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Chapter 1

Introduction

1.1 History and Motivation

In generalized Kéahler geometry, there are always two main viewpoints: a viewpoint which comes
from Hitchin’s generalized geometry program, and a bi-Hermitian viewpoint which comes from the
physics literature. Many aspects of the geometry have been clarified using one or both of these
viewpoints. In this thesis we study the appearance of curvature in generalized Kéahler geometry,
relating curvatures that appear in the bi-Hermitian viewpoint to generalized geometric curvatures.

Generalized Kéhler geometry (or Bi-Hermitian geometry as it was originally known) originated
in the 1980s in the work of string theorists, who were studying nonlinear o-models. These models
describe the embedding of a string into spacetime. Mathematically, such embeddings are modeled
as maps ¢ from a two dimensional manifold ¥ to a n-dimensional manifold M. The two dimensional
manifold is known as the worldsheet while the n-dimensional manifold represents spacetime. In
order to describe the dynamics of a propagating spring, the worldsheet and spacetime are endowed

with metrics h and g. This data allows us to write down the Polyakov action functional S:

S(¢) = / 1dg|? voly, = / 9(d A xdo)

where we think of d¢ as a 1-form on ¥ valued in ¢*T'M. The Hodge star x comes from the
worldsheet metric h, while g is used to contract target indices. Given a two form b one can modify
the Polyakov action functional by adding ¢*b to the integrand. This extra term is known as a
Wess-Zumino-Witten (WZW) term.

Much can be learned by studying the symmetries of this action. Importantly, because the
worldsheet is two dimensional, this action is invariant under Weyl transformations of h (that is,
conformal rescalings of h) and thus it is typical to assume that the worldsheet is in fact a conformal
manifold (or equivalently, a Riemann surface).

However, in the process of quantizing these models this conformal invariance is lost. Without
giving details, the idea is as follows. In order to quantize a o-model a renormalization scheme is
used which involves a parameter \ representing the scale or energy at which the theory is valid.
The introduction of this wltra-violet cutoff breaks the conformal invariance of the action resulting

in what as known as the Weyl anomaly. The dependence of the theory on A is controlled by the
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renormalization group flow. Various tricks are used to argue that the renormalization group flow
only need be computed up to a certain order in A\. An important result of Friedan [14] says that
in the case of the 2-dimensional nonlinear o-model, the 1st order part of the renormalization group
flow is given precisely by the Ricci tensor. This result was later generalized to the case with nonzero

Wess-Zumino-Witten term, giving the generalized Ricci flow [7]:

1
g = — ZH?
g Rc+4
. 1
b=—-d*H

2

where H = Hy + db for Hy a closed 3-form and H? is a contraction of H using the metric g.

In addition to the Weyl transformations, physicists often search for supersymmetries of the
action. A key connection to complex geometry was made by Zumino [49] who found that for
the unmodified Polyakov action functional the quantized o-model has N = (2,2) supersymmetry
precisely when the spacetime (M, g) is Kéhler. This was later extended to the full action by Gates,
Hull and Rocek in their 1984 paper [16], which showed that the most general form of N = (2,2)
supersymmetry is obtained when the spacetime is bi-Hermitian, that is, it is equipped with a pair
of complex structures I which are compatible with g and whose Hermitian forms w4 = gl satisfy

the integrability conditions
diwy +d°w— =0, ddiws =0 (1.1)

where dci =1 (Ei — 6i)
Nearly 30 years later, Streets and Tian [46] found a way of extending the generalized Ricci flow
to bi-Hermitian structures, by deforming both complex structures simultaneously, obtaining the

generalized K&hler-Ricci flow:
j=—Rc +}H 2
9= 1
b= —lom
2
. 1
I = §£0ﬂi Iy

where 04 = —d*w4 o I1 is the Lee form.

In between these two developments, bi-Hermitian geometry was rediscovered by Gualtieri [21] in
the context of Hitchin’s generalized geometry program [26]. This discovery led to many connections
between generalized Kéhler geometry and Poisson geometry [24, 25, 6, 29, 27] and greatly clarified
the structure of generalized Kéahler geometry. In particular, to any generalized Kahler manifold is

associated a pair of real Poisson tensors:
1 . 1 .
7TAZ—E(I+—I—)9 7TB=—§(I++I—)9
and a pair of Poisson structures o, holomorphic with respect to I, who share an imaginary part

Q = %[I“F? I*]g_l'
In this thesis we make a contribution to the study of generalized Kéhler-Ricci flow from the point
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of view of the generalized geometry program. In particular, we identify a plethora of generalized
curvatures associated to any generalized Kéhler manifold and describe these in terms of the bi-
Hermitian geometry. In doing so we are able to describe the generalized Kéahler-Ricci flow as the
action of a certain curvature on a triple of data which includes both of the real Poisson structures
and either one of the holomorphic Poisson structures.

The main tool that we use comes from graded symplectic geometry. Namely, Roytenberg estab-
lished a connection between graded symplectic manifolds and Courant algebroids which turns out

to be crucial in understanding curvatures of generalized connections.

1.2 Outline of the thesis

This thesis is organized as follows. Chapter 2 gives an introduction to Hermitian geometry, culmi-
nating in some curvature identites which will be used later on. This material is well known and
mostly found in standard textbooks on differential geometry.

Chapter 3 explains a construction of Roytenberg which associates a Poisson algebra to any
pseudo-Euclidean vector bundle. This material is also standard, though the exposition is distinct
from that of Roytenberg.

In chapter 4 we give a review of spin geometry, starting with the basic linear algebraic background
on Clifford algebras before focusing on the case of interest in this thesis: the differential forms as
a spinor bundle for a split exact Courant algebroid. In section 4.3 we give a relationship between
this spinor bundle and the Roytenberg algebra. This section is the least well known of the chapter,
though the material is not novel. Section 4.4 gives review of the calculus of Dirac structures which
focuses on their pure spinors.

Chapter 5 explains the main conceptual understanding of Courant connections that we will
use, which ties Courant connections to the Roytenberg algebra. Section 5.1 and section 5.2 give
expositions of material found in [12] and [20] respectively. In section 5.3 we give a novel notion of
torsion for Courant connections and its accompanying algebraic Bianchi identities. This notion is
not used elsewhere in the thesis but we believe it may be of interest.

