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In this thesis, we will explore the relationship between the S-space

problem and the Proper Forcing Axiom (PFA). In particular, we will show

that many consequences of PFA are compatible with the existence of

various S-spaces.

We will start by studying the notion of solid graph, first introduced

by Soukup, and show this can be used to encode many objects whose

existence follows from ♢ or CH. We will show that Neeman iterations

preserve solid graphs, providing a general tool for preserving such objects

while forcing consequences of PFA.

Next, we will then introduce two new types of graph, namely (m, n)-

solid graphs and HF graphs. These new notions can encode many different

S-spaces, including strong HFD spaces, strong HFDw spaces, and first

countable strong O-spaces. We will show that much of the theory of

solid graphs extends to these new notions, including the preservation by

Neeman iterations.

From here, we will be able to construct models with many consequences

of PFA plus the aforementioned S-spaces. Using (m, n)-solid graphs, we
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will construct models with p = ℵ2, the Mapping Reflection Principle,

the Open Graph Axiom, Baumgartner’s Axiom, and all Aronszajn trees

are club isomorphic. Using HF graphs, we will construct models with

s = ℵ1, add(M) = ℵ2, the Mapping Reflection Principle, and the P-Ideal

Dichotomy. Most notably, this provides a partial negative answer to a

question of Todorčević about whether the P-Ideal Dichotomy and b > ℵ1

implies there are no S-spaces.
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1
I N T R O D U C T I O N

1.1 S-spaces and L-spaces

A topological space is separable if it contains a countable dense subset,
and is Lindelöf if every open cover has a countable subcover. Similarly,
we say that a space is hereditarily separable (hereditarily Lindelöf ) if all of its
subspaces are separable (resp. Lindelöf).

Definition 1.1. Let X be a regular topological space.

• X is an S-space if it is hereditarily separable but not hereditarily
Lindelöf.

• X is an L-space if it is hereditarily Lindelöf but not hereditarily
separable.

• X is a strong S-space (strong L-space) if Xk is an S-space (resp. L-space)
for all k < ω.

Research into the existence of S and L-spaces mainly started in the
70s. Many S-spaces and L-spaces were discovered to exist under CH, and
Roitman showed adding a Cohen real adds strong S- and L-spaces [25].
Similarly, Szentmiklóssy [32] and Abraham and Todorčević constructed
models [2] of MA containing S- and L-spaces. Conversely, various forcing
axioms restrict their existence:

Theorem 1.2 (Kunen, 1977 [13]). MA implies there are no strong S- or L-spaces.

Theorem 1.3 (Szentmiklóssy, 1980 [31]). MA implies there are no compact S-
or L-spaces.

Definition 1.4. We write PFA for the following statement: For every proper
forcing P and sequence {Dα : α < ω1} of dense-open subsets of P, there
is a filter F ⊆ P such that F ∩ Dα ̸= ∅ for all α < ω1.

Theorem 1.5 (Todorčević, 1981). The Proper Forcing Axiom (PFA) implies
there are no S-spaces.

All of the above naturally leads to the following two questions:

• S-space problem: When do S-spaces exist?

1



1.2 the P-ideal dichotomy 2

• L-space problem: When do L-spaces exist?

Due to the symmetry between S- and L-spaces, it was believed that the
these two problems might be equivalent. However, Moore showed this is
not the case by solving the L-space problem:

Theorem 1.6 (Moore, 2006 [21]). ZFC implies there is an L-space.

An interested reader should see [27] and [36] for a more in-depth
introduction into S- and L-spaces.

1.2 the P-ideal dichotomy

An ideal I ⊆ [ν]ℵ0 is called a P-ideal if every countable collection of
elements in I has a pseudo-intersection, i.e. given {In : n < ω} ⊆ I , there
is some I ∈ O such that In ⊆∗ I for all n < ω.

Definition 1.7. The P-Ideal Dichotomy (PID) is the following statement: For
every P-ideal of countable sets I ⊆ [ν]ℵ0 , one of the following holds:

1. There is an uncountable T ⊆ ν such that [T]ℵ0 ⊆ I ,

2. ν can be partitioned into countably many sets {Si : i < ω} such that
Si ∈ I⊥ for all i < ω.

The P-Ideal Dichotomy was introduced by Todorčević in [37] as a power-
ful consequence of the Proper Forcing Axiom (PFA) that is not implied by
Martin’s Axiom and is also compatible with CH. In particular, many other
consequences of PFA become equivalent to a statement about cardinal
characteristics in the presence of PID. For example:

Theorem 1.8. Under PID, the following statements are equivalent:

1. b > ℵ1;

2. b = ℵ2 [39, §21];

3. ω1 → (ω1, ω + 2) [23];

4. Every ω1-tower is Hausdorff [5].

Theorem 1.9 ([23]). Under PID, the following statements are equivalent:

1. min{b, cof(Fσ)} > ℵ1;

2. There are only five Tukey types of size at most ℵ1: 1, ω, ω1, ω × ω1, and
[ω1]

<ℵ0 .



1.2 the P-ideal dichotomy 3

The reason that b > ℵ1 is such a strong statement under PID is that it
gives rise to many P-ideals:

Lemma 1.10. Let F ⊆ [ν]ℵ0 be such that |F | < b. Then F⊥ is a P-ideal.

Proof. It is clear that F⊥ is an ideal, so it suffices to show that given
{Xn : n < ω} ⊆ F⊥ we can find a pseudo-intersection. Let κ = |F |,
enumerate F as {Yα : α < κ}, and pick some bijection ψ : ω → ⋃

n<ω Xn.
We can now define maps fα : ω → ω for all α < κ as follows:

fα(n) = min (ω \ (ψ[Xn ∩ Yα])) .

Since κ < b, there is some function f : ω → ω such that f ≥∗ fα for all
α < κ. Let

X =
⋃

n<ω

Xn \ ψ[ f (n)].

We claim X is our required pseudo-intersection. Since Xn \ X is finite for
all n < ω, it remains to prove X ∈ F⊥. Let Yα ∈ F . Since f ≥∗ fα, we
can find some N < ω such that f (n) ≥ fα(n) for all n ≥ N. Thus for all
n ≥ N, Yα ∩ (Xn \ ψ[ f (n)]) = ∅. Therefore

Yα ∩ X =
⋃

n<ω

Yα ∩ (Xn \ ψ[ f (n)])

=
⋃

n<N

Yα ∩ (Xn \ ψ[ f (n)])

⊆ Yα ∩ (
⋃

n<N

Xn)

and since
⋃

n<N Xn ∈ F⊥ we have that Yα ∩ X is finite as required.

However, PID first arose from attempting to understand the aforemen-
tioned S-space problem. For example:

• PID + p > ℵ1 implies there are no S-spaces [39].

• b = ℵ1 implies the existence of a first-countable S-space [36, Theo-
rem 0.6].

• PID + b > ℵ1 implies there are no sequential compact S-spaces [38].

• b = ℵ1 implies the existence of a Fréchet-Urysohn compact S-space
[36, Theorem 2.4].

These results lead naturally to the following question:

Question 1.11 ([39, Question 23.8]). Are any of the following equivalent
in the presence of PID?



1.3 relativising PFA 4

1. There are no S-spaces.

2. There are no first-countable S-spaces.

3. There are no compact S-spaces.

4. b > ℵ1.

5. p > ℵ1.

Remark 1.12. Yorioka has proven that PID + cov(N ) = ℵ1 is compatible
with no S-spaces [45].

A reader interested in learning more about PID should see [37], [39,
Part III], and [41].

1.3 relativising PFA

A fruitful area of recent research has been separating properties of PFA
by considering ‘relativised’ axioms, where we only have PFA for proper
forcings that preserve the existence of some object otherwise forbidden by
PFA. The most notable example is Todorčević’s PFA(S):

Definition 1.13 ([38]). Let S be a coherent Souslin tree. We write PFA(S)
for the following statement: For every proper forcing P that preserves that
S is a Souslin tree and sequence {Dα : α < ω1} of dense-open subsets of
P, there is a filter F ⊆ P such that F ∩ Dα ̸= ∅ for all α < ω1.

We write PFA(S)[S] for models obtained by forcing with S over a model
of PFA(S). If we say ‘PFA(S)[S] implies P’, we mean P holds in all such
models.

The consistency of PFA(S) (relative to a supercompact cardinal) was
originally shown using a countable-support iteration, but Venturi showed
that models of PFA([S]) could also be obtained using Neeman iterations
[42]. PFA(S) implies several consequences of PFA:

Theorem 1.14. PFA(S) implies the following:

• p = add(N ) = c = ℵ2 [38], [24].

• The Open Graph Axiom (OGA) [38].

• Baumgartner’s Axiom (BA).

• ¬□(θ) for ordinals with cof(θ) > ℵ1 [38].

• The Mapping Reflection Principle (MRP) [19].
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However, the true strength of this axiom lies with PFA(S)[S]:

Theorem 1.15. PFA(S)[S] implies the following:

• p = ℵ1 and c = ℵ2.

• add(N ) = h = ℵ2 [24].

• OGA [8].

• ¬BA [8].

• PID [38].

• K2(rec) [15].

• Compact countably-tight spaces are sequential [38].

Since PFA(S)[S] is a model of PID with p = ℵ1 but almost all of the
other interesting cardinal characteristics equal to ℵ2, it begets the following
question:

Question 1.16.

• Do all models of the form PFA(S)[S] have no S-spaces?

• Do any models of the form PFA(S)[S] have no S-spaces?

While this question remains open, some partial progress has been made:

Theorem 1.17 ([44]). Under PFA(S), S forces that every topology on ω1 gener-
ated by a basis in the ground model is not an S-topology.

Later, Guzmán-González and Todorčević were able to relativise PFA to
a 2-entangled set of reals:

Theorem 1.18 ([10]). Assuming a supercompact cardinal, PFA relativised to a
2-entangled set of reals is consistent, and implies PID+MA. In particular, this
shows that PID+MA does not imply OGA or BA.

This model was again constructed using a Neeman iteration. Building
on these results, the author was able to prove the following:

Theorem 1.19 ([7]). Assuming a supercompact cardinal, PFA relativised to a
weak HFD space is consistent, and implies OGA+ p > ℵ1.
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1.4 chapter overview

This thesis will be structured as follows. Chapter 2 will provide a brief
summary of proper forcing and strong proper forcing, with an emphasis
on the tools we will use later in the thesis. In particular, we will discuss
Neeman iterations and cite some of the fundamental results about such
forcings. Chapter 3 will introduce the basic objects of investigation, solid
graphs and (m, n)-solid graphs, and explore both their combinatorial
properties and preserving them with proper forcings. Most notably, we
will show that we can preserve solid graphs with Neeman iterations. This
will allow us to construct models of PFA relativised to the existence of
some solid graph. We will then in Chapter 4 explore the consequences
of said relativised PFA-like axioms, showing that the standard forcings
for the Open Graph Axiom, Baumgartner’s Axiom, and forcing that all
Aronszajn trees are club-isomorphic all preserve all (m, n)-solid graphs. In
Chapter 5 we will introduce HF graphs, a strengthening of the notion of
(m, n)-solid graph. We will similarly show that HF graphs are preserved
by Neeman iterations, but also that they are preserved by the standard
forcings for b = ℵ2 and the P-Ideal Dichotomy. Chapter 6 will provide
several examples of both (m, n)-solid graphs and HF graphs that encode
the existence of various S- and L-spaces and strong colourings. Finally, we
will summarise our findings and discuss avenues of further research in
Chapter 7.



2
P R O P E R F O R C I N G & S I D E
C O N D I T I O N S

2.1 proper forcing

Given a sufficiently large regular cardinal λ, we will often implicitly fix
a well-order <w on H(λ). Similarly, whenever we talk about a countable
elementary submodel M ≺ H(λ), we mean that

(M,∈,<w) ≺ (H(λ),∈,<w).

Furthermore, we will write δM for ω1 ∩ M.

Definition 2.1. Let P be a forcing notion, p ∈ P, λ a sufficiently large
cardinal, and M an elementary submodel of H(λ) containing P. We say
that p is (M, P)-generic if for all dense-open subsets D ⊆ P with D ∈ M,

p ⊩ ‘Ġ ∩ M ∩D ̸= ∅’

where Ġ is a P-name for a generic filter of P.

Remark 2.2.

• Equivalently, p is (M, P)-generic if it forces that Ġ ∩ M is an M-
generic filter.

• We can replace dense-open with dense or pre-dense in this definition.

• The set of generic conditions is open in P: if p is (M, P)-generic and
q ≤ p, then q is (M, P)-generic too.

Lemma 2.3 ([29, Chapter III, Corollary 2.13]). Let P be a forcing notion,
p ∈ P, λ a sufficiently large cardinal, and M an elementary submodel of H(λ)

containing P. The following are equivalent:

1. p is (M, P)-generic;

2. p ⊩ ‘M[Ġ] ∩ Ord = M ∩ Ord’;

3. p ⊩ ‘M[Ġ] ∩ V = M’.

7



2.1 proper forcing 8

The following combinatorial characterisation of proper forcing will be
incredibly useful and lead to combinatorial characterisations for future
properties:

Lemma 2.4. Let P be a forcing notion, p ∈ P, λ a sufficiently large cardinal, and
M an elementary submodel of H(λ) containing P. The following are equivalent:

1. p is (M, P)-generic;

2. For all q ≤ p and dense-open subsets D ⊆ P with D ∈ M, there is
q′ ∈ D ∩ M that is compatible with q.

As with the definition of generic condition, we can replace dense-open
with dense or pre-dense.

Proof. Suppose p is (M, P)-generic. Let q ≤ p and D ⊆ P be dense-open
such that D ∈ M. q is also (M, P)-generic, so q ⊩ ‘Ġ ∩ M ∩D ̸= ∅’. Take
some q′ ∈ P such that q ⊩ ‘q′ ∈ Ġ ∩ M ∩ D’. Then since q ⊩ ‘q′ ∈ Ġ’, q
and q′ are compatible.

Conversely, suppose p is not (M, P)-generic. Then there is some dense-
open D ⊆ P with D ∈ M such that p ̸⊩ ‘Ġ ∩ M ∩D ̸= ∅’. Take q ≤ p such
that q ⊩ ‘Ġ ∩ M ∩D = ∅’. Then q is not compatible with any q′ ∈ D ∩ M,
since any such q′ forces that q′ ∈ Ġ ∩ M ∩D.

Definition 2.5. Let P be a forcing notion. We say that P is proper if for
all sufficiently large cardinals λ, there is a club (in [H(λ)]ℵ0) of countable
elementary submodels M ≺ H(λ) containing P such that every condition
in P ∩ M can be extended to an (M, P)-generic condition.

We give some natural examples of proper forcings.

Proposition 2.6. Let P be a ccc forcing notion, λ a sufficiently large cardinal, and
M an elementary submodel of H(λ) containing P. Then 1P is (M, P)-generic.
(In particular, P is proper.)

Proof. Let λ be a sufficiently large cardinal, and M an elementary sub-
model of H(λ) containing P. By Lemma 2.4, it is sufficient to show that for
all p ∈ P and dense-open D ⊆ P with D ∈ M, there is some q ∈ D ∩ M
compatible with p. Let X ⊆ D be a maximal antichain. By elementarity,
we can assume that X ∈ M. Since P is ccc, X is countable and thus X ⊆ M.
Take some p′ ∈ D extending p. By maximality of X, there is some q ∈ X
be such that q and p′ are compatible. But then q and p are compatible as
required.

Proposition 2.7. Let P be a σ-closed forcing notion (i.e. every countable decreas-
ing sequence has a lower bound). Then P is proper.
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Proof. Let λ be a sufficiently large cardinal and M a countable elementary
submodel of H(λ) containing P. Let p0 ∈ P, and enumerate the dense-
open subsets of P in M as ⟨Dn⟩n<ω.

We now inductively pick a decreasing sequence ⟨pn⟩n<ω ⊆ P ∩ M as
follows: given ⟨pn⟩n<m, pick pm ∈ Dm−1 ∩ M such that pm ≤ pm−1. Let q
be a lower bound for ⟨pn⟩n<m. Then for all n,

q ⊩ ‘pn+1 ∈ Ġ ∩ M ∩Dn’

and thus q is (M, P)-generic as required.

Why are proper forcings interesting?

Lemma 2.8. Let P be a proper forcing and τ̇ be a P-name for a countable set of
ordinals. Then there is a countable set of ordinals X ∈ V such that P ⊩ ‘τ’ ⊆ X.

In particular, this implies that proper forcings preserves the property
cof(α) > ℵ0 for all such ordinals α. Thus they also preserve ℵ1.

Proof. Let λ be a sufficiently large cardinal and M a countable elementary
submodel of H(λ) containing P and τ̇. For each n < ω, we can define the
P-name σ̇n for the nth element of τ̇ in increasing order. By elementarity,
we can assume that σ̇n ∈ M for all n < ω.

Let q ∈ P be (M, P)-generic. Then by Lemma 2.3, we have that q ⊩
‘σ̇n ∈ M ∩ Ord’ for all n < ω. Thus

q ⊩ ‘τ̇ ⊆ M ∩ Ord’

as required.

Theorem 2.9 ([29, Chapter III, Theorem 2.8]). Let P be a forcing notion. The
following are equivalent:

1. P is proper;

2. P preserves all stationary sets in [λ]ℵ0 for all uncountable cardinals λ.

As with ccc forcings, we can iterate proper forcings:

Proposition 2.10. Let P be a forcing notion, Q̇ a P-name for a forcing notion, λ

a sufficiently large regular cardinal, and M a countable elementary submodel of
H(λ) containing P and Q̇. Let (p, q̇) ∈ P ∗ Q̇. The following are equivalent:

1. (p, q̇) is (M, P ∗ Q̇)-generic,

2. p is (M, P)-generic and p forces that q̇ is (M[ĠP], Q̇)-generic (where ĠP

is the canonical name for the P-generic filter).
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Proof. Follows from Lemma 2.3.

Corollary 2.11. Let P be a proper forcing notion and Q̇ a P-name for a proper
forcing notion. Then P ∗ Q̇ is proper.

Theorem 2.12 ([29, III §3]). Countable-support iterations of proper forcings are
proper.

For a more in-depth introduction to proper forcing, see [29, Chapter III]
and [3].

2.2 strong proper forcing

Definition 2.13. Let P be a forcing notion, p ∈ P, and X a set. We say
that p is (X, P)-strongly generic if for all dense-open subsets D ⊆ P with
D ⊆ X,

p ⊩ ‘Ġ ∩ X ∩D ̸= ∅’

where Ġ is a P-name for a generic filter of P.

The notion of strong generic conditions was first introduced by Mitchell
in [18]. We have the following useful combinatorial condition for strong
genericity:

Proposition 2.14 ([18, Proposition 2.15]). Let P be a forcing notion and X
a set. A condition p ∈ P is (X, P)-strongly generic iff for every q ≤ p, there
is some condition q↾X ∈ X ∩ P such that every condition r ≤ q↾X in X is
compatible with q.

Definition 2.15. Let P be a forcing notion. We say that P is strongly
proper if for all sufficiently large cardinals λ, there is a club (in [H(λ)]ℵ0)
of countable elementary submodels M ≺ H(λ) containing P such that
every condition in P ∩ M can be extended to an (M, P)-strongly generic
condition.

The most well-known examples of strong proper forcing are the ∈-
collapse (see next chapter) or Cohen forcing. Strong proper forcings have
a lot of nice properties:

Lemma 2.16. Strongly proper forcings don’t add new cofinal branches to ω1-trees.

Proof. Let P be strongly proper, T an ω1-tree, ḃ a P-name for a branch
of T, and p0 ∈ P. Let λ be a sufficiently large cardinal and let M be a
countable elementary submodel of H(λ) containing P, T, ḃ, and p0. Finally,
pick p ≤ p0 and t ∈ T \ M such that p is (M, P)-strongly generic and
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p ⊩ ‘t ∈ ḃ’. (Such a t exists since ḃ is forced to be uncountable.) Consider
the following subset of T:

S = {a ∈ T : (∃r ≤ p↾M) r ⊩ ‘a ∈ ḃ’}.

Note that S is a downwards-closed subtree of T. By elementarity S ∈ M,
and thus since t ∈ S we have that S is uncountable.

