M be a manifold,
g a Riemannian metric on M, and F a singular foliation on M. Say the
triple (M, g, F ) is a Singular Riemannian Foliation (SRF) if the following
orthogonality condition holds.

(O) Suppose γ : (a, b) → M is a geodesic such that γ̇(t0) ⊥ Tγ(t0)F for
some t0 ∈ (a, b). Then γ̇(t) ⊥ Tγ(t)F for all t ∈ (a, b).

Example 7.30. Any proper group action can be made into a SRF [Pal61].

Now SRFs come equipped with a canonical stratification by the dimen-
sion of the leaves. To set this up, let (M, g, F ) be an SRF and 0 ≤ k ≤ n
an integer. Define

M(k) := {x ∈ M | dim Lx = k}.

Definition 7.31 (Dimension Partition). Let (M, g, F ) be an SRF. Define the
dimension-type partition associated to F by

Sdim(M, F ) :=
n⋃

k=0

π0(M(k)).
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Our goal now is to show that Sdim(M, F ) is a stratification for any
singular Riemannian foliation F . First, let us discuss one of the founda-
tional structural results for SRFs. For these purposes, we fix x ∈ M and
L ∈ F the leaf containing x. Since leaves are immersed, we can find an
open neighbourhood P ⊆ L containing x which is embedded in M as a
submanifold. We call such a subset a plaque. Using geodesics, we can can
define the exponential tubular neighbourhood embedding

expx : νx(M, P) → M

which maps the zero section to P. As νx(M, P) is a vector bundle over
P, it has equipped a scalar multiplication µt. Call the induced monoid
action on the image homotheties. That is, a homothety ht for t ∈ R is a
diffeomorphism on the image of expx making the diagram commute

νx(M, P) expx(νx(M, P))

νx(M, P) expx(νx(M, P))

expx

µt ht

expx

Lemma 7.32 (Homothety Lemma [Mol88]). Let expx : νx(M, P) → M be
an exponential tubular neighbourhood embedding of a plaque as above. Then the
homotheties ht for t ∈ [0, 1] are foliate diffeomorphisms.

The upshot of the Homothety Lemma is that locally an SRF can be
linearized.

Theorem 7.33 ([LT10]). Let (M, g, F ) be a singular Riemannian foliation,
S ∈ Sdim(M, F ) a dimension-type piece, and x ∈ S.

(1) There is a canonical singular Riemannian foliation νxF on the normal
space νx(M, S) with respect to the induced linear metric on νx(M, S) with
the property that {0} is an isolated 0-dimensional leaf and such that scalar
multiplication by non-zero scalars defines a foliate diffeomorphism.

(2) Equip TxS with the regular foliation F
reg
x given by translates of the tangent

space to the leaf TxLx through x. Then there exists open neighbourhoods
U ⊆ M of x, V ⊆ TxS × νx(M, S) of (0, 0), and foliate diffeomorphism

ϕ : U ⊆ M → V ⊆ (TxS × νx(M, S), F reg
x × νxF )

with respect to the restricted foliations.

Definition 7.34 (Infinitesimal SRF). We call singular foliations like (1)
infinitesimal singular Riemannian foliations.
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Infinitesimal singular Riemannian foliations are quite well-behaved as
far as singular foliations go. They play very nicely with the underlying
linear structure of the Euclidean space they lie on and can be understood
by restricting to the sphere.

Lemma 7.35 ([Rad12]). Let (V, gEuc, F ) be an infinitesimal singular Rieman-
nian foliation and let S(V) denote the unit sphere in V. Then the following
holds.

(1) For every x ∈ V \ {0} we have Lx ∩ S(V) ̸= ∅.

(2) The partition F̂ of S(V) obtained by passing to the connected components
of the partition

{Lx ∩ S(V)}x∈V

defines a singular Riemannian foliation with respect to the induced metric
ĝ on S(V).

(3) For each S ∈ Sdim(V, F ), the connected components of S ∩ S(V) lie in
Sdim(S(V), F̂ ).

With this result in hand, we can now prove that the dimension-type
partition truly is a locally finite singular foliation with embedded leaves,
hence a stratification.

Theorem 7.36 ([MR25]). The dimension-type partition Sdim(M, F ) is a locally
finite singular foliation with embedded leaves.

Proof. Let’s first prove Sdim(M, F ) is locally finite. This is an inductive
argument based on the local normal form. First, it suffices to show the
dimension-type partition of an infinitesimal foliation is finite. Indeed, if
this is the case then around any point x ∈ M contained in dimension-type
piece S ∈ Sdim(M, F ) there is a local foliate diffeomorphism between a
neighbourhood U ⊆ M of x and V ⊆ Tx M

ϕ : U ⊆ M → V ⊆ TxS ⊕ νx(M, S) (7.4)

Then since SνxF (νx(M, S)) is finite, it follows that only finitely many
elements of Sdim(M, F ) intersect U non-trivially.

Now let us fix an infinitesimal foliation (V, F ). We prove by induction
on dim V that SF (V) is finite. First, if dim V = 0 then SF ({0}) is a
singleton, hence finite. Let us now assume the claim is true for infinitesimal
foliations on Rk for all k < n. Choosing a point x in the sphere S(V) of
V and applying the local normal form in Theorem 7.33, we get (V, F ) is
locally diffeomorphic to a regular foliation times an infinitesimal singular
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Riemannian foliation of strictly less dimension than V, hence is finite there.
Since S(V) is compact, we can cover it by finitely many neighbourhoods
where the intersection is finite. Using the homothety property (see Lemma
7.32), we deduce that SF (V) is finite.

Now to show that Sdim(M, F ) is a singular foliation. Due to the local
normal form in Equation 7.4, it suffices to assume

(M, F ) = (V1 × V2, F1 ×F2)

where V1, V2 are vector spaces, F1 is a regular foliation on V1, and F2 a
singular foliation on V2 with {0} being the only leaf.

Claim 1: If W ∈ X(V1 × V2) is foliate, i.e. the flow ϕW
t is a foliate diffeo-

morphism for all t, then W ∈ X(F ).

Fix foliate vector field W. It suffices to show

W|V1×{0} ∈ X(V1 × {0}).

Indeed, fix a point (x0, 0) ∈ V1 × {0} and let (xt, yt) be an integral curve
of W through (x0, 0). Note that since W is foliate, we have

dim L(x0,0) = dim L(xt,yt)

for all t. In particular, since {0} is the only 0-dimensional leaf of F2 and
F1 is regular, it follows that yt = 0 for all t. In particular,

W(x0,0) = (ẋ0, ẏ0) = (ẋ0, 0) ∈ T(x0,0)(V1 × {0}).

Claim 2: For all v ∈ T(0,0)V1 × {0}, we can find a foliate vector field
W ∈ X(F ) so that W(0,0) = (v, 0).

Fix v ∈ V1. Observe that the directional derivative along v, denoted
∂

∂v , is foliate. Indeed, if L′
v2

denotes the leaf of v2 ∈ V2, then for every
(v1, v2) ∈ V1 × V2,

L(v1,v2) = (L + v1)× L′
v2

.

Then, for any t, if ϕt denotes the flow of ∂/∂v, we have

ϕt(L(v1,v2)) = (L + v1 + tv)× L′
v2
= Lϕt(v1,v2).
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Clearly
∂

∂v

∣∣∣∣
(0,0)

= (v, 0).

Using Claim 1 and Claim 2 together show that condition (S) in Definition
7.15 is satisfied locally by foliate vector fields. Using partitions of unity,
we deduce that Sdim(M) is a singular foliation.

Corollary 7.37. The dimension-type partition Sdim(M, F ) is a stratification by
totally geodesic submanifolds.

Proof. Since Sdim(M, F ) is locally finite and the leaves are embedded
submanifolds, the result follow immediately from Corollary 7.24.

Remark 7.38. (1) Henceforth, we shall be calling the partition Sdim(M)

of an SRF the dimension-type stratification.

(2) Given any singular foliation F of a manifold M, we can define a
dimension-type partition Sdim(M, F ) as in Definition 7.31. How-
ever, in general these will not be stratifications. Indeed, consider
the singular foliation F on R from Example 7.20 where the 0-
dimensional leaves are given by the points in the cantor set C and
the 1-dimensional leaves are given by the connected components of
R \ C. I claim Sdim(M, F ) is not locally finite. Indeed, observe that
since C is totally disconnected, we have

Sdim(M, F ) = F

In which case, we see that if x ∈ C and U is any open subset of
R containing x, then U ∩ C is infinite. Thus, F is not locally finite
which implies the dimension-type partition is not locally finite.

Interestingly enough, the dimension-type partition may not be a
stratification, it is still a singular foliation! Perhaps a more general
result could be proven that the dimension-type partition is always a
singular foliation which could make use of foliate vector fields as in
the proof of Theorem 7.36.

(3) As a final remark on the dimension-type stratification of a sin-
gular Riemannian foliation, it is also worth noting that while the
dimension-type stratification Sdim(M, F ) is a singular foliation, it
will almost surely not be singular Riemannian. Indeed, consider
the standard infinitesimal SRF F on R2 with leaves given by the
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origin and concentric circles about the origin. The dimension-type
stratification is quite easy to compute in this case, given by

Sdim(M, F ) = {{(0, 0)}, R2 \ {(0, 0)}}.

Consider now the geodesic

γ(t) = (t, 0), t ∈ R

Trivially, γ is orthogonal to the zero-dimensional leaf {(0, 0)}, but it
is not orthogonal to the dense leaf R2 \ {(0, 0)}. Thus, Sdim(M, F )

fails condition (O) from Definition 7.29.

7.3 stratifications arising from proper group actions

Let us now discuss an interesting class of stratifications arising from proper
group actions. Namely, the orbit-type, infinitesimal-type, and reduced
orbit-type. To set up our analysis, we will need to first delve into the
foliation by manifolds of symmetry.

For all that follows, we will be letting G be a connected Lie group,
g = Lie(G) its Lie algebra, and M a proper G-space.

7.3.1 Orbit-Type Stratifications From Proper Group Actions

Let G be a connected Lie group and M a proper G-space. Although the
quotient space M/G need not be a manifold, it does have a canonical
decomposition into manifolds called the canonical stratification. The main
ingredient for this decomposition is the orbit-type partition discussed in
Example 7.18. Let us now give a formal definition to set up some notation.

Definition 7.39 (Orbit-Type and Canonical Partitions). Define the orbit-
type partition of M by

SG(M) :=
⋃

H≤G

π0(M(H)).

We then define the canonical partition of M/G by

SG(M/G) := {S/G | S ∈ SG(M)}.

We will now show that both SG(M) and SG(M/G) are differentiable
stratifications of their respective subcartesian spaces.



7.3 stratifications arising from proper group actions 171

Lemma 7.40. The pieces in the orbit-type SG(M) and canonical stratifications
SG(M/G) are topological manifolds in the subspace topology. Furthermore, the
induced subcartesian structures on the pieces are smooth manifold structures.

Proof. As we’ve seen in Corollary 2.15, the orbit-type pieces are embedded
submanifolds. Furthermore, given a point x ∈ M we have a maximal slice
neighbourhood ϕ : U → G ×Gx νx(M, G) in which the orbit-type piece
S ∈ SG(M) containing x will have the form

ϕ(U ∩ S) = G ×Gx νx(M, G)Gx ∼= (G/Gx)× νx(M, G).

Thus, in the quotient M/G, the corresponding canonical piece S/G will
locally have the form

(U ∩ S)/G ∼= ((G/Gx)× νx(M, G)Gx)/G ∼= νx(M, G)

and so the canonical pieces of M/G are also topological manifolds. Note
that due to Corollary 6.33, if we choose a Hilbert map p : νx(M, G) → RN ,
then the restriction defines an embedding p : νx(M, G)Gx ↪→ RN of smooth
manifolds. In particular, we see that if S ∈ SG(M/G) is a canonical
piece then S is a topological manifold in the subspace topology and
the induced subcartesian structure C∞(S) = ⟨C∞(M/G)|S⟩ is a smooth
manifold structure on S.

To continue on our proof that both SG(M) and SG(M/G) are differen-
tiable stratifications, we now need to show that they satisfy the following
conditions.

• Both are locally finite

• Both satisfy the axiom of the frontier.

Since π : M → M/G is a quotient map from a group action, it will suffice
to simply show the orbit-type stratification SG(M) satisfies these axioms.

Lemma 7.41. The orbit-type stratification SG(M) is locally finite.

Proof. Passing to slice coordinates as in the Slice Theorem (Theorem 2.13),
it suffices to show that if K is a compact group and V is a finite dimensional
K-representation, then

SK(V) =
⋃

H≤K

π0(V(H))

is finite. By Lemma 4.3.6 in [Pfl01], there is a finite list K1, . . . , KN ≤ K of
subgroups so that

V =
N⊔

i=1

V(Ki).
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Hence, it suffices to show π0(V(H)) is finite for any compact subgroup
H ≤ K. This in turn was proven in Theorem 1.5 from [Sch80].

Now that local finiteness is established, we need to show the axiom of
the frontier holds. For this, we will use our discsussion of the orbit-type
decomposition from Example 7.18. Namely, we gave an alternate proof to
the following result of of Jotz-Ratiu-Sniatycki.

Theorem 7.42 ([JRS11]). SG(M) is a singular foliation.

Now we are set up to show that the two partitions from Definition 7.39

are indeed stratifications.

Theorem 7.43. Both (M,SG(M)) and (M/G,SG(M/G)) are differentiable
stratified spaces and the quotient map π : M → M/G is a differentiable stratified
morphism.

Proof. Applying Lemmas 7.40 and 7.41, together with Theorem 7.42, we
obtain that the orbit-type partition SG(M) is a locally finite singular foli-
ation with embedded leaves, hence by Corollary 7.24 is a differentiable
stratification with respect to the smooth structure C∞(M). Now to discuss
the canonical partition SG(M/G) of the quotient space M/G.

Using Lemma 7.40 once again, we know that the pieces of SG(M/G)

are topological manifolds. Since π : M → M/G is an open quotient
map, we easily deduce that SG(M/G) inherits local finiteness and the
frontier condition from SG(M). Hence, a final application of Lemma
7.40 demonstrates that (M/G,SG(M/G), C∞(M/G)) is a differentiable
stratified space, where

C∞(M/G) = { f : M/G → R | π∗ f ∈ C∞(M)G}.

Before we end this discussion on orbit-type stratifications, I will record a
final local normal form for proper G-spaces that will come in handy later
when we discuss regularity conditions.

Lemma 7.44. Let G be a connected Lie group, K ≤ G a compact subgroup, and
V a finite-dimensional K-representation. Choose a K-invariant metric on g and
let k⊥ ⊆ g be the orthogonal complement to to k = Lie(K). Then the map

ϕ : k⊥ × V → G ×K V; (ξ, v) 7→ [exp(ξ), v]

has the following properties.
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(1) ϕ is a K-equivariant smooth map which defines a diffeomorphism in a
neighbourhood of (0, 0).

(2) If U ⊆ k⊥ × V is a neighbourhood of (0, 0) so that ϕ is a diffeomorphism
onto open W = ϕ(U), then for any closed subgroup H ≤ K we have

ϕ(U ∩ (k⊥ ⊕ V)(H)) = W ∩ (G ×K V)(H).

Proof. (1) Let ξ ∈ k⊥ and v ∈ V. Then for any k ∈ K we see that

k · ϕ(ξ, v) = ϕ(Adk(ξ), k · v) = [k exp(ξ)k−1, k · v].

Next, we see that if we identify T[e,0]G ×K V = g/k⊕ V, then T(0,0)ϕ

can be identified with the map

T(0,0)ϕ : k⊥ ⊕ V → (g/k)⊕ V; (ξ, v) 7→ (ξ + k, v)

which is clearly an isomorphism. Hence, ϕ defines a diffeomorphism
in a neighbourhood of (0, 0).

(2) Follows from equivariance.

7.3.2 Reduced Orbit-Type and Infinitesimal Stratifications

We get another stratification from a proper group action, namely the one
arising from the induced Lie algebra action. We call this the infinitesimal
stratification. Let G be a connected Lie group, g its Lie algebra, and M a
proper G-space. For any Lie subalgebra h ⊆ g, define

M(h) := {x ∈ M | gx is conjugate to h}.

Using this, we define the infinitesimal-type partition of M in an analogous
fashion as we did for the orbit-type stratification.

Definition 7.45 (Infinitesimal Partition). Define the infinitesimal-type par-
titon of M by

Sg(M) :=
⋃

x∈M

π0(M(gx)).

Remark 7.46. Note that Sg(M) only depends on the induced Lie algebra
action

g → X(M); ξ 7→ ξM
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Since two distinct Lie groups G1, G2 could induce the same Lie algebra
action, we should expect in general that the infinitesimal-type partition
should be coarser than the orbit-type partition.

Before we can show that the infinitesimal-type partition is a stratification,
we will need a local linear model for the infinitesimal-type pieces.

Proposition 7.47. Let G be a connected Lie group, K ≤ G a compact subgroup,
k = Lie(K) its Lie algebra, and V a finite-dimensional K-representation. Let

Vk :=
⋂
ξ∈k

ker(ξV).

Then,
(G ×K V)(k) = G ×K Vk.

Proof. Let [g, v] ∈ (G ×K V)(k). Since G[g,v] is conjugate to G[e,v] and hence
g[g,v] is conjugate to g[e,v], we may assume g = e. Observe that g[e,v] = kv ⊆ k.
Since kv and k are conjugate and hence of the same dimension, it follows
that kv = k and hence v ∈ Vk.

Proposition 7.48. Let M be a proper G-space.

(1) Then the elements of Sg(M) are embedded G-invariant submanifolds.

(2) The orbit-type stratification SG(M) is a refinement of Sg(M). In general,
a strict refinement.

Proof. Applying the Slice Theorem and Proposition 7.47, we recover (1)
and the first statement in (2). To see that SG(M) is in general a strict
refinement of Sg(M), let G = S1 and M = R2 × R2. Define action

S1 × M → M; (z, x1, x2) 7→ (zx1, z2x2).

Then we see SS1(M) has three pieces, {(0, 0)}, {(x1, x2) | x1 ̸= 0}, and
{(0, x2) | x2 ̸= 0}. Conversely, if we let iR denote the Lie algebra of S1,
then SiR(M) consists of only two pieces, {(0, 0)} and M \ {(0, 0)}.

Before we prove that Sg(M) is a stratification of M, let us discuss another
partition which we get for free from the G-action. For any Lie group G,
write G◦ for the connected component containing the identity element.
Equivalently, this is the maximal connected subgroup. Given a connected
subgroup K ≤ G, define

M◦
(K) := {x ∈ M | G◦

x is conjugate to K}.
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Definition 7.49 (Reduced Orbit-Type). Let M be a proper G-space. Define

SG(M)◦ :=
⋃

x∈M

π0(M◦
(G◦

x )
).

Proposition 7.50. Let G be a connected Lie group, K ≤ G a compact subgroup,
and V a finite-dimensional K-representation. Then,

(G ×K V)(K◦) = G ×K VK◦
.

Proof. First let us show that G ×K VK◦ ⊆ (G ×K V)(K◦). Fixing [g, v] ∈
G ×K VK◦

, we have
G[g,v] = gKvg−1.

By definition, Kv ⊆ K and hence K◦
v ⊆ K◦. However, since we are assuming

that v ∈ VK◦
, we also have K◦ ⊆ Kv. Hence, G◦

[g,v] = gK◦g−1 and thus
[g, v] ∈ (G ×K V)(K◦).

The reverse containment easily follows.

Making use of slice coordinates from Theorem 2.13 together with Propo-
sition 7.50, we easily deduce the following Corollary.

Corollary 7.51. The reduced orbit-type partition SG(M)◦ is a partition of M
into embedded G-invariant submanifolds.

So we now have two auxiliary partitions associated to a proper group
action, the infinitesimal-type partition Sg(M) and the reduced orbit-type
partion SG(M)◦. In turns out that we can use our results about singular
Riemannian foliations to show that these partitions are the same and
define a stratification of M.

Proposition 7.52 ([PTW17]). For a proper G-space M, let FG denote the
singular foliation by orbits. Then the infinitesimal partition Sg(M), the reduced
orbit-type partition SG(M)◦, and the dimension-type partition Sdim(M, FG) are
all equal. That is,

Sg(M) = SG(M)◦ = Sdim(M, FG).

Proof. We first show Sg(M) = SG(M)◦. Indeed let x, y ∈ M and suppose
G◦

x and G◦
y are conjugate. Since gx and gy are the Lie algebras of G◦

x and
G◦

y , it follows that gx and gy are conjugate. Conversely, suppose gx and gy

are conjugate by g ∈ G. That is, Adg(gx) = gy. Write

cg : G → G; a 7→ gag−1
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for conjugation by g. Since the exponential maps exp : gx → G◦
x and

exp : gy → G◦
y have dense image and for all ξ ∈ gx we have

exp(Adg(ξ)) = cg(exp(ξ)),

it follows that the diagram commutes

gx G◦
x

gy G◦
y

exp

Adg cg

exp

Hence G◦
x and G◦

y are conjugate.
Now, we show Sdim(M, FG) = SG(M)◦ using the argument presented

in the paper [PTW17]. To do this, observe that for any x ∈ M we have

dim(G · x) = dim(G/Gx)

= dim(G)− dim(Gx)

= dim(G)− dim(G◦
x).

(7.5)

In particular, if S ∈ SG(M)◦ is the reduced orbit-type piece containing
x and R ∈ Sdim(M, FG) is the dimension-type piece containing x, then
S ⊆ R. To show S = R we show S is both closed and open in R. Since R is
assumed to be connected, this will show S = R.

Indeed, let y ∈ S ∩ R lie in the relative closure of S in R. Choosing a slice
neighbourhood U ⊆ M around y which is equivariantly diffeomorphic
to G ×Gy νy(M, G) and let [g, v] ∈ G ×Gy νy(M, G) correspond to x ∈
S ∩ U. Then Gx = G[g,v] = g(Gy)vg−1. Due to Equation 7.5, we see that
the dimension of the orbit through x is dim(G) − dim((Gy)v) and the
dimension of the orbit through y is dim(G)− dim(Gy). Since x, y lie in the
same dimension-type this implies

dim((Gy)v) = dim(Gy).

Since (Gy)◦v ⊆ G◦
y and (Gy)◦v is closed, we obtain (Gy)◦v = G◦

y and thus G◦
x

is conjugate to G◦
y . Therefore, y ∈ S. Hence S ∩ R = S ∩ R and S is closed

in R.

To show S is open, we use the same argument.

Corollary 7.53. The infinitesimal partition Sg(M) is a singular foliation, hence
a differentiable stratification of M.
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Proof. Since the action of G on M is proper, by a Theorem of Palais
[Pal61], there exists a G-invariant Riemannian metric on M making the
orbit foliation FG into an SRF. By Theorem 7.36, the dimension parti-
tion Sdim(M, FG) is a singular foliation hence a stratification. Applying
Proposition 7.52, we obtain the desired conclusion.

7.4 stratified tangent vectors and vector fields

Just as we had tangent bundles for subcartesian spaces and tangent bun-
dles for foliations, we can also obtain a notion of a tangent bundle and
hence vector fields for differentiable stratified spaces. These will inherit
many of the structures from Zariski tangent bundles. Let (X, Σ) be a
weakly differentiable stratified space and S ∈ Σ a stratum. Differentiating
the inclusion S ↪→ X, we get a natural injection TS ↪→ TX. This allows us
to define the following.

Definition 7.54 (Stratified Tangent Bundle). Let (X, Σ) be a weakly differ-
entiable stratified space. Define the stratified tangent bundle by

TΣ :=
⋃

S∈Σ

TS

with canonical subcartesian structure C∞(TΣ) := ⟨C∞(TX)|TΣ⟩

Example 7.55. Given a smooth manifold M together with its canonical
stratification π0(M) by connected components, then the stratified tangent
bundle

Tπ0(M) =
⋃

S∈π0(M)

TS

is exactly the same thing as the usual tangent bundle TM by Lemma 6.54.