Chapter 6 reviews the notion of generalized complex geometry with a focus on the interplay be-
tween generalized complex structures and the Roytenberg algebra. Section 6.2 contains an expanded
characterization of the integrability condition for a generalized complex structure. In Section 6.5 we
discuss generalized Chern connections, giving a generalization to an earlier version of the Poincaré-
Lelong formula and a relationship between the generalized Chern connection of the canonical bundle
and modular vector fields.

Chapter 7 and chapter 8 contain most of the novel results of this thesis. They explain generalized
Chern connections of two types that are present on generalized Kéhler manifold. The first focuses
on those generalized Chern connections which arise from line bundles holomorphic with respect
to the generalized complex structures constituting the generalized Kéahler structure. The second
describes induced generalized Chern connections, which come from holomorphic Poisson modules.
In particular, in section 8.4 we give a novel characterization of the generalized Kahler-Ricci flow

which results from these generalized Chern curvatures.



Chapter 2

Hermitian geometry

In this section we give an introduction to complex and Hermitian geometry. A more comprehensive
introduction to this topic may be found in any of [40, 4, 30]. The material in section ?? can be
found in many textbooks on differential geometry (e.g. [32]) while the material in ?? is explained

in more detail in [15]. The thesis of Barbaro is also a useful source for some of the material [5].

2.1 Derivations of the algebra of differential forms

Since we will use this often, we begin with a brief explanation of the derivations of (M), the algebra
of differential forms on a manifold M. The differential forms on M form a graded commutative
algebra. We denote by Der®(Q®(M)) the space of derivations of degree k of Q*(M), that is, R-linear
maps D : Q*(M) — Q*+k(M) satisfying the following Leibniz rule:

(D(aAB)=DaAB+ (-1)FanDp

for a € QY(M). For Dy and Dy a pair of derivations of degrees k and [ we denote by [D;, Ds] =
DDy — (=1)¥' Dy Dy the graded commutator of Dy and Do which gives Der®(2*(M)) the structure
of a graded Lie algebra.

A derivation D of degree k is called algebraic when its restriction to Q°(M) vanishes. In this
case D is tensorial since the Leibniz rule gives D(fa) = fDa. Thus D is determined by its action
on 1-forms which can be described as a vector bundle map T*M — AFHT*M or equivalently a
TM-valued (k 4 1)-form. For K € QF+1(M,TM) we label the resulting degree k derivation by tx.

In particular for a a differential form and X a vector field, togx = @ A tx.

2.2 Complex geometry

An almost complex structure on a manifold M is an endomorphism I : TM — TM whose square
is minus the identity, 12 = —id. In the presence of an almost complex structure, the complexified
tangent bundle while decompose into +i-eigenbundles for I. We call these T*°M and T%!'M re-

spectively and denote by 71 and mp; the projections onto these bundles. These projections are

{chpt:hermitiange

{sec:derivofdiffe

{sec:cxgeonm}
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given by

1—4l 1+l
T = .
2 0.1 2

m1,0 =

It is useful to note that while the bundles TV°M and T%'M are complex vector bundles, their
underlying real vector bundles are isomorphic to T'M via projection onto the real part. These
isomorphisms identify the complex structure ¢ with I respectively. The inverses are given by 1 o
and 7q 1.

As a result of the decomposition of T'M, the differential forms have their own decomposition

Q*(M,C) = €p a»1(m)

p,gEN

where QP7 is the space of sections of AP(TH0)* @ AY(T%1)*. These spaces turn out to also be
eigenbundles for an action of I, namely, the action which extends I* : T* — T* as a degree 0
derivation. This action may also be described as the action of ¢;. Since the bundles (T1°)* and
(T%1)* have eigenvalues 4 respectively, the space QP9 has eigenvalue i(p — q) for ¢7.

It is natural to ask how the exterior derivative behaves with respect to this decomposition.

Applying degree considerations to the Cartan formula

([d,ex]ey] = UX,Y]

shows that d can only have components of type (1,0), (0,1), (2,—1) and (—1,2). The components
of type (1,0) and (0,1), called the Dolbeault operators, are denoted by 9 and 9. Since d is a
real operator 0 and 0 are complex conjugates, justifying the choice of notation. Similarly, the
type (2,—1) and (—1,2) parts are complex conjugates. It is straightforward to check that they are
algebraic derivations and are thus given by —¢,, and —u; where n(X,Y) = 70,1[m1,0X, m1,0Y] defines
a section of A2(T10)* @ T%1. The equation 1[d,d] = d* = 0 then translates to

L%:()

ty0~+ 0ty =0
82—5Ln—Ln5:O
85—&—534—%1,5—&%#7, =0

The 2-form 1 may be identified with a real 2-form valued in TM by taking its real part. The

result is %N where N is the Nijenhuis tensor:
NX,)Y)=[X,Y|-[IX,IY|+I[IX, Y]+ X, IY].

A straightforward corollary of the above discussion is the following.
Proposition 1. The following are equivalent:
e N=0

e d=0+0

{cxinteg}
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o [[d,t), 1] =—d

A result of Newlander and Nirenberg shows that these conditions are equivalent to M being a

complex manifold:

Definition 1. An almost complex structure I is called integrable when there exist an atlas consisting

of local coordinates (z!,y',..., 2", y") such that
I a, = 5"
or' Oy
R
ay* o’

In this case we say that these coordinates are local holomorphic coordinates.

Any integrable almost complex structure gives rise to a unique complex structure on M, that is,

an equivalence class of atlases of holomorphic charts.

Theorem 1. [41] An almost complex structure is integrable if and only if the equivalent conditions

in Proposition 1 are satisfied.

The exterior derivative may be twisted by a complex structure I resulting in a new operator

d® = [d, 7] = i(0 — 9).

2.3 Hermitian structures

A Hermitian manifold is a complex manifold (M, I') equipped with a metric g such that I is orthog-

onal with respect to g:
g I)=yg

As a result there is an induced 2-form w(-,-) = g(I+,-) which is of type (1,1) with respect to I. This

(1,1)-form is positive in the sense that

—iw(Z,Z) >0

for all holomorphic tangent vectors Z € T, In fact any positive (1, 1)-form will induce a Hermitian
metric g = —wl on M. If dw = 0 we say that M is a Kéhler manifold. If dd‘w = 0 the manifold is
called pluriclosed (also called strong Kahler with torsion (SKT) in some literature).