We claim that S is a branch. (If so, then p ⊩ ‘ḃ = S’ and we’re done.)
Suppose not, then by elementarity there must be q0, q1 ∈ P ∩ M and
a0, a1 ∈ T ∩ M such that:

• qi ≤ p↾M for i < 2,

• qi ⊩ ‘ai ∈ T’ for i < 2,

• q0 ⊥ q1.

But since ht(a0), ht(a1) < δM ≤ ht(t), at least one of a0 and a1 must be
incompatible with t. Assume a0 ⊥ t. Then since q0 ≤ p↾M, there is some
condition p′ extending q0 and p. But then p′ ⊩ ‘a0, t ∈ ḃ’, contradicting
that ḃ is a branch.

Lemma 2.17 ([17]). The only reals that strongly proper forcings can add are
Cohen reals.

Definition 2.18 ([19]). Let P be a forcing notion, p ∈ P, λ a sufficiently
large cardinal, and M an elementary submodel of H(λ) containing [P]ℵ0 .
We say that p is (M, P)-almost strongly generic if for all q ≤ p and sets
U ∈ M that are unbounded in [P]ℵ0 , there is some X ∈ U ∩ M and
q↾X ∈ X such that every condition r ≤ q↾X in X is compatible with q. We
say P is almost strongly proper if for all sufficiently large cardinals λ, there
is a club of countable elementary submodels M ≺ H(λ) containing [P]ℵ0

such that every condition in P ∩ M can be extended to an (M, P)-almost
strongly generic condition.

Almost strongly proper forcings share many properties with strongly
proper forcings (see [19] for examples).

Question 2.19. Can almost strongly proper forcings add non-Cohen reals?

2.3 the side condition hull

Definition 2.20 (∈-collapse). Let θ be a sufficiently large regular cardinal.
Then the ∈-collapse of H(θ) is the poset of all finite ∈-chains of countable
elementary submodels of H(θ) ordered by reverse-inclusion.
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More information about the ∈-collapse can be found in [40, §7.1].

Lemma 2.21. The ∈-collapse poset is strongly proper.

Proof. Let P the ∈-collapse of H(θ) for some regular uncountable cardinal
θ and p0 ∈ P. Pick λ ≫ θ a sufficiently large cardinal and M a countable
elementary submodel of H(λ) containing P and p0, and denote M =

M ∩ H(θ). Note that p = p0 ∪ {M} ∈ P and p ≤ p0. We claim that p is
(M, P)-strongly proper. Let q ≤ p, and note q ∩ M ∈ P ∩ M. If r ∈ P ∩ M
is such that r ≤ q ∩ M, then r ∪ q = r ∪ (q \ M) is an ∈-chain extending
q. Thus r and q are compatible, so letting q↾M = q ∩ M we are done by
Proposition 2.14.

Definition 2.22. Let P be a forcing notion and S a family of countable sets.
We say that P is S-proper (S-strongly proper) if for every λ a sufficiently
large regular cardinal and M a countable elementary submodel of H(λ)

containing P, if M ∩ ⋃ S ∈ S then every condition in P ∩ M can be
extended to an (M, P)-generic (resp. (M, P)-strongly generic) condition.

Definition 2.23. Let P be a forcing notion, θ a sufficiently large regular
cardinal, and S ⊆ [H(θ)]ℵ0 be a stationary set. The side condition hull of P

with respect to S , denoted S∈(P,S), is the set of all pairs (p, a) such that:

1. p = {M0, . . . , Mn−1} ⊆ S is an ∈-chain of countable elementary
submodels of H(θ) all containing P,

2. a ∈ P is a (Mi, P)-generic condition for all i < n.

We order S∈(P,S) as follows: (q, b) ≤ (p, a) if p ⊆ q and a ≤P b.

Proposition 2.24 ([10, Proposition 50]). Let P be a forcing notion, θ a suffi-
ciently large regular cardinal, and S ⊆ [H(θ)]ℵ0 be a stationary set such that
P is S-proper. Then S∈(P,S) is S-proper. (In particular, if S is a club, then
S∈(P,S) is proper.)

We can define the function π : S∈(P,S) → P given by π(p, a) = a. π is
a projection [10, Lemma 52], so given some generic filter GP ⊆ P we can
consider the quotient forcing S∈(P,S)/GP.

Proposition 2.25. Suppose that P is a forcing, θ a sufficiently large cardinal,
S ⊆ [H(θ)]ℵ0 a stationary set such that P is S-proper. Let GP ⊆ P be a P-
generic filter. Then S∈(P,S)/GP is S-strongly proper. (In particular, if S is a
club, then S∈(P,S)/GP is strongly proper.)

The proof of this result is very similar to Lemma 2.21, but we include it
both for completeness and because this result will save us some work in
Section 3.4 and Section 5.2.
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Proof. Let (p0, a0) ∈ S∈(P,S)/GP. Take λ a sufficiently large cardinal.
Since S is stationary, we can find M a countable elementary submodel of
H(λ) such that (p0, a0) ∈ M and M = M ∩ H(θ) ∈ S . Since P is S-proper,
we can find (p, a) ∈ S∈(P,S)/GP extending (p0, a0) such that M ∈ p. Our
goal is to show that (p, a) is (M, S∈(P,S)/GP)-strongly generic.

Let D ⊆ S∈(P,S)/GP ∩ M be dense, and take (p, a) ≤ (p, a). By ele-
mentarity, we can find aM ∈ P ∩ M such that (p ∩ M, aM) ∈ S∈(P,S)/GP.
Now take some (q, b) ∈ D extending (p ∩ M, aM). But since a, b ∈ GP and
q ∈ M, we have that (p, a) and (q, b) are compatible as required.

2.4 two-type side conditions

The classical theory of proper forcings relies heavily on countable-support
iterations of proper forcings. In 2014, Neeman introduced a new approach:
iterating proper forcings by using finite sequences of models of two types
as side conditions. Such forcings are colloquially referred to as Neeman
iterations. This approach allows us to iterate proper forcings while taking
advantage of the flexibility of finite-support iterations.

Neeman initially used two-type side conditions to give an alternative
proof of the consistency of PFA [22]. Since then, Neeman iterations have
been used to prove the consistency of various relativised versions of PFA
(see [42], [14], and [10]).

An interested reader should see [22] and [10] for a more complete
exposition on this topic. In this section, we briefly review the definitions
and results we will need for the rest of the thesis. We will use the notation
from [10].

For the definitions in this section, we fix a sufficiently large inaccessible
cardinal θ, well-order <w of H(θ), and function J : θ → H(θ). If A ∈ H(θ),
we write A ≺ H(θ) if (A,∈,<w, J↾(A ∩ θ)) is an elementary submodel of
(H(θ),∈,<w, J). We also fix

S ⊆ {M ∈ [H(θ)]ℵ0 : M ≺ H(θ)}

T = {H(λ) : (H(λ) ≤ H(θ)) ∧ (cof(λ) > ω)}

such that S is stationary in [H(θ)]ℵ0 and S ∪T is closed under intersection.
Given an element Z ∈ T , we write Z+ to denote the successor of Z in T
and write J(Z) = J(λ), where λ is the cardinal such that Z = H(λ).

Definition 2.26. We define P
S ,T
∈ to be the collection of all finite sets

p ⊆ S ∪ T such that:

• p = {A0, . . . , An−1} is an ∈-path, i.e. Ai ∈ Ai+1 for all i < n − 1,
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• p is closed under intersection.

We order P
S ,T
∈ by reverse inclusion.

Theorem 2.27.

• P
S ,T
∈ is S ∪ T -strongly proper [22, Claim 4.1]. In particular, if S is a club,

then P
S ,T
∈ is strongly proper.

• P
S ,T
∈ has the θ-chain condition [10, Proposition 68].

• P
S ,T
∈ ⊩ ‘θ̌ = ℵ2’.

Definition 2.28 (Neeman iterations). We recursively define P(J) as the set
of all pairs (p, fp) with the following properties:

1. p ∈ P
S ,T
∈ ,

2. Given Z ∈ T and GZ ⊆ P(J) ∩ Z a generic filter, we define the
following sets:

SZ[GZ] = {M[GZ] : (M ∈ S) ∧ (Z ∈ M) ∧ (({M ∩ Z}, ∅) ∈ GZ)}

S(Z,Z+)[GZ] = {M[GZ] : (M ∈ S) ∧ (Z ∈ M ∈ Z+)

∧ (({M ∩ Z}, ∅) ∈ GZ)}

and say that Z ∈ T is non-trivial if

1P(J)∩Z ⊩ ‘J(Z) is a S(Z,Z+)[GZ]-proper forcing’,

3. fp is a function such that

dom( fp) ⊆ {Z ∈ T ∩ p : Z is non-trivial},

4. If Z ∈ dom( fp), then (p ∩ Z, fp↾Z) ⊩ ‘ fp(Z) ∈ J(Z)’,

5. If Z ∈ dom( fp), M ∈ S ∩ p, and Z ∈ M, then

(p ∩ Z, fp↾Z) ⊩ ‘ fp(Z) is an (M[ĠZ], J(Z)[ĠZ])-generic condition’.

We order P(J) as follows: (q, fq) ≤ (p, fp) if:

1. q ⊇ p,

2. dom( fq) ⊇ dom( fp),
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3. For all Z ∈ dom( fp) we have that (q ∩ Z, fq↾Z) ⊩ ‘ fq(Z) ≤ fp(Z)’.

We will make use of the following results for working with Neeman
iterations:

Lemma 2.29 ([10, Lemma 77]). Let (p, f ) ∈ P(J) and X ∈ T be non-trivial.
Then there is (q, g) ∈ P(J) such that:

1. X ∈ q,

2. (q, g) ≤ (p, f ),

3. dom(g) = dom( f ) ∪ {X},

4. For all A ∈ q \ p, either

a) A is transitive, or

b) There is N ∈ S ∩ p and W ∈ T ∩ q such that A = N ∩ W.

Proposition 2.30 ([10, Proposition 78]). Let (p, f ) ∈ P(J) and M ∈ S . Then
there is (q, g) ∈ P(J) such that:

1. M ∈ q,

2. (q, g) ≤ (p, f ),

3. dom(g) = dom( f ).

Proposition 2.31 ([10, Proposition 83]). Let X ∈ T and let ĠX be the canonical
name for the P(J) ∩ X generic filter.

1. If X is non-trivial, P(J) ∩ X+ and (P(J) ∩ X) ∗ S∈(J(X),SX,X+ [ĠX])

are forcing equivalent.

2. If X is trivial, P(J) ∩ X+ and (P(J) ∩ X) ∗ S∈(1,SX,X+ [ĠX]) are forcing
equivalent (where 1 is the trivial forcing.)

Lemma 2.32 ([10, Lemma 85]). Let X, Y ∈ T and M ∈ S such that X ∈ Y
and X, Y ∈ M. Let (p, f ), (q, g) ∈ P(J) ∩ Y be such that:

1. X, M ∩ Y ∈ p,

2. dom( f ) ∩ M ⊆ X,

3. (q, g) ∈ M,

4. p ∩ M ⊑ q,

5. (p ∩ X, f ↾X) and (q ∩ X, g↾X) are compatible in P(J) ∩ X.
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Then (p, f ) and (q, g) are compatible in P(J) ∩ Y.

Theorem 2.33 ([10, Theorem 89]). If Z ∈ T , then P(J) ∩ Z is S-proper. In
particular, if κ ≫ θ is a sufficiently large regular cardinal and M ≺ H(κ) such
that P(J), Z ∈ M and M = M ∩ H(θ) ∈ S , then given any (p, f ) ∈ P(J) ∩ Z
with M ∩ Z ∈ p, it follows that (p, f ) is (M, P(J) ∩ Z)-generic.

Lemma 2.34 ([22, Lemma 6.7]). P(J) is T -strongly proper. In particular,
if X ∈ T is such that (p, f ) ∈ X, then (p ∪ {X}, f ) extends (p, f ) and is
(X, P(J))-strongly generic.

Finally, we present some of the results about Neeman iterations:

Proposition 2.35 ([10, Theorem 89, Proposition 90]).

• P(J) preserves ℵ1 and collapses all cardinals ℵ1 < κ < θ.

• P(J) has the θ-chain condition.

• P(J) ⊩ ‘θ̌ = ℵ2’.

• P(J) is S-proper. In particular, if S is a club, then P(J) is proper.

Definition 2.36. A function J : θ → H(θ) is a Laver function if for every
set X and sufficiently large cardinal λ, there is an elementary embedding
j : V → M such that:

1. crit(j) = θ,

2. j(θ) > λ,

3. [M]λ ⊆ M,

4. j(J)(θ) = X.

Theorem 2.37 ([16]). If θ is supercompact, then there is a Laver function
J : θ → H(θ).

Theorem 2.38 ([22, Lemma 6.14]). Let J : θ → H(θ) be a Laver function. Then
P(J) forces PFA.

We repeat the proof of this result, since we will use minor modifications
of this argument later.

Proof. Let Q̇ be a P(J)-name for a proper forcing, ⟨Ḋα⟩α<ω1 be a sequence
P-names for dense-open subsets of Q̇, and (p0, f ) ∈ P(J). Let κ be suf-
ficiently large that Q̇ and ⟨Ḋα⟩α<ω1 belong to H(κ). Since J is a Laver
function, we can find λ ≫ θ, κ and an elementary embedding j : V → M
such that:
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1. crit(j) = θ,

2. j(θ) > λ,

3. [M]λ ⊆ M,

4. j(J)(θ) = Q̇.

Since M is closed under taking subsets of size ≤ λ, j↾H(κ) ∈ M. Thus M
models that there exists θ′, κ′ < λ, Ȧ, ⟨Ėα⟩α<ω1 ∈ H(κ′), and elementary
embedding

j′ : (H(κ′), J↾θ′, Ȧ, ⟨Ėα⟩α<ω1) → j(H(κ), J, Q̇, ⟨Ḋα⟩α<ω1)

with critical point θ′ such that j(J(θ′)) = Q̇ = j(Ȧ) (since this is witnessed
by j′ = j↾H(κ)). Thus if we pull back via j, this means that V models that
there exists θ′, κ′ < θ, Ȧ, ⟨Ėα⟩α<ω1 ∈ H(κ′) and elementary embedding

j′ : (H(κ′), J↾θ′, Ȧ, ⟨Ėα⟩α<ω1) → (H(κ), J, Q̇, ⟨Ḋα⟩α<ω1)

with critical point θ′ such that J(θ′) = Ȧ. Moreover, we can pick θ′ to be
sufficiently large such that (p0, f ) ∈ H(θ′). Thus via Lemma 2.34, letting
p = p0 ∪ {H(θ′)} we have that (p, f ) is (H(θ′), P(J))-strongly generic.

Let G(p, f ) ⊆ P(J) be a generic filter containing (p, f ). By strong proper-
ness, G(p, f ) ∩ H(θ′) is a V-generic filter for P(J) ∩ H(θ′), and thus we
can extend j′ into an elementary embedding j′′ : H(κ′)[G(p, f ) ∩ H(κ′)] →
H(κ)[G(p, f )].

Consider the following set:

F = { f (θ′)[G(p, f ) ∩ H(κ′)] : ((p, f ) ∈ G(p, f )) ∧ (θ′ ∈ p)}.

By definition of P(J), F is a generic pre-filter for Ȧ[G(p, f ) ∩ H(κ′)] over
H(κ′)[G(p, f ) ∩ H(κ′)]. Thus F meets all of the Ėα for α < ω1. So taking
j′′(F), we have a pre-filter for Q̇ in V[G(p, f )] that meets all the Ḋα as
required.



3
S O L I D G R A P H S

3.1 block-sequences and dom-block-sequences

We start by fixing some notation:

• Let a and b be sets of ordinals. We say that a < b if α < β for all
α ∈ a and β ∈ b.

• Given a set K and m < ω, let Fnm(ω1, K) be the family of partial
functions from ω1 to K whose domain are size m. We also write
Fn(ω1, K) =

⋃
m<ω Fnm(ω1, K).

• Given two disjoint sets a, b we write

[a, b] = {{x, y} : (x ∈ a) ∧ (y ∈ b)}.

Given a ∈ [ω1]
<ℵ0 , we will implicitly use the enumeration a = {a(i) : i <

|a|} such that a(i) < a(j) whenever i < j. Similarly, given b ∈ Fnm(ω1, K),
we will implicitly use the enumeration b = {b(i) ∈ ω1 × K : i < m} such
that π0(b(i)) < π0(b(j)) whenever i < j.

Definition 3.1. We say that a sequence C ⊆ [ω1]
<ℵ0 is a block-sequence if <

is a total order on C.

We will be mostly concerned with uncountable block-sequences C ⊆
[ω1]

m for a specific m < ω.

Definition 3.2. Given a sequence B ⊆ Fn(ω1, K), we say that B is a dom-
block-sequence if:

1. For distinct a, a′ ∈ B, dom(a) ̸= dom(a′);

2. {dom(a) : a ∈ B} is a block-sequence.

We will frequently use the following basic properties of dom-block-
sequences:

Proposition 3.3. Let B ⊆ Fn(ω1, K), λ a sufficiently large regular cardinal, and
M a countable elementary submodel of H(λ) containing B. If there is a b ∈ B
with dom(b) ∩ M = ∅, then B contains an uncountable dom-block-sequence.

18
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Proof. We will inductively generate a dom-block-sequence ⟨aξ⟩ ⊆ B as
follows:

• Let a0 be the <w-least element of B;

• Given ⟨aξ : ξ < α⟩ for α < ω1, we let aα be the <w-least element of B
such that dom(aξ) < dom(aα) for all ξ < α.

If this process continues for all α < ω1, we are done. Suppose instead that
this process stops at some α < ω1, i.e. for every c ∈ B there is some ξ < α

such that dom(aξ) ̸< dom(c). By elementarity, ⟨aξ : ξ < α⟩ ∈ M and thus
⟨aξ : ξ < α⟩ ⊆ M. But then we have that dom(aξ) < δM ≤ dom(b) for all
ξ < α, a contradiction.

Proposition 3.4. Let B be an uncountable dom-block-sequence, λ a sufficiently
large regular cardinal, and M a countable elementary submodel of H(λ) contain-
ing B. If b ∈ B is such that dom b ∩ M ̸= ∅, then b ∈ M.

Proof. Note that if B is a dom-block-sequence, then the elements of B
must have pairwise-disjoint domains. Define f :

⋃{dom(b) : b ∈ B} → B
which maps α ∈ ω1 to the unique b ∈ B with α ∈ b. By elementarity, f is
in M. Thus for any α ∈ dom(b) ∩ M we have that f (α) = b ∈ M.

3.2 solid graphs

Definition 3.5 ([30, Definition 2.1]). Let K be a set and m < ω. We say
that a graph G on ω1 × K is m-solid if given any uncountable dom-block-
sequence B = {aα : α < ω1} ⊆ Fnm(ω1, K) there are α < β < ω1 such that
such that [aα, aβ] ⊆ G.

We say that G is strongly solid if G is m-solid for every m < ω.

Many interesting objects can be encoded as solid graphs:

Example 3.6. Suppose that P is a forcing notion and define GP ⊆ [ω1 ×P]2

as follows:
GP = {{⟨ν0, p0⟩, ⟨ν1, p1⟩} : p0 ̸⊥P p1}.

Then P is ccc iff GP is 1-solid.

Example 3.7 ([30]). Given X = {xα : α < ω1} ⊆ 2ω1 , one can define two
graphs G<

X and G>
X such that X is HFDm

w iff G<
X is m-solid and X is HFCm

w
iff G>

X is m-solid.

Example 3.8. Suppose that E = {eα : α < ω1} ⊆ R. Define GE ⊆ [ω1 ×
ωm

1 × {>,<}m]2 to be the set of pairs {⟨ν0, a0, R0⟩, ⟨ν1, a1, R1⟩} such that
ν0 < ν1 and either:
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• a0 ̸< a1, or

• R0 ̸= R1, or

• for all i < m, ea0(i) R1(i) ea1(i).

Then E is m-entangled iff GE is 1-solid.