Example 7.56. If (M, F ) is a foliated manifold with F satisfying the
hypotheses of Corollary 7.24, then the foliation tangent bundle is the same
as the stratified tangent bundle.

Definition 7.57. Let (X, Σ) be a weakly differentiable stratified space.

(1) Fix S ∈ Σ and x ∈ S. Then a stratified tangent vector at x is an
element of TxS. Write TxΣ for the stratified tangent vectors at x.

(2) A stratified vector field is a smooth section V : X → TΣ of the
canonical projection π : TΣ → X. Write X(X, Σ) or, if context is clear,
X(Σ) for the set of all stratified vector fields.



7.4 stratified tangent vectors and vector fields 178

Proposition 7.58. Let (X, Σ) be a weakly differentiable stratified space. Then
X(Σ) ⊆ X(X) with the inclusion being strict in general. Furthermore,

X(Σ) =
⋂

S∈Σ

X(X, S), (7.6)

where X(X, S) is as in Definition 6.57.

Proof. Since the differentiable structure on TΣ is the restriction of the
differentiable structure on TX, it follows from Proposition 6.56 that X(Σ) ⊆
X(X).

In general, the above containment is strict. Indeed, consider X = R2

together with the stratification

Σ = {{(0, 0)}, R2 \ {(0, 0)}}.

Any stratified vector field V ∈ X(Σ) must vanish at the origin, which
clearly is not true for a general vector field on R2.

The identity in Equation 7.6 is a straightforward consequence of the
definition of X(X, S).

Recall from Definition 6.49 that we have a natural Lie algebra structure
on the set of Zariski vector fields, namely for V, W ∈ X(X) we define
[V, W] ∈ X(X) by

[V, W]( f ) = V(W( f ))− W(V( f )), f ∈ C∞(X).

Using now Corollary 6.59, we obtain the following.

Corollary 7.59. Let (X, Σ) be a weakly differentiable stratified space and V, W ∈
X(Σ). Then for every stratum S ∈ Σ, we have

[V|S, W|S] = [V, W]|S

As a final result, I let’s record a hard Theorem of Schwarz that uses
techniques that go beyond this thesis.

Theorem 7.60 ([Sch80]). Let G be a connected Lie group and M a proper
G-space. Let π : M → M/G be the quotient map.

(1) If V ∈ X(M)G is a G-invariant vector, then the fibre-wise application of the
derivative map Tπ : TSG(M) → TSG(M/G) defines a stratified vector
field π∗V ∈ X(SG(M/G)).
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(2) The map
π∗ : X(M)G → X(SG(M/G)); V 7→ π∗V

is a surjection.

7.5 regularity conditions

Differentiable Stratified spaces are somewhat pathological in general and
the kinds of spaces that appear usually are tamed. For this reason, we
impose various regularity conditions on stratified spaces. The most famous
of which being the Whitney conditions (see Definition 7.63). We will also
discuss a more useful kind of regularity assumption called Smoothly
Locally Trivial With Conical Fibres introduced in [Zim24].

7.5.1 Whitney Conditions

The Whitney conditions are local conditions that restrict how the strata in
a stratification can fit together. They use the topology of Grassmannians
in a non-trivial way, so let us first review this basic notion.

Definition 7.61 (Rank k Grassmannian). Let V be a finite-dimensional
vector space and k ≤ dim(V). Define the rank k Grassmannian on V,
denoted Grk(V), to be the set of all k-dimensional subspace of V. In
symbols,

Grk(V) = {W ⊆ V | W linear subspace and dim(W) = k}.

Given a vector space V and an integer k ≤ dim(V), we can endow
Grk(V) with a topology by equipping V with an inner-product. Then,
given a subspace W ∈ Grk(V) let PW : V → V denote the orthogonal
projection onto W. This defines an injective map

Grk(V) ↪→ End(V); W 7→ PW (7.7)

and thus we can endow Grk(V) with the subspace topology inherited from
the vector space End(V). Now let

O(V) = {T : V → V | T is an isometry}

Then we have a natural action of O(V) on End(V) by conjugation

O(V)× End(V) → End(V); (g, T) 7→ g ◦ T ◦ g−1.
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One can easily show that if W ∈ Grk(V) and g ∈ O(V) is an isometry,
then

g ◦ PW ◦ g−1 = Pg(W).

Clearly for any two k-dimensional subspaces W, W ′ ∈ Grk(V) we can find
an isometry g so that g(W) = W ′. Hence, Grk(V) is the orbit of the linear
O(V) action and thus is naturally a compact connected smooth manifold.
With this, we are now ready to discuss the Whitney conditions.

Definition 7.62. Let R, S ⊆ Rn be two embedded submanifolds and x ∈ S.
Say (R, S) is Whitney regular at x if the following two conditions hold.

(A) If {xk} ⊆ R is a sequence in R converging to x and τ ⊆ TxS is a
subspace such that Txk R converge to TxS the dim(R) Grassmannian
of TRn, then TxS ⊆ τ.

(B) If {yk} ⊆ R is another sequence converging to x with xk ̸= yk for all
k and such that if ℓk is the line connecting xk to yk for all k then ℓk
converges to a line ℓ ⊆ TxRn, then ℓ ⊆ τ.

If (R, S) only satisfy (A) at x, say they are Whitney (A) at x.

Definition 7.63 (Whitney Regular Stratified Spaces). Let (X, Σ) be a differ-
entiable stratified space. Say (X, Σ) is Whitney (A) (resp. (B)) if for each
pair of strata (R, S) with S ⊆ R, any x ∈ S, and any chart ϕ : U ↪→ RN the
pair (ϕ(S ∩ U), ϕ(R ∩ U)) is Whitney (A) (resp. (B)) at x. If (X, Σ) satisfies
both (A) and (B) at x, say (X, Σ) is Whitney regular.

Example 7.64. As we will see, most spaces we’ve discussed so far are
Whitney regular. Non-examples of Whitney regular spaces which could
be found in [Whi15], [Mat12], or [Pfl01] will fail in our context because
we demand that if S, R ∈ Σ are strata with S ̸= R and S ⊆ R then
dim S < dim R.

In the subcartesian setting in which we are working, the Whitney con-
ditions are somewhat unnatural as they have been formulated above. We
will now end this section with the discussion of a stronger condition
that resembles condition (S) in the definition of a singular foliation (see
Definition 7.15).

Proposition 7.65. Let (X, Σ) be a differentiable stratified space. If the map

X(Σ)× X → TΣ; (V, x) 7→ Vx

is surjective, then (X, Σ) is Whitney (A).



7.5 regularity conditions 181

Proof. For all that follows, fix a differentiable stratified space (X, Σ). First
note that if

X(Σ)× X → TΣ; (V, x) 7→ Vx

is surjective, then for any open subset U ⊆ X so is

X(ΣU)× U → TΣU ; (V, x) 7→ Vx.

Thus, passing to charts, we may assume that X ⊆ RN is a subset. Now
suppose S, R ∈ Σ are two strata, x ∈ S, and {yn} ⊆ R is a sequence and
τ ⊆ TxRN is a subspace so that

lim
n

yn = x

and
lim

n
Tyn R = τ

in the dim(R) Grassmannian of RN . We want to show that TxS ⊆ τ. To
do this, choose v ∈ TxS and let V ∈ X(Σ) be a stratified vector field with
Vx = v. Identify TzRN = RN for all z ∈ RN and for any subspace W ⊆ RN ,
write PW : RN → RN for the orthogonal projection onto W with respect to
the standard metric on RN . By definition of the topology on the dim(R)
Grassmannian of RN , we have

lim
n→∞

∥PTyn R − Pτ∥ = 0,

where ∥ · ∥ is the standard operator norm. By continuity of V ∈ X(Σ), we
have

lim
n→∞

Vyn = v

In particular, we conclude

lim
n→∞

(Vyn − PW(Vyn)) = Vx − P(Vx) = v − P(v)

Furthermore, since PTyn R(Vyn) = Vyn we have for any n

∥Vyn − Pτ(Vyn)∥ ≤ ∥Vyn − PTyn R(Vyn)∥+ ∥PTyn R(Vyn)− Pτ(Vyn)∥ ≤ ∥PTyn R − Pτ∥ · ∥Vyn∥.

Hence,
lim
n→∞

∥Vyn − Pτ(Vyn)∥ = ∥v − Pτ(v)∥ ≤ 0 · ∥v∥ = 0.

Hence, Pτ(v) = v and thus v ∈ τ.
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Example 7.66. Let us now return to the union of the coordinate axes X in
R2 along with the stratification Σ given by

Σ = {{(0, 0)}, H−, H+, V−, V+}

from Example 7.3. We saw in Example 6.63 that the Zariski vector fields
do not span the Zariski tangent bundle. That is, the map

X ×X(X) → TX; (x, V) 7→ Vx

is not surjective. As we saw, this is due to the fact that T(0,0)X = T(0,0)R
2,

but if V ∈ X(X), then V(0,0) = 0. However, it’s now easy to see that the
stratified vector fields do span the stratified tangent bundle, i.e. the map

X ×X(Σ) → TΣ

is surjective. Hence, (X, Σ) is Whitney (A).

As a consequence, any stratification of a manifold which is also a
singular foliation is Whitney (A). In fact, this also holds more generally.

Corollary 7.67. The following are all Whitney (A).

(1) Let (M, g, F ) be an SRF. Then the dimension-type stratification Sdim(M, F )

is Whitney (A).

(2) If G is a connected Lie group and M a proper G-space, then both the orbit-
type stratification SG(M) and the infinitesimal stratification Sg(M) are
Whitney (A).

Proof. (1) By Theorem 7.36, the dimension-type stratification Sdim(M, F )

is a singular foliation, hence satisfies Proposition 7.65 and so is
Whitney (A).

(2) Same argument holds for the orbit-type stratification SG(M). For the
canonical stratification, let π : M → M/G be the quotient map, x ∈
M, and v ∈ T[x]SG(M/G) a stratified tangent vector. In particular, if
S ∈ SG(M) is the orbit-type stratum containing x then v ∈ T[x](S/G)

hence admits a lift to
ṽ ∈ TxS

since the map S → S/G is a surjective submersion. As we saw in
Example 7.18, there exists equivariant vector field Ṽ ∈ X(M)G and
Lie algebra element ξ ∈ g so that

Ṽx + ξM(x) = ṽ.
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By Theorem 7.60, Ṽ projects to an element of X(SG(M/G)) and
clearly

Txπ(ṽ) = Txπ(Ṽx + ξM(x)) = Txπ(Ṽx) = V[x].

In particular, we have just shown that the map

M/G ×X(SG(M/G)) → TSG(M/G); ([x], V) 7→ V[x]

is surjective and thus (M/G,SG(M/G)) is Whitney (A) by Proposi-
tion 7.65.

As for Whitney (B), we will also be attempting to dispose of it by making
another analogy with singular foliations, namely that they are “locally
trivial” in some sense. A necessary result that we will need to make this
leap is due to Pflaum.

Proposition 7.68 ([Pfl01]). Let (X, Σ) be a differentiable stratified space and
S, R ∈ Σ two strata with S ⊆ R and x ∈ S. If there exists a chart ϕ : U ⊆
X ↪→ RN about x so that (ϕ(S ∩ U), ϕ(R ∩ U)) is Whitney (B) at x, then for
any chart ψ : W ↪→ RM about x, (ϕ(S ∩ W), ϕ(R ∩ W)) satisfy Whitney (B).

7.5.2 Local Triviality

One of the main reasons we care about Whitney (B) is mostly due to its
consequences, in particular the existence of control data [Mat73]. This is
not an aspect of this thesis which we will be discussing. Thankfully, there
is a stronger (and in my opinion, more natural) condition than Whitney
(B) called Smoothly Locally Trivial With Conical Fibres due to Zimhony
[Zim24], which we will be discussing below. The nice consequence of
this condition is that it not only implies the existence of control data like
Whitney (B), but this control data will in fact be smooth! See [Zim24] for
more information about smooth control data.

To begin, let’s discuss a weaker version of smoothly locally trivial with
conical fibres, namely locally trivial.

Definition 7.69 (Local Triviality). Let (X, Σ) be a differentiable stratified
space. Say X is (smoothly) locally trivial if for each stratum S ∈ Σ and
point x ∈ S, we can find a chart

ϕ : U ⊆ X ↪→ Rk × RM

with ϕ(x) = (0, 0) such that
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(1) there exists open neighbourhood V ⊆ Rk of 0 so that

ϕ(S ∩ U) = V × {0};

(2) if R ∈ Σ satisfies S ⊆ R, then there exists submanifold C ⊆ RM so
that

ϕ(U ∩ R) = V × C.

We will call the singular chart ϕ : U ↪→ Rk × RM a splitting chart centred
at x and S.

Example 7.70. Suppose (M, F ) is a singular foliation of a manifold so
that F is also a stratification. By a result of Stefan [Ste74], F satisfies local
triviality.

Remark 7.71. Shortly, we will be introducing an even stronger condition of
local triviality, so I will leave the more non-trivial examples for later.

Proposition 7.72. Suppose (X, Σ) is a locally trivial differentiable stratified
space which admits differentiable partitions of unity. Then the map

X ×X(Σ) → TΣ

is surjective.

Proof. Fix stratum S ∈ Σ, x ∈ S, and v ∈ TxS. Let ϕ : U ⊆ X ↪→ Rk × RM

be a splitting chart centred on x and S as in Definition 7.69. Write ϕ(S ∩
U) = Ω × {0} for open neighbourhood Ω ⊆ Rk about 0.

Since S is a smooth manifold, we can find a vector field V ∈ X(S ∩ U)

so that Vx = v. Push V forward via ϕ to a vector field W ∈ X(Ω). We can
extend W to a vector field on Ω × RM by

W(a,b) = (Wa, 0) ∈ T(a,b)(Ω × RM),

for (a, b) ∈ Ω × RM. Trivially, W is tangent to the images of the strata
ϕ(R ∩ U) for R ∈ Σ. Hence, we can push W forward by ϕ−1 to get a
stratified vector field Ṽ ∈ X(U). Using bump functions, we can then
extend Ṽ to a global stratified vector field with Ṽx = v.

Corollary 7.73. Locally trivial differentiable stratified spaces are Whitney (A).

Proof. An easy consequence of Proposition 7.65.
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7.5.3 Locally Conical and Quasi-Homegeneity

Local triviality is a powerful property for a stratified space to have as it
implies Whitney (A), but it does not necessarily imply Whitney (B) holds.
To ensure this stronger condition holds, we need to impose that the local
trivializations are homogeneous as well.

Definition 7.74. Let (X, Σ) be a locally trivial differentiable stratified space,
x ∈ X, S ∈ Σ, and ϕ : U ↪→ Rk × RM a splitting chart centred about x and
S. Write ϕ(U ∩ S) = V × {0} for an open neighbourhood V ⊆ Rk of 0.

Say ϕ : U → Rk ×RM is quasi-homogeneous of weight d = (d1, . . . , dM)

if for any stratum R ∈ Σ, there exists submanifold C ⊆ RM \ {0} which is
closed under the R>0-action

R>0 × RM → RM; (t, (x1, . . . , xM)) 7→ (td1 x1, . . . , tdM xM)

such that
ϕ(R ∩ U) = V × C.

If for any S ∈ Σ and x ∈ S we can find a quasi-homogeneous chart of
weight d for some d, then say (X, Σ) is quasi-homogeneous. If we can
always choose d so that d = (1, . . . , 1), then say (X, Σ) is locally conical.

Example 7.75. Consider the coordinate axes

X = {(x, y) ∈ R2 | xy = 0}

with the stratification

Σ = {{(0, 0)}} ∪ π0(X \ {(0, 0)})

that was discussed in Example 7.3. The inclusion ι : X ↪→ R2 defines a
locally conical chart centred on (0, 0) as the stratum containing (0, 0) is
the singleton {(0, 0)} and any of the other strata, which are open rays
emanating from (0, 0) are all closed under positive scalar multiplication.

To show that the quasi-homogeneous condition from Definition 7.74 is
stronger than being Whitney regular, we will first need a Lemma.

Lemma 7.76. Let d = (d1, . . . , dn) ∈ Zn
>0 and consider the R>0-action

µ : R>0 × Rn → Rn; (t, x) 7→ µt(x) = (td1 x1, . . . , tdn xn). (7.8)

Suppose C ⊆ Rn \ {0} is an embedded R>0-invariant submanifold. Then C ∩
Sn−1 is an embedded submanifold.
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Proof. First let us consider the weighted Euler-like vector field E ∈ X(Rn)

defined by the following action on functions. If f ∈ C∞(R6n) and x0 ∈ Rn,
define

Ex0 f :=
d
dt

∣∣∣∣
t=0

f ◦ µet(x0).

In terms of coordinates (x1, . . . , xn) we have

E =
n

∑
i=1

dixi
∂

∂xi
.

In particular, notice that E = 0 only at {0}. Furthermore, since C is closed
under the action of R>0, it follows that E is tangent to C.

Now consider the map

R : C → R; c 7→ ∥c∥2,

where ∥ · ∥ is the standard norm on Rn. I claim 1 is a regular value of R.
Indeed, if c = (c1, . . . , cn) ∈ R−1(1) then we can show

TcR(Ec) = 2
( n

∑
i=1

dic2
i

)
d

dλ

∣∣∣∣
λ=1

.

Observe that since d1, . . . , dn ≥ 1, we have

n

∑
i=1

dic2
i ≥

n

∑
i=1

c2
i = R(c) = 1 > 0.

In particular, TcR ̸= 0 and hence 1 is a regular value. Therefore,

R−1(1) = C ∩ Sn−1

is an embedded submanifold.

We are now in the position to show the main result of this section.

Theorem 7.77. If (X, Σ) is quasi-homogeneous, then (X, Σ) is Whitney regular.

Proof. This is an adaption of an argument due to David Miyamoto.

Suppose (X, Σ) is quasi-homogeneous and fix two strata S, R ∈ Σ and
x ∈ S. Due to Proposition 7.68, we may work in a quasi-homogeneous
chart with weight d = (d1, . . . , dM) ∈ ZM

>0 centred at x and S. That is, we
may assume

S = Rk × {0},
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and
R = Rk × C

for some submanifold C ⊆ RM \ {0} closed under the action

µ : R>0 × RM → RM; y 7→ µt(y) = (td1 y1, . . . , tdM yM).

Suppose {(xn, yn)} ⊆ R and {(x′n, 0)} ⊆ S are two sequences such that

(1) xn ̸= x′n for all n.

(2) Both sequences converge to (0, 0)

(3) The tangent spaces T(xn,yn)R converge to some τ ⊆ T(0,0)R
N .

(4) The lines ℓn connecting (xn, yn) to (x′n, 0) converge to some line
ℓ ⊆ T0Rk ⊕ T0RM.

First I claim that there exists y ∈ SM−1 ⊆ RM and a subspace τ′ ⊆ T0RM

so that
τ = T0Rk ⊕ (T0R · {y}+ τ′). (7.9)

To see this, first notice that since

T(xn,yn)R = Txn Rk ⊕ Tyn C

we must have
τ = T0Rk ⊕ τ′′,

where τ′′ ⊆ T0RM. Now observe that since none of the yn’s are zero and
C is closed under the action of R>0, a quick continuity argument shows
there exists tn ∈ R>0 for all n so that

µtn(yn) ∈ C ∩ SM−1

for all n. Since SM−1 is compact, there exists a subsequence of {µtn(yn)}
which converges to some y ∈ SM−1. Furthermore, using the compactness
of Grassmannians and Lemma 7.76, we may assume that the sequence of
subspaces Tµtn (yn)C ∩ SM−1 converges to some τ′. In now claim that

τ′′ = T0(R · y) + τ′. (7.10)

Indeed, τ′ is tangent to SM−1 while the line R · y is perpendicular. Hence,
T0(R · y) and τ′ intersect trivially. Hence, the dimensions of both sides of
Equation 7.10 are equal to the dimension of S. Furthermore, clearly both
T0(R · y), τ′ ⊆ τ′′. Thus, equality follows.

Two consequences:
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(1) T(0,0)S ⊆ τ.

Indeed, this follows from the fact that T(0,0)S = T0Rk ⊕ {0} and
τ = T0Rk ⊕ τ′′.

(2) ℓ ⊆ τ.

Observe that each line ℓn has direction vector

(xn, yn)− (x′n, 0) = (xn − x′n, yn).

Clearly xn − x′n ∈ Rk still and each yn ∈ T0R · yn/∥yn∥ which con-
verges to T0R · y. Hence, they all converge.

Every stratified space we’ve considered thus far is quasi-homogeneous.

Theorem 7.78 ([MR25]). Let (M, g, F ) be an SRF and Sdim(M, F ) the dimension-
type stratification. Then (M,Sdim(M, F )) is locally conical.

Proof. Let S ∈ Sdim(M, F ) be a dimension stratum and x ∈ S. Let

ϕ : U ⊆ M → V ⊆ TxS ⊕ νx(M, S)

be a local normal form neighbourhood centred on x. Then,

ϕ(U ∩ S) = V ∩ (TxS ⊕ {0}).

Now suppose that R ∈ Sdim(M, F ) is another dimension-type stratum
with S ⊆ R. If dim(R) = dim(S) + d, then

ϕ(U ∩ R) = V ∩ (TxS ⊕ Σd),

where Σd ⊆ νx(M, S) is the dimension-type stratum containing leaves of
dimension d in νx(M, S). By the Homothety Lemma (Lemma 7.32), Σd is a
conical submanifold. Therefore ϕ : U → V is a conical neighbourhood.

Corollary 7.79. Let G be a connected Lie group and M a proper G-space. Then
the infinitesimal stratification Sg(M) is locally conical.

Proof. Just apply Corollary 7.53.

Theorem 7.80 ([Zim24]). Let G be a connected Lie group and M a proper
G-space. Write SG(M) for the orbit-type stratification of M. Then (M,SG(M))

is locally conical.
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Proof. Let S ∈ SG(M) be an orbit-type stratum, x ∈ S, and U ⊆ M a
maximal slice chart about x, i.e. a G-equivariant diffeomorphism

ϕ : U → G ×Gx νx(M, G).

mapping x to [e, 0]. For convenience, write K = Gx and V = νx(M, G).
Choosing a K-invariant metric on V, let V ′ := (VK)⊥ be the orthogo-
nal complement to the fixed point set VK. Then, there is a canonical
G-equivariant diffeomorphism

G ×K V = (G ×K V ′)× VK.

Letting A1 = (G/K) × VK and A2 = G ×K V ′) we see that we have a
diffeomorphism

ϕ : U → A1 ⊕ A2

from U to a sum of two vector bundles over G/K. Observe that

ϕ(U ∩ S) = G ×K VK = (G ×K VK)⊕ (G ×K {0}) = A1 ⊕ {0}

Next, if R > S and say R ∈ π0(M(H)) for some compact subgroup H ≤ K,
then first

ϕ(U ∩ M(H)) = (G ×K V ′
(H))× VK

and so there exists connected component R′ ∈ π0(V ′
(H)) so that

ϕ(U ∩ R) = (G ×K R′)× VK = A1 ⊕ C,

where C = G ×K R′. C is clearly a submanifold of A2 and since the action
of K on V is linear, the orbit-type strata are all conical.

Theorem 7.81 ([Zim24]). Let G be a connected Lie group, M a proper G-space,
and let SG(M) denote the canonical stratification of M/G. Then (M/G,SG(M/G))

is quasi-homogeneous.

Proof. Suffices to assume M = G ×K V where K ≤ G a compact subgroup
and V is a finite-dimensional linear K-representation. Choose a K-invariant
metric on V and let F = (VK)⊥. Observe that

G ×K V = (G ×K F)× VK.

Thus,
(G ×K V)/G ∼= VK × (F/K)

Now, as is shown by Duistermaat [Dui, pg. 16], we can find a generating
set q1, . . . , qM ∈ R[F]K so that
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(1) each of the qi are homogeneous

(2) If x1, . . . , xn are coordinates on VK, then

x1, . . . , xn, q1, . . . , qM

is a basis for R[VK × F]K.