2.4 Hodge star

The metric g on an n-dimensional manifold M induces a fiberwise innerproduct on A*T*M which
we characterise by setting {eil Ao A etk |1 <ip <--- < < n} to be an orthonormal basis where
€1,...e, is an orthonormal basis for TM and e!,...,e" its dual basis. For this inner product (-,-),

the interior product and exterior product are adjoints in the following sense:

(txa, B) = (a, g(X) A ) (2.1)

{sec:hermitianstr

{sec:hodgestar}

{{extint}}
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where X is a vector field and « and 8 are real-valued differential forms.

The Hodge star operator associated to g is then defined by
a AxB = (a, B) vol,
where vol, is the volume form induced by g. The Hodge star satisfies the following properties:

*2 — (_1)k(n—k) on /\k- T*M
*1 = volg
g(X) Axa = —(=1)F % 1xa

ix xa=(-1)*xgX Na

Note that when extending the Hodge star to the complex differential forms one must choose
whether to extend complex linearly or anti-linearly. The choice to extend anti-linearly will result in
a relation similar to the one above, replacing (-, -) with the Hermitian metric induced on Q°(M,C)
while for the linear extension, (-,-) must be replaced with its complexification. We will choose for x
to be complex linear.

As a result we get a inner product on Q°*(M, C)
(a, B) = / aA+f
M
With these conventions, interior product with a vector field X and wedge product with g(X) are

formal adjoints. The adjoints of d, & and 0 with respect to this inner product are given by

—*

d* = —(=1)"*+D) 4 g O = — % O* 0 = — %0«
on k-forms. On a Hermitian manifold, there is another set of important operators:
L(a) =wAa, Aa) = —t,-1

Using 2.1 we can see that these operators are fiberwise adjoints.

The Lee form 0 associated to (g, ) is given

0= —i;d*w

2.5 Hermitian connections

Unlike in the case of Kéhler manifolds, for Hermitian manifolds it is not generally the case that
the Levi-Cevita connection preserves the complex structure, that is, that VT = 0. In fact, this
condition turns out to be equivalent to the metric being Kéhler (see e.g. [40, Theorem 5.5]). Thus the
relevant connections on a Hermitian manifold are generally not equal to the Levi-Cevita connection.

We say that a connection is Hermitian if it preserves both g and I: Vg = 0 = VI. The
isomorphism (TM,I) = (T',i) induces an equivalence between Hermitian connections on 7'M

and connections on the complex vector bundle 79,

{{eq:hodgeduality

{sec:hermitiancon
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The fact that T™° is a holomorphic vector bundle, equipped with a Hermitian metric, means
that there is a natural choice for connection as we now explain.

Any holomorphic vector bundle V' has a Dolbeault operator
0:T(V) = T((T") V)

which satisfies 9(fs) = (0f)s + f0s. Here both the Dolbeault operator for V' and the Dolbeault
operator on functions appear. On the other hand a Hermitian metric h identifies V' with V*, an
antiholomorphic vector bundle. This means that V may also be equipped with an antiholomorphic
Dolbeault operator @ : T'(V) — T'((T*°)*®V') which satisfies d(fs) = (0f)s+ fds. The combination
of these gives the Chern connection:

V=0+0.

This connection is uniquely specified by the following properties:
e the component of V in the 7%! direction is 0,
e V is a unitary connection: X - h(u,v) = h(Vxu,v) + h(u, Vxv).

In particular, on a Hermitian manifold (M, g, I), the tangent bundle T7 oM is holomorphic and
Hermitian, with Dolbeault operator
IxY =[X,Y]i0

for X and Y sections of Ty 1 M and T4 M respectively.
As a connection on the real tangent bundle TM the Chern connection V" is defined by

g(VY, Z2) = g(VECY, Z) + L IX,Y,Z 2.6
2
=g(VEOY, Z) + %dcw(x, IV,12) (2.7)

where we have used the fact that d°w(X,Y,Z) = —dw(IX,IY,1Z) for w a (1,1)-form. The Chern
connection has torsion T'¢ given by

g(TC(X,Y),2) = (dw(IX,Y,Z) + dw(X,IY,Z))

1

2

which is a 2-form with values in 7M. From this expression one can check that the (1,1) part of 7¢
vanishes, a property which may also be used to characterize VC uniquely.

To any pair (g, H) where g is a Riemannian metric and H a 3-form, we may associate a connection

V5 known as the Bismut connection:
) 1
9(VX"Y, 2) = g(VXY, Z) + SH(X,Y, Z). (2.8)

The Bismut connection is the unique metric preserving connection with torsion H. On a Hermitian
manifold (M, g, I) there is a unique choice of H for which the Bismut connection preserves I, namely
H = —d‘w.

{{Chern_connectio

{{Bismut_connecti
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The curvature REM Bis of VCI/Bis give rise to Ricci tensors:

2n
RCCh/BiS(X7y) _ ZRC’L/Bis(eiJX7Kei)
i=1
where eq,...,eq, is an orthonormal frame for TM. The Bismut Ricci tensor has the following

characterization.

Proposition 2. [28] Let (M, g) be a Riemannian manifold and H a closed 3-form. The Ricci tensor

of the Bismut connection is given by

” 1 1
RcPis = RC—ZHZ — 5 H (2.9)

where Rc is the Ricci tensor for the Levi-Cevita connection and H2(X,Y) = (1x H, iy H).

The Bismut and Chern connections, being compatible with I, also give rise to connections on the
holomorphic tangent bundle T} oM and on the anticanonical bundle K* = A*T; oM which we also
refer to as the Bismut and Chern connections. The curvature of K* with respect to either of these
is a two form ipcy,/pis, Where poyp)pis is a real 2-form known as the Chern/Bismut Ricci form.

Equivalently,

ponspis(X,Y) = Sg(REVPS(X,Y ) er, )

Indeed, this is a direct consequence of the following linear algebraic fact.