Proposition 3.9. Let G be a graph on ω1 × K. The following are equivalent:

1. G is m-solid;

2. For every λ a sufficiently large regular cardinal and M a countable elemen-
tary submodel of H(λ) containing G, if B ∈ M is an uncountable subset
of Fnm(ω1, K), for every b ∈ B with dom(b) ∩ M = ∅ there is some
a ∈ B ∩ M such that [a, b] ⊆ G;

3. For every uncountable dom-block-sequence B ⊆ Fnm(ω1, K), there is a
countable B′ ⊆ B and δ < ω1 such that for all b ∈ B with dom(b) > {δ},
there is a ∈ B′ such that [a, b] ⊆ G;

4. For every λ a sufficiently large regular cardinal and M a countable ele-
mentary submodel of H(λ) containing G, if B ∈ M is an uncountable
dom-block-sequence contained in Fnm(ω1, K), there is b ∈ B \ M and
a ∈ B ∩ M such that [a, b] ⊆ G.

Proof. Note that (2) =⇒ (3) =⇒ (4) =⇒ (1) is immediate, so it suffices
to prove that (1) =⇒ (2). To this end, let G be an m-solid graph, λ a
sufficiently large regular cardinal, M ≺ H(λ) a countable elementary
submodel containing G, B ∈ M be an uncountable subset of Fnm(ω1, K),
and b ∈ B such that dom(b) ∩ M = ∅. Inductively generate a sequence
⟨aξ⟩ ⊆ B as follows: a0 is the <w-least element of B, and given ⟨aξ⟩ for all
ξ < α, let aα be the <w least element of B such that for all ξ < α:

• dom(aξ) < dom(aα),

• [aξ , aα] ̸⊆ G.

If no such element exists, we stop this process. In fact, since G is m-solid
this process must stop at some countable α < ω1. By elementarity, it thus
holds that {aξ : ξ < α} ⊆ M. Since b /∈ M, b is not part of our sequence
{aξ : ξ < α}. But since dom(aξ) < δM ≤ dom(b) for all ξ < α, it must
thus follow that there is some ξ < α such that [aξ , b] ⊆ G.

We can think of the above proposition as an extension of the following
well-known characterisation of ccc forcings:

Corollary 3.10. Let P be a forcing notion. The following are equivalent:
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1. P is ccc;

2. Let λ be a sufficiently large regular cardinal, A an uncountable subset of P,
and M a countable elementary submodel of H(λ) containing P and A. If
p ∈ A, there is some q ∈ A ∩ M that is compatible with p.

Definition 3.11. Let G be an m-solid graph on ω1 × K and P be a forcing
notion.

• P preserves G if P forces that G is an m-solid graph.

• P destroys G if P forces that G is not an m-solid graph.

We have the following result that reduces preserving a m-solid graph to
a combinatorial problem:

Proposition 3.12. Let G be an m-solid graph on ω1 × K and P be a proper
forcing notion. The following are equivalent:

1. P preserves G;

2. Let λ be a sufficiently large regular cardinal, Ḃ a P-name for an uncountable
subset of Fnm(ω1, K), and M a countable elementary submodel of H(λ)

containing P, G, and Ḃ. If p ∈ P is (M, P)-generic, and b ∈ Fnm(ω1, K)
such that dom(b) ∩ M = ∅ and p ⊩ ‘b ∈ Ḃ’, then there is q ∈ P ∩ M
and a ∈ Fnm(ω1, K) ∩ M such that q ⊩ ‘a ∈ Ḃ’, q is compatible with p,
and [a, b] ⊆ G;

3. Let λ be a sufficiently large regular cardinal, Ḃ a P-name for an uncount-
able dom-block-sequence contained in Fnm(ω1, K), and M a countable
elementary submodel of H(λ) containing P, G, and Ḃ. If p ∈ P is (M, P)-
generic, there is p′ ≤ p and b ∈ Fnm(ω1, K) \ M such that p′ ⊩ ‘b ∈ Ḃ’,
and there is q ∈ P ∩ M and a ∈ Fnm(ω1, K) ∩ M such that q ⊩ ‘a ∈ Ḃ’,
q is compatible with p′, and [a, b] ⊆ G.

Proof.

• (1) implies (2). Suppose P preserves G and take λ, Ḃ, M, p, and b
as in the statement of the proposition. Let Gp ⊆ P be a generic filter
containing p. We work in V[Gp]. Since P is proper and P preserves G,
by Proposition 3.9 we can find a ∈ Ḃ[Gp]∩ M[Gp] such that [a, b] ⊆ Ǧ.
Then pick q ∈ M ∩ Gp such that q ⊩ ‘a ∈ Ḃ’. As Gp is a filter, p and
q are compatible as required.

• (2) implies (3). Immediate.
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• (3) implies (1). Let r ∈ P and Ḃ be a P-name for a dom-block-
sequence contained in Fnm(ω1, K), and take λ a sufficiently large
regular cardinal and M a countable elementary submodel of H(λ)

containing P, G, Ḃ, and r. Pick some p ≤ r and b ∈ Fnm(ω1, K)
such that p is (M, P)-generic. Then by our hypothesis, we know that
there is p′ ≤ p and b ∈ Fnm(ω1, K) \ M such that p′ ⊩ ‘b ∈ Ḃ’, and
q ∈ P ∩ M compatible with p′ and a ∈ Fnm(ω1, K) ∩ M such that
q ⊩ ‘a ∈ Ḃ’ and [a, b] ⊆ Ǧ. Thus via Proposition 3.9, any condition
extending p′ and q is sufficient.

The following result formalises the notion that preserving strongly solid
graphs and m-solid graphs is more difficult than preserving 1-solid graphs.

Proposition 3.13. Let G ⊆ [ω1 × K]2. For each of the below properties, we can
find some set K′ and graph G ′ ⊆ [ω1 × K′]2 such that |K′| ≤ max{ℵ0, |K|} and
G has the given property iff G ′ is 1-solid.

• G is m-solid (for some m < ω).

• G is strongly solid.

Proof. We will focus on the case of m-solid in full, since the proof for
strongly solid is analogous. Pick some bijection f : ω1 → [ω1]

m. We then
define the graph G ′ ⊆ [ω1 × Km] to be the set of all pairs {⟨ν0, k⃗0⟩, ⟨ν1, k⃗1⟩}
such that ν0 < ν1 and either:

• f (ν0) ̸< f (ν1), or

• for all i, j < m, {⟨ f (ν0)(i), k⃗0(i)⟩, ⟨ f (ν1)(j), k⃗1(j)⟩} ∈ G.

Suppose that G is m-solid and let A = {⟨aα, k⃗α⟩ : α < ω1} be an uncount-
able dom-block-sequence contained in Fn1(ω1, Km). If there is α < β < ω1

such that f (aα) ∩ f (aβ) ̸< ∅ then we are done, so we can assume that for
all α < β < ω1, f (aα) < f (aβ). Define A′ as follows:

A′ = {{⟨ f (aα)(i), k⃗α(i)⟩ : i < m} : α < ω1}.

Then A′ is a dom-block-sequence contained in Fnm(ω1, K), so since G is
m-solid we can find some α < β such that for all i, j < m,

{⟨ f (aα)(i), k⃗α(i)⟩, ⟨ f (aβ)(j), k⃗β(j)⟩} ∈ G.

But then {⟨aα, k⃗α⟩, ⟨aβ, k⃗β⟩} ∈ G ′ as required, so G ′ is 1-solid.
Now suppose that G ′ is 1-solid and B = {bα : α < ω1} is a dom-block-

sequence contained in Fnm(ω1, K). Define B′ as follows:

B′ = {⟨ f−1(dom(bα)), ⟨π1(bα(i))⟩i<m⟩}.
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Then B′ is a dom-block-sequence contained in Fn1(ω1, Km), so we can find
some α < β such that for all i, j < m, {bα(i), bβ(j)} ∈ G. In other words,
we have that [bα, bβ] ⊆ G and thus G is m-solid.

Question 3.14. In general, for m > n > 1 can we encode m-solid graphs
as n-solid graphs without changing the cardinality of K? In other words: if
for some infinite cardinal κ a proper forcing P preserves all n-solid graphs
on ω1 × κ, must it preserve all m-solid graphs on ω1 × κ?

3.3 (m , n)-solid graphs

In this section, we’ll define a new, slight modification of the notion of
m-solid graph. We will discover that this modified notion will be preserved
by a larger collection of interesting proper forcings.

Definition 3.15. Let K be a set and m, n < ω. We say that a graph G
on ω1 × K is (m, n)-solid if given any uncountable dom-block-sequences
A = ⟨aξ⟩ξ<ω1 ⊆ Fnm(ω1, K) and B = ⟨bξ⟩ξ<ω1 ⊆ Fnn(ω1, K), there are
α < β < ω1 such that [aα, bβ] ⊆ G.

We say that G is (m,<ω)-solid ((<ω, n)-solid) if G is (m, n)-solid for
every n < ω (resp. for every m < ω).

We can think of the notion of (m, n)-solid graphs being a ‘rectangular-
isation’ of the notion of m-solid graph. This notion can be connected to
Soukup’s notion of solid graph as follows:

Proposition 3.16. Let G ⊆ [ω1, K]2 and m, n < ω.

1. If G is m + n-solid, it is (m, n)-solid.

2. If G is (m, n)-solid, it is min{m, n}-solid.

In particular, this implies that a graph G is strongly solid iff it is (m, n)-
solid for all m, n < ω.

Proof. Suppose G is m + n-solid. Let A = ⟨aξ⟩ξ<ω1 ⊆ Fnm(ω1, K) and
B = ⟨bξ⟩ξ<ω1 ⊆ Fnn(ω1, K) be uncountable dom-block-sequences. We
will inductively construct an increasing sequence of ordinals {ηξ ∈ ω1 :
ξ < ω1} and a third dom-block-sequence C = ⟨cξ⟩ξ<ω1 as follows: given
⟨ηξ⟩ξ<δ and ⟨cξ⟩ξ<δ for some δ < ω1, let γδ be the minimal ordinal such
that {γδ} > dom(cξ) for all ξ < δ. Then let ηδ be the least ordinal such
that for all ξ < δ:

• ηδ > ηξ ,

• dom(aηδ
) > dom(aηξ

),
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• dom(bηδ
) > dom(bηξ

).

Then let cδ = aηδ
∪ bηδ

. Since G is m + n-solid we can find α < β < ω1 such
that [cα, cβ] ⊆ G. But then [aηα , bηβ

] ⊆ G as required.
Conversely, let G be (m, n) solid. We can assume that m > n (the proof

of the other case is identical). Let B = ⟨bξ⟩ξ<ω1 ⊆ Fnn(ω1, K) be an
uncountable dom-block-sequence. We will again inductively construct a
second dom-block-sequence A = ⟨aξ⟩ξ<ω1 as follows: given ⟨aξ⟩ξ<δ for
some δ < ω1, let γδ be the minimal ordinal such that dom(bγδ

) > dom(aξ)

for all ξ < δ. Then pick some aδ ∈ Fnm(ω1, K) such that bγδ
⊑ aδ. Since

G is (m, n)-solid, we can find some α < β < ω1 such that [aα, aβ↾n] ⊆ G.
But this implies that there are some α′ < β′ < ω1 such that [bα′ , bβ′ ] ⊆ G
as required.

Just as with the notion of m-solid, there is a nice combinatorial charac-
terisation of a proper forcing notion preserving an (m, n)-solid graph:

Proposition 3.17. Let G ⊆ [ω1, K]2. The following are equivalent:

1. G is (m, n)-solid;

2. For all uncountable dom-block-sequences A ⊆ Fnm(ω1, K) and B ⊆
Fnn(ω1, K), there is a countable subsequence A′ ⊆ A and δ < ω1 such
that for all b ∈ B with dom(b) > {δ}, there is a ∈ A′ with [a, b] ⊆ G;

3. For every uncountable dom-block-sequence A ⊆ Fnm(ω1, K), there is a
countable A′ ⊆ A and δ < ω1 such that for all b ∈ Fnn(ω1, K) with
dom(b) > {δ}, there is a ∈ A′ such that [a, b] ⊆ G;

4. For every λ a sufficiently large regular cardinal and M a countable ele-
mentary submodel of H(λ) containing G, if A ∈ M is an uncountable
dom-block-sequence contained in Fnm(ω1, K), for every b ∈ Fnn(ω1, K)
with dom(b) ∩ M = ∅ there is some a ∈ A ∩ M such that [a, b] ⊆ G.

Proof. Again, (3) ⇐⇒ (4) =⇒ (2) =⇒ (1) is immediate, so we
focus on ¬(3) =⇒ ¬(1). Suppose that A = ⟨aξ⟩ξ<ω1 ⊆ Fnm(ω1, K)
witnesses that G does not satisfy (3). We will iteratively construct a dom-
block-sequence B = ⟨bξ⟩ξ<ω1 ⊆ Fnn(ω1, K) as follows: given ⟨bξ⟩ξ<δ for
some δ < ω1, let γδ be the least ordinal such that dom(bξ) < {γδ} for
all ξ < δ. Then since ⟨aξ⟩ξ<δ is countable, by ¬(3) we can find some
bδ ∈ Fnn(ω1 \ γδ, K) such that [aξ , bδ] ̸⊆ G for all ξ < δ. Then A, B witness
that G is not (m, n)-solid.

Proposition 3.18. Let G ⊆ [ω1 × K]2 be an (m, n)-solid graph and P be a
proper forcing notion. The following are equivalent:
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1. P preserves that G is (m, n)-solid;

2. Let λ be a sufficiently large regular cardinal, Ȧ a P-name for an uncount-
able dom-block-sequence contained in Fnm(ω1, K), and M a countable
elementary submodel of H(λ) containing P, G, and Ȧ. If p ∈ P is (M, P)-
generic and b ∈ Fnm(ω1, K) such that dom(b) ∩ M = ∅, then there
is q ∈ P ∩ M and a ∈ Fnm(ω1, K) ∩ M such that q ⊩ ‘a ∈ Ȧ’, q is
compatible with p, and [a, b] ⊆ G.

Proof. Similar to Proposition 3.12, but using Proposition 3.17.

Remark 3.19. Comparing Proposition 3.12 and Proposition 3.18 allows
us to see why preserving (m, n)-solid graphs is ‘easier’ than preserving
m-solid graphs. Furthermore, all of the arguments in following sections
that a given forcing notion preserves an m-solid graph will be able to be
easily modified to preserve (m, n)-solid graphs. The converse is not true,
however: we will give examples of proper forcing notions that preserve
(m, n)-solid graphs but destroy certain 1-solid graphs.

The following results provides a partial formalisation of the above
remark.

Proposition 3.20. Let G ⊆ [ω1 × K]2 and 0 < m, n < ω. There is a set K′ and
graph G ′ ⊆ [ω1 × K′]2 such that |K′| ≤ max{ℵ0, |K|} and G is (m, n)-solid iff
G ′ is 1-solid. (An analogous result is true for (m,<ω)-solid and (<ω, n)-solid.)

Proof. We will focus on the case of (1, 1)-solid, as the argument for (m, n)-
solid is very similar (with some addition of ideas from Proposition 3.13).
Pick some bijection f : ω1 → ω2

1, and let f0, f1 : ω1 → ω1 be such that
f (α) = ⟨ f0(α), f1(α)⟩. We then define the graph G ′ ⊆ [ω1 × K2] to be the
set of all pairs {⟨ν0, k⃗0⟩, ⟨ν1, k⃗1⟩} such that ν0 < ν1 and either:

• f0(ν0) = f0(ν1), or

• f1(ν0) = f1(ν1), or

• {⟨ f0(ν0), k⃗0(0)⟩, ⟨ f1(ν1), k⃗1(1)⟩} ∈ G.

Suppose that G is (1, 1)-solid and let A = {⟨aξ , k⃗ξ⟩ : ξ < ω1} be an
uncountable dom-block-sequence contained in Fn1(ω1, K2). If there is α, β

distinct with either f0(aα) = f0(aβ) or f1(aα) = f1(aβ) we are done, so we
can assume (thinning A if necessary) that for all α < β < ω1 and i < 2,
fi(aα) < fi(aβ). For i < 2, define A(i) as follows:

A(i) = {⟨ fi(aξ), k⃗ξ(i)⟩ : ξ < ω1}.
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Then A(i) is an uncountable dom-block-sequence contained in Fn1(ω1, K)
for i < 2. Thus as G is (1, 1)-solid we can find some α < β such that

{⟨ f0(aα), k⃗α(0)⟩, ⟨ f1(aβ), k⃗β(1)⟩} ∈ G

and thus {⟨aα, k⃗α⟩, ⟨aβ, k⃗β⟩} ∈ G ′. Hence G ′ is 1-solid as required.

Now suppose that G ′ is 1-solid and for i < 2, B(i) = {⟨b(i)α , k(i)α ⟩ : α <

ω1} is an uncountable dom-block-sequence contained in Fn1(ω1, K). For
ξ < ω1, define cξ ∈ Fn1(ω1, K2) as follows:

cξ = ⟨ f−1(⟨b(0)ξ , b(1)ξ ⟩), ⟨k(0)ξ , k(1)ξ ⟩⟩.

Thus C = ⟨cξ⟩ξ<ω1 is an uncountable dom-block-sequence contained in
Fn1(ω1, K2), so we can find some α < β < ω1 such that [cα, cβ] ⊆ G ′. This
implies that

{⟨b(0)α , k(0)α ⟩, ⟨b(1)β , k(1)β ⟩} ∈ G

and thus G is (1, 1)-solid.

Proposition 3.21. Let G ⊆ [ω1 × K]2 and 0 < m, n < ω. There is a set K′ and
graph G ′ ⊆ [ω1 × K′]2 such that |K′| ≤ max{ℵ0, |K|} and G is (m, n)-solid iff
G ′ is (m, 1)-solid. (An analogous result is true for (<ω, n)-solid.)

Proof. Pick some bijection f : ω1 → [ω1]
n. We then define the graph G ′ ⊆

[ω1 × Kn] to be the set of all pairs {⟨ν0, k⃗0⟩, ⟨ν1, k⃗1⟩} such that ν0 < ν1 and
either:

• {ν0} ̸< f (ν1), or

• for all j < n, {⟨ν0, k⃗0(0)⟩, ⟨ f (ν1)(j), k⃗1(j)⟩} ∈ G.

Suppose that G is (m, n)-solid and let A be an uncountable dom-block-
sequence contained in Fnm(ω1, Kn). Let λ be a sufficiently large regular
cardinal and M a countable elementary submodel of H(λ) containing
all relevant objects. By Proposition 3.17, we need to show that for every
⟨β, k⃗⟩ ∈ Fn1(ω1, Kn) with β > δM = ∅ there is some a ∈ A ∩ M such
that [a, {⟨β, k⃗⟩}] ⊆ G ′. Note that if f (β) ∩ M ̸= ∅ then we can just pick
a ∈ A∩ M such that dom(a) ̸< f (β), so we can assume that f (β)∩ M = ∅.
For each a ∈ A, define a(0) = {⟨dom(a)(i), a(i)(0)⟩ : i < m}. Then
A(0) = {a(0) : a ∈ A} is an uncountable dom-block-sequence contained
in Fnm(ω1, K) ∩ M. Let b = {⟨ f (β)(j), k⃗(j) : j < n}. Then since G is (m, n)-
solid there is some a ∈ A ∩ M such that [a(0), b] ⊆ G. But this implies that
[a, {⟨β, k⃗⟩}] ⊆ G ′ as required.

Conversely, suppose that G ′ is (m, 1)-solid and let C be an uncountable
dom-block-sequence contained in Fnm(ω1, K). Again, let λ be a suffi-
ciently large regular cardinal and M a countable elementary submodel of
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H(λ) containing all relevant objects. For all c ∈ C, let c = ⟨dom(c)(i), ⟨<
c(i)⟩j<n : i < m⟩. Then C = {c : c ∈ C} is an uncountable dom-block-
sequence contained in Fnm(ω1, Kn)∩ M. Suppose b ∈ Fnn(ω1, K) such that
dom(b) ∩ M = ∅, and let b′ = ⟨ f−1(dom(b)), ⟨b(j)⟩j<n⟩ ∈ Fn1(ω1, Kn).
Then since f−1(dom(b)) > δM and G ′ is (m, 1) solid, we can find some
c ∈ C ∩ M such that [c, b′] ⊆ G ′. But this implies that [c, b] ⊆ G as re-
quired.

Question 3.22. In general, for m, n > 1 is it possible to encode (m, n)-solid
graphs via (1, 1)-solid graphs or min{m, n}-solid graphs without changing
the cardinality of K?