Thus, we get a Hilbert map (see Definition 6.31)

p : VK × F → V × RM; (v, w) 7→ (v, q1(w), . . . , qM(w))

which induces an embedding

p : Vk × F/K → VK ↪→ RM

For each i = 1, . . . , M, let di = deg(qi) then and write d = (d1, . . . , dM).
Letting M = VK × RM, we can define a monoid action µ : R × M → M by

µt(v, y1, . . . , yM) = (v, td1 y1, . . . , tdM yM).

I now claim that p : VK × F/K ↪→ VK × RM is a quasi-homogeneous chart
about the stratum VK × {0} with weight d. We first observe that

p(VK × {0}) = VK × {0}

which is the first condition from Definition 7.74. For the second, first let
R ⊆ VK × F/K be any other stratum. Then R is the connected component
of the orbit-type VK × F(H)/K for some compact subgroup K ≤ H. F(H) is
closed under scalar multiplication by R>0, so it immediately follows that
so is R. Hence, since p is made up of homogeneous polynomials, we have
p(R) is quasi-homogeneous.
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Pseudobundles are a natural generalization of smooth vector bundles to
the subcartesian setting. A pseudobundle E over a subcartesian space
X can be thought of as almost a vector bundle, except the rank of the
fibres is allowed to vary. Their utility for our later discussion on singular
quantization is that they provide a convenient language for discussing the
many “singular vector bundles” we will need to consider, like stratified
tangent bundles and stratified polarizations.

The study of pseudobundles was first initiated by Marshall [Mar75] and,
as is characteristic for older subcartesian literature, are defined in terms
of atlases of local trivializations. I followed this approach in my paper
[Ros24] where I defined “stratified vector bundles”. I have subsequently
realized that this terminology of pseudobundles exists and so we will
using this term instead. I also have given a much more general definition
of a pseudobundle in terms of the differentiable functions in analogy with
definining a subcartesian structure in terms of its underlying differential
structure.

8.1 pseudobundles

Definition 8.1 (Pseudobundle). Let X be a subcartesian space and K ∈
{R, C}. A K-pseudobundle over X consists of the following data

(i) a subcartesian space E and a surjective differentiable map π : E → X;
and

(ii) a K-vector space structure equipped to each fibre Ex = π−1(x),
x ∈ X;

subject to the following conditions.

(1) Writing

E ×π E := {(e1, e2) ∈ E × E | π(e1) = π(e2)}

191



8.1 pseudobundles 192

and equipping E ×π E with the subset subcartesian structure inher-
ited from E × E, then the induced global scalar multiplication and
addition maps

µ : K × E → E; (t, e) 7→ µt(e) = t · e

+ : E ×π E → E; (e1, e2) 7→ e1 + e2

are differentiable.

(ii) The map π : E → M is a topological quotient map.

(iii) The subcartesian structure C∞(E) is generated by the pullbacks
of functions on X, π∗C∞(X), and the real linear functions C∞

(1)(E),
where

C∞
(1)(E) := { f ∈ C∞(E) | f (t · e) = t · f (e) for all (t, e) ∈ K × E}.

That is, for any function f ∈ C∞(E) and any point e ∈ E, there exists
an open neighbourhood U ⊆ E of e, functions g1, . . . , gn ∈ C∞(X),
linear functions α1, . . . , αm ∈ C∞(E)(1)(E), and a smooth function
F ∈ C∞(Rn × Rm) so that

f |U = F(π∗g1, . . . , π∗gn, α1, . . . , αm)

We will refer to R-pseudobundles simply as pseudobundles and C-pseudobundles
as complex pseudobundles.

Pseudobundles are a straightforward generalization of vector bundles.
The last condition that the smooth structure of a vector bundle is generated
by pullbacks of smooth functions on the base and linear functions amounts
to passing to trivializing neighbourhoods and using the same techniques
as in the proof of Lemma 6.54. For more general pseudobundles, let us
now turn to Zariski tangent bundles.

Example 8.2. Let X be a subcartesian space. By Theorem 6.55, the Zariski
tangent bundle π : TX → X satisfies most of the axioms of a pseudobun-
dle, except by definition the subcartesian structure on TX is defined to
be

C∞(TX) = ⟨π∗C∞(X) ∪ dC∞(X)⟩

where dC∞(X) is the set of functions of the form

d f : TX → R; v 7→ v( f )
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for f ∈ C∞(X). Clearly dC∞(X) ⊆ C∞
(1)(TX) ⊆ C∞(TX) and hence

C∞(TX) = ⟨π∗C∞(X) ∪ dC∞(X)⟩ ⊆ ⟨π∗C∞(X) ∪ C∞
(1)(TX)⟩ ⊆ C∞(TX).

Thus, π : TX → X defines a pseudobundle.

Example 8.3. Thanks to the previous example, we can now use Zariski
tangent bundles to show that pseudobundles need not be vector bundles.
Indeed, consider the union of the coordinate axes in R2,

X = {(x, y) ∈ R2 | xy = 0}.

As we saw in Example 6.40,

dim(T(x,y)X) =

{
1, (x, y) ̸= (0, 0)

2, (x, y) = (0, 0)

Many of the other “singular vector bundles” we’ve considered so far
have been subsets of either vector bundles or Zariski tangent bundles. And
so, to see that they are all indeed pseudobundles, we need the following
definition.

Definition 8.4 (Subbundles). Let π : E → X be a pseudobundle. A sub-
bundle if a pair of subsets A ⊆ E and Y ⊆ X such that π(A) = Y and so
that the restriction π|A : A → Y is a pseudobundle where A and Y are
equipped with the subset subcartesian structures.

Proposition 8.5. Let π : E → X be a pseudobundle and A ⊆ E a subset with
Y = π(A). If A is closed under scalar multiplication and fibre-wise addition,
then π|A : A → Y is a subbundle.

Proof. Fix a subset A ⊆ E which is closed under scalar multiplication
and fibre-wise addition. Endowing A and its image Y = π(A) ⊆ X with
the subspace subcartesian structures, we see that π|A : A → Y already
satisifies most of the conditions of a subbundle, except we need to show

C∞(A) = ⟨(π|A)∗C∞(Y) ∪ C∞
(1)(A)⟩.

Clearly, ⟨(π|A)∗C∞(Y) ∪ C∞
(1)(A)⟩ ⊆ C∞(A), so we only need to show the

reverse containment. To do this, fix f ∈ C∞(A) and a ∈ A. Then in a
neighbourhood U ⊆ E of a, we can find g1, . . . , gk ∈ C∞(X), h1, . . . , hm ∈
C∞
(1)(E), and a function G ∈ C∞(Rk × Rm so that

f |U∩A = G(π∗g1, . . . , π∗gk, h1, . . . , hm)|U∩A
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By possibly shrinking U, we may assume that π(U) ⊆ X is an open subset.
In which case, we observe for all i = 1, . . . , k and j = 1, . . . , m,

π∗gi|A = (π|A)∗(gi|Y) ∈ (π|A)∗C∞(Y)

and
hj|A ∈ C∞

(1)(A)

In particular, f ∈ ⟨(π|A)∗C∞(Y) ∪ C∞
(1)(A)⟩.

Example 8.6. Given any singular foliation F of a manifold M, the tangent
bundle to the foliation TF ⊆ TM is endowed with the structure of a
pseudobundle via the subspace differential structure and the restrictions
of the vector bundle operations on TM to TF .

Example 8.7. In a similar vein to Example 8.6, given a differentiable
stratified space (X, Σ), the stratified tangent bundle TΣ ⊆ TX inherits the
structure of a pseudobundle from the Zariski tangent bundle TX.

Definition 8.8 (Pseudobundle Morphism). Let π1 : E1 → X1 and π2 :
E2 → X2 be two pseudobundles. A morphism is a pair of differentiable
maps f : X1 → X2 and ϕ : E1 → E2 such that

(1) the diagram commutes

E1 E2

X1 X2

ϕ

f

(2) For all x1 ∈ X1, the induced map

ϕx = ϕ|E1
x

: E1
x → E2

f (x1)

is linear.

Example 8.9. In this language, another way of interpreting Corollary 7.28

is that a smooth map F : M1 → M2 between two foliated spaces (M1, F1)

and (M2, F2) is foliate ⇐⇒ the derivative TF : TM1 → TM2 restricts to
a pseudobundle morphism TF : TF1 → TF2.

Definition 8.10 (Restriction of pseudobundles). Let π : E → X be a
pseudobundle and Y ⊆ X a subset. Define the restricted pseudobundle
πY : E|Y → Y by

E|Y := π−1(Y) πY := π|E|Y .
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As one may easily verify, restricting a pseudobundle to a subset returns
a pseudobundle once again.

Definition 8.11 (Subtrivial pseudobundle). Let π : E → X be a pseudobun-
dle. Say π : E → X is locally subtrivial if for any x ∈ X, we can find a
neighbourhood U ⊆ X of x and a morphism of pseudobundles

E|U U × CN

U

ϕ

πU
pr1

for some N such that ϕ : EU → ϕ(EU) is an isomorphism of pseudobundles
over U. Call the pair (U, ϕ) a local trivialization. If around any point
x ∈ X we can find local trivializations so that ϕ(E|U) = U × RN , then call
π : E → X a differentiable vector bundle over X.

Example 8.12. Recall that for a subcartesian space X, any local chart
ϕ : U ↪→ RN differentiates to a local chart Tϕ : TU ↪→ TRN = RN × RN .
By construction these charts for TX define a subtrivial structure on TX.

Proposition 8.13. Let π : E → X be a subtrivial pseudobundle and π|A : A →
Y a subbundle. Then π|A : A → Y is also subtrivial.

Proof. Let y ∈ Y and let (ϕ, U) be a local trivialization of π : E → X about
y. Then clearly the composition

A|U∩Y ↪→ E|U ↪→ U × RN

defines a local trivialization

A|U∩Y (U ∩ Y)× RN

U ∩ Y

ϕ

π|A
pr1

Corollary 8.14. All pseudobundles in Examples 8.2, 8.6, and 8.7 are subtrivial.

As a final elementary definition, we define sections of pseudobundles.

Definition 8.15 (Sections of Pseudobundle). Let π : E → X be a pseu-
dobundle. A section is a differentiable map σ : E → X such that π ◦ σ =

id X. Write Γ(E) for the space of all sections.
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Example 8.16. Let X be a subcartesian space, then by Proposition 6.56

the set of Zariski vector fields X(X) is equal to the sections Γ(TX) of the
Zariski tangent bundle.

Note that due to Example 6.63, we see that in general, given a pseu-
dobundle π : E → X, the map

X × Γ(E) → E; (x, σ) 7→ σ(x)

need not be surjective. For this reason, we give one final definition.

Definition 8.17 (Enough Sections). Let π : E → X be a pseudobundle. We
say π : E → X has enough sections if the map

X × Γ(E) → E; (x, σ) 7→ σ(x)

is surjective.

Example 8.18. Clearly differentiable vector bundles and tangent bundles
to singular foliations have enough sections. Similarly, if (X, Σ) is a locally
trivial stratified space, then Proposition 7.72 then TΣ → X has enough
sections as well.

8.2 quotients of equivariant vector bundles

Now we have the setup to return back to our discussion on equivariant
vector bundles from Section 2.5. For all that follows, let G be a connected
Lie group and π : E → M a proper equivariant vector bundle. In Definition
2.34, we defined a distinguished pseudobundle inside E given by

Ẽ :=
⋃

x∈M

EGx
x

As we saw in Theorem 2.35, if M has only one orbit-type, then Ẽ is a
G-equivariant vector bundle over M. In general, Ẽ will only be a pseu-
dobundle.

Example 8.19. Indeed, consider the S1-equivariant vector bundle

pr1 : R2 × R2 → R2,
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where each copy of R2 carries with it the natural S1 action by rotations
about the origin. Since the origin 0 is a fixed-point of the S1 action, we
have

R̃2 × R2 =
⋃

x∈R2

{x} × (R2)S1
x

= ({0} × (R2)S1
)

⊔
x∈R2\{0}

{x} × R2

= ({0} × {0}) ⊔ ((R2 \ {0})× R2)

Thus, the rank of R̃2 × R2 is 0 over the origin and 2 elsewhere. Hence, the
restriction

R̃2 × R2 → R2

is not a vector bundle.

Nonetheless, we saw in Proposition 2.39 that Ẽ is spanned by the equiv-
ariant sections. That is,

M × Γ(E)G → Ẽ; (x, σ) 7→ σ(x)

is surjective and hence Ẽ has enough sections. Furthermore, quotient
Ẽ/G → M/G is a vector bundle and there is a canonical surjection

Γ(E)G → Γ(Ẽ/G).

We would now like to generalize these results to the singular case. For
that, we need the following definition.

Definition 8.20 (Equivariantly Generated). Let G be a connected Lie group,
π : E → M a proper equivariant vector bundle, and A ⊆ M a subset closed
under the G-action. Say E is equivariantly generated over A, if the map

A × Γ(E|A)G → E|A; (a, σ) 7→ σ(a)

is surjective.

Suppose now that A ⊆ M is a sliceable subset in the sense of Definition
6.35. Writing ρ : M → M/G for the quotient map, recall from Proposition
6.36 that

C∞(A/G) = { f : A/G → R | (ρ|A)∗ f ∈ C∞(M)G|A}

is a subcartesian structure on A/G. With this, we can now prove the
following.
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Theorem 8.21. Let G be a connected Lie group, π : E → M a proper equivariant
vector bundle, and A ⊆ M a sliceable subset. Suppose E is equivariantly generated
over A. Then the following holds.

(1) The induced map π : (E|A)/G → A/G is a differentiable vector bundle
over A/G.

(2) Write ρM : M → M/G and ρE : E → E/G for the quotient maps. Then
there is an induced linear isomorphism

(ρE)∗ : Γ(E|A)G → Γ((E|A)/G).

Proof. (1) First observe that since A is closed and sliceable, so is E|A.
Indeed, around any point a ∈ A we can find a neighbourhood of
a so that π : E → M is locally G-equivariantly isomorphic to the
vector bundle

π : G ×K (V × W) → G ×K V; [g, (v, w)] 7→ [g, v],

where K ≤ G is a compact subgroup and V, W are linear K-representations
and so that A is locally diffeomorphic to G ×K S, where S ⊆ V is a
closed G-invariant subspace. Then, under this local isomorphism,
E|A becomes identified with

E|A ∼= G ×K (S × W) (8.1)

and hence E|A is sliceable.

Now, let A0 := A/G and E0 := (E|A)/G. Since both A and E|A
are sliceable, we get canonical subcartesian structures C∞(A0) and
C∞(E0) given by

C∞(A0) = { f : A0 → R | (ρM|A)∗ f ∈ C∞(M)|GA}
C∞(E0) = { f : E0 → R | (ρE|E|A)

∗ f ∈ C∞(E)|GE|A}

Clearly the induced map π : E0 → A0 is differentiable and a topolog-
ical projection. Now to endow the fibres of π : E0 → A0 with vector
space strutures. Fix a ∈ A, and consider the map

Ea → (E0)[a]; e 7→ ρE(e). (8.2)

I claim Ea is a bijection. Clearly the map in Equation 8.2 is surjective
so we only have to show injective. Suppose now that e, e′ ∈ Ea so
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that ρE(e) = ρE(e′). By definition, this implies there exists g ∈ G so
that g · e = e′. By equivariance of the map π : E → M, we obtain
g · a = a and hence g ∈ Ga. Since E is equivariantly generated over
A, we have by Theorem 2.35 that EGa

a = Ea. Thus, g · e = e and hence
e = e′.

Thus, let us endow (E0)[a] with the vector spaces structure from
Ea. Making use of the normal form in Equation 8.1, we see that
around every point a ∈ A, we have a G-equivariant isomorphism of
differentiable vector bundles

E|U∩A G ×K (S × W)

U ∩ A G ×K S

As we already saw, since E is equivariantly generated over A, EGa
a =

Ea for all a ∈ A. Thus, since W corresponds to the fibre over [e, 0] we
must have WK = W and thus G ×K (S ×W) = (G ×K S)×W. Hence,
we obtain diffeomorphisms of subcartesian spaces

E0|U∩A/G (G/K)× W

(U ∩ A)/G G/K

This at once proves that the scalar multiplication and addition on E0

are differentiable, as well as providing charts showing that E0 is a
vector bundle.

(2) The proof from here is pretty well identical to the proof of Proposition
2.39.

8.3 stratified pseudobundles

Given that many of the singular spaces that have been of interest to us have
come equipped with natural stratifications, it is only natural to ask when
is the pseudobundle compatible with this stratification. This is where the
idea of a stratified pseudobundle arises.
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Definition 8.22 (Stratified Pseudobundle). Let (X, Σ) be a differentiable
stratified space and K ∈ {R, C}. A stratified K-pseudobundle over (X, Σ)
is a K-pseudobundle π : E → X such that the induced partition

π−1Σ = {π−1(S) | S ∈ Σ}

satisfies the following.

(1) (E, π−1Σ, C∞(E)) is a weakly differentiable stratified space.

(2) For each S ∈ Σ, the map

πS := π|π−1(S) : π−1(S) → S

is a smooth K-vector bundle.

Example 8.23. Let (X, Σ) be a differentiable stratified space and π : E → X
a differentiable vector bundle of rank k. Then for each stratum S ∈ Σ, the
restriction E|S → S is clearly a smooth vector bundle as locally E|S is
diffeomorphic to U × Rk which provides smooth charts. This also shows
that π−1Σ as around any point x ∈ X, we have a trivialization E|U ∼=
U × Rk. In this trivialization, the pieces of π−1Σ have the form {S × Rk}
which satisfies the axiom of the frontier.

Example 8.24. Let X be the union of coordinate axes in R2, i.e.

X = {(x, y) ∈ R2 | xy = 0}.

Endow X with the stratification

Σ = {{(0, 0)}, H+, H−, V+, V−}

from Example 7.3 Explicitly,

H− H+

V−

V+

{(0, 0)}



8.3 stratified pseudobundles 201

H+ = (0, ∞)× {0}
H− = (−∞, 0)× {0}
V+ = {0} × (0, ∞)

V− = {0} × (−∞, 0)

Then the stratified tangent bundle TΣ has a natural partition into smooth
vector bundles

TΣ = T{(0, 0)} ⊔ TH+ ⊔ TH− ⊔ TV+ ⊔ TV−.

It’s easy to see that TΣ satisfies the axioms of a being a stratified pseu-
dobundle except for perhaps the frontier condition. For that observe that
as subsets of TR2,

T{(0, 0)} = {(0, 0, 0, 0)}
TH+ = ([0, ∞)× {0})× (R × {0})
TH− = ((−∞, 0]× {0})× (R × {0})
TV+ = ({0} × [0, ∞))× {0} × R)

TV− = ({0} × (−∞, 0])× {0} × R)

And so, we can manually check that the partition π−1Σ satisfies the
frontier condition as the only stratum that intersects the closure of any
other stratum in {(0, 0, 0, 0)} and clearly it is contained in the closures of
the other strata.

More generally, suppose (X, Σ) is a differentiable stratified space. Due to
Example 8.7, the stratified tangent bundle π : TΣ → X is a pseudobundle.
Furthermore, the partition

π−1Σ = {TS | S ∈ Σ}

is clearly a partition of TΣ into smooth vector bundles over each of the
strata of X. So the only possible way TΣ could fail to be a stratified
pseudobundle is if the partition π−1Σ failed to be a stratification. In this
case, it’s straightforward to see that on that front the only condition that
could fail would be the frontier condition.

Theorem 8.25 ([Pfl01]). Let (X, Σ) be a differentiable stratified space and let
π : TΣ → X be the stratified tangent bundle. Then the partition

π−1Σ = {TS | S ∈ Σ}
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makes (TΣ, π−1Σ, C∞(TΣ)) into a weakly differentiable stratified space ⇐⇒
(X, Σ) is Whitney A.

As we discussed in Subsection 7.5.1, examples of non Whitney A strat-
ified spaces are rather pathological and will not make an appearance in
this thesis. Thus, all stratified tangent bundles henceforth will be stratified
spaces. Thus, the following result will hold.

Corollary 8.26. Let (X, Σ) be a differentiable stratified space. Then π : TΣ →
(X, Σ) is a stratified pseudobundle ⇐⇒ (X, Σ) is Whitney (A).

Whitney condition (A) can very naturally be extended to more general
stratified pseudobundles.

Definition 8.27 (Linear Whitney A). Let (X, Σ) be a differentiable stratified
space and π : E → X a pseduobundle such that for all S ∈ Σ, the restriction
πS : E|S → S is a smooth vector bundle. Say π : E → X is Linear Whitney
A if for any two strata S, R ∈ Σ, x ∈ S, and local trivialization

E|U U × RN

U

ϕ

πU
pr1

the following condition holds. Write r for the rank of E|R and s for the
rank of E|S.

(A) If {xk} ⊆ R is a sequence such that {ϕ(Exk)} converges to τ ⊆
{x} × RN in Grr(RN), then Ex ⊆ τ.

This definition is a straight replacement of the stratified tangent bundle
with a more general pseudobundle. Thus, it is no surprise that a differen-
tiable stratified space is Whitney (A) ⇐⇒ its stratified tangent bundle is
Linear Whintney (A). Also as should be expected, Pflaum’s Theorem can
be easily ported to this more general context.

Proposition 8.28. Let π : E → (X, Σ) be a Linear Whitney A pseudobundle
over (X, Σ). Then π : E → (X, Σ) is a stratified pseudobundle.

Proof. The only thing that could possibly go wrong here is that the induced
partition (E, π−1(Σ)) from Definition 8.22 is not a stratification. On that
front, it’s easy to see that the only failure could be the frontier condition.
And so to show that π−1Σ satisifies the frontier condition, let S, R ∈ Σ be
two strata with E|S ∩ E|R ̸= ∅. We show E|S ⊆ E|R. To do so, fix e0 ∈ E|S.
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By continuity of the bundle map π : E → X, we obtain that S ∩ R ̸= ∅
and hence S ⊆ R. Thus, if we write x0 = π(e0), then there exists a sequence
{xk} ⊆ R such that

lim
k→∞

xk = x0.

Passing now to a local trivialization, centred on x

ϕ : E|U → U × RN

consider the sequence {ϕ(Exk)} ⊆ Grr(RN) where r is the rank of the
smooth vector bundle E|R → R. As we saw in the discussion at the
beginning of Section 7.5.1, Grr(RN) is compact and hence after passing
to a subsequence, we may assume that {ϕ(Exk)} converges to some τ ∈
Grr(RN). By Whitney (A), we have Ex0 ⊆ τ and thus e0 ∈ τ.

Recall that the topology on Grk(R
N) is the subspace topology from

End(V). Using the canonical inner-product on RN , the topology on End(V)

is generated by the operator norm

∥T∥ := infv∈RN\{0}
∥T(v)∥
∥v∥ .

In particular,
lim

k
Exk = τ

if and only if
lim

k
∥PExk

− Pτ∥ = 0 (8.3)

where for any subspace W ⊆ RN , we write PW for the orthogonal projec-
tion onto W. In particular, observe that {PExk

(e0)} ⊆ E|R is a sequence on
E|R and by Equation 8.3 we have

0 = lim
k

∥PExk
(e0)− Pτ(e0)∥ = lim

k
∥PExk

(e0)− e0∥

since e ∈ τ. Thus, {PExk
(e0)} converges to e0 and thus e0 ∈ E|S. Therefore,

π−1Σ satisfies the frontier condition.

As we discussed in Subsection 7.5.1, the Whitney conditions may seem
somewhat unnatural for a smooth geometer. However, thankfully, the
same foliation-theoretic upgrade that we discussed for the usual Whitney
A still holds for Linear Whitney A.

Theorem 8.29. Let (X, Σ) be a differentiable stratified space and π : E → X a
pseudobundle. Suppose the following two conditions hold.
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(1) For each stratum S ∈ Σ, the restriction πS : E|S → S is a smooth vector
bundle.

(2) π : E → X has enough sections, i.e the map

X × Γ(E) → E; (x, σ) 7→ σ(x)

is surjective.

Then π : E → X is Linear Whitney A.

Proof. Near identical proof to Proposition 7.65.