Lemma 1. If A® is a complex, hermitian endomorphism of the holomorphic tangent bundle, and

AR is the corresponding real endomorphism of the tangent bundle then

1
tr¢(A%) = % trR (AR o T)

Proof. This is a pointwise relationship so we compute for a matrix A+iB. Such a matrix is Hermitian
precisely when A is skew-symmetric and B is symmetric. Under the isomorphism C" ~ R?" the

complex structure i and Hermitian matrix A® take the forms

-1 A -B
r= (" , AR =
1 0 B A
Since A is skew-symmetric, the trace of A+ iB is given by itr B. On the other hand the trace of
ARoTis —2tr B. O

2.6 Curvature identities on Hermitian manifolds

The Bismut and Chern connections determine connections on the canonical bundle K = Q™%(M)

which we label by VB and ﬁc. The curvatures of these are —ipc and —ipp where pc and pp are

{sec:curvatureide
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real closed 2-forms known as the Ricci forms. The difference between the connections on K is

V' -V =—-tu®ve-vEe
1
= ——tR(VE - VHRoT)
24
1
= —-9((VE = VF)"Iej, e;)
24
1
= —chw(-,lei,ei)
where ey,...,e, is an orthonormal frame for TM. Using the expression d* = — )", LeiVéC and

the fact that the Bismut connection preserves w as well as 2.8, we find that d*w = %dcw(~,lei, e;)
proving the following;:
VeV = idw (2.10)

This also gives us the relationship between the two Ricci forms:

pB — pc = dd*w.

2.7 Pluriclosed flow

A manifold is called pluriclosed if its Hermitian form satisfies dd°w = 0. The pluriclosed flow of a

pluriclosed Hermitian structure is given by

1 1
g=—Re+-H? - ~Lpyg
4 2" (2.11)

I=0
where H = —d‘w and § = —d*w o I the Lee form of (g, I).
The reader may be used to the identification in Kéahler geometry between the Ricci form and

tensor p = RcI. We advise that this relationship does not hold for the Bismut connection on an

arbitrary Hermitian manifold.
Proposition 3. [28] Let (M,b,I) be a pluriclosed Hermitian manifold. The Bismut-Ricci form is

given by
ppis(X,Y) = —RcP™(X, 1Y) — (Vx0)(IY)

where § = —d*w o I is the Lee form.
Corollary 1. (c.f. [15]) If (M, g, I) is a pluriclosed Hermitian manifold, the Bismut-Ricci form pp;s
satisfies

1 1
I* o pgi, = _RC+ZH2 - §£9ﬁg

1 1 1
I o pptt0? = —id*H + 5d0 = SigH

where H?(X,Y) = (txH, 1ty H) and § = —d*w o I is the Lee form, with corresponding vector field
0t = g=14.

{{ChernMinusBismu

{{eq:pcf}}



Chapter 3

The Roytenberg algebra

In order to arrive at a generalized geometric formulation of bi-Hermitian geometry, it is necessary
to discuss Courant algebroids. We take a slightly ahistorical approach here, making use of the
correspondence of Roytenberg [44, 43] between Courant algebroids and symplectic NQ-manifolds of
degree 2.

3.1 The Roytenberg algebra

Our starting point is the formulation of Courant algebroids in terms of symplectic supermanifolds
[42, 43]. This an enhancement of an equivalence, proved by Roytenberg, between pseudo-Euclidean
vector bundles and symplectic N-manifolds of degree 2. We will only describe one direction of this
correspondence.

Throughout, we let £ — M be a vector bundle equipped with a nondegenerate bilinear pairing
(+,-) which we will refer to as a metric. Associated to any such vector bundle is its Atiyah algebroid
At(FE), sections of the Atiyah algebroid may be thought of as vector fields on the total space of E
which preserve the bundle structure and the metric. Equivalently, these are differential operators D

on F for which there exists a vector field op such that

D(fu) = (op - f)u+ fDu (3.1)
op{u,v) = (Du,v) + (u, Dv) (3.2)

for any function f and sections uw and v of E. Sections of the Atiyah algebroid are also known as
derivations. The Atiyah algebroid is an extension of T'M by so(E), the bundle whose fibers are the
orthogonal Lie algebras for the fibers of E:

0 s50(E) = At(E) 5 TM — 0 (3.3)

and splittings of this sequence are given by metric connections on . We will frequently make
use of the fact that A?E = so(E) with the equivalence given by u A v = ¢yun, Where gyn,(w) =
{(u,w)v — (v, w)u.

Roughly speaking, the Roytenberg algebra of E is the bundle of graded commutative algebras
generated by At(E) in degree 2 and E in degree 1 which satisfies the relation u A v = ¢y n, for

11

{chpt :roytenberga

{sec:roytenbergal
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uw and v in E. To spell this out in detail we consider the bundle of graded algebras given by
Sym (At(E)[2] & E[1]). Here the bracket notation indicates the degree of the vector bundle and Sym
denotes the symmetric algebra for graded vector bundles so that as vector bundles, Sym(At(F)[2] &
E[1]) = A*E®Sym(At(E)). The Roytenberg algebra of F is then defined to be the space of sections
of the bundle

C*(E) =T (Sym(At(E)[2) ® E[1])/1) (3.4)

where I is the ideal generated by elements of the form w® 1 —1® ¢,, for w € A?E. By construction
this is a bundle of graded algebras, with product denoted by A. In fact, the sections of this bundle are
also equipped with a Poisson bracket [-, -] of degree -2. By the Leibniz rule, it suffices to specify the
Poisson bracket on the generators of the algebra. For f,g € C*°(M), u,v € I'(E) and D € T'(At(E))
it is given by

[f,9] =0=1[f,u] (3.5)
[u,v] = (u,v) (3.6)
[f,Dl=o0p-f (3.7)
[u, D] = Du (33)
[D1, D3] = Dy Dy — D1 Dy (3.9)

By degree considerations, there are only 4 combinations for which the Jacobi identity needs to be
checked:

[D1,[D2, D3]] = [[D1, D2, D3] + [D2, [D1, D3]]
[u, [D1, Da]] = [[u, D1], Do] + [D1, [u, Ds]]
[f, [D1, Da]] = [[f, D1], D2] + [D1, [f, D]
(D, [u,v]] = [[D, u],v] + [u, [D,v]].