3.4 two-type forcings and solid graphs

We now work to show that Neeman iterations of proper forcings preserving
an m-solid or (m, n)-solid graph G also preserves G. All the results in this
chapter will be proved for m-solid graphs, since by Proposition 3.20 this
also implies the results hold for (m, n)-solid graphs.

Proposition 3.23. Let P be strongly proper and G be an m-solid or (m, n)-solid
graph. Then P preserves G.

Proof. We will prove this result (and all other results in the rest of this
chapter) via Proposition 3.12. Suppose G ⊆ [ω1 × K]2 is m-solid. Let λ be
a sufficiently large regular cardinal, Ḃ a P-name for an uncountable dom-
block-sequence contained in Fnm(ω1, K), and M a countable elementary
submodel of H(λ) containing P, Ḃ, and G. Let p ∈ P be (M, P)-generic
and b ∈ Fnm(ω1, K) such that dom(b) ∩ M = ∅ and p ⊩ ‘b ∈ Ḃ’. Pick
p′ ≤ p such that p′ is strongly (M, P)-generic. Then define the set W of
pairs (q, c) ∈ P ∩ Fnm(ω1, K) such that:

1. q ≤ p′↾M,

2. q ⊩ ‘c ∈ Ḃ’.

Note that (p′, b) ∈ W and by elementarity (W ∈ M). Thus by Proposi-
tion 3.9, we can find some (q, a) ∈ W ∩ M such that [a, b] ⊆ G. Since
q ≤ p′↾M, q and p′ (and thus q and p) are compatible as required.

Proposition 3.24. Let G be an m-solid or (m, n)-solid graph on ω1 × K, P be a
proper forcing preserving G, and Q̇ a P-name for a proper forcing that preserves
G. Then P ∗ Q̇ preserves G.

Proof. Suppose G ⊆ [ω1 × K]2 is m-solid. Let λ be a sufficiently large
regular cardinal, Ḃ a P ∗ Q̇-name for a dom-block-sequence contained in
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Fnm(ω1, K), and M a countable elementary submodel of H(λ) containing
all relevant objects. Let (p, q̇) ∈ P ∗ Q̇ be (M, P ∗ Q̇)-generic and b ∈
Fnm(ω1, K) such that dom(b) ∩ M = ∅ and (p, q̇) ⊩ ‘b ∈ Ḃ’. Let GP ⊆ P

be a generic filter containing p.
Working in V[GP], we have that Ḃ[GP] is a Q̇[GP]-name for a dom-block-

sequence contained in Fnm(ω1, K), q̇ is (M[GP], Q̇[GP])-generic, dom(b) ∩
M[GP] = ∅, and q̇ ⊩ ‘b ∈ Ḃ’. Thus since Q̇[GP]) preserves that G is m-
solid, we can find q̇′ ∈ Q̇[GP] ∩ M[GP] and a ∈ Fnm(ω1, K) ∩ M[GP] such
that q̇ ⊩ ‘a ∈ Ḃ’, q′ is compatible with q, and [a, b] ⊆ G. Since p is (M, P)-
generic and Fnm(ω1, K) ∈ M, we have that a ∈ M. Pick p′ ∈ GP ∩ M such
that (p′, q̇′) ∈ Q̇ ∩ M and (p′, q̇′) ⊩ ‘a ∈ Ḃ’. Then (p, q̇) and (p′, q̇′) are
compatible as required.

Theorem 3.25. Let θ be an inaccessible cardinal, and J, S , T , and P(J) as
in Section 2.4. Suppose that G is an m-solid or (m, n)-solid graph. If for every
Y ∈ T either Y is trivial or P(J) ∩ Y forces that J(Y) preserves G, then P(J)
preserves G.

Proof. Suppose G ⊆ [ω1 × K]2 is m-solid. Since P(J) has the θ-chain condi-
tion and preserves ℵ1, it is sufficient to show that if Z ∈ T then P(J) ∩ Z
preserves G. We prove this via induction. Note that:

• If Z is the smallest element of T , then P(J) ∩ Z is strongly proper,
so this holds via Proposition 3.23.

• If Z is a successor, then (using Proposition 2.31 and Proposition 2.25)
we can rewrite P(J) ∩ Z as a finite iteration of proper forcings pre-
serving G, so the result holds via Proposition 3.24.

Thus we can assume that Z is a limit element of T . Let (p0, f0) ∈ P(J)∩ Z,
Ḃ be a P(J) ∩ Z-name for an uncountable dom-block-sequence contained
in Fnm(ω1, K), and κ ≫ θ be a sufficiently large regular cardinal. Pick
a countable elementary submodel M ≺ H(κ) containing P(J), Z, G, Ḃ,
and (p0, f0). Let M = M ∩ H(θ) ∈ S . By Proposition 2.30, we can find
(p1, f ) ≤ (p0, f0) such that M ∩ Z ∈ p1. We can assume (by extending
(p1, f ) if necessary) that there is some b ∈ Fnm(ω1, K) \ M such that
(p1, f ) ⊩ ‘b ∈ Ḃ’.

Since Z is a limit model contained in M, we can find X ∈ M ∩ Z ∩ T
such that p1 ∩ M ⊆ X. Thus via Lemma 2.29, there is some p ∈ P

S ,T
∈ such
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that p1 ∪ {X} ⊆ p and (p, f ) ∈ P(J). By Theorem 2.33, (p ∩ X, f ↾X) is an
(M, P(J) ∩ X)-generic condition. Now define the following set:

Ẇ = {(c, (q ∩ X, g↾X)) :(c ∈ Fnm(ω1, K))

∧(p ∩ M ⊑ q)

∧((q, g) ⊩ ‘c ∈ Ḃ’)}.

We have that Ẇ ∈ M by elementarity, (b, (p ∩ X, f ↾X)) ∈ Ẇ, and hence
that Ẇ is a P(J) ∩ X-name for an uncountable subset of Fnm(ω1, K). Thus
by our inductive hypothesis and Proposition 3.12 we can find (q, g) ∈
P(J) ∩ Z and a ∈ Fnm(ω1, K) such that:

1. (q, g), a ∈ M,

2. p ∩ M ⊑ q,

3. (q ∩ X, g↾X) and (p ∩ X, f ↾X) are compatible in P(J) ∩ X,

4. [a, b] ⊆ G,

5. (q, g) ⊩ ‘a ∈ Ḃ’.

Thus Lemma 2.32 implies (q, g) and (p, f ) are compatible as required.

Remark 3.26. Note that the above proof suggests that properties preserved
by strongly proper forcings and two-step iterations are very close to
being preserved by Neeman iterations. This observation was first made
in [10]. We were able to make this connection more apparent by showing
that such properties are also preserved by side condition hulls. Further
investigation is required to see if the last remaining part of the above proof
(being preserved at limit steps) also follows from some basic preservation
conditions.

Definition 3.27. If G is an m-solid graph, we write PFA(G, m) for the
following statement: For every proper forcing P that preserves that G is
m-solid and sequence {Dα : α < ω1} of dense-open subsets of P, there is
a filter F ⊆ P such that F ∩ Dα ̸= ∅ for all α < ω1.

We similarly define PFA(G,<ω), PFA(G, (m, n)), PFA(G, (m,<ω)) for
strongly solid, (m, n)-solid, and (m,< ω)-solid graphs respectively.

In cases where the type of solid graph is clear or irrelevant, we may
write PFA(G) for convenience.

Corollary 3.28. Assuming the existence of a supercompact cardinal, if G is an
m-solid graph, there is a proper forcing P that preserves G such that VP |=
PFA(G, m). A similar result holds for strongly solid, (m, n)-solid, and (m,<ω)-
solid graphs.
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Proof. Let θ be a supercompact cardinal and J : θ → H(θ) a Laver function.
Define S and T as in Section 2.4. Recursively define a new function
J′ : θ → H(θ) and Neeman iteration P(J′) as follows. Given α < θ,

• If H(α) /∈ T , then J′(α) = ∅.

• If H(α) ∈ T :

– If J(α) is a P(J′) ∩ H(α)-name for a proper forcing that pre-
serves G, then J′(α) = J(α).

– Otherwise, let J′(α) be the P(J′) ∩ H(α)-name for the trivial
forcing.

By Theorem 3.25, P(J′) preserves G. Let Q̇ be a P(J′)-name for a proper
forcing that preserves G and ⟨Ḋα⟩α<ω1 a sequence of P-names for dense-
open subsets of Q. Let κ be sufficiently large that Q̇ and ⟨Ḋα⟩α<ω1 belong
to H(κ). Since J is a Laver function, there is an elementary embedding
j : V → M such that:

1. crit(j) = θ,

2. j(θ) > λ,

3. [M]λ ⊆ M,

4. j(J′)(θ) = j(J)(θ) = Q̇.

Let G ⊆ P(J′) be a generic filter. Via the argument of Theorem 2.38, V[G]

contains a filter for Q̇ that meets all the Ḋα as required.

3.5 preserving solid graphs

In this section, we show that PFA(G) implies both p > ℵ1 and the Mapping
Reflection Principle (defined below). As in the previous section, we focus
on m-solid graphs since we can use Proposition 3.20 to generalise these
results to (m, n)-solid graphs.

Lemma 3.29. Let P be σ-centred and G an m-solid graph or (m, n)-solid graph.
Then P preserves G.

Proof. Suppose G ⊆ [ω1 × K]2 is m-solid. Let Ḃ be a P-name for an un-
countable dom-block-sequence contained in Fnm(ω1, K), and p0 ∈ P. Let
λ be a sufficiently large regular cardinal and M a countable elementary
submodel of H(λ) containing p0, P, G, and Ḃ. Then we can find some
p ≤ p0 such that p is (M, P)-generic. We can also assume, by extending p
if necessary, that there is some b ∈ Fnm(ω1, K) such that dom(b) ∩ M = ∅
and p ⊩ ‘b ∈ Ḃ’.
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Since P is σ-centred, we can write P =
⋃

i<ω Pi such that each Pi
is centred. Pick n such that p ∈ Pn. Then define the set W of pairs
(q, c) ∈ P × Fnm(ω1, K) such that:

1. q ∈ Pn,

2. q ⊩ ‘c ∈ Ḃ’.

Note that (p, b) ∈ W and by elementarity W ∈ M. Thus by Proposition 3.9,
we can find some (q, a) ∈ W ∩ M such that [a, b] ⊆ G. Since q, p ∈ Pn, q
and p are compatible as required.

Proposition 3.30. Let P be almost strongly proper and G an m-solid or (m, n)-
solid graph. Then P preserves G.

Proof. Suppose G ⊆ [ω1 × K]2 is m-solid. Let λ < λ′ be sufficiently large
regular cardinals, Ḃ a P-name for an uncountable dom-block-sequence
contained in Fnm(ω1, K), and M a countable elementary submodel of
H(λ′) containing λ, P, Ḃ, and G. Let p ∈ P be (M, P)-almost strongly
generic. We can also assume, by extending p if necessary, that there is some
b ∈ Fnm(ω1, K) such that dom(b) ∩ M = ∅ and p ⊩ ‘b ∈ Ḃ’. Consider the
following set:

U = {N ∩ P : (P, Ḃ,G ∈ N)

∧ (N is a countable elementary submodel of H(λ))}.

U is unbounded in [P]ℵ0 and by elementarity is contained in M. Thus
we can find some countable elementary submodel N ≺ H(λ) such that
P, Ḃ,G ∈ N ∈ M and conditions p′ ≤ p and p′↾N ∈ N such that every
condition r ≤ p′↾N in N is compatible with p′. Define the following set:

C = {a ∈ Fnm(ω1, K) : (∃r ≤ p′↾N) (r ⊩ ‘a ∈ Ḃ’)}.

By elementarity, C ∈ N. Since p′ and p′↾M are compatible, we also have
that b ∈ C, so C contains an uncountable block sequence. Thus by Proposi-
tion 3.9 there must be some a ∈ C ∩ N such that [a, b] ⊆ G. Pick a condition
q ∈ P∩ N witnessing that a ∈ C. Then q and p′ are compatible, q ⊩ ‘a ∈ Ḃ’,
and [a, b] ⊆ G as required.

Definition 3.31. Let X be an uncountable set and M be a countable
elementary submodel of H(θ) for some regular θ such that [X]ℵ0 ∈ M. A
subset Σ of [X]ℵ0 is M-stationary if whenever E ⊆ [X]ℵ0 is a club in M,
there is E ∩ Σ ∩ M ̸= ∅.

Definition 3.32. A set mapping Σ is open stationary if there is some un-
countable set X and regular cardinal θ with X ∈ H(θ) such that:
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• The domain of Σ consists of elementary submodels of H(θ) that
contain M,

• for all M ∈ dom(Σ), the set Σ(M) ⊆ [X]ℵ0 is open (with respect to
the Ellentuck topology on [X]ℵ0) and M-stationary.

We denote the parameters of Σ as XΣ and θΣ.

Definition 3.33 ([20]). The Mapping Reflection Principle (MRP) is the follow-
ing statement: If Σ is an open stationary set mapping whose domain is
a club, then there is a continuous ∈-chain ⟨Nν : ν < ω1⟩ in the domain
of Σ such that for all limit ordinals ν ∈ (0, ω1), there is some ν0 < ν such
that for all ξ < ν with ν0 ∈ Nξ , Nξ ∩ XΣ ∈ Σ(Nν). (Such a chain is called a
reflecting sequence.)

Theorem 3.34 ([19, Theorem 2.7]). Suppose that Σ is an open stationary
mapping. Then there is an almost strongly proper forcing PΣ which adds a
reflecting sequence for Σ.

MRP implies many well-known consequences of PFA:

• c = ℵ2 [20].

• The failure of □(κ) for all regular κ > ℵ1 [20].

• The Singular Cardinal Hypothesis [43].

Corollary 3.35. PFA(G) implies MRP and p = ℵ2.



4
P R E S E RV I N G (m , n ) - S O L I D
G R A P H S

In this chapter, we will show that many of the consequences of PFA are
also consequences of PFA relativised to an (m, n)-solid graph. We will also
show that that the notion of (m, n)-solid graph is necessary, since many
of these consequences do not automatically hold in PFA relativised to
particular 1-solid graphs.

For the rest of this chapter, fix m, n < ω, K a countable set, and G an
(m, n)-solid graph on ω1 × K. (The requirement that K is countable is to
make sure that K is a subset of all relevant countable transitive submodels.)

4.1 the open graph axiom

Definition 4.1. Let (V, E) be an open graph such that (V, E) is not count-
ably chromatic, I be the σ-ideal of countably chromatic subsets of V, and
θ be a sufficiently large regular cardinal. Define the poset P(V, E) to be
the set of all finite functions p : Np → V such that:

1. Np is an ∈-chain of countable elementary submodels of H(θ) con-
taining all above objects,

2. For all N ∈ Np, p(N) /∈ ⋃
(I ∩ N),

3. For all M, N ∈ Np with M ∈ N: p(M) ∈ N and {p(M), p(N)} ∈ E.

We order P(V, E) by reverse inclusion.

By selecting the <w-least countable open basis of V, we can (and will)
assume that all aforementioned models agree on the basis of V.

Theorem 4.2 ([40, §7.2]). P(V, E) is proper and adds an uncountable complete
subgraph to (V, E).

Proposition 4.3. Let M be a countable elementary submodel of H(θ) containing
all relevant objects, and v ∈ V be such that v /∈ ⋃

(I ∩ M). Then if there is some
set Y ⊆ V with v ∈ Y ∈ M, there is some w ∈ Y with {v, w} ∈ E.

Proof. Consider the set Y′ = {u ∈ Y : (∀u′ ∈ Y) {u, u′} /∈ E}. Since
Y′ ∈ M and Y′ is discrete, it follows that v /∈ Y′ as required.

33
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Theorem 4.4. P(V, E) preserves that G is (m, n)-solid.

Proof. We prove this via Proposition 3.18. Let Ȧ be a P(V, E)-name for a
dom-block-sequence contained in Fnm(ω1, K), and p0 ∈ P(V, E). Choose
κ ≫ θ a sufficiently large regular cardinal, pick a countable elementary
submodel M ≺ H(κ) containing all relevant objects, and denote M =

M ∩ H(θ). By the proof that P(V, E) is proper, we can pick p ≤ p0 such
that p is (M, P(V, E))-generic and M ∈ Np. We can also assume, by
extending p if necessary, that there is some b ∈ Fnm(ω1, K) such that
dom(b) ∩ M = ∅ and p ⊩ ‘b ∈ Ȧ’. Finally, fix some d ∈ Fnn(ω1, K) such
that dom(d) ∩ M = ∅.

Enumerate Np \ M in ∈-increasing order as M0, M1, . . . , Mk−1 (where
M0 = M.) Denote vi = p(Mi) for i < k and let v⃗ = ⟨vi⟩i<k. Since (V, E) is
an open graph, we can find some U⃗ = ⟨Ui⟩i<k such that:

• Ui is a basic open set for all i < k,

• v⃗ ∈ U⃗,

• For every w⃗ = ⟨wi⟩i<k ∈ U⃗, {vi, wj} ∈ E for all i ̸= j.

Let Hn be the set of pairs ⟨c, w⃗⟩ ∈ Fnm(ω1, K)×Vk such that there is some
r ∈ P(V, E) with the following properties:

1. p ∩ M ⊑ r,

2. |r \ (p ∩ M)| = k (enumerated as N0 ∈ N1 ∈ · · · ∈ Nn−1),

3. w⃗ = ⟨r(Ni)⟩i<k,

4. w⃗ ∈ U⃗,

5. r ⊩ ‘c ∈ Ȧ’.

Note that (b, v⃗) ∈ Hn and by elementarity Hn ∈ M. Denote bn = b.

Claim 4.4.1. We can find sequences ⟨bi⟩i<k, ⟨U′
i ⟩i<k and ⟨Hi⟩i<k such that for

all j < k:

1. bj ∈ Fnm(ω1, K),

2. bj ∩ b ⊑ bj, b,

3. dom(bj \ b) ∩ Mj = ∅,

4. U′
j ⊆ Uj is a basic open set,

5. {vj} × U′
j ⊆ E,
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6. Hj = {(c, w⃗) ∈ Fnm(ω1, K)× V j : (∃w′ ∈ U′
j) (c, w⃗ ⌢ ⟨w′⟩) ∈ Hj+1},

7. Hj ∈ M (note this follows from the previous point),

8. (bj, ⟨vi⟩i<j) ∈ Hj.

Proof of Claim. We prove this by reverse induction. We’ll focus on the in-
ductive step, since the claim for j = k − 1 follows from the same argument.
Suppose we’ve defined our above sequences down to j + 1. We can assume
that bj+1 \ Mj ̸= ∅, since this makes our life more difficult. (Note that
since K ∈ Mj and K is countable, dom(bj+1) \ Mj ̸= ∅ iff bj+1 \ Mj ̸= ∅.)
Let b̃j = bj+1 ∩ Mj, mj = m − |b̃j|, and let β j = max(dom(b̃j)). Now for all
α ∈ (β j, ω1), consider the following set:

Z(α)
j = {(c, w) ∈ Fnmj(ω1 \ α, K)× V : (b̃j ∪ c, v0, . . . , vj−1, w) ∈ Hj+1}.

Note that for all α ∈ (β j, δMj), (bj+1 \ Mj, vj) ∈ Z(α)
j . Thus by Propo-

sition 4.3 Mj models that there must be two disjoint basic open sets

Wα,0, Wα,1 ⊆ Uj such that Wα,0 × Wα,1 ⊆ E and Wα,l ∩ π1(Z(α)
j ) ̸= ∅ for

l = 0, 1. (Note also that we could choose such Wα,0, Wα,1 such that vj ∈ Wα,1,
but Mj obviously cannot model this.) Thus by elementarity this must be
true for all α ∈ (β j, ω1). Now let Wj be the collection of all basic open sets
W ⊆ Uj such that for all α ∈ (β j, ω1), there is a basic open set W ′ ⊆ Uj

with W × W ′ ⊆ E, W ∩ π1(Z(α)
j ) ̸= ∅, and W ′ ∩ π1(Z(α)

j ) ̸= ∅. By elemen-
tarity, Wj ∈ Mj. Since for α ∈ (β j, δMj) we could always pick our Wα,1

such that vj ∈ Wα,1 and there are only countably many basic sets contain-
ing vj, by elementarity there must be some basic open set Ũj ⊆ Uj with
vj ∈ Ũj and Ũj ∈ Wj. Now take α > δMj and some basic open set U′

j with

Ũj ×U′
j ⊆ E and U′

j ∩π1(Z(α)
j ) ̸= ∅. Finally, take some (b′j, wj) ∈ Z(α)

j such
that wj ∈ U′

j , and denote bj = b̃j ∪ b′j. Then bj and U′
j are as required.