Example 8.30. Let G be a connected Lie group and π : E → M a proper
equivariant vector bundle. Recall that

Ẽ =
⋃

x∈M

EGx
x

has enough sections. Thus, if we show Ẽ|S → S is a smooth vector bundle
for all orbit-type strata S ∈ SG(M), then we will have shown that Ẽ →
(M,SG(M)) is a Whitney (A) stratified pseudobundle. Indeed fixing x ∈
M, we may pass to the local normal form of proper vector bundles and
assume that E = G ×K (V × W), M = G ×K V, and π : E → M is the map
π([g, v, w]) = [g, v] for compact K ≤ G and linear K-representations V
and W. In this case, the stratum S containing x has the local form

S = G ×K VK ∼= (G/K)× VK.

Note that since stabilizers of points in S are conjugate to K, it follows that

Ẽ|S = G ×K (VK × WK) = (G/K)× VK × WK.

This provides a local trivialization for Ẽ|S and hence Ẽ|S → S is a smooth
vector bundle.

Example 8.31. Continuing on with the last example, let G be a connected
Lie group, K ≤ G a compact subgroup, and V a K-representation. Write
M = G ×K V. As we saw in Example 2.30,

TM = G ×K (V × (g/k)× V).

Now observe that if we let S = G ×K VK, then on one hand by Proposition
2.21,

T̃M|S = G ×K (VK × (g/k)K × VK) ∼= (G/K)× VK × (nG(K)/k)× VK
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while
TS ∼= (G/K)× VK × (g/k)× VK.

Thus, T̃M|S ⊆ TS. From here, we easily deduce that for any proper G-
space M that T̃M ⊆ TSG(M), where SG(M) is the orbit-type stratification,
with equality if and only if all the subgroups appearing as stabilizers are
normal. In particular, we have shown the following.

Corollary 8.32. Let G be a connected abelian Lie group and M a proper G-space.
Then T̃M = TSG(M).

We have already shown that many of the pseudobundles we’ve en-
countered so far have enough sections. So, provided the pseudobundle
is compatible with a stratification on the base space, the result will be a
stratified pseudobundle.

Corollary 8.33. Suppose (M, Σ) is a stratified space and F is a singular foliation
on M. For each x ∈ M, write Lx ∈ F for the leaf through x. Further, suppose
each stratum S ∈ Σ satisfies the following two conditions

(1) S =
⋃

x∈S Lx

(2) The induced foliation FS on S is regular.

Then the tangent bundle TF → M is a stratified pseudobundle over (M, Σ).

This opens the door to many more examples of stratified pseudobundles.

Example 8.34. Let (M, g, F ) be a singular Riemannian foliation. Then the
dimension-type stratification Sdim(M, F ) satisfies conditions and hence
gives a stratified pseudobundle.

Example 8.35. Let G be a connected Lie group and M a proper G-space.
Then the orbit foliation FG = {G · x | x ∈ M} saturates the orbit-type
stratification SG(M). That is any orbit-type stratum S ∈ SG(M) is a union
of orbits which all have the same dimension, hence by Frobenius defines a
regular foliation.

8.4 complexification and stratified distributions

In our discussion so far, pseudobundles were allowed to have base field
either R or C. In this section, we will show how to produce a complex
pseudobundle from a real one. This will then allow us to discuss complex
distributions over subcartesian spaces, an important idea as we move
towards stratified polarizations.
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Definition 8.36 (Complexification). Let π : E → X be a real pseudobundle.
Define the complexification, denoted πC : E ⊗ C → X to be the disjoint
union

E ⊗ C :=
⋃

x∈X

Ex ⊗R C,

with πC : E ⊗ C → X the natural projection.

We wish to endow πC : E ⊗ C → X with the structure of a complex
pseudobundle. To do this, we first need to give E ⊗ C a subcartesian
structure. For this note that for all x ∈ X we have

Ex ⊗ C = Ex ⊕ iEx

where i ∈ C is the square root of −1. Hence, we may view E ⊗ C as
E ×π E ⊆ E × E. Under this identification, πC may be viewed as

πC : E ⊗ C → X; (e1, e2) 7→ π(e1).

Recall from Example 6.6 that if we write pr1, pr2 : E × E → E for the
projections onto the first and second factor, respectively, then

C∞(E × E) = ⟨pr∗1C∞(E) ∪ pr∗2C∞(E)⟩.

By definition of π : E → X being a pseudobundle, we have

C∞(E) = ⟨π∗C∞(X) ∪ C∞
(1)(E)⟩.

Hence, using the fact that E ×π E ⊆ E × E is a closed subset and that
π ◦ pr1|E×π E = π ◦ pr2|E×π E, we deduce

C∞(E ⊗ C) = ⟨π∗
CC∞(X) ∪ pr∗1C∞

(1)(E) ∪ pr∗2C∞
(1)(E)⟩ (8.4)

Next, define complex scalar multiplication by

µC : C × EC → EC; (x + iy, e1 + ie2) 7→ (xe1 − ye2 + i(xe2 + ye1)) (8.5)

This is a combination of addition and scalar multiplication on E and hence
is differentiable. Finally, define addition

(E⊗C)×πC
(E⊗C) → E⊗C; (e1 + ie2, u1 + iu2) 7→ e1 + u1 + i(e2 + u2).

(8.6)

Theorem 8.37. Let π : E → X be a real pseudobundle. Then πC : E ⊗
C → X together with the subcartesian structure in Equation 8.4, complex
scalar multiplication in Equation 8.5, and addition in Equation 8.6 is a complex
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pseudobundle over X. Furthermore, if π : E → X satisifes any of the following
properties, so does πC : E ⊗ C → X.

• Subtrivial

• Vector bundle

• Enough sections

• Linear Whitney (A)

Proof. We’ve already done most of the proof already, we just need to check
that

C∞(E ⊗ C) = ⟨π∗
CC∞(X) ∪ C∞

(1)(E ⊗ C)⟩,

where C∞
(1)(E ⊗ C) are linear with respect to the induced real scalar multi-

plication. Clearly,

⟨π∗
CC∞(X) ∪ C∞

(1)(E ⊗ C)⟩ ⊆ C∞(E ⊗ C)

so we only need to show the reverse containment. This is a triviality since
by the definition of C∞(E⊗C) in Equation 8.4, clearly pr∗1C∞

(1)(E), pr∗2C∞(E) ⊆
C∞
(1)(E ⊗ C).

The other conditions follows trivially.

A consequence of the fact that E ⊗ C is identified with a subset of E × E
is the following.

Corollary 8.38. Let π : E → X be a pseudobundle. Then any section σ ∈
Γ(E ⊗ C) can uniquely be written in the form

σ = σ1 + iσ2.

That is, as a real vector space, Γ(E ⊗ C) = Γ(E)⊗ C.

Our main examples thus far of pseudobundles have been Zariski and
stratified tangent bundles, thus we can now apply Theorem 8.37 to com-
plexify them.

Definition 8.39 (Complex Zariski/Stratified Tangent Bundle). (1) Let X
be a subcartesian space. Call TX ⊗ C the complexified Zariski tan-
gent bundle of X. Write XC(X) for sections of TX ⊗ C and call the
elements of XC(X) complex Zariski vector fields.

(2) Let (X, Σ) be Whitney regular. Call TΣ ⊗ C the complexified strati-
fied tangent bundle of (X, Σ). Write XC(Σ) for sections of TΣ ⊗ C

and call the elements of XC(Σ) complex stratified vector fields.
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Let X be a subcartesian space. Recall that the elements of the Zariski
tangent bundle TX have an interpretation as derivations of C∞(X). We
can give an analagous interpretation of TX ⊗ C in terms of differentiable
complex-valued functions C∞(X, C).

Proposition 8.40. Let X be a subcartesian space and x ∈ X. Then we have a
canonical identification of Tx ⊗ C with the space of derivations v : C∞(X, C) →
C such that

v( f g) = v( f )g(x) + f (x)v(g). (8.7)

Proof. First, given v ∈ TxX ⊗ C, define derivation

v : C∞(X, C) → C

as follows. Using Corollary 8.38, write v = v1 + iv2 for v1, v2 ∈ X(X).
Then, given a function f ∈ C∞(X, C) we can also write f = f1 + i f2 for
f1, f2 ∈ C∞(X). Now define

v( f ) := v1( f1)− v2( f2) + i(v1( f2) + v2( f1))

It is then a straightforward matter to check that v satisfies Equation 8.7.
For the converse, given a complex derivation v : C∞(X, C) → C satisfying
Equation 8.7, one easily verifies that v1, v2 : C∞(X) → R defined by

v1( f ) =
v( f ) + v( f )

2
v2( f ) =

v( f )− v( f )
2i

for f ∈ C∞(X) define elements of TxX which satisfy v = v1 + iv2.

This then allows us to conclude the following.

Corollary 8.41. Let X be a subcartesian space. Then the complex Zariski vector
fields XC(X) can canonically be identified with the set of complex derivations of
C∞(X, C).

Proof. Apply Proposition 8.40 fibre-wise.

Let us now move to the stratified setting. Given a Whitney regular
stratified space, the complexified stratified tangent bundle TΣ ⊗ C has a
natural stratification, namely

TΣ ⊗ C =
⋃

S∈Σ

TS ⊗ C.

In the next chapters, we will be studying generalizations of polarizations
from Chapter 4 which will be complex subbundles of stratified tangent
bundles. To set this up, let us define distributions.
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Definition 8.42 (Stratified Complex Distribution). Let (X, Σ) be a Whitney
regular stratified space. A stratified complex distribution is a subbundle
D ⊆ TX ⊗ C over X such that D → (X, Σ) is a complex stratified pseu-
dobundle. That is, D ⊆ TΣ ⊗ C is a pseudobundle, for each stratum S ∈ Σ
D|S ⊆ TS ⊗ C is a smooth complex subbundle, and the partition

D =
⋃

S∈Σ

D|S

is a weakly differentiable stratification of D.

Example 8.43. Let (X, Σ) be a Whitney stratified space and E ⊆ TΣ a
subbundle such that E → (X, Σ) is a stratified pseudobundle. Then clearly
the complexification E ⊗ C ⊆ TΣ ⊗ C is a stratified complex distribution.
We call distributions of this form real distributions.

Example 8.44. Let G be a connected abelian Lie group and (M, I) a com-
plex manifold such that M is a proper G-space and I is a G-invariant
complex structure. Then we get two complex G-invariant distributions on
M, namely the holomorphic and antiholomorphic tangent bundles T1,0M
and T0,1M. It then follows from Example 8.30 that

T̃1,0M =
⋃

x∈M

(T1,0
x M)Gx

and
T̃0,1M =

⋃
x∈M

(T0,1
x M)Gx

are stratified distributions over (M,SG(M)). As we saw in Corollary 8.32,
T̃M = TSG(M). Thus, we have for each orbit-type stratum S ∈ SG(M)

TS ⊗ C = T̃1,0M|S ⊕ T̃0,1M|S.

From here, we see that the above decomposition defines complex structures
{IS} on each stratum.

Note for a Whitney regular stratified space (X, Σ), both X(X) and X(Σ)
have natural Lie bracket structures given by

[V, W] f = V(W( f ))− W(V( f ))

for f ∈ C∞(X). By Corollary 8.38 we have XC(X) = X(X) ⊗ C and
XC(Σ) = X(Σ)⊗ C, so we can extend the Lie bracket complex-linearly.
This bracket can also be realized by the identification of XC(X) with
complex derivations of C∞(X, C).
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Definition 8.45 (Involutive). Let D ⊆ TΣ ⊗ C be a complex stratified
distribution. Say D is involutive if for all strata S ∈ Σ, D|S ⊆ TS ⊗ C is
involutive.

Example 8.46. Returning now to the case of a connected Lie group G and

a proper complex G-space (M, I) from Example 8.44, we see that T̃1,0M

and T̃0,1M are examples of involutive stratified distributions since over
each stratum, they are given by the holomorphic and antiholomorphic
tangent bundles of induced complex structures.

Now to get examples of involutive distributions, we will first need a
Lemma.

Lemma 8.47. Let (X, Σ) be a Whitney regular stratified space and V, W ∈
XC(Σ). Then for every stratum S ∈ Σ we have

[V|S, W|S] = [V, W]|S ∈ XC(S).

Proof. Follows immediately from the fact that the complex Lie bracket is
simply the complex-linear extension of the usual Lie bracket and from
Corollary 7.59.

Proposition 8.48. Let (X, Σ) be a Whitney stratified space and D ⊆ TΣ ⊗ C

an involutive complex stratified distribution. Then, for any V, W ∈ Γ(D), we
have [V, W] ∈ Γ(D).

Proof. Apply Lemma 8.47 stratum-wise.

Finally, I would like to give a characterization of when a complex
distribution on a manifold induces a stratified distribution on a subset.

Lemma 8.49. Let X ⊆ RN be a locally closed subspace equipped with a stratifi-
cation Σ by embedded submanifolds of RN such that (X, Σ) is Whitney regular.
Furthermore, assume let D ⊆ TCRN be a complex distribution on RN which is
also closed as a subspace, and for each S ∈ Σ, let

DS := D ∩ TCS.

Suppose the following properties hold

(1) DS ⊆ TCS is a complex distribution.

(2) If S ⊆ R, then rank(DS) ≤ rank(DR).

Then the union
DX :=

⋃
S∈Σ

DS ⊆ TCΣ

is a stratified complex distribution on (X, Σ).
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Proof. We only need to show that DX satisfies the frontier condition. Since
this is a local condition, we may assume X ⊆ RN for some N.

To show frontier, let S, R ∈ Σ be two strata and suppose DS ∩ DR ̸= ∅.
We show DS ⊆ DR. By continuity, we have S ∩ R ̸= ∅ and hence S ⊆ R.

Let x ∈ S and let {xk} ⊆ R be a sequence converging to x. Since Grass-
mannians are compact, after possibly passing to a subsequence, we can
find W ⊆ TxRN so that Txk R converges to W in the dim(R) Grassmannian
of RN . Making use of the canonical metric on RN , we can canonically find
orthogonal projections

Πk : Txk R → (DR)xk

for each k. Extend by 0 to obtain orthogonal projections Πk : Txk R
N →

(DR)xk . By assumption, D|R has constant rank along R, denoted by r.
It then follows that the sequence of projections {Πk} lies in the Grass-
mannian of RN of dimension r subspaces. Since this is compact, after
potentially passing to a subsequence, we may assume {Πk} converges to
some orthogonal projection Π∞ onto a rank r subspace A of TxRN . By
continuity, it follows that A ⊆ W.

Now, observe for any w ∈ RN that {Πk(w)} is a sequence in DR and
that

Π∞(w) = lim
k→∞

Πk(w).

Since D is assumed to be closed, it follows that Π∞(v) ∈ D. Again, using
continuity, we also have Π∞(v) ∈ Dx. By the dimension assumption, it
follows that Π∞ can be viewed as a projection onto W ∩ Dx and hence
contains (DS)x since TxS ⊆ W.

In particular, for any v ∈ (DS)x let vk = Πk(v) ∈ (DR)x. Then

lim
k→∞

vk = Π∞(v)

Since v lies in the image of Π∞ and Π∞ is a projection, it follows that
Π∞(v) = v and hence v ∈ DR. Therefore, DS ⊆ DR.
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9
S Y M P L E C T I C S T R AT I F I E D
S PA C E S

Now that we have laid the foundations for the study of singular spaces
(at least from a subcartesian and stratified perspective), we can now begin
our study of symplectic stratified spaces. These are spaces which arose in
the work of Sjamaar and Lerman [SL91] in their study of singular reduced
spaces. Their construction will be examined in great detail in Sections 9.2,
9.3, and 9.4. Mol [Mol24] has refined their ideas greatly into the setting
of symplectic groupoids with his “Hamiltonian stratifications”, which we
will not be discussing here.

Now, given that is was mentioned in Chapter 6 that subcartesian spaces
are not particularly well-suited to a theory of differential forms, it might
seem surprising that we can even discuss symplectic geometry–an area
defined by distinguished 2-forms. The key here is that we are studying
stratified spaces, spaces which are partitioned into manifolds where differ-
ential form theory makes sense. Furthermore, Poisson structures, being
“covariant” in nature, are readily definable in a subcartesian setting. So, tak-
ing a page out of the theory of symplectic foliations of Poisson structures,
we define a symplectic stratified space to be a collection of symplectic
forms on each of the strata and a Poisson structure on the total space,
such that the inclusion is Poisson. In this way, symplectic stratified spaces
are like locally finite symplectic foliations. This idea can be refined even
further (and made literal) through Hamiltonian stratifications as studied
by Mol [Mol24].

9.1 symplectic stratified spaces

Definition 9.1 (Stratified Symplectic Space). Let (X, Σ, C∞(X)) be a Whit-
ney stratified space. A symplectic structure on X consists of the following
data.

(1) A symplectic form ωS on each stratum S ∈ Σ.

(2) A Poisson bracket {·, ·} on C∞(X).

213
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Subject to the compatibility condition that for any stratum S ∈ Σ, the inclu-
sion S ↪→ X is Poisson. We will write (X, {·, ·}) for a symplectic stratified
space if the stratification and subcartesian structure are understood from
context.

Example 9.2. Let (M, π) be a Poisson manifold and recall from Example
7.19 that we have a canonical foliation Fπ of M by symplectic submani-
folds. Due to Proposition 7.65, if Fπ is locally finite and has embedded
leaves, then (M, Fπ) is a Whitney (A) stratified space. If we suppose
further that Fπ is Whitney regular, then (M, Fπ, {·, ·}) is a symplectic
stratified space.

Example 9.3. Consider the Poisson structure

π = r2 ∂

∂x
∧ ∂

∂y

on R2 from Example 3.27. As we saw, the symplectic foliation Fπ has two
symplectic leaves, namely the origin {0} and its complement R2 \ {0}.
This is equal to the orbit-type stratification of R2 by the canonical S1-action,
hence is a Whitney stratification. Therefore, (R2, Fπ, {·, ·}) is a symplectic
stratified space.

Example 9.4. A stratification of a Poisson manifold by submanifolds which
are also symplectic, need not be a symplectic stratified space. Indeed, write

R4 = {(x1, y1, x2, y2) | xi, yj ∈ R}

and let {·, ·}can be the canonical Poisson bracket induced by the canonical
symplectic form

ωcan = dx1 ∧ dy1 + dx2 ∧ dy2.

Furthermore, let
S = {(x1, y1, 0, 0) ∈ R4}

be an embedded copy of symplectic R2. Indeed, we can see that

ωS = ω0|S = dx1 ∧ dy1

and hence (S, ωS) is symplectic. However, S ↪→ R4 is not Poisson. Indeed,
consider f = x1 + x2 and g = y1 + y2. Then, we can easily compute that

{ f , g}can = −2

whereas
{ f |S, g|S}S = −1,
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where {·, ·}S is the induced Poisson structure on S from ωS. In particular,
{ f , g}|S ̸= { f |S, g|S}S and hence S ↪→ R4 is not Poisson. Therefore, the
stratification

Σ = {S, R2 \ S}

is not a symplectic stratification even though each stratum has a canonical
symplectic form.

Just as was the case for Poisson manifolds, symplectic stratified spaces
have a notion of a Hamiltonian vector field.

Definition 9.5. Let X be a symplectic stratified space and f ∈ C∞(X) a
smooth map. The (Zariski) Hamiltonian vector field defined by f , denote
Vf is the derivation

Vf : C∞(X) → C∞(X); g 7→ { f , g}.

Lemma 9.6. Let X be a symplectic stratified space and f ∈ C∞(X). Then
Vf ∈ X(Σ) and for any stratum S ∈ Σ, if VS

f |S ∈ X(S) denotes the Hamiltonian
vector field induced by the symplectic form ωS, then

VS| f |S = Vf |S.

Proof. Let f ∈ C∞(X). To first show that Vf ∈ X(Σ), fix a stratum S ∈ Σ.
Letting g ∈ IS be any function which vanishes on S, we have

Vf (g)|S = { f , g}|S = { f |S, g|S}S = { f |S, 0}S = 0, (9.1)

where {·, ·}S is the Poisson bracket induced by the symplectic form ωS ∈
Ω2(S). By Proposition 6.58, it then follows that Vf ∈ X(X, S). Since S was
an arbitrary stratum, it follows that Vf ∈ X(Σ).

Fixing a stratum S ∈ Σ once again, to show VS| f |S = Vf |S we use
Equation 9.1. Indeed, since C∞(S) = ⟨C∞(X)|S⟩, it suffices to show that

VS
f |S(g|S) = Vf |S(g|S)

for any g ∈ C∞(X). To that end, note that since Vf ∈ X(X, S) we have
from another application of Proposition 6.58 that

Vf |S(g|S) = Vf (g)|S = { f , g}|S

On the otherhand,

VS
f |S(g|S) = { f |S, g|S}S = { f , g}|S.
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Hence the result.

Proposition 9.7. Let (X, Σ, {·, ·}) be a symplectic stratified space. Then the map

X × C∞(X) → TΣ; (x, f ) 7→ Vf (x)

is surjective.

Proof. Let x ∈ X, S ∈ Σ the stratum containing x, and v ∈ TxS. Since
S is symplectic, we can find a function f ∈ C∞(S) so that VS

f (x) = v,
where VS

f ∈ X(S) denotes the Hamiltonian vector field with respect to S.
Since C∞(S) = ⟨C∞(X)|S⟩ as a Sikorski structure, we can find an open
neighbourhood U ⊆ X of x and a function F ∈ C∞(X) so that

f |S∩U = F|S∩U .

By Lemma 9.6, VF|S∩U = VS
f |S∩U and thus VF(x) = v.

In this way, we see that symplectic stratified spaces are a generalization
of Poisson manifolds with locally finite symplectic foliations.

9.2 the orbit-type and canonical stratifications of the

moment map

So far, we have only discussed symplectic stratified spaces where the
underlying differentiable space is a manifold. Now that we are armed
with the Hamiltonian slice theorem as in Theorem Theorem 3.49, we can
discuss now some truly singular examples. For all that follows, we will let
J : (M, ω) → g∗ be a proper G-space for a connected Lie group G. Suppose
now that J−1(0) is nonempty, let M0 = J−1(0)/G, write π0 : J−1(0) → M0

for the quotient map.

Lemma 9.8. Then both J−1(0) and M0 are canonically subcartesian spaces,
where

C∞(J−1(0)) = C∞(M)|J−1(0)

and
C∞(M0) = { f : M0 → R | π∗

0 f ∈ C∞(J−1(0))G}.

Proof. C∞(J−1(0)) = C∞(M)|J−1(0) being a subcartesian structure is a con-
sequence of Proposition 6.17 due to J−1(0) being closed. As for C∞(M0)

being subcartesian, this is precisely the statement of Proposition 6.36.

We want to show now that M0 is canonically a symplectic stratified space.
As it turns out, thanks to the local normal form from proper Hamiltonian
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spaces (see Theorem 3.49), the procedure for defining the stratification is
nearly identical to obtaining the canonical stratification on M/G.

Definition 9.9. Define the orbit-type stratification of J−1(0), denoted
SG(J−1(0)) to be the partition

SG(J−1(0)) =
⋃

S∈SG(M)

π0(S ∩ J−1(0)).

Furthermore, define the canonical stratification of M0 by

SG(M0) = {π0(S) | S ∈ SG(J−1(0))}.

Although we called the two partitions defined above stratifications, we
still need to show that they are, for instance, partitions into submanifolds
with respect to the subcartesian structures in Lemma 9.8.