These are easily verified from the properties of the Atiyah algebroid. Given an element w in C*(E),
we obtain a map
w:T'(E)x- - xT'(E) = C®(M)
k (3.10)

(ula"'auk) = [uka[uk—ly--'v[ulaw]"']]

which satisfies:
a(ula"wuk—lafuk):fw(ulw"auk) (311)

for any function f and sections u; of E. Moreover, for k > 2, the map @ has the property that there

exists a symbol map,

05 T(E) x - x T(E) — X(M)

k—2

{{eq:poissoniso}}

{{eq:tensoriality
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such that
(o uy v, )+ w(e v, ) =o0g(c.0) - (u,v) (3.12)

Indeed, since D := [ug_2, [ug—3,...[u1,w]...]] is a section of At(FE), by setting oz (u1,...,ur—2) =
op and by judicious application of the Jacobi identity we arrive at eq. (3.12). In particular, for a
section u of F, the corresponding map is given by @ = (u, -), and for a derivation D the map is given
by D = (D-,-).

The Keller-Waldmann algebra [31] is the graded commutative algebra C*(E) whose elements of
degree k are functions

w:T'(E)x. - xT'(E)— C®(M)
k

which satisfy eq. (3.11) and which have a symbol map o, satisfying eq. (3.12). It has graded

commutative product given by
(O[ A ﬁ) (u17 IERR) uk+l) = ZSgH(T)Oé(UT(l), s 7u’r(k‘))5(u‘r(k+1)7 AER) u’r(k—H))

where the sum is taken over (k,[)-shuffle permutations 7. It is a straightforward verification, using
tensoriality of the last argument, that the Keller-Waldmann algebra coincides with the Roytenberg
algebra in degrees 0, 1, and 2.

In fact, C*(E) has a Poisson bracket of degree -2 [31] and by a theorem of Cueca and Mehta
[12], the map w — @ as defined by eq. (3.10) gives an isomorphism of Poisson algebras. For this
reason, we will not distinguish between a section w of C*(E) and its corresponding map @ € c* (E),

referring to them as w. We will often use the notation ¢,w = [u,w]

Remark 1. The Roytenberg algebra is the algebra of functions on a degree 2 symplectic N-manifold,
that is, a non-negatively graded manifold with symplectic form of degree 2 [43]. In fact, the
Roytenberg algebra gives a correspondence between symplectic N-manifolds of degree 2 and pseudo-
Euclidean vector bundles. Since we will not use graded geometry in this thesis, we do not describe
this correspondence in detail. We remark, however, that the perspective of graded geometry often

gives a useful conceptual framework, when working with the Roytenberg algebra.
We conclude this section with a useful formula involving the Poisson bracket.
Proposition 4. For any w € C¥(E), f € C>®(M) we have [f,w] = oy, - f.

Proof. By definition

Ow(Uty - Uk—2) * f = Oluy o [up_s,urswl.. ] f
= [f, [ug—2, [ug—1, ... [u1,w]...]]]
= [ug—2, [ug—1,... [u1, [fw]]...]]
= [f,w](u1,. .., up—2)

where the last line follows by the Jacobi identity. U

{{eq:KWsymbol}}

{symbolcalc}
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3.2 The adjoint representation
{sec:adjointrep}
In this section we describe an action of the bundle of orthogonal Lie groups O(E) on C*(E). This

will be used in chapter 6 to give a decomposition of C*(FE) corresponding to a generalized complex
structure. It is intuitively clear that such an action exists, since O(E) acts naturally on E and
At(E), the generators for C*(E), and since the extension of this action preserves the ideal I.

Explicitly, the adjoint representation of O(E) on C*(FE) is given by

T(O(E)) — Aut(C*(E))
g — Ad,

where (Ad,w)(u1,...,ux) = w(gui,...,gu). In particular, for D € C?(E) a derivation, we have
Ad, D = ¢g7'Dg. Importantly, Ad, preserves the graded commutative product and the Poisson
bracket.

A simple calculation shows that the corresponding Lie algebra action of sections of the adjoint

bundle is given by

I'(s0(E)) — Der(C*(E))
¢ — ad¢

(3.13) {{adjoint}}

is given by (adgw)(u1, ..., ux) = Ele W, ..oy P(ui), ... ug).
Lemma 2. If ¢ is a section of so(E) and w € C*(F) then ady w = [, w].

Proof. Note that

Lulg, w] = [u, (¢, w]]
= [[u, 9], w] + [¢, [u, w]]
= Ly(uyw + [P, tuw].

The argument then follows by induction on the degree of w. O
{ex:roytenbergdec

Example 1. If F decomposes as a sum of complementary maximal isotropics F = L & L’ with

projection onto L denoted by m;, then the element

1 0
27, —id =

is a semisimple section of so(F). Thus, its action on C*(F) yields an eigendecomposition
k
Ci(B) = P ci(B)
s=—k

where C¥(E) is the s-eigenbundle for the action of 27, —id. In particular, the exterior algebras of

L* and (L')* embed as components of this decomposition:

ALY = CF(E) ALY = CF L (E)
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By the Jacobi identity, the Poisson bracket is degree 0 with respect to this secondary grading. That
is, if « € C¥(E) and 8 € CF(E) then [o, 8] € C%,_,(E). As a result, the Poisson bracket gives a
derivation of the algebra §2;, of degree k — 2 for any element w € C’,’jfz.

Remark 2. This last example has a convenient explanation in the language of graded symplectic
geometry [43, 42]. Namely, the vector bundle E = L@ L* with its natural inner product corresponds
to the graded symplectic manifold T*[2]L[1] whose algebra of functions consists of polyvectors on
L[1]:

C*(E) = Sym(Der(2,)[~2))

where Q;, = I'(A®*L*). This algebra has a total degree and also a polynomial weight coming from
the symmetric powers. In particular,

Ok _2(E) = Der"~*(Qp)[~1]

and under this identification the Poisson bracket corresponds to the graded commutator, while the

Poisson bracket of a derivation D with w € Qy, is given by [D,w] = Dw.