From the claim, we have that H0 ∈ M, b0 ∈ H0, and dom(b0) ∩ M0 = ∅.
H0 is an uncountable dom-block-sequence and thus by Proposition 3.17

there is some a ∈ H0 ∩ M such that [a, d] ⊆ G. Pick some sequence
⟨wi⟩i<k ∈ Vk ∩ M such that wi ∈ U′

i and (a, w0, . . . , wi−1) ∈ Hi for all
i ≤ k. Let q ∈ P(V, E) ∩ M witness that (a, w0, . . . , wk−1) ∈ Hk. Then
p ∪ q ∈ P(V, E), q ⊩ ‘a ∈ Ȧ’, and [a, d] ⊆ G as required.

Remark 4.5. Theorem 4.4 implies that ‘can be encoded by an (m, n)-
solid graph’ and ‘can be encoded by an m-solid graph’ are very dif-
ferent conditions, since 2-entangled sets can be encoded by a 1-solid
graph but OGA implies that 2-entangled sets of reals cannot exist [10,
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Proposition 14]. Moreover, it implies that 2-entangled sets cannot be en-
coded by (m, n)-solid graphs. However, the encoding given by Exam-
ple 3.8 uses an uncountable set K, so one might wonder whether the
cardinality of K is a deciding factor. To show this is not the case, let
m < ω, E = {eα : α < ω1} ⊆ R and f : ω1 → [ω1]

m be a bijection.
Let K = {>,<}m. Then define GE, f ⊆ [ω1 × K]2 to be the set of pairs
{⟨ν0, R0⟩, ⟨ν1, R1⟩} such that ν0 < ν1 and either:

• f (ν0) ̸< f (ν1), or

• For all i < m, e f (ν0)(i) R1(i) e f (ν1)(i).

Then using similar arguments to Proposition 3.13, GE, f is 1-solid iff E is
m-entangled.

4.2 baumgartner’s axiom

Definition 4.6. Let K, L be linear orders.

• We write K ≤ L if there is a strictly increasing function f : K → L.
(In other words, L has an isomorphic copy of K.)

• We say K and L are equivalent, denoted K ≡ L, if K ≤ L and L ≤ K.

Definition 4.7. Let κ be an infinite cardinal and L a linear order.

• L is κ-dense if for any x, y ∈ L with x ⪇ y, |(x, y)L| = κ.

• L is κ-scattered if it does not contain any κ-dense suborder (other
than singletons).

• L is separable if it contains a countable, ℵ0-dense subset D ⊆ L such
that for any x, y ∈ L with x ⪇ y, (x, y)L ∩ D ̸= ∅.

Note that every separable linear order embeds into the real line.

Definition 4.8 (Baumgartner’s Axiom). Let κ be an infinite cardinal.

• We write BA(κ) for the statement: Every two κ-dense sets of reals
are isomorphic.

• We write BA≡(κ) for the statement: Every two sets of reals of size κ

are equivalent.

Lemma 4.9 ([36, Corollary 8.3]). BA≡(ℵ1) + p > ℵ1 implies BA(ℵ1).

Definition 4.10. Let N be a countable elementary submodel of H(c+). We
say that N is a strong model if there is N a countable elementary submodel
H((2c)+) such that N = N ∩ H(c+).
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Definition 4.11. Let X, Y be sets of reals of size ℵ1. Define the poset
P(X, Y) to be set of all pairs p = ( fp,Np) such that:

1. fp is a finite partial increasing map from X to Y,

2. Np is a finite ∈-chain of countable elementary submodels of H(c+)

containing X and Y,

3. The range of fp is separated by Np,

4. For all x ∈ dom( fp), there is some N ∈ Np such that x ∈ N but
fp(x) /∈ N,

5. For all x ∈ dom( fp), if N ∈ Np is a strong model, then N does not
separate x and fp(x).

We order P(X, Y) by reverse-inclusion.

Theorem 4.12 ([40, §15.2]). P(X, Y) is proper and adds a strictly increasing
function f : X → Y.

Theorem 4.13. P(X, Y) preserves that G is (m, n)-solid.

Proof. Let Ȧ be a P(X, Y)-name for a dom-block-sequence contained in
Fnm(ω1, K) and p0 ∈ P(X, Y). Choose κ a sufficiently large regular car-
dinal, pick a countable elementary submodel M ≺ H(κ) containing all
relevant objects, and denote M = M ∩ H(c+). By the proof that P(X, Y)
is proper, we can pick p ≤ p0 such that p is (M, P(X, Y))-generic and
M ∈ Np. We can also assume, by extending p if necessary, that there is
some b ∈ Fnm(ω1, K) such that dom(b) ∩ M = ∅ and p ⊩ ‘b ∈ Ȧ’. Finally,
fix some d ∈ Fnn(ω1, K) such that dom(d) ∩ M = ∅.

Let k = |dom( fp) \ M|, and enumerate dom( fp) \ M as x0, x1, . . . , xk−1.
Pick rational open intervals {Ui : i < k} and {U′

i : i < k} such that:

• The {Ui : i < k} are pairwise-disjoint,

• The {U′
i : i < k} are pairwise-disjoint,

• xi ∈ Ui and fp(xi) ∈ U′
i for all i < k,

• (dom( fp) \ M) ∩ U′
i = ∅ for all i < k,

• (range( fp) \ M) ∩ Ui = ∅ for all i < k,

Now let F be the set of triples ⟨c, {Vi : i < k}, {V ′
i : i < k}⟩ such that

there is some r ∈ P(X, Y) with the following properties:

1. c ∈ Fnm(ω1, K),
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2. Np ∩ M ⊑ Nr,

3. |dom( fr) \ M| = k (enumerated as z0 < z1 < · · · < zn−1),

4. For all i < k,

a) Vi and V ′
i are rational open intervals,

b) Vi ⊆ Ui and V ′
i ⊆ U′

i ,

c) zi ∈ Vi and fr(zi) ∈ V ′
i .

5. r ⊩ ‘c ∈ Ȧ’.

For all α < ω1, let Hα be the set of pairs ⟨{Vi : i < k}, {V ′
i : i < k}⟩ such

that there is some c ∈ Fnm(ω1 \ α, K) such that ⟨c, {Vi : i < k}, {V ′
i : i <

k}⟩ ∈ F . Finally, let Hω1 =
⋂

α<ω1
Hα. Note that:

• F ,Hω1 ∈ M,

• For all α < δM, Hα ∈ M,

• If ⟨{Vi : i < k}, {V ′
i : i < k}⟩ is such that xi ∈ Vi ⊆ Ui and fp(xi) ∈

V ′
i ⊆ U′

i for all i < k, then since dom(b)∩ M = ∅ we have that for all
α < δM, ⟨{Vi : i < k}, {V ′

i : i < k}⟩ ∈ Hα and thus by elementarity

⟨{Vi : i < k}, {V ′
i : i < k}⟩ ∈ Hω1 .

Thus by following the usual proof of Theorem 4.12, we get that for all
α < δM, there are rational open intervals {Wi : i < k} and {W ′

i : i < k}
such that

• ⟨{Wi : i < k}, {W ′
i : i < k}⟩ ∈ Hα,

• For all i < k,

– xi /∈ Wi, fp(xi) /∈ W ′
i ,

– xi ≤ inf(Wi) iff fp(xi) ≤ inf(W ′
i ).

Thus since there are only countably many 2n-tuples of rational open
intervals, we can find rational open intervals {Wi : i < k} and {W ′

i : i < k}
with these properties and also that ⟨{Wi : i < k}, {W ′

i : i < k}⟩ ∈ Hω1 .
Now consider the set

A = {c ∈ Fnm(ω1, K) : ⟨c, {Wi : i < k}, {W ′
i : i < k}⟩ ∈ F}.

We have shown that A contains an uncountable block-sequence, so by
Proposition 3.17 we can find some we can find some a ∈ A ∩ M with
[a, d] ⊆ G. Pick some q ∈ P ∩ M witnessing that ⟨a, {Wi : i < k}, {W ′

i :
i < k}⟩ ∈ F . Then q ⊩ ‘a ∈ Ȧ’, [a, d] ⊆ G, and p and q are compatible as
required.
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Remark 4.14. As with OGA, BA(ℵ1) implies that no m-entangled sets of
reals can exist [10, Proposition 14]. Thus no forcing notion for BA(ℵ1) can
preserve all 1-solid graphs.

4.3 club-isomorphism of aronszajn trees

Definition 4.15.

• An ω1-tree is a tree of height ω1 with no uncountable levels.

• An Aronszajn tree is an ω1-tree with no uncountable branches.

• An ω1-tree is special if it can be covered by countably many an-
tichains.

• Two ω1-trees T, S are club-isomorphic if there is some club C ⊆ ω1

such that T ↾ C is isomorphic to S ↾ C.

Lemma 4.16. Let T be an ω1-tree and C ⊆ ω1 a club such that T ↾ X is special.
Then T is special. In particular, if all Aronszajn trees are club-isomorphic, they
are all special.

Note that in [1], it is claimed that this result was known since 1974. The
below proof is based on [34, §2].

Proof. We will assume for simplicity that ∅ ∈ C. Define a map f : T ↾
(ω1 \ C) → T by f (t) = t ↾ max(C ∩ ht(t)). Note that since C is closed, f
is well-defined. Moreover, f is regressive.

We claim that for all t ∈ T, f−1(t) is countable. Indeed, given t ∈ T, let
δ ∈ C be such that δ > ht(t). Then f−1(t) ⊆ T ↾ δ and thus is countable.
For each t ∈ T, let gt : f−1(t) → ω be an injection.

Let h′ : T ↾ C → ω specialise T ↾ C. We now define a map h : T → ω<ω

as follows:

h(t) =

{
h′(t) t ∈ T ↾ C,

h( f (t))⌢ ⟨g f (t)(t)⟩ otherwise.

Now we show that h specialises T. Suppose that t, t′ ∈ T with h(t) =

h(t′) = ⟨n0, n1, . . . , nk⟩. We prove our result by induction on k. The k = 0
case follows from the fact that h′ specialises T ↾ C. Now suppose that this
result holds for all i < k. Then since h( f (t)) = h( f (t′)) = ⟨n0, n1, . . . , nk−1⟩,
either f (t) ⊥ f (t′) or f (t) = f (t′). In the first case, then t ⊥ t′ since
f (t) ≤ t and f (t′) ≤ t′. In the second case, then since g f (t)(t) = g f (t)(t′)
and g f (t) is an injection, t = t′.
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Remark 4.17. Note that every special tree is Aronszajn, and every Souslin
tree is non-special. Thus since a Souslin tree can be encoded by a 1-
solid graph, no forcing notion for forcing that all Aronszajn trees are
club-isomorphic can preserve all 1-solid graphs. Similarly, non-special
Aronszajn trees cannot be encoded by (m, n)-solid graphs.

Lemma 4.18 ([33, Lemma 5.9]). Let k < ω and {Ti : i < k} be a collection of
Aronszajn trees. Let {ti

α ∈ Ti : α < ω1, i < k} be such that for all β < α < ω1

and i, i′ < k:

• ht(ti
α) = ht(ti′

α),

• ht(ti
β) < ht(ti

α).

Then for any l < ω, there is δ < ω1 such that {ti
α ∈ Ti : α < ω1, i < l}

is (l, δ)-distributed, i.e. for all collections {si
j ∈ Ti

δ : j < l, i < k} there are
uncountably many α such that for all j < l and i < k, si

j ⊥Ti ti
α.

Definition 4.19. Let T and S be normal Aronszajn trees. Define P(T, S) to
be the poset of pairs p = (Ap, f p) such that:

1. Ap is a finite subset of ω1,

2. f p is a partial bijection Tmax(Ap) → Smax(Ap),

3. For all α ∈ Ap and t0, t1 ∈ dom( f p),

(∃x ∈ Tα) x ≤T t0, t1 ⇐⇒ (∃y ∈ Sα) y ≤S f p(t0), f p(t1).

The following extra notation will be very useful:

• Given a condition p, we write αp for the maximum element of Ap.

• Given α < ω1 and f ∈ Fn(Tα, Sα), we write ht( f ) = α.

• Given f , g ∈ Fn(T, S), we write f ⊥ g if for all t ∈ dom( f ) and
t′ ∈ dom(g), t ⊥T t′ and f (t) ⊥S g(t′).

• Let α < ω1 and f ∈ Fn(Tα, Sα). Given β < α, we write πβ( f ) for
the element of Fn(Tβ, Sβ) given by πβ( f )(x ↾ β) = f (x) ↾ β for
x ∈ dom( f ) (and undefined otherwise.)

• Let p = (Ap, f p) ∈ P(T, S). For β < αp we write πβ(p) for the
pair (Ap ∩ β ∪ {β}, πβ( f p)) if this is a condition (and undefined
otherwise.) Note that if β ∈ Ap, then πβ(p) is a condition.

We order P(T, S) as follows: q ≤ p if:
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1. Ap ⊆ Aq,

2. παp( f q) ↾ Ap = f p.

Theorem 4.20 ([1, §5]). P(T, S) is a proper forcing that forces that T and S are
club-isomorphic.

The following elementary propositions will be useful:

Proposition 4.21. Let p ∈ P(T, S) and β < αp such that

|dom( f p)| = |dom(πβ( f p))| = | range(πβ( f p))|.

Then (Ap ∪ {β}, f p) ∈ P(T, S).

Proposition 4.22. Let p, q ∈ P(T, S) and β < γ < ω1 be such that

1. γ < αp, αq,

2. πβ( f p) = πβ( f q),

3. |dom( f p)| = |dom( f q)| = |dom(πβ( f p))| = | range(πβ( f p))|,

4. πγ( f p) ⊥ πγ( f q),

5. (Ap ∪ Aq) ∩ (β, γ) = ∅.

Then p, q are compatible elements.

Proof. By extending our elements if necessary, we can assume that αp = αq.
Moreover, by the previous proposition we can also assume that {β, γ} ⊆
Ap, Aq. It will suffice to show that r = (Ap ∪ Aq, f p ∪ f q) is a condition.
Since f p ⊥ f q, we have that f r is a bijection, so we only need to check the
third criterion for being in P(T, S). Pick α ∈ Ar and consider the following
cases:

• If α ≤ β, since πβ( f p) = πβ( f q), for any t0, t1 ∈ dom( f r):

(∃x ∈ Tα) x ≤T t0, t1

⇐⇒ (∃x ∈ Tα) x ≤T t0 ↾ β, t1 ↾ β

⇐⇒ (∃y ∈ Sα) y ≤S πβ( f r)(t0 ↾ β), πβ( f r)(t1 ↾ β)

⇐⇒ (∃y ∈ Sα) y ≤S f r(t0), f r(t1).

• If α ≥ γ, since πγ( f p) ⊥ πγ( f q) and no pairs of elements of dom( f r)

or range( f r) meet above β, it follows that for any t0, t1 ∈ dom( f r),
t0 ↾ α = t1 ↾ α ⇐⇒ t0 = t1 and f r(t0) ↾ α = f r(t1) ↾ α ⇐⇒
f r(t0) = f r(t1).
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Thus since Ar ∩ (β, γ) = ∅, r ∈ P(T, S).

Theorem 4.23. P(T, S) preserves that G is (m, n)-solid.

Proof. Let p0 ∈ P(T, S), and Ȧ be a P(T, S)-name for a dom-block-
sequence contained in Fnm(ω1, K). Choose κ a sufficiently large regular
cardinal and pick a countable elementary submodel M ≺ H(κ) containing
all relevant objects. By the usual proof of Theorem 4.20, we can pick p ≤ p0

such that p is (M, P(T, S))-generic and δM ∈ Ap. We can also assume, by
extending p if necessary, that there is some b ∈ Fnm(ω1, K) such that
dom(b) ∩ M = ∅ and p ⊩ ‘b ∈ Ȧ’. Finally, pick some d ∈ Fnn(ω1, K) such
that dom(d) ∩ M = ∅.

Let k = |dom( f p)| and pick some α̃ < δM such that

k = |dom(πα̃( f p))| = | range(πα̃( f p))|

and let pM = πα̃(p). (Note that this is possible since S and T are normal
trees and δM is a limit ordinal.) Then pM ∈ P(T, S) and since Tα̃, Sα̃ ⊆ M,
we have that pM ∈ M and p ≤ pM.

Now let F be the set of all pairs (c, g) ∈ Fnm(ω1, K)× Fnk(T, S) such
that there is some r ∈ P(T, S) and β < ω1 with the following properties:

1. g = πβ( f r),

2. r ≤ pM,

3. Ar ∩ (αpM , β) = ∅,

4. r ⊩ ‘c ∈ Ȧ’.

Then (b, πδM( f p)) ∈ F and by elementarity F ∈ M and F is uncountable.
By the same argument as Proposition 3.3, we can find a subset F ′ ⊆ F
such that for all (c, g), (c′, g′), we have that dom(c)∪ {ht(g)} < dom(c′)∪
{ht(g′)} (or vice-versa). Again by elementarity F ′ ∈ M. By Proposi-
tion 3.17 we can find γ < ω1 such that {g : (∃c ∈ Fnm(ω1, K)) (c, g) ∈ F ′}
is (2k, γ)-distributed. Note that by elementarity we can pick γ such that
αpM < γ < δM.

Finally, define A′ be the collection of elements c ∈ Fnm(ω1, K) such that
there is g ∈ Fnk(T, S) with the following properties:

1. (c, g) ∈ F ′,

2. ht(g) ≥ γ,

3. g ⊥ πγ( f p).
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By elementarity A′ ∈ M. Moreover, by choice of F ′ and use of the afore-
mentioned lemma, A′ is an uncountable dom-block-sequence. Thus by
Proposition 3.17 we can pick some a ∈ A′ ∩ M such that [a, d] ⊆ G. Pick
some g ∈ Fnk(T, S) ∩ M that witnesses a ∈ A′, and q ∈ P(T, S) ∩ M wit-
nessing (a, g) ∈ F . Then by Proposition 4.22 we have that q ⊩ ‘a ∈ Ȧ’,
[a, d] ⊆ G, and p and q are compatible as required.



5
H F G R A P H S

5.1 introduction

Definition 5.1. Let A ⊆ Fn(ω1, K). We say that A is K-aligned if:

• A is a dom-block-sequence,

• There is m < ω such that A ⊆ Fnm(ω1, K),

• There is some function f : m → K such that for all a ∈ A,

a = {⟨dom(a)(i), f (i)⟩ : i < m}.

Note that if K is countable, every uncountable dom-block-sequence in
Fn(ω1, K) contains an uncountable K-aligned subset.

Definition 5.2. Let G ⊆ [ω1 × K]2. For b ∈ Fn(ω1, K) and ϵ ∈ 2|b|, define
UG

b,ϵ ⊆ Fn(ω1, K) as follows:

UG
b,ϵ = {a ∈ Fn(ω1, K) : (a < b)

∧ ((∀i < |a|)(∀j < |b|) {a(i), b(j)} ∈ G ⇐⇒ ϵ(j) = 1)}.

Definition 5.3. Let K be a countable set, G ⊆ [ω1 × K]2, and m, n < ω.

• G is an HFm,n graph if for every K-aligned countably infinite subset
A ⊆ Fnm(ω1, K), there is a δ < ω1 such that for all b ∈ Fnn(ω1 \ δ, K)
and ϵ ∈ 2|b|, UG

b,ϵ ∩A is infinite.

• G is an HFDm graph if it is an HFm,n graph for all n < ω.

• G is an HFCn graph if it is an HFm,n graph for all m < ω.

• G is a strong HF graph if it is an HFm,n graph for all m, n < ω.

We will say ‘HF graph’ (resp. ‘HFD graph’, ‘HFC graph’) to refer to any
graph that is HFm,n (resp. HFDm, HFCn) for some m, n < ω.