Lemma 9.10. The pieces of the orbit-type partition SG(J−1(0)) are G-invariant
embedded submanifolds. Furthermore, for any S ∈ SG(J−1(0)) and x ∈ S,
there exists Gx-equivariant linear symplectomorphism of linear Gx symplectic
representations

ϕx : (Tx M, ωx) → ((g/gx)× (g/gx)
∗ ⊕ Sνx(M, G))

under which,
Txϕ(TxS) = (g/gx)× {0} × Sνx(M, G)

Proof. Let us fix S ∈ SG(J−1(0)) and x ∈ X. Since being an embedded
submanifold and the structure of tangent spaces is a local question, we
pass to a symplectic slice centred on x. That is, we may assume M =

G ×Gx (g
◦
x × Sνx(M, G)), x = [e, 0, 0], with the symplectic form given by

Lemma 3.47 and the moment map given by

J : G ×Gx (g
◦
x × Sνx(M, G)) → g∗; [g, p, v] 7→ Ad∗

g(p + p ◦ Jx(v)),

where p : g∗x → g∗ is a K-equivariant splitting of the short exact sequence

0 → g◦x → g∗ → g∗x → 0

and Jx : Sνx(M, G) → g∗x is the quadratic momentum map. Observe that

J−1(0) = G ×Gx ({0} × J−1
x (0))

Hence, by Lemma 3.43,

S = J−1(0)(Gx) = G×Gx ({0}× (J−1
x (0))Gx) ∼= (G/K)× Sνx(M, G)Gx (9.2)
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Hence, S is an embedded submanifold. Now, observe that

T[e,0,0]G ×K (g◦x × Sνx(M, G)) = (g/gx)× g◦x × Sνx(M, G)

Note that we can identify g◦x with (g/gx)∗ and that by construction of the
symplectic form on normal form neighbourhoods, the symplectic form ω

restricts to the canonical symplectic form on (g/gx)× (g/gx)∗ = T∗(g/gx).
Hence,

T[e,0,0]M = (g/gx)× (g/gx)
∗ × Sνx(M, G).

Next, from our description of S in Equation 9.2 we have

T[e,0,0]S = (g/gx)× {0} × Sνx(M, G).

Corollary 9.11. Let S ∈ SG(J−1(0)). Then ω|S is basic and the induced 2-form
ωS ∈ Ω2(S/G) is symplectic.

Proof. Since ω is invariant, it follows that ω|G·x = 0 for all x ∈ M. In
particular, due to Lemma 9.10, it follows for any x ∈ S that

ker((ω|S)♭x) = Tx(G · x).

Therefore, ω|S is basic and hence there exists unique 2-form ωS ∈ Ω2(S/G)

satisfying
π∗

SωS = ω|S.

This form being symplectic is a consequence of linear symplectic reduction
(Proposition 3.12).

Making use of some results, we now have shown that SG(J−1(0)) and
SG(M0) are partitions into connected smooth manifolds and that each
piece of SG(M0) is symplectic. To finish showing each partition is a strati-
fication, we just need to show that they are both locally finite and satisfy
the axiom of the frontier. To do this, we first show it’s true for linear
symplectic representations.

Lemma 9.12. Let K be a compact Lie group and (V, ω) a symplectic K-representation.
Write JV : V → k∗ for the quadratic momentum map. Then the partition

SK(J−1(0)) =
⋃

H≤K

π0(J−1
V (0) ∩ V(H))

is finite stratification of J−1(0). Furthermore, each piece of SK(J−1(0)) is invari-
ant under scalar multiplication by t ∈ (0, 1).
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Proof. See [Mol24] for a proof that SK(J−1(0)) is finite.
We will now show that SK(J−1(0)) is a stratification with strata closed

under scalar multiplication by elements of (0, 1) at the same time. First,
recall that by Lemma 3.43 VK is a symplectic subspace and its symplectic
complement W = (VK)ω is a symplectic subrepresentation. Furthermore,
letting JW : W → k∗ be the quadratic momentum map, we have

J−1
V (0) = VK + J−1

W (0).

In particular, for any subgroup H ≤ K we have

J−1
V (0)(H) = VK + J−1

W (0)(H)

and
J−1
V (0)(K) = VK.

Now, since JW is an invariant quadratic map (i.e. JW(tw) = t2 JW(w) for
all t ∈ R and w ∈ W), it follows that the orbit-type pieces J−1

W (0)(H)

are closed under scalar multiplication by non-zero scalars. Hence, so
are their connected components. Using this, we can now show for any
R ∈ SK(J−1(0)) that

J−1
V (0)(K) ⊆ R.

Indeed, supposing R ⊆ V(H) for some H ≤ K, there exists connected
component R′ ⊆ J−1

W (0)(H) so that

R = VK + R′.

Fixing any v ∈ VK and w ∈ R′, consider now the sequence {v + w/n}n>0.
Since R′ is closed under scalar multiplication by non-zero scalars, this
sequence lies in R. Hence, the limit

lim
n→∞

(
v +

w
n

)
= v

lies in R. Therefore, J−1
V (0)(K) ⊆ R.

Now for any two arbitrary strata S, R ∈ SK(J−1(0)) with S ∩ R ̸= ∅,
pass to a symplectic slice neighbourhood around x ∈ S∩ R. Then repeating
the same argument in the symplectic normal space Sνx(V, K) shows S ⊆
R.
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Theorem 9.13 ([SL91, Zim24]). Both SG(J−1(0)) and SG(M0) are quasi-
homogeneous stratifications. Furthermore, for each stratum S ∈ SG(J−1(0)),
there exists unique symplectic form ωS/G ∈ Ω2(S/G) such that

(π0|S)∗ωS/G = ω|S.

Proof. First to show SG(J−1(0)) is a quasi-homogeneous stratification let
x ∈ J−1(0) and S ∈ SG(J−1(0)) the stratum containing x. Passing to a
symplectic slice neighbourhood, we may assume

M = G ×Gx (g
◦
x × Sνx(M, G))

with
J−1(0) = G ×Gx ({0} × J−1

x (0)),

where Jx : Sνx(M, G) → g∗x is the quadratic moment map. Thus, since
SGx(J−1

x (0)) is a finite stratification by invariant subsets, it follows imme-
diately that SG(J−1(0)) is a quasi-homogeneous stratification.

Since the quotient map π0 : J−1(0) → M0 is an open quotient, it fol-
lows that SG(M0) is also a stratification. Now using an argument near
identical to the one from Theorem 7.81, we see that SG(M0) is also quasi-
homogeneous.

9.3 manifolds of symmetry and singular reduced space

Let J : (M, ω) → g∗ be a proper Hamiltonian G-space. The strata of
the reduced space M0 = J−1(0)/G can also be realized through usual
Marsden-Weinstein-Meyer reduction, but we need to pass to the manifolds
of symmetry first. Indeed, fix x ∈ J−1(0) and write K = Gx. Recall from
Corollary 2.15 and Proposition 2.22 that the manifold of symmetry MK =

{y ∈ M | Gy = K} is a submanifold of M and, furthermore,

Ty MK = (Ty M)K

for any y ∈ MK. As we have seen, the fixed-point set of a symplectic repre-
sentation is once again symplectic, hence MK is a symplectic submanifold
of M. Now, by Corollary 2.15, MK is a free NG(K)/K-space where NG(K)
is the normalizer group of K. Since the G-action preserves the symplectic
form, it follows that NG(K)/K preserves the form on MK as well.



9.3 manifolds of symmetry and singular reduced space 221

We will now show that this is a Hamiltonian action. To set this up, let
ξ ∈ k. Since K acts trivially on MK, it easily follows that ξM|MK = 0. In
particular, for any y ∈ MK and any ξ ∈ k we have

⟨J(y), ξ⟩ = 0

and thus J(M|K) ⊆ k◦. Now let ι : nG(K) ↪→ g be the inclusion, then since
ι is K-equivariant, it follows that

ι∗ ◦ J(M|K) ⊆ k◦ ⊆ nG(K)∗

Using the identification k◦ ∼= (nG(K)/k)∗ we obtain a canonical K-equivariant
map

JK : MK → (nG(K)/k)∗.

Since the action of G on M is Hamiltonian, it follows that so is the action
of NG(K) on MK and hence NG(K)/K. Thus, we obtain the following.

Proposition 9.14. Let K ≤ G be a compact subgroup with MK ̸= ∅. Then
JK : MK → (nG(K)/k)∗ is a moment map for the NG(K)/K action on MK.

Since the action of NG(K)/K on MK is free and proper, usual Marsden-
Weinstein-Meyer reduction applies and thus J−1

K (0)/(NG(K)/K) is canoni-
cally a symplectic manifold. As it turns out, this symplectic manifold is
precisely one of the canonical strata of the singular reduced space!

Theorem 9.15. Let x ∈ J−1(0) and write K = Gx.

(1) J−1(0) ∩ MK = J−1
K (0).

(2) Write (MK)0 for the reduced space of JK : MK → (nG(K)/k)∗. If x ∈
J−1
K (0) and S ∈ SG(J−1(0)) is the orbit-type stratum through containing

x, then there is a canonical symplectomorphism between S/G and the
connected component of (MK)0 containing [x].

Proof. (1) This follows immediately from the fact that JK is obtained by
restricting J.

(2) Recall from Corollary 2.15 that G · MK = M(K). Thus, we obtain a
G-equivariant bijection

G ×NG(K) J−1
K (0) → J−1(0)(K)

Furthermore, this bijection must preserve the restricted symplectic
form on each connected component of J−1(0)(K). Hence, the result
then follows.
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9.4 the poisson bracket on reduced space

Let J : (M, ω) → g∗ be a proper Hamiltonian G-space. We have nearly
shown that (M0,SG(M0)) is a symplectic stratified space. Indeed, by
Theorem 9.13, M0 is quasi-homogeneous and each stratum is equipped
with a canonical symplectic form. Furthermore, as we saw in Theorem
7.77 quasi-homogeneous implies Whitney regular. So the only last piece
of the puzzle is the Poisson bracket. To do this, we need to first endow
C∞(J−1(0))G = C∞(M)G|J−1(0) with a Poisson bracket.

Recall now if M has a single orbit-type, then J−1(0) is a coisotropic
submanifold of M. In particular, this means that if f ∈ C∞(M), then its
Hamiltonian vector field Vf ∈ X(M) is tangent to J−1(0). In particular, for
any f , g ∈ C∞(M) we can define

{ f |J−1(0), g|J−1(0)}J−1(0) := Vf |J−1(0)(g|J−1(0)),

which endows C∞(J−1(0)) with a Poisson structure. In the singular case,
a similar construction will not necessarily work for the entire subcarte-
sian structure C∞(J−1(0)) = C∞(M)|J−1(0), but we can provide a Poisson
bracket to C∞(J−1(0))G. First, we need to establish a relationship between
the manifolds of symmetry and J−1(0).

Lemma 9.16. Let f ∈ C∞(M)G and let S ∈ SG(J−1(0)). Then the Hamiltonian
vector field Vf is tangent to S. In symbols, Vf ∈ X(M, S)G.

Proof. Fix f ∈ C∞(M)G and S ∈ SG(J−1(0)). From the defining equation
of Vf ,

d f = ω(Vf , ·)

and the fact that ω is invariant, it follows that Vf ∈ X(M)G. Now fix x ∈ S,
we will show Vf (x) ∈ TxS.

As we showed in Proposition 2.39, equivariant vector fields are tangent to
the manifolds of symmetry. Thus, if we write K = Gx, then Vf (x) ∈ Tx MK.
Furthermore, by Theorem 9.15, we have

J−1(0) ∩ MK = J−1
K (0)

Observe that for any ξ ∈ nG(K), we have by the equivariance of f that
ξM( f ) = 0. This then implies that Vf |MK(Jξ

K) = 0 for all ξ ∈ nG(K). Thus,
since 0 is a regular value of JK, we obtain that Vf is tangent to J−1

K (0). The
result then follows.
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Corollary 9.17. If f ∈ C∞(M)G, the Hamiltonian vector field of f is tangent
to J−1(0) as a Zariski vector field and the restriction is an equivariant stratified
vector field. In symbols, Vf ∈ X(M, J−1(0))G and Vf |J−1(0) ∈ X(SG(J−1(0)))G.

Recall from Proposition 6.58 that if X is a subcartesian space, Y ⊆ X is a
subspace, and V ∈ X(X, Y), then for any f ∈ C∞(X) we have

V|Y( f |Y) = V( f )|Y.

Using this, we can now define a Poisson bracket on C∞(M)G|J−1(0)

Definition 9.18. Define the Poisson bracket {·, ·}J−1(0) on C∞(M)G|J−1(0)
by

{ f |J−1(0), g|J−1(0)}J−1(0) := Vf (g)|J−1(0),

where f , g ∈ C∞(M)G.

And now, we can finally endow the reduced space with a Poisson
bracket.

Definition 9.19 (Poisson Bracket on Reduced Space). Let f , g ∈ C∞(M0).
Define their Poisson bracket { f , g}0 ∈ C∞(M0) to be the unique function
so that

π∗
0{ f , g}0 = {π∗

0 f , π∗
0 g}J−1(0)

Before we can prove the main result of this section, we need to discuss
the Poisson brackets on the strata of M0.

Proposition 9.20. Let S ∈ SG(J−1(0)) be an orbit-type stratum, πS : S → S/G
the quotient map, and ωS ∈ Ω2(S/G) the unique symplectic form satisfying
π∗

SωS = ω|S. Then, given f ∈ C∞(M)G, we have

(πS)∗(Vf |S) = Vf0 ,

where f0 ∈ C∞(S/G) satisfies π∗
S f0 = f |S and Vf0 ∈ X(S/G) is the Hamilto-

nian vector field of f0 with respect to ωS.

Proof. Fix f ∈ C∞(M)G and let f0 ∈ C∞(S/G) satisfy π∗
S f0 = f |S. First

note that since S is assumed to have only one orbit-type, by Corollary 2.40,
the map

(πS)
∗ : X(S)G → X(S/G)

is surjective. In particular, there exists vector field Ṽ ∈ X(S)G so that
(πS)∗Ṽ = Vf0 . From this, we can easily deduce that

π∗
S(ωS(Vf0 , ·)) = (π∗

SωS)(Ṽ, ·) = ω|S(Ṽ, ·).
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On the other hand, by definition, d f0 = ωS(Vf0 , ·) and thus

π∗
S(ωS(Vf0 , ·)) = π∗

S(d f0) = d f |S.

Using the fact that Vf is tangent to S, we obtain d f |S = ω|S(Vf |S, ·) and
hence we have

ω|S(Ṽ, ·) = ω|S(Vf |S, ·)

Locally extending Ṽ and using the non-degeneracy of ω, we obtain Ṽ =

Vf |S and thus the result follows.

Theorem 9.21. The reduced space (M0,SG(M0), {·, ·}0) is a symplectic strati-
fied space.

Proof. We need to show the inclusions of the strata are Poisson. To do so,
let S ∈ SG(J−1(0)) be a orbit-type stratum, ωS ∈ Ω2(S/G) the induced
symplectic form, and f , g ∈ C∞(M0). Writing {·, ·}S for the Poisson bracket
on C∞(S/G), we show

{ f , g}0|S/G = { f |S/G, g|S/G}S

To do this, let F, G ∈ C∞(M)G satisfy π∗
0 f = F|J−1(0) and π∗

0 g = G|J−1(0). If
we write πS := π0|S, then by Proposition 9.20, we have

π∗
S{ f |S/G, g|S/G}S = π∗

S(Vf |S/G
(g|S/G)) = VF|S(G|S) = {F, G}|S

Conversely, by the definition of the Poisson bracket on M0,

π∗
S{ f , g}0|S/G = (π∗

0{ f , g}0)|S/G = {π∗
0 f , π∗

0 g}J−1(0)|S = {F, G}|S

Hence,
π∗

S{ f |S/G, g|S/G}S = π∗
S({ f , g}0|S/G)

and so, since πS is a surjective submersion, we obtain

{ f |S/G, g|S/G}S = { f , g}0|S/G

which completes the proof.

9.5 hamiltonian modules

Let us now introduce an important class of vector fields on a symplectic
stratified space, called a Hamiltonian Module. These are a distinguished
class of vector fields which contain all the Hamiltonian vector fields,
together with a generating set for the stratified tangent bundle. As dif-
ferential forms are not a well-behaved topic in the subcartesian setting,
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these will allow us to give a “smoothness” criterion to connections of line
bundles later on.

Definition 9.22 (Hamiltonian Module). Let (X, Σ, {·, ·}) be a symplectic
stratified space. A Hamiltonian module is a sub Lie algebra H ⊆ X(Σ)
such that

(1) H contains all Hamiltonian vector fields.

(2) For any stratum S ∈ Σ, x ∈ S, and smooth vector field V ∈ X(S), we
can find a vector field W ∈ H and a neighbourhood U ⊆ X of x so
that

V|U∩S = W|U∩S.

Example 9.23. Suppose (M, π) is a Poisson manifold so that the symplectic
foliation Fπ is a Whitney regular stratification of M. Then, the set of all
smooth vector fields tangent to the leaves X(Fπ) is a Hamiltonian module
of (M, Fπ, {·, ·}).

Example 9.24. Returning now to the Poisson structure

π = r2 ∂

∂x
∧ ∂

∂y

from Example 3.27. The symplectic foliation has two leaves, {0} and
R2 \ {0} and defines a symplectic stratification. And so, one possible
Hamiltonian module would be

X(Fπ) = {V ∈ X(R2) | V0 = 0}.

However, we can produce an even smaller Hamiltonian module by con-
troling the order of vanishing at the origin.

Let V ∈ X(R2). We will say V vanishes to order 2 at 0 in a neighbour-
hood U ⊆ R2 of the origin, we can find a vector field W ∈ X(U) so
that

V|U = r2W.

Define then

H = {V ∈ X(R2) | V vanishes to order 2 at the origin}.

I claim H is a Hamiltonian module. Indeed, any f ∈ C∞(R2), the Hamil-
tonian vector field Vf is given by

Vf = r2 ∂ f
∂y

∂

∂x
− r2 ∂ f

∂x
∂

∂y
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Thus, Vf = r2Vcan
f , where Vcan

f ∈ X(R2) is the Hamiltonian vector field
with respect to the canonical symplectic form on R2. Next given any vector
field W ∈ X(R2 \ {0}) and x ∈ R2 \ {0}, using bump functions we can
find open neighbourhoods A ⊂ B ⊆ R2 \ {0} of x and a vector field
V ∈ X(R2) such that

V|A = W|A
and so that V|R2\B = 0. By definition, V ∈ H as it vanishes to order ∞ at
0. Thus, H is a Hamiltonian module.

For all that follows, we let G be a connected Lie group, J : (M, ω) → g∗

a proper Hamiltonian G-space, and (L,∇) → (M, ω) an equivariant
prequantum line bundle. We will be showing in this section that L induces
a stratified prequantum line bundle on the singular reduced space M0 =

J−1(0)/G. To do this, we first need to construct the Hamiltonian module.
Recall that we saw in Corollary 9.17 the Hamiltonian vector fields of
equivariant functions on M were tangent to the strata of J−1(0). This result
can be somewhat generalized.

Proposition 9.25. Let V ∈ X(M, J−1(0))G, then V|J−1(0) ∈ X(SG(J−1(0))G.

Proof. Let V ∈ X(M, J−1(0))G and let K ≤ G be a compact subgroup. Since
V is G-invariant, we have V|MK ∈ X(MK). So we just need to show that
V|MK is tangent to J−1(0) ∩ MK. Observe that from Theorem 9.15 that

J−1(0) ∩ MK = J−1
K (0),

where JK : MK → (nG(K)/k)∗ is the induced momentum map from the
free NG(K)/K action on MK. Since the action of NG(K)/K on MK is free,
it follows that for any x ∈ J−1

K (0) we have

Tx J−1
K (0) = ker(Tx JK).

In particular, V|MK is tangent to J−1
K (0) if and only if V|MK JK along J−1

K (0).
This follows immediately from the fact that V J = 0 along J−1(0) and that
J|MK = JK. Hence the result.

Corollary 9.26. The equivariant Zariski vector fields on J−1(0) coincide with
the equivariant stratified vector fields. That is, X(J−1(0))G = X(SG(J−1(0)))G.

Proof. Fix V ∈ X(J−1(0))G. Then since J−1(0) is closed, we can extend
V to a vector field W ∈ X(M). After averaging, we may assume W ∈
X(M)G. By assumption W|J−1(0) = V. Hence, by Proposition 9.25, V ∈
X(SG(J−1(0)))G. The reverse inclusion is obvious.
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So we see that equivariant Zariski vector fields tangent to J−1(0) must
be tangent to the strata of J−1(0) themselves. This is somewhat expected
since equivariant vector fields on all of M must themselves be tangent to
the orbit-type strata. This now provides us with a natural class of vector
fields to push down to the stratified quotient.

Proposition 9.27. Suppose V ∈ X(J−1(0))G and π : J−1(0) → M0 the
quotient map, then the fibrewise pushforward π∗V defines a stratified vector field
on M0.

Proof. Fix V ∈ X(J−1(0))G. Since V is G-invariant, we have (π0)∗V ∈
X(M0). Furthermore, by Corollary 9.26, V is tangent to the strata. Hence,
if S ∈ SG(J−1(0)) is an orbit-type stratum, we have

(π0|S)∗(V|S) ∈ X(S/G).

Now I claim that (π0)∗V is also stratified and that

(π0)∗V|S/G = (π0|S)∗(V|S) (9.3)

First, let us suppose f ∈ C∞(M0) satisfies f |S/G = 0. Lifting f to F ∈
C∞(J−1(0))G we see that F|S = 0. Hence, for any x ∈ S we have

Txπ0(V) f = Vx(π
∗
0 f ) = Vx(F) = 0.

Thus, (π0)∗V ∈ X(SG(M0)). Now to show Equation 9.3. Let f ∈ C∞(S/G)

be a smooth function and let F ∈ C∞(S)G be a lift. Observe that

((π0)∗V)|S/G( f |S/G) = V|S(π∗
0 f |S/G)

= V|S(F|S)

Furthermore,

(π0|S)∗(V|S)( f |S/G) = V|S((π0|S)∗ f |S/G)

= (V|S)(F|S)

These two expressions are equal and so equality in Equation 9.3 holds.

Due to the constructions above, we get a natural map

π∗ : X(M, J−1(0))G → X(SG(M0)) (9.4)

given by restricting a vector field to J−1(0), then pushing it forward as in
Proposition 9.27.
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Lemma 9.28. Let f ∈ C∞(M)G be an invariant smooth function. Then under
the map in Equation 9.4, we have

π∗(Vf ) = Vf0 ,

where f0 ∈ C∞(M0) is the unique smooth function so that

π∗
0 f0 = f |J−1(0).

Proof. Apply Proposition 9.20 stratum-wise.

Definition 9.29 (Hamiltonian Module for Singular Reduction). Define the
Hamiltonian module HG(M0) for M0 to be the image of the map π∗ in
Equation 9.4. We will call elements of π∗ liftable stratified vector fields.

Remark 9.30. In an earlier version of this thesis, I had a faulty proof that
X(SG(M0)) = HG(M0). I still believe that this is true, and my original
proof goes through in the case that M0 is a manifold with corners. For more
general quotients like the ones being considered in this thesis, perhaps
other arguments need to be put forward.

Theorem 9.31. HG(M0) in Definition 9.29 is indeed a Hamiltonian module.

Proof. By Lemma 9.28, the Hamiltonian vector fields of M0 lie in H(M0).
So we only have to show now that vector fields of the strata of M0 admit
extensions to elements of H(M0). Let S ∈ SG(J−1(0)) be an orbit type
stratum and V ∈ X(S/G) a compactly supported vector field. Then we
can find an invariant lift W ∈ X(S)G. Fix x ∈ S so that π(x) lies in
the support of V. Since J−1(0) is smoothly locally trivial, we can find
an open neighbourhood U ⊆ M of x and a diffeomorphism to an open
neighbourhood Ω ⊆ Rn × Rm around (0, 0)

ϕ : U → Ω ⊆ Rn × Rm

such that ϕ(x) = (0, 0), ϕ(U ∩ S) = Ω ∩ (Rn × {0}) and, if S ⊆ R, then
ϕ(U ∩ R) = Ω ∩ (Rn × L), where L ⊆ Rm \ {0} is a submanifold. We can
then push W forward to Ω ∩ (Rn × {0}) by ϕ. The image of W by ϕ can
then be trivially extended to all of Ω by declaring

(ϕ∗W)(x,y) = (ϕ∗W)(x,0) ∈ T(x,y)R
n × Rm.