3.3 Courant brackets as Hamiltonian functions

Any element © € C3(E) has symbol 0o € CY(E;TM) = I'(E* @ TM) known as the anchor map
a: E — TM. Using the inner product we may identify such elements © € C3(E) with brackets
[,-] : T(F) x T'(F) — I'(E) satistying the properties

o [u,v] + [v,u] = aldgr(u,v)
hd ([[u,vﬂ,w> + <U7 [[ua w]]> = a(u)(v,w>

where a’ is the composition a* with the inverse of the metric (,-) thought of as a map from E to
E*. Explicitly, © and [-,-] are related by the formula © = ([-,-],-). Roughly speaking, the first
property says that the failure of the bracket to be skew-symmetric is measured by the inner product
while the second property can be thought of as a derivation property for the inner product.

The element © also produces a degree 1 derivation dg = [0, ] on (C*(E),A) and the following

are equivalent:
e [0,0] =0,
o [-,-] satisfies the Jacobi identity: [u, [v, w]] = [[u,v], w] + [v, [u, w],
o 42 =0.

Indeed we find that the Jacabiator J(u,v,w) = [[u,v],w] + [v, [u, w]] — [u, [v,w]] satsifies
[@7 @](uv v, W, :E) = 2<J(u7 v, w)ﬂ :ZZ>

If any of these equivalent conditions hold then we say that [-,-] is a Courant bracket and that the
data (E,(-,-),[,]) constitutes a Courant algebroid.
From these axioms we may derive a few important properties of Courant algebroids (see [47] for

example):

{rmk:polyderivati

{sec:courantbrack
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e afu,v] = [a(u),a(v)]
o [u, fv] = (a(u)f)v + flu,v]
e acat=0

The last of these suggests we consider the sequence
w al a
0—-T"—=E—=T—0

In the case that this sequence is exact, we call F an exact Courant algebroid.
In [12] Cueca and Mehta develop a Cartan calculus for C*(E) so that, in particular, dg has an

invariant formula

dw(ug, ... ug) =Y (=1t - w(ug, .. Wiy ) = > (1) w(uo, -y i [uisug], )
i i<j
(3.14)
where the action of u; on functions is understood to be given by the anchor map.

In low degrees we have the following identifications:
e On C°(E) = C*°(M), the differential is a*d.
e On CY(E) = T'(E), the differential is u — — ad,,.

e On C?(E) the differential is D +— —D[-,-] + [D-,"] + [-, D-] so 2-cocycles are precisely deriva-
tions of F.

In particular, the derivations of FE fit into an exact sequence
0— ZYE) = I(E) 2% Der(E) — H(E) — 0.

Proposition 5. Let (E,(-,-),[,-]) be a Courant algebroid. An element ¢ € C3(E) defines a

deformation of the Courant bracket if and only if ¢ satisfies the Maurer-Cartan equation:
1
de + 3 [e,e] =0

Proof. Let © = {([-,-],-). Then the Jacobi identity is equivalent to the master equation so we

compute

[©+¢6,0+¢ =[0,0]+2[0,¢] + [¢,¢]
= 2de + [e, €]

O

As a result, the nontrivial infinitesimal symmetries of a Courant algebroid E are measured by

H?(E) and the nontrivial infinitesimal deformations are given by H?(E).

Example 2. [43] Consider the vector bundle TM = TM & T*M with its natural pairing

(X+&Y +n) =) +n(X)

{{invariant_formu
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for vectors X, Y and 1-forms &, n. The sequence
0— s0(TM) — At(TM) = TM — 0

has no canonical splitting (a splitting is equivalent to a metric connection on T, of which there are
many). Yet there is a natural description of sections of the Atiyah algebroid using the Lie derivative.
Indeed, if D is a section of At(T) with symbol X then D — Lx is a derivation with symbol 0, that
is a section of so(T). Thus derivations of (T, (-,-)) consist of pairs (X, ¢) € I'(T') @ I'(so(T)) which
act via

(X,0)- (Y +1)=Lx(Y +n)+ oY +n).

By Remark 2 the de Rham derivative on M, dyz may be thought of as an element of C''*? which
satisfies the classical master equation [dgr, dqr] = 2d3 r = 0. Its symbol is the projection map onto

T. Thus there is a natural exact Courant bracket on TM given by

=X, Y]+ Lxn — tydE

In addition to the Hamiltonian vector field dg = [d4g, -] which has degree (0,1), there is also a degree
(0, —1) vector field ¢ defined on generators w € Q7 = C%* and D € Der(Q2) = C1* by

w =0 D =1

where K € Q(M;TM) is the vector-valued differential form given by the restriction of D to C>°(M).

By construction, ¢ gives a null homotopy of the polynomial degree operator:
di~+1d = e7.

As a result, the complexes (C**, dy) are acyclic for k > 0 and nontrivial infinitesimal deformations
of the standard Courant bracket are given by H3(M).



Chapter 4

The spinor bundle of an exact

Courant algebroid

In this section we give an exposition of the linear algebra of the generalized tangent bundle TM =
TM & T*M of a manifold M. with nondegenerate symmetric bilinear pairings of split signature,
meaning that they have signature (n,n) (and in particular are even dimensional). For such vector
spaces it is particularly straightforward to construct the spin representation. The resulting linear
algebra forms the basis of generalized geometry. Detailed references for this material may be found
in [35, 39, 38].

4.1 Clifford algebras and associated groups

In this section we describe the Clifford algebra associated to a vector space with nondegenerate
symmetric pairing. Though we will ultimately apply this construction to the generalized tangent
bundle TM :=TM & T* M, we keep this section quite general.

Let E be a real vector space equipped with a nondegenerate, symmetric bilinear form (-, ). The
Clifford algebra CI(E, (-,-)) associated to (E, (-,-)) is the quotient

of the tensor algebra T'(F) by the two-sided ideal I generated by elements of the form u®v+v®@u—
(u,v) for u,v € E 1. When the bilinear form is clear from the context, we will denote the Clifford
algebra of (E, (-,-)) simply by CI(E). We will use [, ] to denote the graded commutator on CI(E)
so that the defining equation for the Clifford algebra takes the form

[u,v] = (u,v).

The tensor algebra is a Z-graded algebra and while this grading is lost when we descend to the
Clifford algebra, two important pieces of structure remain. Namely, if we think of T'(E) as a filtered
superalgebra, inheriting both the filtration and Zs-grading from the Z-grading, then the Clifford

1This convention differs from the standard one by a factor of 2

18

{chpt:spinorbdle}

{sec:cliffordalg}
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algebra inherits this structure of a filtered superalgebra. Simply stated, the reason for this is that
the generators of I are even and of filtration degree 2. The Zs grading is realized by the parity
automorphism 11 : CI(E) — CI(E) which acts by (—1)* on CI*(E). We denote by Cl;(E) for i € Z,
the components of the Zy-grading and by F*CI(FE) the filtration components. We will also make
use of the transposition antiautomorphism (u; . .. un)T = Up...up for u; € E.