Note that every HFm,n graph is (m, n)-solid. Just as with solid graphs, we
can characterise HF graphs in terms of countable elementary submodels:

44
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Proposition 5.4. Let G be a graph on ω1 ×K, where K is countable. The following
are equivalent:

1. G is HFm,n;

2. For every K-aligned countably infinite subset A ⊆ Fnm(ω1, K), uncount-
able dom-block-sequence B ⊆ Fnn(ω1, K), and ϵ ∈ 2n there is δ < ω1

such that for all b ∈ B with dom(b) > {δ}, UG
b,ϵ ∩A is infinite;

3. For every λ a sufficiently large regular cardinal and M a countable elemen-
tary submodel of H(λ) containing G, if A ∈ M is a K-aligned countably
infinite subset of Fnm(ω1, K), for every b ∈ Fnn(ω1, K) \ M and ϵ ∈ 2|b|,
UG

b,ϵ ∩A is infinite.

Proof. Since (3) ⇐⇒ (1) =⇒ (2) is immediate we focus on ¬(1) =⇒
¬(2). Take a K-aligned countably infinite subset A ⊆ Fnm(ω1, K) that
witnesses ¬(1). We will iteratively construct an uncountable dom-block-
sequence B = ⟨bξ⟩ξ<ω1 ⊆ Fnn(ω1, K) and sequence ⟨ϵξ⟩ξ<ω1 of elements
of 2n as follows: given ⟨bξ⟩ξ<δ and ⟨ϵξ⟩ξ<δ for some δ < ω1, let γδ be
the least ordinal such that dom(bξ) < {yδ} for all ξ < δ. Then since A
witnesses ¬(2), we can find some bδ ∈ Fnn(ω1 \ γδ, K) and ϵδ ∈ 2n such
that UG

bδ,ϵδ
∩ A is finite. By thinning our sequence if necessary, we can

assume that there is some ϵ ∈ 2n such that ϵξ = ϵ for all ξ < ω1. Then A,
B, and ϵ witness that ¬(2) holds.

Given two sets X, Y, we say that X splits Y if X ∩ Y and Y \ X are both
infinite. S ⊆ [ω]ℵ0 is called a splitting family if for all Y ⊆ ω, there is some
X ∈ S that splits Y. The cardinal characteristic s is defined to be the size
of the smallest splitting family.

Definition 5.5 ([4]). Let X = ⟨xα : α < η⟩ be a sequence of elements of
[ω]ℵ0 of length η, where cof(η) > ℵ0.

• We say that X is eventually narrow if for all y ∈ [ω]ℵ0 , there is some
δ < η such that for all α > δ, y \ xα is infinite.

• We say that X is eventually splitting if for all y ∈ [ω]ℵ0 , there is some
δ < η such that for all α > δ, xα splits y.

Just like the existence of a countable HFD space implies the existence of
an uncountable HFD space ([11, p. 4.23]) or that the existence a Luzin set
of reals implies the existence of a Luzin subset of 2ω1 ([36, Theorem 6.2]),
we have a similar result for HF graphs:

Proposition 5.6. There is an HF1,1 graph iff there is an eventually splitting
sequence of length ω1.
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Proof. We prove the converse direction. As with the aforementioned proofs,
fix a sequence of functions {eα : α < ω1} such that eα : α → ω is an
injection for all α, and given α < β < ω1, eα =∗ eβ↾α. Let X = ⟨xα :
α < ω1⟩ be an eventually splitting sequence in [ω]ℵ0 . Define the graph
GX ⊆ [ω1 × 1]2 as follows:

GX = {{⟨ν0, 0⟩, ⟨ν1, 0⟩} : (ν0 < ν1) ∧ (eν1(ν0) ∈ xν1)}.

(For ease of notation, we will identify ω1 × 1 with 1.) Let A ∈ [ω1]
ℵ0 . We

need to show that there is some δ < ω1 such that for all δ < β < ω1, there
is α, α′ ∈ A with {α, β} ∈ GX and {α′, β} /∈ GX.

Let γ =
⋃

A. Since X is eventually splitting, we can find some δ < ω1

such that δ ≥ γ and for all β > δ, xβ splits eγ[A]. Let β > δ. Since
{α < γ : eγ(α) ̸= eβ(α)} is finite, xβ also splits eβ[A]. Thus we can find
α, α′ ∈ A such that eβ(α) ∈ xβ and eβ(α

′) /∈ xβ as required.

The existence of an eventually splitting sequence of length ω1 implies
that s = ℵ1, but it turns out even more is true:

Proposition 5.7 ([9]). There is an eventually splitting family of length ω1 iff(
ω1

ω

)
̸→

(
ω1

ω

)1,1

2
.

Theorem 5.8 ([6, Theorem 40]). It is consistent that s = ℵ1 but there are no
eventually splitting sequences.

5.2 preserving HF graphs

Proposition 5.9. Let G be an HFm,n graph on ω1 × K and P a proper forcing.
The following are equivalent:

1. P preserves that G is HFm,n;

2. Let λ be a sufficiently large regular cardinal, Ȧ a P-name for a count-
able K-aligned subset of Fnm(ω1, K), and M a countable elementary sub-
model of H(λ) containing P, G, and Ȧ. If p ∈ P is (M, P)-generic,
b ∈ Fnn(ω1, K) \ M, and ϵ ∈ 2n, there is some q ∈ P ∩ M and a ∈
Fnm(ω1, K) ∩ M such that q ⊩ ‘a ∈ Ȧ’, q is compatible with p, and
a ∈ UG

b,ϵ.

Proof.

• (1) implies (2). Suppose P preserves that G is HFm,n and take λ, Ȧ,
M, p, b, and ϵ as in the statement of the proposition. Let Gp ⊆ P be
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a generic filter containing p. We work in V[Gp]. Since P is proper
and P preserves G, we can find a ∈ Ȧ[Gp] such that a ∈ UG

b,ϵ. Then
pick q ∈ M ∩ Gp such that q ⊩ ‘a ∈ Ȧ’. As Gp is a filter, p and q are
compatible as required.

• (2) implies (1). Follows from Proposition 5.4.

The following proposition will allow us to show that many useful proper
forcing notions preserve HF graphs:

Proposition 5.10. Let P be a proper forcing notion, and consider the following
properties:

1. Let p0 ∈ P, λ be a sufficiently large regular cardinal and M be a countable
elementary submodel of H(λ) containing P and p0. If there is b ∈ [ω]ℵ0

such that for all a ∈ M ∩ [ω]ℵ0 , |a ∩ b| = ℵ0, then there is p ≤ p0 that is
(M, P)-generic such that

p ⊩ ‘(∀ȧ ∈ M[GP] ∩ [ω]ℵ0) |ȧ ∩ b| = ℵ0’.

2. P preserves all eventually narrow sequences of length ω1 (and hence all
such eventually splitting sequences).

3. P preserves all HF1,1 graphs.

Then (1) =⇒ (2) =⇒ (3).

Proof.

• (1) implies (2). Suppose X = {xα : α < ω1} is an eventually narrow
sequence. Let p0 ∈ P, λ a sufficiently large regular cardinal, and
M a countable elementary submodel of H(λ) containing P, p0, and
X . Since X is eventually narrow and M is countable, there is some
δ < ω1 \ δM such that for all α ∈ ω1 \ δ and a ∈ M ∩ [ω]ℵ0 , a \ xα

is infinite. Thus by our hypothesis, for each α ∈ ω1 \ δ we can find
p ≤ p0 that is (M, P)-generic such that

p ⊩ ‘(∀ȧ ∈ M[GP] ∩ [ω]ℵ0) |ȧ ∩ (ω \ xα)| = ℵ0’.

Thus P preserves that X is eventually narrow as required.

• (2) implies (3). Let G ⊆ [ω1 × K]2 for some countable set K. Pick
a sequence of functions {eα : ω ≤ α < ω1} such that eα : α → ω

is a bijection. For every k, k′ ∈ K and ω ≤ α < β < ω1, define
xk,k′

α,β ∈ [ω]ℵ0 as follows:

xk,k′
α,β = {n ∈ ω : {⟨e−1

α (n), k⟩, ⟨β, k′⟩} ∈ G}.
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For each α ∈ ω1 \ ω and k ∈ K, let X k
α = {xk,k′

α,β : β ∈ ω1 \ α, k′ ∈ K}.

Note that G is HF1,1 iff X k
α is eventually splitting for all α ∈ ω1 \ ω

and k ∈ K. Thus any proper forcing notion preserving all eventually
splitting sequences of length ω1 preserves all HF1,1 graphs.

To extend this proposition to all HF graphs, we’ll need the following
definition. We write Dm

ℵ0
(ω) for the collection of all sets A ⊆ [ω]m of

cardinality ℵ0 such that the elements of A are pairwise disjoint.

Definition 5.11. Let P be a proper forcing notion. For m < ω, we write
(∗m) for the following property: Let p0 ∈ P, λ be a sufficiently large regular
cardinal and M be a countable elementary submodel of H(λ) containing P

and p0. If there is ⟨yi⟩i<m ∈ ([ω]ℵ0)m such that for every A ∈ M ∩Dm
ℵ0
(ω)

we have that
{a ∈ A : (∀i < m) a(i) ∈ yi}

is infinite, then there is p ≤ p0 that is (M, P)-generic such that

p ⊩ ‘(∀Ȧ ∈ M[GP] ∩Dm
ℵ0
(ω)) |{a ∈ Ȧ : (∀i < m) a(i) ∈ yi}| = ℵ0’.

Proposition 5.12. Let P be a proper forcing notion with property (∗m). Then P

preserves all HFm,n graphs for all n < ω.

Proof. Let G ⊆ [ω1 × K]2 be an HFm,n graph, λ a sufficiently large regular
cardinal, Ȧ a P-name for a countable K-aligned subset of Fnm(ω1, K),
p0 ∈ P, and M a countable elementary submodel of H(λ) containing P,
G, and Ȧ. We can assume (by strengthening p0 if necessary) that there is
some k⃗ ∈ K such that

p0 ⊩ ‘(∀a ∈ Ȧ)(∀i < m) a(i) = k⃗(i)’

and γ < δM such that p0 ⊩ ‘(∀a ∈ Ȧ) dom(a) < {γ}’. Pick some bijection
e : γ → ω. Let b ∈ Fnn(ω1, K) \ M and ϵ ∈ 2n. Similarly, by extending p0

we can find a bijection σ : m → m such that p0 forces that for infinitely
many a ∈ Ȧ, e(dom(a)(σ(i))) = e[dom(a)](i). For each i < m, define
yi ⊆ ω as follows:

yi = {e(α) : (α < γ) ∨ ((∀j < n) {⟨α, k⃗(σ(i))⟩, b(j)} ∈ G ⇐⇒ ϵ(j) = 1)}.

Using Proposition 5.4, we have that for every C ∈ Dm
ℵ0
(ω) ∩ M the set

{c ∈ C : (∀i < m) c(i) ∈ yi} is infinite. Since P satisfies (∗m), we can find
some p ≤ p0 that is (M, P)-generic such that

p ⊩ ‘(∀Ċ ∈ M[GP] ∩Dm
ℵ0
(ω)) |{c ∈ Ċ : (∀i < m) c(i) ∈ yi}| = ℵ0’.
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Let Ċ = {e[dom(a)] : a ∈ Ȧ}. Then we can find some q ≤ p and c ∈
[ω]m such that q ⊩ ‘c ∈ Ċ’ and for all i < m, c(i) ∈ yi. But then if
a = {⟨e−1[c](i), k⃗(i)⟩ : i < m}, we have that q ⊩ ‘a ∈ Ȧ’ and a ∈ UG

b,ϵ as
required.

Corollary 5.13. Suppose P is a proper forcing that doesn’t add any reals. Then
P preserves all HF graphs.

We will now prove that adding Hechler reals preserves all HF graphs.
This will be a necessary step to showing that both that Neeman iterations
preserve HF graphs, and that we can also force add(M) > ℵ1.

Theorem 5.14. Adding any number of Hechler reals preserves all HF graphs.

This theorem will be an extension of the following result, and our proof
will follow their original argument closely.

Theorem 5.15 ([4, Theorem 3.1]). Adding any number of Hechler reals preserves
all eventually narrow sequences.

Definition 5.16 (Hechler forcing). We write ω↑<ω and ω↑ω for the sets
of all strictly increasing functions into ω of finite length and length ω

respectively. We now define the forcing H as the collection of all (s, f ) ∈
(ω↑<ω, ω↑ω) with the ordering that (t, g) ≤ (s, f ) if:

1. t ⊒ s,

2. g ≥ f ,

3. For all i ∈ dom(t) \ dom(s), t(i) ≥ f (i).

Given an dense-open set D ⊆ H, we define the sequence ⟨Dα⟩α<ω1 of
derivatives of D as follows:

• D0 = {s ∈ ω↑<ω : (∃ f ∈ ω↑ω) (s, f ) ∈ D}.

• Given Dα, we define Dα+1 as

Dα+1 = Dα ∪ {s ∈ ω↑<ω : (∃n > |s|)(∀k < ω)(∃t ∈ Dα)

(s ⊑ t) ∧ (|t| = n) ∧ (t(|s|) > k)}.

• For limit β < ω1, we let Dβ =
⋃

α<λ Dα.

Theorem 5.17 ([4, Theorem 2.1]). For every dense-open set D ⊆ H, there is
γ < ω1 such that Dγ = ω↑<ω.

Lemma 5.18. For all m < ω, H has property (∗m).
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Proof. Suppose not. We will assume that m > 0 to ignore the trivial
case. Then there is some Ȧ a H-name for an element of Dm

ℵ0
(ω), λ a

sufficiently large regular cardinal, M a countable elementary submodel
of H(λ) containing H and Ȧ, ⟨yi⟩i<m ∈ ([ω]ℵ0)m such that for every
B ∈ M ∩ Dm

ℵ0
(ω) the set {b ∈ B : (∀i < m) b(i) ∈ yi} is infinite, and

(s, f ) ∈ H that is (M, H)-generic such that

(s, f ) ⊩ ‘|{a ∈ Ȧ : (∀i < m) a(i) ∈ yi}| < ℵ0’.

Extending (s, f ) if necessary, we can find some n < ω such that

(s, f ) ⊩ ‘(∀a ∈ [ω \ n]m) a ∈ Ȧ =⇒ (∃i < m) a(i) /∈ yi’. (†)

Let ḣ be the H-name for the enumeration of Ȧ in <-increasing order. By
elementarity, ḣ ∈ M. For each t ∈ ω↑<ω with (t, f ) ≤ (s, f ) and each i ≥ n,
define

Zt(i) = {a ∈ [ω]m : (∀g ∈ ω↑ω)(∃(t′, g′) ≤ (t, g)) (t′, g′) ⊩ ‘ḣ(i) = a’}.

Claim 5.18.1. For all t ∈ ω↑<ω with (t, f ) ≤ (s, f ) and all i ∈ ω \ n, we have
Zt(i) ̸= ∅.

Proof of Claim. Let t, i be as in the statement of the claim and define the
set

D = {p ∈ H : (∃a ∈ [ω]m) p ⊩ ‘ḣ(i) = a’}.

Note D is dense-open and D ∈ M. We will inductively prove that for all
α < ω1, if t ∈ Dα then the claim holds. This is sufficient by Theorem 5.17.
Since the claim holds for t ∈ D0, and the inductive step for limit ordinals
follows immediately, suppose that the inductive hypothesis is true at
α < ω1 and t ∈ Dα+1 \ Dα. Thus there is a sequence ⟨tk⟩k<ω of elements
of Dα and l < ω such that for all k < ω we have |tk| = l, tk ⊒ t, and
tk(|t|) > k. By elementarity, assume ⟨tk⟩k<ω ∈ M.

If there is some a ∈ [ω]m such that a belongs to infinitely many Ztk(i),
then a ∈ Zt(i) and we are done. Suppose instead this is not the case. For
all k < ω let ak be the <w-least element of Ztk(i) and let B = {ak : k < ω}.
By our assumption B is infinite, but also by elementarity B ∈ M. Thus
{a ∈ B : (∀i < m) a(i) ∈ yi} is infinite. So by picking k sufficiently large
such that min(ak) ≥ n, k ≥ f (l − 1), and (∀i < m) ak(i) ∈ yi, we have that
(tk, f ) ≤ (t, f ) and there is some (u, g) ≤ (tk, f ) with (u, g) ⊩ ‘ḣ(i) = ak’,
contradicting (†).
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For every i < ω pick the <w-least ai ∈ Zs(i) and let B = {ai : i < ω}.
Again, we have that B ∈ M and is infinite, so {a ∈ B : a∩ b = ∅} is infinite.
Thus again we can pick some i sufficiently large such that min(ai) ≥ n,
ai ∩ b = ∅, and there is some (s′, f ′) ≤ (s, f ) such that (s′, f ′) ⊩ ‘ḣ(i) = ai’,
again contradicting (†).

Theorem 5.19. Let G ⊆ [ω1 × K]2 be an HFm,n graph and ⟨Pξ , Q̇ξ : ξ ≤ ν⟩
be a finite-support iteration such that for all ξ < ν, Pξ forces that Q̇ξ is ccc and
preserves that G is HFm,n. Then Pν preserves that X is HFm,n.

Proof. Let G ⊆ [ω1 × K]2 and ⟨Pξ , Q̇ξ : ξ ≤ ν⟩ be as in the statement of
the theorem. We will prove this via induction on ξ. The successor case
follows by our hypothesis, and limit cases of uncountable cofinality don’t
add any reals, so we can assume that cof(ξ) = ℵ0. Let ⟨ξk⟩k<ω be a cofinal
sequence in ξ.

Suppose the theorem is false at ξ, i.e. there is some Pξ-name Ȧ for a
countably infinite K-aligned subset of Fnm(ω1, K) and p ∈ Pξ such that

p ⊩ ‘(∀α < ω1)(∃b ∈ Fnn(ω1 \ α, K))(∃ϵ ∈ 2n) |Ȧ ∩ UG
b,ϵ| < ℵ0’.

We can also presume (by extending p if necessary) that there is some
γ < ω1 such that p ⊩ ‘γ = sup{⋃ dom(a) : a ∈ Ȧ}’. Let Gξ ⊆ Pξ be a
generic filter containing p. Then we can find some uncountable subset
B ⊆ Fnn(ω1, K) such that for all b ∈ B, there is some pb ∈ Gξ and ηb < γ

such that

pb ⊩ ‘(∀a ∈ Fnm(γ \ ηb, K)) a ∈ Ȧ =⇒ a /∈ UG
b,ϵ’.

For all ζ < ξ, let Gζ = Gξ ∩ Pζ . Since Pξ is a direct limit of ⟨Pξk⟩k<ω, we
can find some k < ω, η < γ, and uncountable C ⊆ B such that for all
b ∈ C, pb ∈ Gξk and ηb = η. Note that C ∈ V[Gξk ]. Working in V[Gξk ],
define the set A′ as follows:

A′ =
⋂
b∈C

{a ∈ Fnm(γ \ η) : a /∈ UG
b,ϵ}.

For all b ∈ C, we have that A′ ∩ UG
b,ϵ. But also, we have that

Gξk ⊩ ‘Ȧ ∩ Fnm(γ \ η) ⊆ A′’

which implies that A′ contains an infinite K-aligned set. Thus Pξk does not
preserve that G is HFm,n, contradicting our hypothesis.

Proof of Theorem 5.14. Follows from Lemma 5.18 and Theorem 5.19.
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Corollary 5.20.

1. Adding any number of Cohen reals preserves HF graphs.

2. Strongly proper forcings preserve HF graphs.

Proof.

1. If g ∈ ωω is a Hechler real, then g (mod 2) ∈ 2ω is a Cohen real.
Thus since adding any number of Hechler reals preserves HF graphs,
so does adding any number of Cohen reals.

2. By Lemma 2.17, strongly proper forcings only add Cohen reals.
Since the only way to destroy a graph being HF is to add new reals
(Corollary 5.13), the result follows.

Theorem 5.21. Let G ⊆ [ω1 × K]2 be an HFm,n graph, θ be an inaccessible
cardinal, and J, S , T , and P(J) as expected. If every Y ∈ T either Y is trivial or
P(J) ∩ Y forces that J(Y) preserves that G is HFm,n, then P)(J) preserves that
G is HFm,n.

Proof. As with the proof of Theorem 3.25, since strongly proper forcings
preserve HF graphs, it is sufficient to show that if Z ∈ T is a limit element,
and P(J) ∩ Y preserves that G is HFm,n for all Y ∈ T ∩ Z, then P(J) ∩ Z
preserves that G is HFm,n, which can be shown via Proposition 5.9.