Pushing back to Ω, we have then extended W. Thus, in a neighbourhood of
any point x ∈ S, we can extend the invariant lift W to a neighbourhood of
x in M, which remains tangent to the strata of J−1(0). Using an invariant
bump function, we can, after possibly shrinking U, obtain a G-invariant
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vector field W ∈ X(M, J−1(0))G with π∗(W|U∩S) = V|(U∩S)/G. Hence the
claim.

9.6 singular reduction of cotangent bundles

In Section 3.6, we discussed in great detail the symplectic reduction of
cotangent bundles in the case where the base manifold has only one orbit-
type. We now would like to generalize that discussion to the arbitrary case.
This discussion is based on the work found in [PROSD07].

For all that follows, let G be a connected Lie group, Q a proper G-space
and J : T∗Q → Q the Hamiltonian lift to the cotangent bundle. Write

• τQ : T∗Q → Q for the bundle projection map.

• θQ ∈ Ω1(T∗Q) for the Liouville 1-form and ωQ = −dθQ for the
canonical symplectic form.

Recall that for any α ∈ T∗Q, we define J(α) ∈ g∗ by the pairing

⟨J(α), ξ⟩ = ⟨α, ξQ(τ(α))⟩,

where ξQ ∈ X(Q) is the fundamental vector field associated to ξ ∈ g∗. In
particular, since the fundamental vector fields span the tangent spaces to
the orbits on Q, we have

J−1(0) =
⊔

q∈Q

(Tq(G · q))◦.

Hence, J−1(0) is a pseudobundle over Q. Note that since the orbit-type
strata of Q are saturated by G-orbits of the same dimension, it follows that
for each orbit-type stratum S ∈ SG(Q), the restriction J−1(0)|S → S is a
G-equivariant vector bundle. Hence, J−1(0) can be partitioned canonically
into equivariant smooth vector bundles

J−1(0) =
⋃

S∈SG(Q)

J−1(0)|S.

However, it should be noted that despite the fact that this is a G-invariant
partition of J−1(0) into embedded submanifolds, this is not the orbit-type
stratification of J−1(0). Indeed, consider the following example.
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Example 9.32. Consider the canonical action of S1 on R2 by rotations
about the origin. Identifying R2 = C, this action is simply multiplication
by elements of S1:

S1 × R2 → R2; (eit, x) 7→ eitx.

Let J : T∗R2 → R be the Hamiltonian lift of this action. Using the canonical
trivialization T∗R2 = R2 × R2, the S1 action becomes

eit · (x, y) = (eitx, eity)

and the moment map becomes

J(x, y) = x1y2 − x2y1.

where x = (x1, x2) and y = (y1, y2). Its easy to see that the orbit-type
stratification of the base R2 is given by

SS1(R2) = {{0}, R2 \ {0}}

Given the description of the moment map, we see that restricting J−1(0)
to the stratum {0} ⊆ R2 is

J−1(0)|{0} = {0} × R2.

Clearly J−1(0)|{0} is equivariantly isomorphic to R2 and hence can be
further subdivided into strata.

To obtain a nice description of the orbit-type stratification of J−1(0), let
us introduce another pseudobundle.

Definition 9.33 (Conormal Bundle). Define the Conormal Bundle to the or-
bit type stratification SG(Q) on the base manifold to be the pseudobundle
ν∗(SG(Q)) defined fibre-wise by

ν∗q (SG(Q)) :=
⋃

q∈Q

(TqSG(Q))◦ ⊆ T∗Q.

Write ν∗(S) := ν∗(SG(Q))|S for any stratum S ∈ SG(Q) and call ν∗(S) the
conormal bundle to S.

It’s easy to see that if S ∈ SG(Q) is an orbit-type stratum, then ν∗(S) is
a G-equivariant vector bundle over S and hence admits its own orbit-type
stratification SG(ν

∗(S)). Let us now look at the local structure of both
J−1(0) and ν∗(SG(Q)).
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Recall the Slice Theorem (Theorem 2.13), for any q ∈ Q with Gq = K,
there is a G-equivariant diffeomorphism between a neighbourhood of q
and a neighbourhood of [e, 0] in G ×K V for V = νq(Q, G). As we saw in
Example 2.30, the cotangent bundle of slice neighbourhoods has the form

T∗(G ×K V) = G ×K (V × k◦ × V∗)

As we saw in Proposition 2.11, if S ∈ SG(Q) is the unique orbit-type
stratum containing q, then in this neighbourhood, S becomes identified
with G ×K VK. Thus, we have

T∗Q|S = G ×K (VK × k◦ × V∗)

and
T∗S = G ×K (VK × k◦ × (VK)∗)

Thus the canonical projection T∗Q|S → T∗S is induced by the canonical
projection V∗ → (VK)∗ coming from the inclusion VK ↪→ V∗. Therefore,
in this neighbourhood, we have

ν∗(S) = G ×K (VK × {0} × (VK)◦). (9.5)

Proposition 9.34. Let S ∈ SG(Q) be an orbit-type stratum and τ : ν∗(S) → S
the conormal bundle. Suppose S ⊆ Q(K) for some compact K ≤ G.

(1) The orbit-type ν∗(S)(K) is the image of the zero section S ↪→ ν∗(S).

(2) If R ∈ SG(ν
∗(S)) is an orbit-type stratum, then R ⊆ ν∗(S)(H) for some

compact subgroup H ≤ K. Furthermore, the restriction of the projection
τ : ν∗(S) → S induces a G-equivariant fibre bundle τ|R : R → S.

Proof. (1) This follows from Equation 9.5. Indeed, the canonical projec-
tion V∗ → (VK)∗ restricts to a linear isomorphism (V∗)K → (VK)∗.
Hence, the fixed-point set of the annihilator (VK)◦ under the action
of K is just the origin. In particular,

ν∗(S)(K) = G ×K (VK × {0} × ((VK)◦)K) = G ×K (VK × {0} × {0})

hence is the zero section.

(2) Since the projection τ : ν∗(S) → S is equivariant, we must have
Gα ⊆ Gτ(α) for any α ∈ ν∗(S). Thus, it follows if R ⊆ SG(ν

∗(S)) is
an orbit-type stratum, then R ⊆ ν∗(S)(H) for some subgroup H ≤ K.
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In the local form in Equation 9.5, we have

ν∗(S)(H) = G ×K (VK × {0} × (VK)◦(H))

The restriction of the projection τ : ν∗(S) → S locally has the form

G ×K (VK × {0} × (VK)◦(H)) → G ×K VK; [g, v, 0, λ] 7→ [g, v]

Hence, restricting to connected components, we trivially get a G-
equivariant fibre bundle over S.

Lemma 9.35. Suppose Q is equipped with a G-invariant metric and let ιS :
T∗S ↪→ T∗Q|S be the induced splitting of the short exact sequence

0 → ν∗(S) → T∗Q|S → T∗S → 0.

Writing JS : T∗S → S for the Hamiltonian lift of the G-action on S, we have the
following.

(1) ι∗SθQ = θS, where θS ∈ Ω1(T∗S) is the Liouville 1-form.

(2) The diagram commutes.

T∗S g∗

T∗Q

JS

ιS
J

Proof. (1) Let x ∈ S, α ∈ T∗
x S, and v ∈ Tα(T∗S). Writing τS : T∗S → S

recall that
θS(v) = ⟨α, (τS)∗v⟩.

Now, we have

ι∗SθQ(v) = θQ((ιS)∗v) = ⟨ιS(α), (τQ)∗(ιS)∗v⟩

Clearly τQ ◦ ιS = τS and hence

⟨ιS(α), (τQ)∗(ιS)∗v⟩ = ⟨ιS(α), (τS)∗v⟩.

By definition of the splitting, since (τS)∗v ∈ TS, we have

⟨ιS(α), (τS)∗v⟩ = ⟨α, (τS)∗v⟩

Hence the result.



9.6 singular reduction of cotangent bundles 233

(2) Similar to (1).

Thus, if we define

T∗SG(Q) :=
⋃

S∈SG(Q)

ιS(T∗S)

we get the following.

Proposition 9.36. Suppose Q has a G-invariant Riemannian metric. Then,
T∗Q = T∗SG(Q)⊕ ν∗(SG(Q)). That is, for each stratum S ∈ SG(Q),

T∗Q|S = ιS(T∗S)⊕ ν∗(S).

Furthermore,
J−1(0)|S = J−1

S (0)⊕ ν∗(S)

Proof. Follows from the definition of ιS and Lemma 9.35.

Now that we have these results in hand, we can state the following
Theorem.

Theorem 9.37 ([PROSD07]). For every orbit-type stratum S ∈ SG(Q) there
exists unique orbit-type stratum ZS ∈ SG(J−1(0)) with the following properties.

(1) If τ : T∗Q → Q is the bundle projection, then τ(ZS) = S. Furthermore,

τ|ZS : ZS → S

is an open G-invariant surjective map.

(2) For each S, R ∈ SG(Q) with S ≤ R, there exists orbit-type stratum
CR

S ∈ SG(ν
∗(S)) so that

ZR|S = J−1
S (0)⊕ CR

S

with CR
R ⊆ ν∗(R) being the image of the zero section.

(3) The map
SG(Q) → SG(J−1(0)); S 7→ ZS

is a bijection.

Corollary 9.38. Let S ∈ SG(Q) be an orbit-type stratum of the base and ZS ∈
SG(J−1(0)) the corresponding stratum in Theorem 9.37. Then J−1

S (0) ⊆ ZS as
an open dense set.
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Proof. Since S is an open dense set in its closure S, it follows from (1) that
ZS|S ⊆ ZS is an open dense set. From (2), ZS|S = J−1

S (0)⊕ {0}. Hence the
result.

Now we would like to get a description of the reduced space. As
we already know from Theorem 3.61, given an orbit-type stratum S ∈
SG(Q), the reduced space J−1

S (0)/G is canonically symplectomorphic to
the cotangent bundle T∗(S/G). Since J−1

S (0) ⊆ ZS as an open dense set,
we deduce the following.

Lemma 9.39. Let S ∈ SG(Q) be an orbit-type stratum and consider the canonical
embedding ϕ : T∗(S/G) ↪→ ZS/G induced by the canonical symplectomorphism
T∗(S/G) ∼= J−1

S (0)/G. Then there is a 1-form αS ∈ Ω1(ZS) satisfying the
following.

(1) (π0|ZS)
∗αS = θQ|ZS .

(2) dαS = −ωZS/G where ωZS/G ∈ Ω2(ZS/G) is the canonical symplectic
form coming from singular reduction.

(3) ϕ∗αS = θS/G, where θS/G ∈ Ω1(T∗(S/G)) is the Liouville 1-form.

Proof. (1) θQ|ZS is equivariant and vanishes on the G-orbits contained in
ZS. Hence, it immediately follows that θQ|ZS is basic. Hence, there
exists αS ∈ Ω1(ZS/G) so that

(π0|ZS)
∗αS = θQ|ZS

(2) Observe that (π0|ZS)
∗dαS = dθQ|ZS = −ωQ|ZS . ωZS/G is the unique

2-form satisfying (π0|ZS)
∗ωZS/G = ωQ|ZS hence it follows.

(3) Write τS : T∗S → S for the bundle map and πS : S → S/G for
the quotient. Recall that the symplectomorphism ϕ : T∗(S/G) →
J−1
S (0)/G was induced by the canonical map

ϕ̃ : π−1
S T∗(S/G) → J−1

S (0)

given by dualizing the derivative map Tπ : TS → π−1
S T(S/G).

Furthermore, recall from Lemma 3.60 that

π−1
S T∗(S/G) ⊆ S × T∗(S/G)

and that we showed ϕ̃∗θS = pr∗2θS/G, where θS ∈ Ω1(T∗S) is the
Liouville 1-form. Applying (1) then finishes the proof.
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Thus, for each stratum S ∈ SG(Q), the corresponding canonical stratum
ZS/G ∈ SG((T∗Q)0) contains the cotangent bundle T∗(S/G) as an open
dense set. Unless S is a minimal stratum, ZS/G will have more structure.

Theorem 9.40 ([PROSD07]). Fix an orbit-type strata S, R ∈ SG(M) satisfying
R < S. Then (ZS|R)/G is coisotropic in ZS/G.



10
S I N G U L A R R E D U C T I O N O F
P R E Q UA N T U M L I N E
B U N D L E S

This chapter is dedicated to developing an elementary theory of stratified
prequantum line bundles. Sniatycki [Śn13] laid much of the groundwork
for this chapter, although my work will differ from his in imposing a
smoothness condition of the prequantum connection.

10.1 stratified prequantum line bundles

We now define a prequantum line bundle over a symplectic stratified
space. There is a natural definition that we could do as a generalization of
prequantum line bundles of Poisson manifolds given by Vaisman [Vai91].
The only technical issue we unfortunately have to deal with is that we
won’t be able to to use every vector field when defining the prequantum
connection. So, we will have to restrict ourselves to using Hamiltonian
modules.

Definition 10.1 (Stratified Prequantum Line Bundle). Let (X, Σ, {·, ·}) be
a stratified symplectic space and H ⊆ X(X) a Hamiltonian module. A H
prequantum line bundle consists of a triple (L,∇, {∇S}S∈Σ) where

(i) L → X is a differentiable complex line bundle.

(ii) ∇ : TΣ × Γ(L) → L is a bilinear mapping such that for any v ∈ TxΣ,
f ∈ C∞(X, C), and σ ∈ Γ(L) we have

∇v( f σ) = v( f )σ(x) + f (x)∇vσ

(iii) ∇S is a prequantum connection on L|S → S for each stratum S ∈ Σ

Satisfying

(1) For any V ∈ H and σ ∈ Γ(L), the map

∇Vσ : X → L; 7→ ∇Vx σ

is an element of Γ(L).

236
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(2) For every σ ∈ Γ(L) and f , g ∈ C∞(X) we have

[∇Vf ,∇Vg ]σ −∇V{ f ,g}σ = −i{ f , g}σ

(3) If S ∈ Σ is a stratum, V ∈ H(Σ), then

(∇Vσ)|S = ∇S
V|S(σ|S).

Example 10.2. If (M, ω) is a symplectic manifold and Σ a stratification of
M by symplectic submanifolds, then a stratified prequantum line bundle
over (M, Σ, {·, ·}) is the same thing as a usual prequantum line bundle.

Example 10.3. Somewhere we could get potentially new and interesting is
with Poisson manifolds where the symplectic foliation defines a stratifi-
cation. Here the definition appears similar to that of a prequantum line
bundle of a Poisson manifold as in [Vai91], but there a prequantum line
bundle need not quantize each symplectic leaf.

Example 10.4. Let

πcan =
∂

∂x
∧ ∂

∂y

be the canonical symplectic Poisson structure on R2 and let π = r2πcan

as in Example 3.27. As we saw in Example 9.3, the symplectic foliation
Fπ = {{0}, R2 \ {0}} is a symplectic stratification of R2 and in Example
9.24 the set of vector fields H vanishing to order 2 at the origin defines a
Hamiltonian module. Let us now use this module to define a prequantum
line bundle.

Let (r, θ) be polar coordinates on R2 defined by

x = r cos(θ)

y = r sin(θ)

On the stratum S = R2 \ {0}, let dθ ∈ Ω1(S) be the 1-form defined by

dθ =
−ydx + xdy

r2 .

Observe that on S, we have

d
(

r2

2
dθ) = rdr ∧ dθ = dx ∧ dy = ωcan,
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the canonical symplectic form on R2. In Example 3.27 we saw that the
symplectic form ωS on S induced by π has the form

ωS =
ωcan

r2 =
dr ∧ dθ

r

Thus, we may define primitive αS ∈ Ω1(S) by

αS = ln(r)dθ.

With this set-up we can now define the prequantum line bundle.

Let L = R2 × C and identify Γ(L) = C∞(R2, C). Define map

∇ : H× C∞(R2, C) → C

by

∇v f =

{
0, v ∈ T0Fπ

v( f ) + iα(v) f (x), v ∈ TxS

for f ∈ C∞(R2, C). We can readily see that ∇ induces prequantum con-
nections on each of the strata. It also pairs smoothly with elements of the
Hamiltonian module. Indeed, if V ∈ H, then by definition, there exists a
neighbourhood U ⊆ R2 of the origin and a vector field W ∈ X(U) so that

V|U = r2W|U .

Thus, over U \ {0}, we have

∇V f = V( f ) + iα(V) f

Observe that

α(V) = α(r2W) = r2 ln(r)dθ(W) = ln(r)(−ydx(W) + xdy(W))

Writing

W = Wx
∂

∂x
+ Wy

∂

∂y

we then obtain that

α(V) = ln(r)(−yWx + xWy)

Using that x = r cos(θ) and y = r sin(θ), we can then show that

lim
r→0+

ln(r)(−yWx + xWy) = 0.
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In particular, it follows that α(V) can be smoothly extended to the origin
by 0. In particular, ∇V f can be smoothly extended to the origin by 0.
Hence, ∇V f ∈ C∞(R2, C).

Now just as with usual prequantum line bundles, we get a prequantum
operator here as follows. Fix f ∈ C∞(X, C) and define

Qpre( f ) : Γ(L) → Γ(L); σ 7→ −i∇Vf σ + f σ. (10.1)

Proposition 10.5. The prequantum operator in Equation 10.1 satisfies the fol-
lowing properties.

(1) Qpre(1X) = id Γ(L), where 1X ∈ C∞(X) is the constant 1 function.

(2) If f , g ∈ C∞(X), then

i[Qpre( f ),Qpre(g)] = Qpre({ f , g}).

Proof. (1) First, observe that V1X = 0. Indeed, taking any f ∈ C∞(X) we
have

{1X, f } = {1X · 1X, f } = 2{1x, f }

which implies {1x, f } = 0 and hence V1x = 0. Thus, since ∇V1x
is

defined point-wise, it follows that ∇V1x
= 0. Thus, for any section

σ ∈ Γ(L) we have

Qpre(1X)σ = −i∇V1X
+ 1Xσ = σ.

(2) Identical proof to Proposition 5.7.

A final property of stratified prequantum line bundles is that we can
glue together the various prequantum connections on each stratum to
get a map differentiable map between the complexified stratified tangent
bundle and the prequantum line bundle.

Proposition 10.6. For each stratum S ∈ Σ and σ ∈ Γ(L), we get a smooth map
of complex vector bundles

∇Sσ : TCS → L; v 7→ ∇S
vσ

These piece together to a (not necessarily differentiable) map of complex pseudo
bundles

∇σ : TCΣ → L (10.2)

defined by
∇σ|TCS = ∇Sσ.
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Proof. The first statement is simply Corollary 5.11 applied to each stratum.

Remark 10.7. I suspect the map in Equation 10.2 actually is differentiable,
but my attempts to prove it thus far have proven fruitless.

10.2 the singular reduction of prequantum line bundles

We now show that if a prequantum line bundle is generated by its equiv-
ariant sections, then it descends to a stratified prequantum line bundle
over the singular reduced space. Let us now fix a connected Lie group
G, a proper Hamiltonian G-space J : (M, ω) → g∗, and an equivariant
prequantum line bundle (L,∇) → (M, ω). Using ideas from Section 5.3,
we can produce singular versions of the prequantum line bundle reduction
of Guillemin and Sternberg.

Proposition 10.8. Suppose (L,∇) is equivariantly generated over J−1(0). That
is, the map

J−1(0)× Γ(L)G → L|J−1(0); (x, σ) 7→ σ(x)

is surjective. Then

(i) L0 := (L|J−1(0))/G is naturally a differentiable complex line bundle over
J−1(0)/G.

(ii) The projection πL : L|J−1(0) → L0 induces a bijection

(πL)! : Γ(L|J−1(0))
G → Γ(L0).

(iii) The map
κ : Γ(L)G → Γ(L0); σ 7→ (πL)!(σ|J−1(0))

is a surjection.

Proof. Each of these statements are just special cases of Theorem 8.21.

We will now attempt use κ to define a prequantum connection on
L0. Namely, given an equivariant section σ ∈ Γ(L)G and a stratified
tangent vector v ∈ TSG(J−1(0)), the projection (π0)∗v ∈ TSG(M0) and
κ(σ) ∈ Γ(L0). Hence, we would like to define

∇0
(π0)∗vκ(σ) := πL(∇vσ). (10.3)

Working stratum-by-stratum and applying Theorem 5.22 from the non-
singular case, we prove the following.
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Lemma 10.9 ([Śn13]). Equation 10.3 gives a well-defined map

∇0 : TSG(M0)× Γ(L0) → L0; (v, σ) 7→ ∇0
vσ.

Recall that we define the Hamiltonian module of the singular quantiza-
tion H(M0) to be the image of the map

π∗ : X(M, J−1(0))G → X(SG(M0))

given by restricting vector fields to J−1(0), then point-wise differentiating.
We would now like to show that for any V ∈ H(M0) and section σ ∈ Γ(L0),
that the natural pairing ∇0

Vσ is a smooth section of L0). First, we need a
Lemma.

Lemma 10.10. Suppose (L,∇) is equivariantly generated over J−1(0). Fix
σ1, σ2 ∈ Γ(L)G and V1, V2 ∈ X(M, J−1(0))G. If

π∗(V1) = π∗(V2) and σ1|J−1(0) = σ2|J−1(0),

then
∇V1 σ1|J−1(0) = ∇V2 σ2|J−1(0).

Proof. Utilizing a similar trick as in Lemma 5.19, we have

∇V1 σ1 −∇V2 σ2 = ∇V1−V2 σ1 +∇V2(σ1 − σ2).

Since X(M, J−1(0))G and Γ(L)G are C∞(M)G modules, it suffices to show

∇Vσ|J−1(0) = 0

for all V ∈ X(M, J−1(0))G and σ ∈ Γ(L)G whenever π∗(V) = 0 or
σ|J−1(0) = 0. Working stratum-by-stratum, this reduces to the proof Theo-
rem of part (i) of 5.24.

Corollary 10.11. Given any vector fields V ∈ H(M0) and any section σ ∈
Γ(L0), the pairing ∇0

Vσ is a smooth section. More specifically, if W ∈ X(M, J−1(0))G

and τ ∈ Γ(L)G satisfy π∗W = V and κ(τ) = σ, then

∇0
Vσ = κ(∇Wτ).

Proof. Fixing V, W, σ, τ as in the statement, let x ∈ J−1(0) and [x] ∈ M0 its
image under the quotient map. Then, by Lemma 10.9

∇0
V[x]

σ = πL(∇Wx τ)

By definition, κ(∇Wτ)([x]) = πL(∇Wx τ)
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Corollary 10.12. Given any two functions f , g ∈ C∞(M0) and any section
σ ∈ Γ(L0) we have

[∇0
Vf

,∇0
Vg
]σ −∇0

V{ f ,g}0
= −i{ f , g}0σ.

Proof. Let F, G ∈ C∞(M)G be lifts of f and g and τ ∈ Γ(L)G be a lift of σ.
Note that π∗VF = Vf and π∗VG = Vg. Hence, successive applications of
Corollary 10.11 yields

∇0
Vf
(∇0

Vg
σ) = ∇0

Vf
κ(∇VG τ) = κ(∇VF∇VG τ)

Thus,

[∇0
Vf

,∇0
Vg
]σ −∇0

V{ f ,g}0
= κ([∇VF ,∇VG ]τ − κ(∇V{F,G}τ)

= κ(−i{F, G}τ)

Note for any x ∈ J−1(0), if [x] ∈ M0 is its image under the quotient map
π0 : J−1(0) → M0, then by the fibre-wise linearity of πL and the definition
of the Poisson bracekt on M0, we obtain

κ(−i{F, G}τ)([x]) = πL(−i{F, G}(x)τ(x))

= −i{F|J−1(0), G|J−1(0)}J−1(0)(x)πL(τ(x))

= −i{ f , g}0σ(x)

Hence the result.

Now we need to establish the stratum-wise prequantum line bundles.