The primary utility of the Clifford algebra is in constructing the Spin groups and Spin represen-
tations. This construction proceeds as follows. Given a vector u € E with nonzero norm, there is an
associated orthogonal transformation, namely, the reflection through the hyperplane perpendicular

to u:
(u,v)

v —2
v v <u,u)

In terms of the Clifford algebra, this reflection has the expression

v —uvu !
motivating the following definitions. The twisted adjoint actions of a € CI(E)* and b € CI(E)
(which is the Lie algebra of CI(E)*) on v € E are given by

Ad,(v) = (a)va™!
adp(v) = [b,v]

where [-, -] is the graded commutator. In general such an operation will not preserve E. The Clifford
group of E is the subgroup CG(E) of CI(E)* consisting of a € CI(E)* such that

Ad,ECE.
By definition CG(FE) comes equipped with a representation:
Ad : CG(E) — GL(E).

A straightforward calculation shows that the image of Ad lies on O(E). In fact, any reflection may
be expressed as Ad,, for some nonzero u € E, demonstrating that Ad surjects onto O(FE) (this follows
from the Cartan-Dieudonné theorem). This also implies that any element in CG(E) is a product of
non-isotropic vectors and, in particular, is homogeneous with respect to the Z5 grading.

The kernel of Ad is given by elements a € CI(E)* such that [a,v] = 0 for all v € V, that is,
elements elements in CI(E)* which lie in the (super)center. Since the center of CI(E) is R (see [39,
Lemma 2.1] for example), we have a short exact sequence:

Ad

0—R*—= CG(E) — O(F) =0 (4.1)

If we let SCG(E) = CG(E)NCI°(E) denote the special Clifford group, then the above exact sequence

restricts to

0 — R* — SCG(E) 2% SO(E) — 0 (4.2)

We may then define the Pin group Pin(E) to be the preimage of {1, —1} under the norm homomor-
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phism

N : CG(E) — R*
at— aTa

whose image lies in R* since a is a product of non-isotropic vectors. The Spin group Spin(F) is the

intersection of the Pin group with SCG(FE), and the above short exact sequences restrict to

0— {1,-1} = Pin(E) 2% O(E) = 0

0— {1,-1} = Spin(E) 2% SO(E) — 0.

It is natural also to consider the preimage of —1 € O(E). This is a {1, —1}-torsor and a choice
of generator is equivalent to an orientation of F. Indeed, given an oriented orthonormal basis
a1, ,apy of E the chirality or volume element I' = a; ... a,, gives such a generator.

From the above short exact sequences, it follows that the Lie algebra of Spin(FE) and Pin(E),
which we denote by spin(E), is isomorphic to so(E) via ad. Since Spin(E) is a subgroup of CI°(FE)*,
which has Lie algebra CI°(FE) with Lie bracket being the commutator, it is useful (when constructing
the spin representation for example) to represent this Lie algebra as a Lie subalgebra of CZO(E).

Explicitly, it is the subspace
spin(E) = {b e CI°(E) | ady(E) C E,bT +b=0}.

The result is the following commutative diagram:

Spin(E) —— CI°(E)*

expT CXPT

spin(E) —— CI°(E)

which says simply that the exponential map of the Spin group is given by the usual formula for the
exponential map, once the element of so(E) = spin(E) is represented as an element of the Clifford

algebra.

4.2 The spin representation

A spinor module or spin representation is an irreducible CI(E)-module. If we assume that F is of
dimension 2m and the bilinear form (,-) is of split signature then E may be decomposed as a sum
of complementary maximal isotropic subspaces E = L @& L’. Such a choice identifies F with L & L*

where the inner product is given by
(a+a,b+B) = a(b) + B(a)
for a,b € L and o, 5 € L*. A spin representation may be realized by A®L* with action given by

(a+a) ¢=tap+ang.

{sec:spinrep}
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One checks that this indeed an irreducible Clifford module.

In particular, using the identification of so(F) with spin(E) we realize the spin representation.
Here there is a choice to be made, and we take the convention that ensures that an element B € A2L*
thought of as a map L +— L* acts on A L* by wedge product and an element 3 € A?L acts by —¢3.

The spin module comes equipped with the Chevalley pairing which, in terms of the above model,

may be described as:

A*L* @ A°L* — det L*

(@, 8) = [a A BT ]

where [],, represents projection onto the forms of degree m. Provided that m is even (as we shall
assume for much of this thesis), the Chevalley pairing satisfies an invariance property with respect
to the action of the Clifford algebra:

(a-a,f) = (a,a” - §) (4.3)

from which it follows that for elements a in the Clifford group I'(E),
(CL'O[,CL'ﬁ)ZN(a)(Oé,B). (44)

One checks that the Chevalley pairing is nondegenerate and either symmetric or antisymmetric,

depending on the dimension of M:

m(m—1)

(@, )= (=)= (b,a) (4.5)

4.3 The Dirac generating operator

In this section we apply the previous constructions to the generalized tangent bundle TM = TM &
T* M resulting in a bundle of Clifford algebra and a natural bundle of spinors. Here we depart from
linear algebra, and in order to relate the bundle of spinors to the Roytenberg algebra, it is fruitful
to study the differential operators on the spinors.