Let (p0, f0) ∈ P(J) ∩ Z, Ȧ be a P(J) ∩ Z for a countable K-aligned
subset of Fnm(ω1, K), and κ ≫ θ be a sufficiently large regular cardinal.
Pick a countable elementary submodel M ≺ H(κ) containing all relevant
objects and let M = M ∩ H(θ) ∈ S . By Proposition 2.30, we can find
(p1, f ) ≤ (p0, f0) such that M ∩ Z ∈ p1. Since Z is a limit model contained
in M, we can find some Z ∈ M ∩ Z ∩ T such that p1 ∩ M ⊆ X. Thus via
Lemma 2.29 there is some p ∈ P

S ,T
∈ such that p1 ∪ {X} ⊆ p and (p, f ) ∈ P.

By Theorem 2.33, (p ∩ X, f ↾X) is an (M, P(J) ∩ X)-generic condition. Let
b ∈ Fnn(ω1, K) \ M and ϵ ∈ 2n. Now define the following set:

Ẇ = {(a, (q ∩ X, g↾X)) : (c ∈ Fnm(ω1, K)) ∧ (p ∩ M ⊑ q)

∧ ((q, g) ⊩ ‘a ∈ Ȧ’)}.

Note that Ẇ ∈ M by elementarity and that Ẇ is a P(J) ∩ X-name for
an infinite subset of Fnm(ω1, K). Thus by our inductive hypothesis and
Proposition 5.9 we can find (q, g) ∈ P ∩ Z and a ∈ Fnm(ω1, K) such that:

1. (q, g), a ∈ M,

2. p ∩ M ⊑ q,
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3. (q ∩ X, g↾X) and (p ∩ X, f ↾X) are compatible in P(J) ∩ X,

4. a ∈ UG
b,ϵ,

5. (q, g) ⊩ ‘a ∈ Ȧ’.

Thus by Lemma 2.32, (q, g) and (p, f ) are compatible as required.

Definition 5.22. If G is an HFm,n graph, we write PFA(G, HFm,n) for the
following statement, For every proper forcing P that preserves that G is
HFm,n and sequence {Dα : α < ω1} of dense-open subsets of P, there is a
filter F ⊆ P such that F ∩ Dα ̸= ∅ for all α < ω1.

We define analogous forcing axioms for HFDm, HFCn, and strong HF
graphs. In the case where the type of HF graph is clear or irrelevant, we
may write PFA(G, HF) for convenience.

As with solid graphs, we have the following:

Corollary 5.23. Assuming the existence of a supercompact cardinal, if G is
an HFm,n graph, there is a proper forcing P that preserves G such that VP |=
PFA(G, HFm,n). The analogous result holds for HFDm, HFCn, and strong HF
graphs.

Proof. Analogous to the proof of Corollary 3.28.

Remark 5.24. Since adding Hechler reals preserve HF graphs, PFA(G, HF)
implies add(M) > ℵ1.

Question 5.25. Does adding random reals preserve HF graphs?

Finally, we show that almost strongly proper forcings preserve HF
graphs (and thus PFA(G, HF) implies the Mapping Reflection Principle):

Proposition 5.26. Let P be an almost strongly proper forcing. Then P has
property (∗m) for all m < ω.

Proof. Let p0 ∈ P, λ < λ′ be sufficiently large regular cardinals, M
a countable elementary submodel of H(λ′) containing P and p0, and
⟨yi⟩i<m ∈ ([ω]ℵ0)m such that for every A ∈ M ∩ Dm

ℵ0
(ω) we have that

{a ∈ A : (∀i < m) a(i) ∈ yi} is infinite. Let Ȧ ∈ M be a P-name for an
element of Dm

ℵ0
(ω), and take p ≤ p0 that is (M, P)-almost strongly generic.

Consider the following set:

U = {N ∩ P : (P, Ȧ ∈ N)

∧ (N is a countable elementary submodel of H(λ))}.
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U is unbounded in [P]ℵ0 and by elementarity is contained in M. Thus
we can find some countable elementary submodel N ≺ H(λ) such that
P, Ȧ ∈ N ∈ M and conditions p′ ≤ p and p′↾N ∈ N such that every
condition r ≤ p′↾N ∈ N is compatible with p′. Define the following set:

B = {a ∈ [ω]m : (∃r ≤ p′↾N) (r ⊩ ‘a ∈ Ȧ’)}.

By elementarity, B ∈ N . Moreover, by definition of Ȧ, for all n < ω

there is some a ∈ [ω \ n]m ∩ B. Thus B contains a subset B′ ∈ Dm
ℵ0
(ω), so

{a ∈ B : (∀i < m) a(i) ∈ yi} is infinite. This implies that

p′ ⊩ ‘|{a ∈ Ȧ : (∀i < m) a(i) ∈ yi}| = ℵ0’

as required.

Corollary 5.27. Let G be an HF graph. Then PFA(G, HF) implies p = s = ℵ1

and add(M) = c = ℵ2.

5.3 the P-ideal dichotomy and HF graphs

In this section, we will show that the standard forcing notion with side
conditions for forcing PID preserves HF graphs. Note that there is a proper
forcing notion that forces PID without adding reals ([37, §5]), but this proof
provides some insight into which forcing notions with side conditions
might preserve HF graphs.

Let I be a P-ideal on some ordinal ν that does not satisfy the second
alternative of the P-ideal dichotomy. (This implies that I⊥ generates a
proper σ-ideal on ν.) Let J be the σ-ideal generated by I⊥. Furthermore,
fix a sufficiently large cardinal θ such that H(θ) contains all the above
objects and fix a well-order <w on H(θ). Finally, given a countable elemen-
tary submodel N ≺ (H(θ),∈,<w) containing I , let ξN be the <w-least
element of ν such that ξN /∈ ⋃

(J ∩ N).

Definition 5.28. Define the poset P(I) to be the set of finite functions
p : Np → I such that:

1. Np is an ∈-chain of countable elementary submodels of H(θ) con-
taining all above objects,

2. For all N ∈ Np, p(N) is a pseudounion of N ∩ I ,

3. For all M, N ∈ Np with M ∈ N, p(M) ∈ N.

We order P(I) by saying that q ≤ p if:

4. Nq ⊇ Np,
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5. q↾Np = p,

6. For all N ∈ Np and all M ∈ (Nq \ Np) ∩ N, ξM ∈ p(N).

Theorem 5.29 ([40, §8.3]). P(I) is a proper forcing that adds an uncountable
subset of ν witnessing the first alternative of the P-ideal dichotomy for I .

Theorem 5.30. P(I) has property (∗m) for all m < ω (and hence preserves all
HF graphs).

Proof. Let p0 ∈ P(I) and Ḃ be a P(I)-name for an element of Dm
ℵ0
(ω).

Choose κ a sufficiently large regular cardinal, pick a countable elementary
submodel M ≺ H(κ) containing all relevant objects, and denote M =

M ∩ H(θ). By the usual proof that P(I) is proper, we can pick p ≤ p0

such that p is (M, P(I))-generic and M ∈ Np. Let ⟨yi⟩i<m ∈ [ω]ℵ0 be such
that for all A ∈ M ∩Dm

ℵ0
(ω), |{a ∈ A : (∀i < m) a(i) ∈ yi}| = ℵ0.

Claim 5.30.1. Let X ∈ [p(M)]<ℵ0 and let n < ω. Then there is a ∈ [ω \ n]m

and q ∈ P∩ M such that q ⊩ ‘a ∈ Ȧ’ and for all N ∈ Nq \Np, ξN ∈ p(M) \X.

Proof of Claim. Let M′ be a countable elementary submodel of H(θ) con-
taining p, and I′ ∈ I be such that I′ is a pseudounion of M′ ∩ I and
I′ ∩ X = ∅. Then p′ = p ∪ {⟨M′, I′⟩} ∈ P and extends p. Since Ȧ is forced
to be infinite, we can find some a ∈ [ω \ n]m and p′′ ≤ p′ such that p′′ ⊩
‘a ∈ Ȧ’. Since P is proper, we can find some q ∈ P ∩ M such that q is com-
patible with p′ and q ⊩ ‘a ∈ Ȧ’. Then since q ∪ p′ ≤ p′ and Nq ∈ M, M′, it
follows that for all N ∈ Nq \ Np, ξN ∈ p(M) ∩ I′ ⊆ p(M) \ X.

Given a set I ∈ I , let CI be the set of a ∈ [ω]m such that there is some
q ∈ P such that:

1. q ≤ p ∩ M,

2. q ⊩ ‘a ∈ Ȧ’,

3. For all N ∈ Nq \ (Np ∩ M), ξN ∈ I.

By elementarity and our claim, there is some I ∈ M such that for all
X ∈ [I]<ℵ0 , the set CI\X contains a subset in Dm

ℵ0
(ω). Pick X such that

I \ X ⊆ IN for all N ∈ p \ M. Then since CI\X ∈ M, we can find some
a ∈ CI\X ∩ [ω \ n]m such that (∀i < m) a(i) ∈ yi, and thus some q ∈ P∩ M
such that q ⊩ ‘a ∈ Ȧ’ and for all N ∈ Nq \ (Np ∩ M), ξN ∈ I \ X. But then
q is compatible with p as required.

Corollary 5.31. PID+ add(M) > ℵ1 is compatible with an S-space.



6
E X A M P L E S O F S O L I D A N D
H F G R A P H S

6.1 HFD and HFC type spaces

Definition 6.1. Let X = {xξ : ξ < ω1} ⊆ 2ω1 .

• X is an HFDm space if for all n < ω, all block sequences A =

{aα : α < ω} ⊆ [ω1]
m and B = {bβ : β < ω1} ⊆ [ω1]

n, and all
H : m × n → 2, there is α < ω and β < ω1 such that

(∀i < m)(∀j < n) xaα(i)(bβ(j)) = H(i, j).

• X is an HFCn space if for all m < ω, all block sequences A =

{aα : α < ω1} ⊆ [ω1]
m and B = {bβ : β < ω} ⊆ [ω1]

n, and all
H : m × n → 2, there is α < ω and β < ω1 such that

(∀i < m)(∀j < n) xaα(i)(bβ(j)) = H(i, j).

• X is an HFDm
w space if for all n < ω, all block sequences A =

{aα : α < ω1} ⊆ [ω1]
m and B = {bβ : β < ω1} ⊆ [ω1]

n, and all
H : m × n → 2, there is α < β < ω1 such that

(∀i < m)(∀j < n) xaα(i)(bβ(j)) = H(i, j).

• X is an HFCn
w space if for all m < ω, all block sequences A =

{aα : α < ω1} ⊆ [ω1]
m and B = {bβ : β < ω1} ⊆ [ω1]

n, and all
H : m × n → 2, there is β < α < ω1 such that

(∀i < m)(∀j < n) xaα(i)(bβ(j)) = H(i, j).

We say that X is a strong HFD space (strong HFDw space) if X is HFDm (resp.
HFDm

w) for all m < ω. Similarly, we say that X is a strong HFC space (strong
HFCw space) if X is HFCn (resp. HFCn

w) for all n < ω.

More information about HFD and HFC type spaces can be found in [11].
In particular, note that a strong HFD space exists iff a strong HFC space
exists.

56
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Lemma 6.2. Let X = {xξ : ξ < ω1} ⊆ 2ω1 and K = Fn(ω, 2)×ω. Then define
the graph G<

X ⊆ [ω1 × K]2 to be the set of pairs {⟨ν0, ⟨ϵ0, k0⟩⟩, ⟨ν1, ⟨ϵ1, k1⟩⟩}
such that ν0 < ν1 and either:

• k1 /∈ dom(ϵ0), or

• xν0(ν1) = ϵ0(k1).

Then X is an HFDm
w space iff G<

X is (m,<ω)-solid. Moreover, X is an HFDm

space iff G<
X is an HFDm graph.

Proof. We focus on the HFDm
w equivalence, since the second equivalence

uses almost identical (but slightly simpler) arguments.
Let X be an HFDm

w space, and suppose that G<
X is not (m,<ω)-solid. Via

Proposition 3.20, there is an uncountable block sequence A = ⟨aα⟩α<ω1 con-
tained in Fnm(ω1, K) such that for all δ < ω1 there is some b ∈ Fn(ω1, K)
with dom(b) > {δ} and for all α < δ we have [aα, b] ̸⊆ G<

X . Let B ⊆
Fn(ω1, K) be the collection of all such b. By shrinking A and B, we can
assume that:

• B is an uncountable dom-block-sequence (enumerated ⟨bβ⟩β<ω1),

• For all β < ω1 and all α < β we have [aα, bβ] ̸⊆ G,

• There is n < ω with B ⊆ Fnn(ω1, K),

• A, B are K-aligned (witnessed by f : m → K, g : n → K respectively).

Denote ϵi = π0( f (i)) and k j = π1(g(j)) for i < m and j < n. We can
assume that for all i < m and j < n, k j ∈ dom(ϵi) since this makes our life
more difficult. Let H : m × n → 2 be given by H(i, j) = ϵi(k j). Then since
X is HFDm

w , there is α < β such that

(∀i < m)(∀j < n) xdom(aα)(i)(dom(bβ)(j)) = H(i, j) = ϵi(k j).

But this implies that [aα, bβ] ⊆ G<
X , contradicting the definition of B and

thus that G<
X is not (m,<ω)-solid.

Conversely, suppose that G<
X is (m,<ω)-solid. Let n < ω, let A =

⟨aα⟩α<ω1 ⊆ [ω1]
m and B = ⟨bβ⟩β<ω1 ⊆ [ω1]

n be block sequences, and
H : m × n → 2. For i < m, let ϵi : n → 2 be given by ϵi(j) = H(i, j). For
α < ω1, define ãα = {⟨aα(i), ⟨ϵi, i⟩⟩ : i < m} and b̃α = {⟨bα(j), ⟨∅, j⟩⟩ : j <
n}. Let Ã = ⟨ãα⟩α<ω1 and B̃ = ⟨b̃β⟩β<ω1 . Then since G<

X is (m,<ω)-solid,
we can find some α < β such that [ãα, b̃β] ⊆ G<

X , which implies that

(∀i < m)(∀j < n) xaα(i)(bβ(j)) = H(i, j)

as required.
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The same argument also gives us the analogous lemma for HFC type
spaces:

Lemma 6.3. Let X = {xξ : ξ < ω1} ⊆ 2ω1 and K = Fn(ω, 2)×ω. Then define
the graph G>

X ⊆ [ω1 × K]2 to be the set of pairs {⟨ν0, ⟨ϵ0, k0⟩⟩, ⟨ν1, ⟨ϵ1, k1⟩⟩}
such that ν0 < ν1 and either:

• k0 /∈ dom(ϵ1), or

• xν1(ν0) = ϵ1(k0).

Then X is an HFCn
w space iff G>

X is (<ω, n)-solid. Moreover, X is an HFCn

space iff G>
X is an HFCn graph.

Just as HFD and HFC spaces lead to HFD and HFC graphs, the converse
is also true:

Proposition 6.4. Let G ⊆ [ω1 × K]2 and pick k ∈ K. For each α < ω1, define
fα : ω1 → 2 as follows:

fα(β) =

{
0 {⟨α, k⟩, ⟨β, k⟩} /∈ G
1 {⟨α, k⟩, ⟨β, k⟩} ∈ G

(The value of fα(α) is unimportant.) Let X = { fα : α < ω1} ⊆ 2ω1 . Then if G is
an HFDm (HFCn) graph, X is an HFDm (resp. HFCn) space.

Proof. We just prove the result for G an HFDm graph. Let A ⊆ [ω1]
m be

a countably infinite block sequence. For each a ∈ A, define the function
a ∈ Fnm(ω1, K) as a(β) = k if β ∈ dom(a) and undefined otherwise. Then
A = {a : a ∈ A} is a countable K-aligned subset, so there is some δ < ω1

such that for all b ∈ Fnn(ω1 \ δ, K) and ϵ ∈ 2|b|, the set UG
b,ϵ ∩A is infinite.

Now suppose that we have some finite function σ : ω1 \ δM → 2. Let
ϵ ∈ 2|σ| be given by ϵ(j) = σ(dom(σ)(j)) and let b ∈ Fn(ω1, K) be given
by b(β) = k if β ∈ dom(σ) and undefined otherwise. Let A′ = {a ∈ A :
a ∈ UG

b,ϵ}. Then A′ is infinite and contained in [σ] as required.

Remark 6.5.

• It is well known that CH implies the existence of a strong HFD space,
and p > ℵ1 implies that HFD and HFC spaces cannot exist (see e.g.
[27]). These bounds can be improved: non(M) = ℵ1 is sufficient for
the existence of a strong HFD space ([12]), and our discussion of HF
graphs shows that s > ℵ1 implies no HFD or HFC spaces exist.

• For HFDw and HFCw spaces, the situation is different. While MAℵ1

implies that no strong S-spaces exist, it is compatible with MAℵ1

that there are HFDm
w and HFCn

ω spaces for all m, n < ω ([30, Theo-
rem 3.5]).
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• HFD and HFC type spaces can be used to construct various S-groups
and L-groups ([26]). Thus we can use our models of PFA relativised
to a (strong) HFD or HFC type space to show that these fragments
of PFA are compatible with (strong) S-groups or L-groups.

6.2 strong colourings

To simplify notation in this section, given a function c : [λ]2 → κ and
α < β < λ, we will write c(α, β) to mean c({α, β}).

Definition 6.6 ([28]). Let λ, µ, κ, θ be cardinals with µ infinite, λ ≥ µ ≥ κ,
and θ ≤ ℵ0. Then Pr0(λ, µ, κ, θ) is the following statement: there exists a
colouring c : [λ]2 → κ such that whenever m < θ, A ⊆ [λ]m is a block-
sequence with |A| = µ, and H : m2 → κ there is a, b ∈ A with a < b such
that for all i, j < m,

c(a(i), b(j)) = H(i, j).

Definition 6.7. Let λ, µ, µ′, κ, θ be cardinals with µ, µ′ infinite, λ ≥ µ, µ′ ≥
κ, and θ ≤ ℵ0. Then Pr0(λ, µ ⊛ µ′, κ, θ) is the following statement: there
exists a colouring c : [λ]2 → κ such that whenever m < θ, A,B ⊆ [λ]m

are block-sequences with |A| = µ and |B| = µ′, and H : m2 → κ there is
a ∈ A and b ∈ B with a < b such that for all i, j < m,

c(a(i), b(j)) = H(i, j).

The following will be very useful for us:

Proposition 6.8.

• There is a colouring witnessing Pr0(ℵ1,ℵ1,ℵ1,ℵ0) iff there is a colouring
witnessing Pr0(ℵ1,ℵ1,ℵ0,ℵ0).

• There is a colouring witnessing Pr0(ℵ1,ℵ0 ⊛ℵ1,ℵ1,ℵ0) iff there is a colour-
ing witnessing Pr0(ℵ1,ℵ0 ⊛ ℵ1,ℵ0,ℵ0).

Proof. Note that the first half of this proposition is a well-known result
(see e.g. [35, §4]). Thus we just show the non-trivial direction of the second
half. Suppose that c : [ℵ1]

2 → ℵ0 witnesses Pr0(ℵ1,ℵ0 ⊛ ℵ1,ℵ0,ℵ0). For all
β < ℵ1, fix a bijection eβ : β → ℵ0. Then define d : [ℵ1]

2 → ℵ0 as follows:

d(α, β) = e−1
β (c(α, β)).

Now let m < ℵ0, A,B ⊆ [ℵ1]
m be block sequences of cardinality ℵ0 and

ℵ1 respectively, and let H : i, j → ℵ1. Pick γ < ℵ1 that is larger than any
ordinal in the image of H. By repeatedly applying the pressing-down
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lemma, we can find an uncountable subsequence B′ ⊆ B and function
h : m2 → ℵ0 such that for all b ∈ B′ we have that b > {γ}, and for all
i, j < m,

eb(j)(H(i, j)) = h(i, j).

Since c witnesses Pr0(ℵ1,ℵ0 ⊛ ℵ1,ℵ0,ℵ0), we can find some a ∈ A and
b ∈ B′ with b > a such that for all i, j < m, c(a(i), b(j)) = h(i, j). But then
for all i, j < m, we have that

c′(a(i), b(j)) = e−1
b(j)(c(a(i), b(j))) = e−1

b(j)(h(i, j)) = H(i, j)

as required.