Proposition 10.13. Let K ≤ G be a compact subgroup and let MK denote
the manifold of symmetry. Let NG(K) ≤ G for the normalizer subgroup of K,
nG(K) = Lie(NG(K)) for its Lie algebra, and write

JK : MK → nG(K)∗

for the induced Hamiltonian free Hamiltonian NG(K)-space structure. Then
L|MK → MK is is canonically an equivariantly generated NG(K)-equivariant
prequantum line bundle over J−1

K (0).

Proof. Since MK is a symplectic submanifold, the restriction L|MK → MK

is automatically a prequantum line bundle. Since L is G-equivariant, it
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automatically follows that L|MK is NG(K) equivariant. Finally, to show
L|MK is equivariantly generated over J−1

K (0), let x ∈ J)K−1(0). Then,

(L|Mk)
NG(K)x
x = LNG(K)x

x = LK
x = Lx.

Hence the result.

Corollary 10.14. Suppose (L,∇) is equivariantly generated over J−1(0) and
S ∈ SG(J−1(0)) be an orbit-type stratum, then (L|S)/G → S/G is canonically
a prequantum line bundle over S/G with prequantum connection ∇S satisfying

π−1
0 ∇S = ∇|S.

Proof. By Proposition 10.13, L0 = (L|J−1(0))/G is a differentiable complex
line bundle over J−1(0). In particular, this implies the restriction to S/G,
L0|S/G = (L|S)/G is a smooth complex line bundle over S/G. Using
nearly the exact same proof as in Theorem 5.24 part (ii), we can easily
show that ∇|S induces a connection ∇S on L0 which satisfies

π−1
0 ∇S = ∇|S.

To show ∇S is prequantum, fix x ∈ S and write K = Gx. Then by Theorem
9.15, the map

J−1
K (0) ↪→ S

induces a symplectomorphism

(MK)0 = J−1
K (0)/NG(K) → S/G. (10.4)

By Proposition 10.13, L|MK → MK is equivariantly generated over J−1
K (0)

and hence by Theorem 5.24,

(L|MK)0 := (L|J−1
K (0))/NG(K)

is canonically a complex line bundle over (MK)0 with prequantum con-
nection ∇K satisfying

π−1
K ∇K = ∇|J−1

K (0),

where πK : J−1
K (0) → (MK)0 is the quotient map. It’s then a straightfor-

ward matter of chasing diagrams to show the map of line bundles

L|J−1
K (0) → L|S
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induces an isomorphism of line bundles

(L|MK)0 → L0|S/G

and that the pullback of ∇S under this map is the same as ∇K. The result
then follows.

Theorem 10.15. Suppose (L,∇) is an equivariantly generated prequantum line
bundle over J−1(0) and let

L0 := (L|J−1(0))/G.

Then there exists a canonical HG(M0)-connection ∇0 and prequantum connec-
tions ∇S on each L|S → S, S ∈ SG(M0), such that (L0,∇0, {∇S}S∈SG(M0)) is
a stratified prequantum line bundle over M0.

Proof. Apply Theorem 9.31 and Corollary 10.14.

Example 10.16. Just like the non-singular case, the reduction of prequan-
tum line bundles over cotangent bundles is particularly clear. Let G be a
connected Lie group, Q a proper G-space, and J : T∗Q → g∗ the Hamilto-
nian lift. Writing θQ ∈ Ω1(T∗Q) for the Liouville 1-form, the trivial bundle
L = T∗Q × C together with the connection ∇ = L − iθQ is an equivariant
prequantum line bundle over T∗Q. Since G only acts on the first factor of
L, it trivially follows that L is singularly reducible. Indeed, we have

L0 = (L|J−1(0))/G = (T∗Q)0 × C.

Now, recall from Theorem 9.37 that if S ∈ SG(Q) is an orbit-type
stratum of Q then there is a unique orbit-type stratum ZS ∈ SG(J−1(0))
which contains J−1

S (0) as an open dense set, where JS : T∗S → g∗ is the
Hamiltonian lift of the G action on S. Furthermore, we recall that the
quotient ZS/G has a canonical 1-form αS ∈ Ω1(ZS/G) so that dαS = −ωS,
where ωS ∈ Ω2(ZS/G) is the reduced symplectic form and so that

(π0|ZS)
∗αS = θQ|ZS

for the reduction map π0 : J−1(0) → (T∗Q)0. It then follows immedi-
ately that the reduced prequantum connection ∇0 on L0 restricts to the
prequantum connection

∇0 = L − iαS

on ZS/G.
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As a final remark, I would like to speculate on future work. Let gJ−1(0) ⊆
TSG(J−1(0)) be the subbundle of the stratified tangent bundle with fi-
bres given by tangent spaces to orbits. It’s straightforward to show that
π∗ : TSG(J−1(0)) → TSG(M0) induces a differentiable equivariant map
between pseudo bundles

π∗ : TSG(J−1(0))/gJ−1(0) → TSG(M0)

which is an isomorphism on each fibre. Taking by a quotient by G, we get
a map

π∗ : (TSG(J−1(0))/gJ−1(0))/G → TSG(M0). (10.5)

I conjecture that this map is in fact an isomorphism. If this is the case, then
we see that we can extend ∇0 to all stratified vector fields.

Corollary 10.17. Suppose the map in Equation 10.5 is an isomorphism of pseudo
bundles. Then for each σ ∈ Γ(L0), then map

∇σ : TCSG(M0) → L0

as in Proposition 10.6 is a differentiable map of complex pseudo bundles. Hence,
∇ can be extended to a full connection

∇ : X(SG(M0))× Γ(L0) → Γ(L0).

10.3 singular reduction of prequantum line bundles over

toric manifolds

Recall the construction of a prequantum line bundle on a toric manifold
from Section 5.4.2. Let ∆ ⊆ Rn be a Delzant polytope defined by

∆ = {x ∈ Rn | ⟨x, vi⟩ ≥ λi},

where v1, . . . , vN ∈ Rn are the vertices and let

J : CN → RN ; (z1, . . . , zN) 7→
1
2
(|z1|2, . . . , |zn|2)− λ,

where λ = (λ1, . . . , λN). As we saw, CN together with J and the canonical
TN action is a Hamiltonian TN-space. Further recall that if we let k ⊆ RN

be the kernel of the linear map

RN → Rn; ei 7→ vi, (10.6)
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ι : k ↪→ RN the inclusion, and K = exp(k) ⊆ TN , then M∆ = (ι∗ ◦
J)−1(0)/K is canonically a Hamiltonian TN space with an induced effective
Tn action via the homomorphism TN → Tn induced by Equation 10.6. For
our own convenience, we will be viewing M∆ as a Hamiltonian TN space.

As for the prequantum line bundle, recall that CN has a canonical TN

equivariant prequantum line bundle (Lcan,∇can) → CN , where

Lcan = CN × C

and

∇can = d + i
N

∑
j=1

r2
j

2
dθj

where (rj, θj) are polar coordinates. As we saw, if both λ and ι∗(λ) are
integral, then we can equip Lcan with a TN action via the homomorphism

ρ : TN → S1; (eiθ1 , . . . , eiθN ) 7→ e−i⟨λ,(θ1,...,θN)⟩ (10.7)

With this action, (Lcan,∇can) is reducible over J−1(0) and hence induces a
prequantum line bundle

L∆ := (Lcan|(ι∗◦J)−1(0))/K

over M∆ with prequantum connection ∇∆. This is a TN-equivariant (and
hence Tn-equivariant) prequantum line bundle. Similar to our discussion
of M∆, we will be viewing L∆ as a TN-equivariant prequantum line bundle
for reasons of convenience.

Given that (L∆,∇∆) → M∆ is TN-equivariant, it automatically follows
that it is also H-equivariant for any subgroup H ≤ TN . That is, if we fix
H ≤ TN and let

J∆,H : M∆ → h∗ (10.8)

be the induced moment map, then (L∆,∇∆) → M∆ is an H-equivariant
prequantum line bundle. We would like to now explore for which sub-
groups that L∆ is equivariantly generated over J−1

∆,H(0).

Theorem 10.18. Let H ≤ TN be a subtorus and write h = Lie(H). Further,
write

J∆,H : M∆ → h∗

for the induced moment map. If H ≤ ker(ρ), where ρ : TN → S1 is the
homomorphism if Equation 10.7, then L∆ → M∆ is singularly reducible over
J−1
∆,H(0).
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Proof. Let x ∈ (ι∗ ◦ J)−1(0) and [x] ∈ M∆ its image under the quotient
map (ι∗ ◦ J)−1(0) → M∆. We show that

(L∆)
H[x]

[x] = (L∆)[x]

To show this, let
πL : (ι ◦ J)−1(0)× C → L∆

be the quotient map. Then I claim for any x ∈ (ι ◦ J)−1(0) that

πL({x} × C(KH)x) = (L∆)
H[x]

[x] .

This is an immediate consequence of the fact that (KH)x = H[x] and the
equivariance of πL. Furthermore, since H acts trivially on C and K acts
freely on (ι∗ ◦ J)−1(0), we conclude the desired result.

Note that although H acts “trivially” on L∆ it need not act trivially on
M∆. Furthermore, there are no guarantees that it will have nice stabilizers,
hence the reduced space J−1

∆,H(0)/H will be a stratified symplectic space in
general.



11
S I N G U L A R R E D U C T I O N O F
P O L A R I Z AT I O N S

Now that we have explored the singular reduction of the prequantum line
bundle, we now turn to the much more subtle matter of the polarization.
As we will see, it is much easier to create examples where the prequantum
line bundle can be reduced as in Theorem 10.15 than to find examples
of reducible polarizations. I think this points to a potential for a more
generalized (and presumably much more ill-behaved) generalization of the
notion of a polarization which could be well-suited to things like cotangent
bundles.

11.1 stratified polarizations

To begin with, we give a deceptively simple definition of a stratified
polarization. I say deceptively simple because it can be quite the struggle
to verify.

Definition 11.1 (Stratified Polarization). Let (X, Σ, {·, ·}) be a symplectic
stratified space and P ⊆ TCΣ a complex stratified distribution on X. Call
P a stratified polarization if P|S ⊆ TCS is a polarization for each S ∈ Σ.

Given a polarization P , define the polarized functions by

OP (X) := { f ∈ C∞(X, C) | v( f ) = 0 for all v ∈ P}.

We can see this is the most obvious generalization of Definition 4.11.
The assumption that P be stratified is actually quite difficult to verify in
examples (and very often does not hold). In particular, it can be highly
non-obvious if the frontier condition is met. Nonetheless, when it does
hold, we get some powerful conclusions.

Proposition 11.2. Let P be a stratified polarization on a stratified symplectic
space (X, Σ, {·, ·}).

(i) Γ(P) is involutive. That is, if V, W ∈ Γ(P), then [X, Y] ∈ Γ(P).

(ii) OP (X) is a Poisson subalgebra of C∞(X, C).

248
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Proof. (1) Let V, W ∈ Γ(P). Since Γ(P) ⊆ XC(Σ) and XC(Σ) is involu-
tive, it follows that [V, W] ∈ XC(Σ). In particular, for all S ∈ Σ, we
have

[V, W]|S = [V|S, W|S].

Since we are assuming V|S, W|S ∈ Γ(P|S) and P|S is involutive, it
follows that [V|S, W|S] ∈ Γ(P|S). Since S was arbitrary, we conclude
that [V, W] ∈ Γ(P).

(2) Let f , g ∈ OP (X), x ∈ X, S ∈ Σ the unique stratum containing
x, and v ∈ Px. We show v({ f , g}) = 0. Indeed, observe that since
v ∈ TCS and the inclusion S ↪→ X is Poisson, we get

v({ f , g}) = v({ f , g}|S) = v({ f |S, g|S}).

Using the fact that v ∈ TCS once again, we have v( f ) = v( f |S)
and v(g) = v(g|S). Since we are assuming f , g ∈ OP (X), it follows
that f |S, g|S ∈ OP|S(S) and hence by Proposition 4.15, { f |S, g|S} ∈
OP|S(S). Hence,

v({ f , g}) = v({ f , g}|S) = v({ f |S, g|S}) = 0.

Since x, S, and v were arbitrary, we conclude that { f , g} ∈ OP (X).

Example 11.3. Let (M, ω) be a symplectic manifold equipped with its
canonical stratification Σ by connected components. If P ⊆ TCM is any
polarization, then it automatically is a stratified polarization.

Example 11.4. For me, the most archetypal stratified polarizations arise
from toric geometry. Let T be a torus with Lie algebra t and suppose

J : (M, ω) → t∗

is a toric manifold. Since T is abelian, the orbit-type stratification ST(M)

is a stratification by symplectic submanifolds. As we have discussed in
Example 9.4, ST(M) is not a symplectic stratification since the Hamiltonian
vector fields are not tangent to the strata. Nevertheless, we can illustrate
the principles of a stratified polarization beautifully in this setting.

First, a real stratified polarization. Let FT denote the singular foliation
of M given by the T-orbits and define

PR := TFT ⊗ C ⊆ TCST(M).
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Since PR is the complexification of the tangent bundle of a singular folia-
tion, clearly it is involutive. To show now that PR restricts to a polarization
on each stratum, fix an orbit-type stratum S ∈ ST(M) and let x ∈ S. Then
the quotient group N = T/Tx acts freely on S and using the Delzant
construction, we can easily see that dim(S) = 2 dim(T/Tx). Hence, by
Example 4.14, the quotient map

πS : S → S/N

is a Lagrangian fibration. In particular, ker(TπS)⊗ C ⊆ TCS is a polariza-
tion and PR|S = ker(TπS)⊗ C. Hence, modulo ST(M) not exactly being
a stratified symplectic space, PR is a stratified polarization. Finally for the
polarized functions, observe that

C∞
P (M) = C∞(M)t

the t-invariant functions. Since the action of T on M is symplectic, it
follows that C∞(M)t is a Poisson subalgebra. Note that since the leaves of
the T-action are Lagrangian on an open dense set, it’s straightforward to
see that C∞

P (M) has a trivial Poisson bracket.

Thus, we have now the archetypal example of a real stratified polar-
ization. Toric geometry also provides for us a natural family of stratified
Kähler polarizations as well. Let J be a T-invariant compatible complex
structure on M. These exist due to the Delzant construction of (M, ω)

from its moment polytope. Let ⟨·, ·⟩ be the induced Riemannian metric.
Pulling back the metric to any of the strata, we get another compatible
metric and hence another Kähler structure.

Thus, for each S ∈ ST(M) let JS be the induced compatible T-invariant
complex structure and let T1,0

JS
S denote the holomorphic tangent bundle

with respect to JS. We define

PC :=
⋃

S∈ST(M)

T1,0
JS

S

As we already saw in Example 8.44, we can also realize

PC =
⋃

x∈M

((T1,0
J )x M)Tx

which as we saw is a stratified complex distribution. From the description
of PC the union of holomorphic tangent bundles, PC is eminently a
stratified polarization. Note that if f ∈ OPC

(M) is a complex polarized
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function, then f is antiholomorphic over an open dense set. This implies
that f must be globally antiholomorphic. Furthermore, since the inclusions
of the strata S ↪→ M are antiholomorphic, we conclude that this must be
all the polarized functions. That is, the P polarized functions coincide
with the antiholomorphic functions on M. This is a Poisson subalgebra.

Example 11.5. We can somewhat massage the above example to get a true
example of stratified polarizations. In particular, let us return to our test
example of R2 along with the Poisson structure

π = r2 ∂

∂x
∧ ∂

∂y
.

For a real stratified polarization, let

∂θ := −y
∂

∂x
+ x

∂

∂y
∈ X(R2).

Letting PR ⊆ TCR2 be the image of the map

R2 × C → TCR2; (x, λ) 7→ λ∂θ(x)

then PR is a stratified polarization. This of course is the complexification
of the tangent bundle of the foliation induced by the canonical S1 action
on R2, hence is involutive. PR vanishes at 0 and is rank 1 elsewhere, hence
is Lagrangian. For complex, let Ican be the canonical complex structure on
R2. Letting

PC = T̃0,1
Ican

R2

with respect to the S1-action, we see that PC is also a polarization.

Recall that symplectic stratified spaces (X, Σ, {·, ·}) are assumed to be
Whitney regular. In particular, they are assumed to satisfy the Whitney A
condition. This condition allows us to show the following.

Proposition 11.6. Let (X, Σ, {·, ·}) be a symplectic stratified space, P ⊆ TCΣ a
stratified polarization, and f ∈ C∞(X). If f |S ∈ OP|S(S) for all maximal strata
S ∈ Σ, then f ∈ OP (M).

Proof. Fix f ∈ C∞(X) which is polarized on the maximal strata and let
x ∈ X and v ∈ Px. We show v( f ) = 0.

Writing R ∈ Σ for the stratum containing x, we can find a maximal
stratum S ∈ Σ with R ⊆ S. Since P is assumed to be stratified, we have
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P|R ⊆ P|S. Hence, we can find a sequence {vk} ⊆ P|S converging to v.
Since S is maximal, we have

vk( f ) = 0

for all k. Thus, taking a limit we conclude

v( f ) = lim
k→∞

vk( f ) = lim
k→∞

0 = 0.

Hence, f is polarized.

11.2 the singular reduction of polarizations

We are now finally ready to discuss the singular reduction of polarizations.
In order to fix out notation, let J : (M, ω) → g∗ be a proper Hamiltonian G-
space for connected Lie group G, and P ⊆ TCM a G-invariant polarization.
We will write M0 = J−1(0)/G for the reduced space and π0 : J−1(0) → M0

for the quotient map. The rest of the following subsection will be devoted
to proving the following result.

Theorem 11.7. Suppose the subbundle

PJ−1(0) := P ∩ TCSG(J−1(0))

is a stratified complex distribution over J−1(0), then

P0 := Tπ0(PJ−1(0)) ⊆ TCSG(M0)

is a stratified polarization over M0.

The main ingredient for the proof is to show the following.

Lemma 11.8. In the setup of Theorem 11.7, for each x ∈ J−1(0) and stratum
S ∈ SG(J−1(0)), we have

Tπ(Px ∩ TC
x S) ⊂ TC

[x](S/G)

is a complex Lagrangian subspace.

Proof. Fix x ∈ J−1(0) and stratum S ∈ SG(J−1(0)) containing x. Let
K = Gx and write V = Sνx(M, G) for the symplectic normal space, we
have by the local normal form in Theorem 9.15 a K-equivariant linear
symplectomorphism

Tx M ∼= (g/k)⊕ (g/k)∗ ⊕ V.
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Write W = (g/k)⊕ (g/k)∗. Then Px can be identified with a K-invariant
complex Lagrangian subspace L ⊆ WC ⊕ VC. Writing F = (g/k)⊕ {0} ⊆
W, we can also identify

TxS = F ⊕ VK

and T[x](S/G) with the reduction of W ⊕ V along F ⊕ VK. Thus, we are
in the situation of Theorem 4.10. Hence, the image of L in the reduction
is a complex Lagrangian subspace. This image precisely corresponds to
Tπ(Px ∩ TC

x S).

Given Lemma 11.8, we can immediately prove Theorem 11.7.

Proof. Of Theorem 11.7 Fix a stratum S ∈ SG(J−1(0)). Then

PJ−1(0)|S = P ∩ TCS

is a complex involutive distribution on S. Since P is G-invariant and using
Lemma 11.8, we conclude that the map

Tπ : PJ−1(0)|S → TC(S/G)

is constant rank and constant over the fibres of π : S → S/G. Hence, by
Lemma 4.29,

P0|S = Tπ(PJ−1(0)|S) ⊆ TC(S/G)

is an involutive complex distribution. Once again, by Lemma 11.8, the
fibres of P0|S/G are complex Lagrangian subspace, hence P0|S/G is a
polarization.

Now to show P0 is a complex stratified distribution. We already have

P0 ⊆ TCSG(J−1(0))

and that P0|S ⊆ TCS is a smooth complex distribution. Since P0 inherits
its differentiable structure and stratum-wise vector bundle structure from
TCSG(M0), we just need to show that the canonical decomposition of P0:

P0 =
⊔

S∈SG(M0)

P0|S

is a stratification. To that end, suppose S, R ∈ SG(J−1(0)) satisfy

P0|S/G ∩ P0|R/G ̸= ∅

By continuity of the projection from P0 onto M0, we have (S/G)∩ R/G ̸=
∅ and hence S/G ⊆ R/G. Consequently, S ⊆ R as well.
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Now, fix x ∈ S and v ∈ (P0)[x]. We can find a lift w ∈ Px ∩ TC
x S.

By assumption, PJ−1(0) is a stratified distribution, hence we can find a
sequence {wk} ⊆ PJ−1(0)|R which converge to w. Applying the projection
π and setting vk = π(wk), we have a sequence {vk} ⊆ P0|R converging to
v and thus P0|S ⊆ P0|R.

Motivated by our previous discussion in non-singular reduction and the
sole condition applied to the polarization to ensure the reduction was a
polarization again, we give the following definition.

Definition 11.9 (Singular Reducibility). Let P be a G-invariant polarization.
Say P is singularly reducible if

PJ−1(0) = P ∩ TCSG(J−1(0))

is a complex stratified distribution of J−1(0).

Example 11.10. As we shall go over below, we can obtain plenty of inter-
esting examples of singular reducible polarizations by examining equiv-
ariant Kähler structures. Unfortunately, we shall see our first example
now of a very natural equivariant polarization, that is not singularly re-
ducible. Indeed, recall the Hamiltonian lift of the canonical S1-action on
R2, J : T∗R2 → R from Example 9.32. In this case, J−1(0) has two strata:

J−1(0) = {(0, 0)} ⊔ S

and S can be further equivariantly decomposed

S = ({0} × (R2 \ {0})) ⊔ R. (11.1)

Since J(x, x) = 0, it’s straightforward to see that

R = {(x, tx) ∈ R2 × R2 | x ̸= 0 and tinR}.

The projection onto the first factor

pr1 : R → R2 \ {0}

clearly makes R into a free S1-equivariant vector bundle and hence the
quotient R/S1 → (R2 \ {0})/S1 is a smooth rank 1-vector bundle. Via our
discussion in Section 9.6, we can see that R/S1 ∼= T∗(0, ∞) via the map

(R2 \ {0})/S1 → (0, ∞); [x] 7→ ∥x∥2.
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Observe that 0 is a regular value of J restricted to R4 \ {(0, 0)} and so
using this we can deduce that

T(x,y)S = {(v, w) ∈ R2 × R2 | J(x, w)− J(y, v) = 0}

for any (x, y) ∈ S. Using this description together with the fact that if
(x, y) ∈ S with x ̸= 0 then y is a multiple of x, we obtain

T(x,y)S =

{
{(λy, w) | λ ∈ R and w ∈ R2}, x = 0

{(v, tv + λx) | λ ∈ R and v ∈ R2}, y = tx for some t ∈ R.

Now let us see how the canonical polarization P intersects the complexifi-
cation of the tangent bundle of S.

Writing pr1 : R2 × R2 → R2 for the projection onto the first factor, the
canonical real polarization in this case is

P = ker(Tpr1)⊗ C = R2 × R2 × {0} × C2.

Using the description of the tangent space to S, we then obtain

P(x,y) ∩ TC
(x,y)S =

{
{0} × C2, x = 0

{0} × spanC(x), else.

Thus, P ∩ TCS does not have constant rank and hence P is not singularly
reducible. Nevertheless, notice something interesting here. If I let πS : S →
S/S1 denote the quotient map, then for any (x, y) ∈ S we have

dimC T(x,y)πS(P(x,y) ∩ TC
(x,y)S) = 1

How could this be? Over the open subset R ⊆ S where x ̸= 0, this is clear
as the orbits of the S1 action intersect the cotangent fibres trivially. Over
{0} × R2, it’s easy to see that

TC
(0,y)S

1 · (0, y) ⊆ P(0,y) ∩ TC
(0,y)S

and hence
T(0,y)πS(P(0,y) ∩ TC

(0,y)S ∼= C2/TC
y (S

1 · y)

which is clearly 1-dimensional. As we shall see shortly, π∗(P ∩ TCR) is
actually a polarization and hence if π∗(P ∩ TCS) is smooth, it also is a
polarization over S/S1.
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11.3 preservation of type under singular reduction

Proposition 11.11. Let K ≤ G be a compact subgroup and let

JK : MK → (nK(G)/k)∗

be the canonical moment map on the manifold of symmetry MK. Define

PK := P ∩ TCMK. (11.2)

Then,

(1) PK is an NG(K)/K-invariant polarization on MK.