Lemma 6.9. Let c : [ℵ1]
2 → ℵ0 and let K = Fn(ℵ0,ℵ0)× ℵ0. Then define the

graph Gc ⊆ [ω1 × K]2 to be the set of pairs {⟨ν0, ⟨ϵ0, n0⟩⟩, ⟨ν1, ⟨ϵ1, n1⟩⟩} such
that ν0 < ν1 and either:

• n1 /∈ dom(ϵ0), or

• c(ν0, ν1) = ϵ0(k1).

Then c witnesses Pr0(ℵ1,ℵ1,ℵ0,ℵ0) iff Gc is strongly solid. Moreover, c witnesses
Pr0(ℵ1,ℵ0 ⊛ ℵ1,ℵ0,ℵ0) iff c is a strong HF graph.

Note the proof of this is almost identical to the proof of Lemma 6.2. In
fact, the existence of a strong HFDw space is equivalent to Pr0(ℵ1,ℵ1, 2,ℵ0).

Proof. As with Lemma 6.2, we will only prove the first result. Assume that
c witnesses Pr0(ℵ1,ℵ1,ℵ0,ℵ0) and let m < ω and C ⊆ Fnm(ω1, K) be an
uncountable dom-block-sequence. By shrinking C, we can assume that C
is K-aligned. Let f = {⟨i, ⟨ϵi, ni⟩⟩ : i < m} be the function that witnesses
that C is K-aligned. We can also assume that nj ∈ dom(ϵi) for all i, j < m,
since this makes our life more difficult. Define a function H : m2 → ℵ0

by H(i, j) = ϵi(nj). Since c witnesses Pr0(ℵ1,ℵ1,ℵ0,ℵ0), we can find some
a, b ∈ A with dom(a) < dom(b) and c(a(i), b(j)) = H(i, j) = ϵi(nj) for all
i, j < m. Thus Gc is strongly solid.

For the converse, assume that Gc is strongly solid, let m < ω, A ⊆ [ω1]
m

be an uncountable block-sequence, and let H : m2 → ℵ0. For each i < m,
let ϵi : m → ℵ0 be given by ϵi(j) = H(i, j). Define the following dom-block-
sequence:

A′ = {{⟨a(i), ⟨ϵi, i⟩⟩ : i < m} : a ∈ A}.

Then since Gc is strongly solid, we can find a, b ∈ A′ with a < b and
[a, b] ⊆ Gc. In other words, for all i, j < m

c(a(i), b(j)) = ϵi(j) = H(i, j)
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as required.

Theorem 6.10 ([12]). There is a non-meagre set of reals of size ℵ1 iff there is
a colouring c : [ℵ1]

2 → ℵ1 such that for all m, n < ω, for every infinite block-
sequence A ⊆ [ℵ1]

m and uncountable block-sequence B ⊆ [ℵ1]
n, there is a ∈ A

such that for every function H : m × n → ℵ1, there is b ∈ B with a < b such
that c(a(i), b(j)) = H(i, j) for all i < m, j < n.

Note that such a colouring witnesses Pr0(ℵ1,ℵ0 ⊛ ℵ1,ℵ1,ℵ0), and thus
non(M) = ℵ1 implies the existence of such a colouring.

Remark 6.11. Since a colouring witnessing Pr0(ℵ1,ℵ0 ⊛ ℵ1,ℵ1,ℵ0) is encod-
able with a strong HF graph and PFA(G, HF) implies that add(M) = ℵ2,
then the existence of such a colouring is strictly weaker than the existence
of a non-meagre set of reals of size ℵ1.

6.3 preserving a first-countable strong S-space

Definition 6.12. An uncountable T3 topological space is called an O-space
if all of its open subsets are countable or co-countable.

Note that all O-spaces are S-spaces [11, §2]. In this section we will show
that we can construct a particular first-countable O-space that can be
encoded by a strongly solid graph. This space was first constructed in [30].

Definition 6.13. Let Q be the poset of triples r = ⟨I, n, u⟩ such that I ∈
[ω1]

<ℵ0 , n ∈ ω, and u : I × n → P(I) is such that for all k < n,

α ∈ u(α, k) ⊆ u(α, 0) = I ∩ (α + 1).

We order Q as follows: for q = ⟨I, n, u⟩, q′ = ⟨I′, n′, u′⟩ ∈ Q, q ≤ q′ if:

1. I′ ⊆ I,

2. n′ ≤ n,

3. For all α ∈ I′ and 1 ≤ k < n′, u′(α, k) = u(α, k) ∩ I′,

4. For all α, β ∈ I′ and 1 ≤ i, j < n′:

a) If u′(α, i) ∩ u′(β, j) = ∅, then u(α, i) ∩ u(β, j) = ∅,

b) If u′(α, i) ⊆ u′(β, j), then u(α, i) ⊆ u(β, j).

For q ∈ Q, write q = ⟨Iq, nq, uq⟩.
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Lemma 6.14. [30] Let G ⊆ Q be a generic filter and work in V[G]. Then for all
α < ω1 and k < ω let

U(α, k) =
⋃
{uq(α, k) : q ∈ G, α ∈ Iq, k < nq}.

Let B+ = {U(α, k) : α < ω1, 1 ≤ k < ω}. Then B+ is a clopen base for a T2

topological space X = (ω1, τ).

Proposition 6.15. For every countable pairwise-disjoint set {ci ∈ [ω1]
<ℵ0 : i <

ω}, the set

D = {q ∈ Q : (∃i < ω, α ∈ Iq) ci ⊆ uq(α, nq − 1)}

is dense in Q.

Proof. Let q = ⟨Iq, nq, uq⟩. Since Iq is finite, we can find some i < ω with
ci ∩ Iq = ∅. Let β = max(Iq) and define u′ : (Iq ∪ ci)× nq → 2 as follows:

u′(α, k) =


uq(α, k) α ∈ Iq \ {β},

uq(β, k) ∪ ci α = β,

α + 1 α ∈ ci.

Then ⟨Iq ∪ ci, u′, nq⟩ ∈ Q and extends q.

In particular, note that ω is dense in X.

Proposition 6.16. Let q0 = ⟨I0, n0, u0⟩, q1 = ⟨I1, n1, u1⟩ ∈ Q be conditions
such that:

• I0 ∩ I1 < I0 \ I1 < I1 \ I0,

• n0 ≥ n1,

• u0 ↾ (I0 ∩ I1)× n1 = u1 ↾ (I0 ∩ I1)× n1.

Then define u : (I0 ∪ I1)× n0 → (I0 ∪ I1) as follows:

u(ν, i) =


u0(ν, i) ν ∈ I0,

u1(ν, i) (ν ∈ I1 \ I0) ∧ (i < n1),

u(ν, n1 − 1) (ν ∈ I1 \ I0) ∧ (i ≥ n1).

Then defining q = ⟨u, I0 ∪ I1, n0⟩ ∈ Q, we have that q ≤ q0, q1.

Proof. Follows immediately from the fact that u ↾ I0 × n0 = u0 and u ↾
I1 × n1 = u1.

Lemma 6.17. Q is strongly proper.
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Proof. Let q0 ∈ Q, λ be a sufficiently large cardinal, and M ≺ H(λ) a
countable elementary submodel such that q0, Q ∈ M. We show that q0 is
strongly (M, Q)-generic. Take some q ≤ q0 and some dense-open set D ⊆
Q ∩ M. Now define the condition qM = ⟨Iq ∩ δM, nq, uq ↾ (Iq ∩ δM)× nq⟩.
Note that qM ∈ M, so we can find some condition q′ ∈ Q ∩ M such that
q′ ∈ D and q′ ≤ qM. Then by Proposition 6.16, it follows that q′ and q are
compatible.

Definition 6.18. Let K = ω × ω. Then define the graph G ⊆ [ω1 × K]2

as the set of all pairs {⟨α0, ⟨k0, d0⟩⟩, ⟨α1, ⟨k1, d1⟩⟩} such that α0 < α1 and
either

• di /∈ U(ai, ki) for some i < 2, or

• d0 ̸= d1, or

• a0 ∈ U(a1, k1).

Lemma 6.19 ([30, Lemma 3.8]). Q forces that GX is strongly solid.

In fact, Q forces something even stronger:

Proposition 6.20. Let q0 = ⟨I0, n0, u0⟩, q1 = ⟨I1, n1, u1⟩ ∈ Q be conditions
such that:

• I0 ∩ I1 < I0 \ I1 < I1 \ I0,

• n0 ≥ n1,

• u0 ↾ (I0 ∩ I1)× n1 = u1 ↾ (I0 ∩ I1)× n1.

Pick some γ ∈ I0 ∩ I1. Then define u : (I0 ∪ I1)× n0 → (I0 ∪ I1) as follows:

u(ν, i) =


u0(ν, i) ν ∈ I0,

u1(ν, i) (ν ∈ I1 \ I0) ∧ (i < n1) ∧ (γ /∈ u1(ν, i)),

u1(ν, i) ∪ (I0 \ I1) (ν ∈ I1 \ I0) ∧ (i < n1) ∧ (γ ∈ u1(ν, i)),

u(ν, n1 − 1) (ν ∈ I1 \ I0) ∧ (i ≥ n1).

Then defining q = ⟨u, I0 ∪ I1, n0⟩ ∈ Q, we have that q ≤ q0, q1.

Proof. Note that q ≤ q0 is immediate, since u ↾ I0 × n0 = u0 by definition.
To show that q ≤ q1, it is sufficient to consider ν, ν′ ∈ I1 \ I0 with ν < ν′

and i, j < n1. We now check all possible cases:

• Suppose that u1(ν, i) ∩ u1(ν
′, j) = ∅. In particular, this implies that

γ is in at most one of these two sets. Thus (I0 \ I1) is contained in at
most one of u(ν, i) and u(ν′, j), so u(ν, i) ∩ u(ν, j) = ∅.
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• Suppose that u1(ν, i) ⊆ u1(ν
′, j) and γ /∈ u1(ν, i). Then

u(ν, i) = u1(ν, i) ⊆ u1(ν
′, j) ⊆ u(ν′, j)

as required.

• Suppose that u1(ν, i) ⊆ u1(ν
′, j) and γ ∈ u1(ν, i). Then

u(ν, i) = u1(ν, i) ∪ (I0 \ I1) ⊆ u1(ν
′, j) ∪ (I0 \ I1) = u(ν′, j)

as required.

Lemma 6.21. Q forces that for every countable pairwise-disjoint set A ⊆ [ω1]
<ℵ0 ,

there is some δ < ω1 such that given {(βi, ki) ∈ (ω1 \ δ)× ω : i < m} such
that there is some d ∈ ω with d ∈ U(βi, ki) for all i < m, there is some a ∈ A
such that a ⊆ U(βi, ki) for all i < m. (Thus Q forces that GX is a strongly solid
graph.)

Proof. Let Ȧ be a Q-name for a countable pairwise-disjoint subset of
[ω1]

<ℵ0 . Let λ be a sufficiently large regular cardinal, and let M be a
countable elementary submodel of H(λ) containing Q and Ȧ. Finally,
let q ∈ Q, d < ω, and {(βi, ki) ∈ (ω1 \ δM) × ω : i < m} be such that
q ⊩ ‘d ∈ U(βi, ki)’ for all i < m. (Note this implies that {d} ∪ {βi :
i < m} ∈ Iq and d ∈ uq(βi, ki) for all i.) Now define the condition
qM = ⟨Iq ∩ δM, nq, uq ↾ (Iq ∩ δM)× nq⟩. Note that qM ∈ M by elementarity.
By definition of Ȧ, we can find some a ∈ [ω1]

<ℵ0 ∩ M and p ∈ Q∩ M such
that p ≤ qM, p ⊩ ‘a ∈ Ȧ’, and a ∩ IqM = ∅. Moreover, we can assume that
a ⊆ Ip. Finally, by Proposition 6.20, we can find some r ≤ p, q such that
a ⊆ ur(βi, ki) for all i < m.

Soukup showed that GX encodes that X is an O-space:

Lemma 6.22 ([30, Lemma 3.9]). If GX is 2-solid, then every open set in X is
either countable or co-countable.

However, we can extend the results even further.

Definition 6.23. An uncountable T3 topological space X is called a strong
O-space if for all m < ω, given an open subset U ⊆ Xm such that πj(U) is
uncountable for all j < m, then U is co-countable.

Proposition 6.24. Strong O-spaces are strong S-spaces.

The proof of this will extend the proof of [11, p. 2.25].

Proof. Let X be a strong O-space. As in [11, p. 2.25], we have that X is not
Lindelöf and we can assume that every point p ∈ X has a countable open
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subset. Note that ‘every open subset U such that πj(U) is uncountable for
all j < m is co-countable’ is inherited by all subspaces of Xm.

First, we will show that every subspace Y ⊆ Xm is ccc for all m < ω

by induction. The case m = 1 is given by the original proof. Suppose
that the result holds for m − 1 and let U be an uncountable collection of
open subsets of Y. If there is any j < m such that

⋃{πj(U) : U ∈ U} is
countable, by thinning U we can assume there is some p ∈ X such that
p ∈ πj(U) for all U ∈ U and then apply our inductive hypothesis. If not,
then since X is a strong O-space, we can partition U = U0 ∪ U1 such that⋃U0 and

⋃U1 are co-countable open sets. Thus
⋃U0 ∩

⋃U1 ̸= ∅, so the
elements of U are not pairwise-disjoint.

To see that Xm is hereditarily separable, let Y ⊆ Xm and let U be a
maximal pairwise-disjoint family of countable open subsets of Y. Since
Y is ccc, U is countable and thus

⋃U is a countable dense subset of Y.
This shows that Y is separable, and thus Xm is hereditarily separable as
required.

Proposition 6.25. If GX is strongly solid, then X is a strong O-space.

The proof of this will be very similar to [30, Lemma 3.9].

Proof. Let V ⊆ Xk be an open set such that πj(V) is uncountable for all
j < m, and Y ∈ [Xm]ℵ1 . Inductively construct sequences ⟨bα⟩α<ω1 ⊆ ωm

1 ,
⟨kα⟩α<ω1 ⊆ ω, ⟨d⃗α⟩α<ω1 ⊆ ωm, and ⟨aα⟩α<ω1 ⊆ ωm

1 such that:

1. ∏j<m U(bα(j), d⃗α(j)) ⊆ V,

2. d⃗α ∈ ∏j<m U(bα(j), d⃗α(j)),

3. aα ∈ Y,

4. ω < aα < bα < aβ < bβ for α < β < ω1.

By thinning out our sequence, we can pick some d⃗ ∈ ωm such that d⃗α = d⃗
for all α < ω1. Then for α < ω1, define sα as follows:

sα = {⟨aα(j), ⟨0, d⃗(j)⟩⟩ : j < m} ∪ {⟨bα(j), ⟨kα, d⃗(j)⟩⟩ : j < m}.

Since G is strongly solid, there is α < β < ω1 such that [sα, sβ] ⊆ G. In
particular,

{⟨aα(j), ⟨0, d⃗(j)⟩⟩, ⟨bβ(j), ⟨kα, d⃗(j)⟩⟩} ∈ G

for all j < m. But since d⃗(j) ∈ ω ⊆ U(aα(j), 0) and bβ(j) /∈ U(aα(j), 0),
it follows that aα(j) ∈ U(bβ(j), d⃗(j)) for all j < m and thus aα ∈ V as
required.
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Based on Lemma 6.21, one might ask the following: does Q force that GX

is strongly HF? This is not the case: if (β0, k0), (β1, k1) and d < ω is such
that d ∈ U(β0, k0) ⊆ U(β1, k1), then there is no a ∈ Fn(ω1, ω × ω) such
that [a, {⟨β0, ⟨k0, d⟩⟩}] ⊆ GX but [a, {⟨β1, ⟨k1, d⟩⟩}] ∩ GX = ∅. However, it
is ‘almost’ true in the following sense:

Corollary 6.26. Q forces that for every K-aligned countably infinite subset
A ⊆ Fn(ω1, K), there is a δ < ω1 such that for all b ∈ Fn(ω1 \ δ, K), there
exists a, a′ ∈ A such that [a, b] ⊆ G and [a′, b] ∩ G = ∅.

Proof. The existence of such an a is given by Lemma 6.21. The existence of
a′ can be given by the same proof, replacing the usage of Proposition 6.20

with Proposition 6.16.

This property implies that GX is both HFD1 and strongly solid. Moreover,
the proofs in Section 5.2 can easily be modified to show that this property
is preserved by

• Proper forcing satisfying (∗m) for all m < ω,

• Finite support ccc iterations,

• Neeman iterations.

Thus while GX is not strongly HF, we still end up with the desired result:

Theorem 6.27. Relative to a supercompact cardinal, there is a model with a
first-countable strong O-space satisfying the following:

• PID;

• MRP;

• add(M) = ℵ2;

• (ω1
ω ) ̸→ (ω1

ω )
1,1
2 .
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S U M M A RY A N D O P E N
Q U E S T I O N S

summary of results

Given a graph G ⊆ [ω1 × K]2 for some set K, relative to a supercompact
cardinal, we can use Neeman iterations to construct models of PFA(G).
Moreover, depending on the properties of G, PFA(G) implies the following:

m-solid (m, n)-solid HFm,n

p, s ℵ2 ℵ2 ℵ1

add(M), c ℵ2 ℵ2 ℵ2

(ω1
ω ) → (ω1

ω )
1,1
2 ✓ ✓ ✗

MRP ✓ ✓ ✓

OGA ! ✓ ?
BA(ℵ1) ! ✓ ?

All A-trees are club-isomorphic ! ✓ ?
PID ✗ ✗ ✓

(In this table ! means the consequence holds for some but not all such
graphs with the given property, and ? means that it is unknown.)

The following objects can be encoded by a graph G ⊆ [ω1 × K]2 for
some countable set K:

Strongly solid graph Strong HF graph
Strong HFDw space Strong HFD space
Strong HFCw space Strong HFC space

Pr0(ℵ1,ℵ1,ℵ1,ℵ0) colouring Pr0(ℵ1,ℵ0 ⊛ ℵ1,ℵ1,ℵ0) colouring
First-countable strong O-space

Moreover, we showed that (relative to a supercompact cardinal) we
can also construct a model of with a first-countable O-space with all the
properties given in our table for PFA(G, HF).

67
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PID , S-spaces , and cardinal characteristics

In particular, we have shown that PID + b > ℵ0 is compatible with first-
countable S-spaces, providing a partial answer to Question 1.11. In light
of the fact that s plays an important role, we can ask the following:

Question 7.1. Under PID, do any of the following properties imply there
are no S-spaces? (Note each property implies the one underneath it.)

• min{b, s} > ℵ1.

• h > ℵ1.

Question 7.2. Do any of the following properties imply the existence of
an S-space? (Note each property implies the one underneath it.)

• (ω1
ω ) ̸→ (ω1

ω )
1,1
2 .

• s = ℵ1.

• p = ℵ1.

Question 7.3.

• Is there a model of PID + an S-space + no first-countable S-spaces?

• Is there a model of PID + an S-space + no strong S-spaces?

Since (ω1
ω ) ̸→ (ω1

ω )
1,1
2 implies the existence of an HF1,1 graph, and an

HFD1 graph implies the existence of an S-space, we can also ask the
following:

Question 7.4. Does the existence of an HF1,1 graph imply the existence of
an HFD1 graph?

We’ve only been able to show that PID+b > ℵ1 is compatible with ‘HFD-
like’ S-spaces and not ‘HFDw-like’ S-spaces. This leads to the following
question:

Question 7.5. Is there a model of PID + an HFDw-space + no HFD spaces?

Note that since h = s = ℵ2 in PFA(S)[S], our results do not elucidate
whether S-spaces do or do not exist here.
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PFA(G ) and PFA(G , HF)

If G is (m, n)-solid, then PFA(G) implies the Mapping Reflection Principle,
Baumgartner’s Axiom, and that all Aronszajn trees are club-isomorphic.
In light of this, we might ask the following:

Question 7.6. If G is (m, n) solid, does PFA(G) imply that the class of
uncountable linear orderings has a five-element basis?

Outside of PID and some cardinal characteristics, we still do not know
much about how much of PFA is compatible with HF graphs. In particular:

Question 7.7.

• Does PFA(G, HF) imply OGA?

• Is OGA compatible with HF (HFD, HFC) graphs?
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