(2) If P is real, then so is PK.

(3) If P is totally complex, then so is PK.

(4) If P is singularly reducible, then PK is reducible.

Proof. Let x ∈ J−1
K (0) and let S ⊆ SG(J−1(0)) be the orbit-type stratum

containing x.

(PK)x = Px ∩ TC
x MK = Px ∩ (TC

x M)K = PK
x .

Hence, PK is a Lagrangian complex distribution on MK. Since both P
and TCMK are involutive, it follows that PK is also involutive, hence
a polarization. PK is invariant under the NG(K)/K action because P is
invariant. It is also reducible since

(PK)x ∩ TC
x J−1

K (0) = (Px ∩ TC
x S)K.

The statements about type being preserved for real or totally complex
polarizations follows from the identification (PK)x = PK

x for each x ∈ MK

and from the fact that complex conjugation preserves fixed point sets.

Proposition 11.12. Suppose P is a singularly reducible polarization, S ∈
SG(J−1(0)) an orbit-type stratum, x ∈ S, and let K = Gx. Then, under the
canonical symplectomorphism

S/G ∼= J−1
K (0)/(NG(K)/K) =: (MK)0

the polarization P0|S/G gets mapped to (PK)0 ⊆ TC(MK)0.

Proof. This makes use of the local form.

Corollary 11.13. Suppose P is singularly reducible and let S ∈ SG(M0) be a
stratum of the singular reduced space.
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(1) If P is real, then P0|S is real.

(2) If P is totally complex, then P0|S is totally complex.

(3) If P = T0,1
J M for some compatible G-invariant complex structure J on M,

then there exists compatible complex structure JS on S so that P0|S = T0,1
JS

S.

Proof. Each statement is a simply a stratum-by-stratum statement of Propo-
sition 11.12.

11.4 when polarizations can be reduced

Proposition 11.14. Suppose P satisfies the property that for any strata S, R ∈
SG(J−1(0)) with S ⊆ R and any (x, y) ∈ S × R we have

dimC(Px ∩ TC
x S) ≤ dimC(Py ∩ TC

y R).

Then P is singularly reducible if and only if P ∩ TCS is a complex distribution
of S for all S ∈ SG(J−1(0)).

Proof. Since P is fibre-wise Lagrangian, it automatically follows that P is
closed as a subset of TCM. Hence, a chart-wise application of Lemma 8.49

completes the proof.

We will finish now with a discussion on when an invariant polarization
is singularly reducible.

Lemma 11.15. Fix x ∈ J−1(0) and let K = Gx. Letting S ∈ SG(J−1(0)) be the
orbit-type stratum containing x. Then,

Px ∩ TC
x S = (Px ∩ TC

x S)K + Px ∩ TC
x (G · x). (11.3)

Proof. Clearly, since both S and P are closed under the G-action, we have

(Px ∩ TC
x S)K + Px ∩ TC

x (G · x) ⊆ Px ∩ TC
x S.

For the reverse containment, from the local normal form we have a K-
equivariant linear symplectomorphism

Tx M ∼= V ⊕ W, (11.4)

where V = k× k∗ and W = Sνx(M, G) with their canonical symplectic
forms ωV and ωW , respectively. Under this symplectomorphism, Tx(G · x)
gets mapped to F ⊕ 0, where F = k× {0} ⊆ V, and TxS gets mapped to
F ⊕ WK. Let L ⊆ VC ⊕ WC denote the K-invariant Lagrangian subspace
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Px gets mapped to. Since both C and L are K-invariant, we automatically
have

L ∩ CC = (L ∩ CC)K + L ∩ CC ∩ ((VC)K ⊕ (WC)K)ω.

It’s easy to see that

CC ∩ ((VC)K ⊕ (WC)K)ω = (FC ∩ ((VC)K)ωV )⊕ 0 ⊆ FC ⊕ 0

Hence,
L ∩ CC ∩ ((VC)K ⊕ (WC)K)ω ⊆ L ∩ FC ⊕ 0

Translating back to TC
x M via the symplectomorphism from Equation 11.4,

we get the desired result.

Corollary 11.16. If P has constant rank intersections with the orbit foliation on
the orbit-type strata of M and for each K ≤ G, the induced polarization PK on
MK is reducible in the sense of Definition 11.9, then P is singularly reducible.

Proof. Since each orbit-type stratum S ∈ SG(J−1(0)) is a sweep of J−1
K (0) ⊆

MK for some K, using Equation 11.3 from Lemma 11.15, we see that
P ∩ TCS has the form

P ∩ TCS = G · (PK ∩ TC J−1
K (0) + P ∩ gS|J−1

K (0))

Using the G-invariance of P together with the assumptions, the result
then follows.

Now that we have these preliminary results, we can extend the result of
Guillemin and Sternberg.

Proposition 11.17. Suppose P is a positive G-invariant polarization. Then P is
reducible.

Proof. Since the orbits of the G-action are isotropic, it immediately follows
from Corollary 4.33that PK is reducible for all compact K ≤ G and and P
intersects the orbit foliation trivially. Thus, P is singularly reducible.

Corollary 11.18. G-invariant Kähler polarizations are always singularly re-
ducible and induce a stratum-by-stratum Kähler structure on the reduced space.

Remark 11.19. Using what we developed above, we can recover Hyper
Kähler reduction as discussed by Mayrand [May20]

11.5 non-reducible polarizations

As we saw in Example 11.10, the canonical polarization of a cotangent
bundle need not be reducible. Nevertheless, we do get something useful
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for the purposes of quantization. To set things up, let G be a connected
Lie group, Q a proper G-space, and J : T∗Q → g∗ the Hamiltonian lift.
Write τ : T∗Q → Q for the bundle projection. Recall that the canonical
polarization on T∗Q has the form

P := ker(Tτ)⊗ C.

This is not singularly reducible, but it is equivariant and hence we can
define a pseudobundle on the reduction.

Definition 11.20. Let π0 : J−1(0) → (T∗Q)0 be the reduction map. Define
pseudobundle P0 ⊆ TCSG((T∗Q)0) by

TCπ0(P ∩ TCSG(J−1(0))).

Using the fact that for any stratum S ∈ SG(Q), we have a corresponding
stratum ZS ∈ SG(J−1(0)) with the property that T∗(S/G) ⊆ ZS/G as an
open dense set, we can prove the following.

Theorem 11.21. For any stratum S ∈ SG(Q), P0|T∗(S/G) agrees with the
canonical polarization on T∗(S/G).

Proof. Since a choice of Riemannian metric induces an embedding of vector
bundles T∗S ↪→ T∗Q|S, this reduces to the non-singular case, and hence
we can apply Proposition 4.39 to complete the proof.

Remark 11.22. Once again, it should be noted that P0 in Definition 11.20

does not define a stratified polarization on (T∗Q)0 in the sense of Definition
11.1. What we have shown in Theorem 11.21 is that for each stratum of
(T∗Q)0 there is an open dense set on which P0 restricts to a polarization,
but it need not define a polarization (or even a vector bundle) over the
entire stratum. The reader is encourage to consult Example 11.10 for an
example of this phenomenon.



12
S I N G U L A R R E D U C T I O N
A N D Q UA N T I Z AT I O N

Now that we have laid the groundwork of stratified versions of symplectic
manifolds, polarizations, and prequantum line bundles, we can now delve
into a stratified version of quantization. As we shall see, this will be
essentially the same as the classical definition of quantization.

12.1 quantization of symplectic stratified spaces

To begin, let us set up the notion of stratified quantization data in analogy
with Definition 5.12.

Definition 12.1 (Stratified Quantization Data). Stratified quantization data
will consist of four pieces of data.

(1) A symplectic stratified space (X, Σ, {·, ·})

(2) A Hamiltonian module H ⊆ X(X).

(3) A stratified polarization P ⊆ TCΣ.

(4) A stratified prequantum line bundle (L,∇, {∇S}S∈Σ) over X.

Write (X,H,P ,L) for this data.

Example 12.2. Usual quantization data in the sense Definition 5.12 are
examples of stratified quantization data.

Definition 12.3. Given stratified quantization data (X,H,P ,L), define the
quantization by

Q(X,H,P ,L) = {σ ∈ Γ(L) | ∇vσ = 0 for all v ∈ P}. (12.1)

If there is no risk of confusion, we will simply write Q(X) for the quanti-
zation of X.

Example 12.4. Through our discussions in Examples 9.3, 9.24, 10.4, and
11.5, we already have non-trivial examples of quantization data.

260
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Indeed, in Example 9.3 we saw the Poisson structure

π = r2 ∂

∂x
∧ ∂

∂y

on R2 induces a symplectic stratification via its symplectic foliation Fπ =

{{0}, R2 \ {0}}. Then in Example 9.24 we saw that this stratification comes
equipped with a Hamiltonian module

H = {V ∈ X(R2) | V vanishes to order 2 at 0}.

In Example 10.4 we obtained a stratified prequantum line bundle (L,∇)

where
L = R2 × C

and ∇ is given by
∇|{0} = 0

and
∇|R2\{0} = L + iα

for
α = ln(r)dθ

with (r, θ) being polar coordinates. Then, in Example 11.5, we saw that
this symplectic stratified space has two natural polarizations, a real polar-
ization PR spanned by ∂θ and a complex polarization PC arising from the
canonical complex structure on R2.

What are then the quantizations? First, let us examine the real polar-
ization. In this case, if f ∈ Q(R2,PR) ⊆ C∞(R2, C), we see that since ∂θ

spans PR,

0 = ∇∂θ
f =

∂ f
∂θ

+ iα(∂θ) f =
∂ f
∂θ

+ i ln(r) f .

Hence, we must have
f = g(r)e−i ln(r)θ . (12.2)

Note that since θ is 2π-periodic, a function f can only satisfy Equation
12.2 if f = 0. Hence, Q(R2,PR) = 0. Note that as is shown in [Śn75], this
is to be expected as PR restricts to a Lagrangian toric fibration on R2 \ {0}.
We can still get interesting quantizations in settings like this, but rather
than using the classical definition of quantization as in Definition 12.3, we
should adopt either a cohomological approach as we discuss below or we
could define the quantization in terms of distinguished leaves of PR called
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Bohr-Sommerfeld Leaves. I leave the curious reader to consult [Śn75] or
[Ham10] for more information on these two approaches.

As for the complex polarization, writing

∂

∂z
=

∂

∂x
+ i

∂

∂y
,

it’s not too difficult to see that the polarization PC from Example 11.5 is
spanned by

r2 ∂

∂z
Note that this lies in the complexification of the Hamiltonian module H.
Observe that over R2 \ {0} we have

α

(
r2 ∂

∂z

)
= i ln(r)z,

where z = x + iy. Using this, we see that f ∈ Q(R2,PC) ⊆ C∞(R2, C) if
and only if

0 = ∇r2 ∂
∂z

f =
∂ f
∂z

− ln(r)z f

Using this, it follows that f = ger ln(r) where g is a holomorphic function on
R2. Since er ln(r) is a smooth function, we then get a canonical identification
between Q(R2,PC) and the set of holomorphic functions on R2. Note that
due to Proposition 11.6, this is precisely the set of polarized functions
OPC

(R2).

Remark 12.5. If for each σ ∈ Γ(L) the map

∇σ : TCΣ → L

is continuous, then we can define a sheaf

S(U) = {σ ∈ Γ(L|U) | ∇vσ = 0 for all v ∈ P|U}

In this case, we could then use other definitions of quantization like
Kostant’s cohomological wave functions

Q•(X) =
⊕

i

Hi(X,S)

making use of the sheaf cohomology of S . For the purpose of this thesis,
we will prefer the definition from Definition 12.3.
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Proposition 12.6. Let (X,H,P ,L) be quantization data. Let HC ⊆ XC(Σ)
denote the set of stratified vector fields of the form

HC := { f1V + f2V2 | f1, f2 ∈ C∞(X, C), V1, V2 ∈ H}.

Furthermore, suppose the sections

HP := Γ(P) ∩H⊗ C

spans P . Finally, let S, R ⊆ Σ be two strata with S ⊆ R and suppose σ ∈ Γ(L)
satisfies σ|R ∈ Q(R). Then σ|S ∈ Q(S).

Proof. Fix x ∈ S and v ∈ Px. Choose a section V ∈ HP so that Vx = v. By
assumption, we must have (∇Vσ)|R = ∇R

V|R(σ|R) = 0. Let {xn} ⊆ R be
any sequence in R converging to S. Then, by continuity of ∇Vσ,

0 = lim
n→∞

∇Vσ(xn) = ∇Vσ(x) = ∇S
v(σ|S).

Since x and v were arbitrary, we conclude that σ|S ∈ Q(S).

Corollary 12.7. In the set up of Proposition 12.6, given σ ∈ Γ(L), we have
σ ∈ Q(X) ⇐⇒ σ|S ∈ Q(S) for each regular stratum S ∈ Σ.

Proof. Every stratum is contained in the closure of some regular stratum.
Now apply Proposition 12.6.

Remark 12.8. This is essentially what we already saw in Example 12.4,
where the quantization of the whole space was determined by the quanti-
zation of the open dense stratum.

12.2 [Q , R ] = 0

We would now like to set up a general statement for quantization com-
muting with reduction. As we shall see, this is a general framework which
we can apply cases like toric manifolds.

Let’s now return to the setting of singular reduction. For all that follows,
we fix the following.

• A connected Lie group G with Lie algebra g.

• A proper Hamiltonian G-space J : (M, ω) → g∗

• A G-invariant polarization P ⊆ TCM.

Write π : J−1(0) → J−1(0)/G = M0 for the quotient map, L0 = (L|J−1(0))/G,
and

P0 = π∗(P ∩ TCSG(J−1(0))).
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Recall that if (L,∇) is equivariantly generated over J−1(0), i.e.

J−1(0)× Γ(L)G → L|J−1(0); (x, σ) 7→ σ(x)

is surjective, then we get a surjective map

κ : Γ(L)G → Γ(L0) (12.3)

With this set up, we can now state the following.

Theorem 12.9. Suppose (L,∇) is equivariantly generated over J−1(0) and
suppose P is reducible at level zero (see Definition 11.9). Then κ induces a linear
map

κ : Q(M)G → Q(M0). (12.4)

Proof. Let σ ∈ Q(M)G, x ∈ J−1(0), and v ∈ (P0)[x] an element of the
reduced polarization. We can lift v to an element of ṽ ∈ PGx

x . By construc-
tion,

∇0
vκ(σ) = κ(∇ṽσ) = κ(0) = 0.

Thus, κ defines a map

κ : Q(M)G → Q(M0).

Definition 12.10 (Quantization Commutes With Reduction). If the map κ

in Equation 12.4 is a bijection, then we say quantization commutes with
reduction. (In symbols, this is usually denoted [Q, R] = 0).

To end this chapter, we will now move on to prove that [Q, R] = 0 for
two of the major classes of examples examined throughout this thesis:
toric manifolds and cotangent bundles.

12.3 toric manifolds and [Q , R ] = 0

Let ∆ ⊆ Rn be a Delzant polytope and J∆ : (M∆, ω∆) → Rn be the induced
toric Tn-manifold from Delzant’s construction. Writing

∆ = {x ∈ Rn | ⟨x, vi⟩ ≥ λi for all i = 1, . . . , N},

let k be the kernel of the map RN → Rn mapping ei to vi for each
of the standard basis vectors ei ∈ RN , ι : k ↪→ RN , the inclusion, and
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λ = (λ1, . . . , λN) ∈ RN . As we saw in Equation 10.7, if λ and ι∗(λ) are
integral, then we get an induced homomorphism

ρ : TN → S1

and for any subtorus H ≤ ker(ρ), L∆ is singularly reducible with respect
to the induced action of H on M∆. Write

JH : M∆ → h∗

for this induced Hamiltonian H-structure. Furthermore, the canonical Käh-
ler structure I∆ on M∆ coming from Delzant’s construction is equivariant
hence reducible as well. Thus, we have a quantization map

Q(M∆)
H → Q((M∆)0),

where (M∆)0 = J−1
H (0)/H. We show now that this is a bijection, provided

some assumptions are met. Let us first discuss an alternate construction
for M∆.

For each facet F ⊆ ∆ ⊆ Rn, define

IF := {i ∈ {1, . . . , n} | ⟨x, vi⟩ = λi for all x ∈ F}.

Using this, we can define a closed subset ZF ⊆ CN by

ZF := {(z1, . . . , zn) ∈ CN | zi = 0 for all i ∈ IF}.

Now set
U∆ := CN \

⋃
F

ZF.

Let KC ⊆ (C×)N be the complexification of K. Then KC naturally acts on
U∆. Furthermore, J−1(0) ⊆ U∆.

Proposition 12.11 ([Kir98]). The inclusion J−1(0) ⊆ U∆ induces a diffeomor-
phism

M∆ → U∆/KC.

This can also be extended to the equivariant line bundle as well. Recall
that the defining homomorphism for L∆ is given by

ρ : TN → S1; (t1, . . . , tN) 7→ t−λ1
1 · · · t−λN

N ,
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where λ = (λ1, . . . , λN) ∈ ZN . This trivially extends to the complexifica-
tions

ρC : (C×)N → C×; (z1, . . . , zN) 7→ z−λ1
1 · · · z−λN

N

Thus, we get a TN-equivariant homomorphism of line bundles

J−1(0)× C ↪→ U∆ × C,

where U∆ × C has the (C×)N action induced by ρC. Since KC acts freely
on the left-hand side, we obtain in conjunction with Proposition 12.11 the
following result

Proposition 12.12. The inclusion J−1(0) ⊆ U∆ induces an isomorphism of
complex line bundles

L∆ (U∆ × C)/KC

M∆ U∆/KC

where the bottom arrow is the diffeomorphism from Proposition 12.11.

For this reason, the action of (C×)N descends to an action on L∆ → M∆,
extending the action of TN . Hence HC, the complexification of H, naturally
acts on L∆ → M∆.

Definition 12.13 (Semistable Points). Lett JH : M∆ → h∗ be the induced
moment map by the H-action. Define the semistable points of M∆ with
respect to the H action, denoted Mss

∆ , by

Mss
∆ = HC · J−1

H (0) = {h · x | h ∈ HC and x ∈ J−1
H (0)}.

Theorem 12.14 ([Kir98]). The set of semistable points Mss
∆ is an open subset of

M∆.

Using this result, we can now prove quantization commutes with reduc-
tion.

Theorem 12.15. Suppose Mss
∆ is dense. Then

κ : Q(M∆)
H → Q((M∆)0)

is an isomorphism of TN/H representations.

Proof. First let us show κ is surjective. Let σ ∈ Q((M∆)0) and let τ ∈
Γ(L∆)

H be a lift. Observe now that since τ is equivariant and κ(τ) ∈
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Q((M∆)0), it follows from the construction of the prequantum connection
on (L∆)0 that

∇∆
v τ = 0

for any v ∈ Γ(P∆ ∩ TC J−1
H (0)). Thus, τ is polarized along J−1

H (0). We will
now extend τ to a global section which is still polarized.

Due to Proposition 12.12, there is a canonical identification Γ(L∆)
H ∼=

Γ((U∆ × C)/KC)
HC and hence we may assume that τ is HC-invariant as

well.

Suppose now that S ∈ SH(M∆) is a principal stratum. Clearly S is also
closed under the action of HC. Write

Sss = S ∩ Mss
∆

By definition, H has constant stabilizer on S and so by construction HC

has one stabilizer on Sss. Letting x ∈ Sss and v ∈ (T0,1
I∆

M∆)x, then I claim

∇∆
v τ = 0. (12.5)

Indeed, this follows from the fact that if x ∈ Sss then x = h · y for some
h ∈ HC and y ∈ J−1

H (0). As we’ve already seen, τ is polarized along J−1
H (0)

and thus the HC-equivariance of τ ensures that Equation 12.5 holds. And
thus, τ|Sss is polarized. Since both Mss

∆ and S are open and dense, it follows
that τ is globally polarized.

Now to show κ is injective. Suppose τ ∈ Q(M∆)
H satisfies κ(τ) = 0.

In particular, we must have τ|J−1
H (0) = 0. Then, for any x ∈ J−1

H (0) and
h ∈ HC, we must have

τ(h · x) = h · τ(x) = 0.

Since Mss
∆ is open and dense, it follows that τ = 0.

12.4 cotangent bundles and [Q , R ] = 0

Let G be a connected Lie group, Q a proper G-space, and J : T∗Q →
g∗ the Hamiltonian lift. We almost have a canonical choice of stratified
quantization data on the reduced space (T∗Q)0. In particular, letting
L = T∗Q × C be the trivial bundle with canonical prequantum connection
∇ = L − iθQ, where θQ ∈ Ω1(T∗Q) is the Liouville 1-form, we have from
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Example 10.16, that L is singularly reducible over J−1(0) and hence we
get a canonical prequantum line bundle

L0 = (T∗Q)0 × C.

Furthermore, letting τQ : T∗Q → Q be the bundle map, we have a canoni-
cal polarization

P = ker(TτQ)⊗ C

As we saw in Example 11.10, P is in general not reducible. Nevertheless,
we still get a pseudobundle

P0 = TCπ0(P ∩ TCSG(J−1(0)))

which restricts to a polarization on an open dense set inside each stratum
of (T∗Q)0. Hence, we can still define

Q((T∗Q)0) = {σ ∈ Γ(L0) | ∇vσ = 0 for all v ∈ P0}

Note that in this setting, the sections of both L and L0 can be identified
with complex valued differentiable functions on T∗Q and (T∗Q)0, respec-
tively. Further, recall from Theorem 5.14 that Q(T∗Q) = τ∗

QC∞(Q, C) and
Q(T∗Q)G = τ∗

QC∞(Q)G. Using the identification τ∗
QC∞(Q) = C∞(Q) and

C∞(Q, C)G = C∞(Q/G, C), we can view Q(T∗Q)G as the set of smooth
complex-valued functions on the quotient Q/G. As it turns out, this in-
sight allows us to show quantization commutes with reduction here as
well.

Theorem 12.16. The map Q(T∗Q)G → Q((T∗Q)0) is a bijection. In particular,
Q((T∗Q)0) can be identified with C∞(Q/G).

Proof. First, let us show κ is injective. Let f ∈ Q(T∗Q)G satisfy κ( f ) = 0.
Then f ∈ τ∗

QC∞(Q)G and f |J−1(0) = 0. Since f is constant on cotangent
fibres and all cotangent fibres intersect J−1(0) non-trivially, it follows that
f = 0. Hence κ is injective.

Now for surjective. Let 0Q : Q ↪→ T∗Q be the zero section. Since J−1(0)
is a pseudobundle, the image of the zero section lies in J−1(0) and is
smooth and equivariant. In particular, we have

0∗QC∞(J−1(0))G ⊆ C∞(Q)G.

Hence, we get a differentiable map between subcartesian spaces

0Q : Q/G → (T∗Q)0
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Letting f ∈ Q((T∗Q)0) and πQ : Q → Q/G, we get a function π∗
Q0∗Q f ∈

C∞(Q). Now let
h = τ∗

Qπ∗
Q0Q

∗
( f ) ∈ Q(T∗Q)G

I claim κ(h) = f . Indeed, if we write π0 : J−1(0) → (T∗Q)0 for the
reduction map, it suffices to show

h|J−1(0) = π∗
0 f

and so in turn in suffices to show for any orbit-type stratum S ∈ SG(Q)

that h|ZS = π∗
0 f |ZS where ZS ∈ SG(J−1(0)) is the orbit-type stratum from

Theorem 9.37. Recall that we showed J−1
S (0) ⊆ ZS as an open dense set,

where JS : T∗S → g∗ is the Hamiltonian lift of the G-action on S. Hence, it
suffices to show

h|J−1
S (0) = π∗

0 f |J−1
S (0).

This follows immediately from the non-singular reduction statement in
Theorem 5.25. Hence, κ(h) = f and thus κ is a bijection.
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