Applying the construction of the previous section to TM we find that CI(TM) acts naturally on
S = Q°(M), the differential forms on M. The differential forms inherit a Z, grading, S = S° @ S*
from CI(TM) which is nothing but their decomposition into even and odd forms. We let D(S)
denote the differential operators on S. Then D(S) is naturally Zs-graded with

Do(S) ={P eD(S) | P: 8 - 891} Di(S)={P eD(S)|P:5Y" - s/}

so that D(S) becomes a graded Lie algebra with the graded commutator. It is typical to consider
the increasing filtration F*® where the k-th piece is given by differential operators of order at most
k,

F*D(S) = {P € D(S) | [fu, [fr—1,---[fo. P]...]] = 0 for functions fo,..., fi}-

The associated graded algebra is then given by Sym®(TM) ® End(S). Instead, we consider the

{{eq:chevalleyinv

{{eq:chevalleysym

{sec:diracgenop}



CHAPTER 4. THE SPINOR BUNDLE OF AN EXACT COURANT ALGEBROID 22

increasing filtration with k-th piece given by
F*D(S) = {P € D(S) | [u, [tth—1, - - - [uo, P]...]] = O for u; € T(TM)}

In particular, note that any differential operator P € F ID(S) is a tensor since any function may
expressed in the form (u, v) for some sections u and v of TM and [{u,v), P] = [[u,v], P] = [u, [v, P]]+
[v, [u, P]] = 0. In particular, we find F°D(S) = C°°(M), since the supercenter of a Clifford algebra
is the scalars. Also, we find F1D(S) = T'(FL CI(TM)).

If P € F2D(S) then the map f [f, P] defines a derivation of the ring of functions and thus a
vector field.

As a result there is a natural map F*D(S) — C¥(TM) which sends a differential operator

P to the function wp : (u1,...,ur) — [Uk, [Uk—1,...[ug, P]...]]. Indeed, the Leibniz rule and
Jacobi identity imply that eq. (3.11) and eq. (3.12) hold for wp with oy, (u1,...,uk—2) - f =
[f, [uk—2, [uk—3, ... [u1, P]...]]], demonstrating that wp is an element of C*(TM). It is clear that

the kernel of this map is F k=1D(S) and an important theorem of Grutzmann, Michel and Xu shows

that the resulting map from the quotient is surjective:

Theorem 2. [19] The natural map

Gr* D(S) — C*(TM)

(4.6)
[P] — wp
where wp(u,...,ux) = [k, [Uk—1,...[u1, P]...]] and o,p(u1,...,ug—2) = [ug—2, [uk—3,...[u1, P]]
is an isomorphism of graded Poisson algebras.
In particular, the operator dg = d + HA on Q°*(M) satisfies
[Y + 1, [X + §7dH]] = _[X7 Y] - ‘CXU + LYd€ —wytxH = _[[X + §7Y + 77]]H (47)

demonstrating that dyg € .7?37)(5). Moreover, [dy,dy]| = 2d%; = 0, demonstrating

4.4 The Dirac calculus

In this section we focus on exact Courant algebroids TM = TM @&T* M with Courant bracket twisted
by a 3-form H. An almost Dirac structure is a maximal isotropic subbundle L C TM.
For any almost Dirac structure, the exterior algebra A®L is a subalgebra of CI(TM) and as a

result, there is an increasing filtration of S = Q°®(M), given by
FiS={¢€Q(M)|AN"L. ¢ =0}

The line bundle K := F°S is known as the pure spinor line bundle of the almost Dirac structure
L, and the filtration can be equivalently expressed as F¥S = F*CI(E) - K.
Given a complementary Dirac structure L’ to a Dirac structure L, the triple (TM, L, L) is called

a Manin triple. In this case the filtration F°*S is upgraded to a grading

S:U_n@...@[]n

{sec:diraccalc}
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where U, = A" *L . K. Equivalently, Uy is the k-eigenbundle for the spin action of the operator

T := (id )
o —id
on L L.

The Dirac calculus provides a pair of (partially defined) operations on the space of Dirac struc-
tures [25]. Namely, given a pair of almost Dirac structures L and L’ which are transverse in the
sense that a(L) + a(L') = T M, their Dirac sum is

L+L ={X+&+n|X+€€l, X+nel}

If K and K’ are the pure spinor lines for L and L’ then K A K’ is the pure spinor line for L + L'.

Furthermore, a Dirac structure L may be rescaled by a nonzero A € R:
AL={X+X| X+ L}

Example 3. 1. The cotangent bundle T* M is a maximal isotropic and is involutive with respect

to any 3-form H. It has pure spinor line Ky« = det T*M

2. The tangent bundle T'M is also maximal isotropic but is involutive only with respect to H = 0.

It has pure spinor line Kpp; = Q?VI.

3. If w is a bivector then the graph I'; is maximal isotropic. It is integrable with respect to H = 0

precisely when 7 is Poisson. The pure spinor line of 7 is K, = e™Q7},. Indeed, by 77

(6 + e Q" =ere™'(nf + £e A" =g - Q" =0

4. Similarly, if B is a 2-form, then its graph I'p := {X +1xB | X € TM} is maximal isotropic.
The graph of B is integrable with respect to H = —dB. The canonical bundle of I'g is given
by

Kp = (e B) (4.8)

respectively. Indeed, txe ™ = —(1xB) Ae B so that (X + B(X))-e Z =0.

Associated to any Poisson structure m and volume form g is its modular vector field X, defined

by
Eﬂ"(df) 1%

X f = ——— (4.9)
1
Proposition 6. The modular vector field X, satisfies:
de'"p=1x_e"u

Proof. First note that this relation is equivalent to

O = 1x, b
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where 0™ = [d, .| is the Koszul operator. Indeed,...

Now observe that for any function f,

0=x,(df A p)
= (Xaf)p—df Nex.p
= La@pp —df Nix p
= dig(apyt — df Nix p
=d(df Niap) —df Nex p
=df Ndizp —df Nix, i

Since this is true for any function f, the result holds in any local neighbourhood, and thus is valid
globally. O

Proposition 7. [10] Let K be the canonical line bundle of a Dirac structure L. Then there is an
isomorphism of L-modules, given by
KL ®@ K — QL

where @, = det L ® det T* is the Lu-Evens-Weinstein module.
Proof. O

Proposition 8. If ¢ is a (local) pure spinor generating the canonical bundle of a Manin triple
(TM,L,L’) and e € I'; is the unique section such that d¥¢ = e - ¢ then (e,-) € Q} is the modular
cocycle of the Lie algebroid L.

Though much of what follows is true for Courant algebroids in generality, in this thesis we shall
focus on split exact Courant algebroids. On of the main tools that we use in this thesis is the Dirac
calculus, from [22, 25], which we now explain.

Suppose that L; and Lo are Dirac structures, integrable with respect to three forms H; and Hs
respectively. If L; and Lo are transverse in the sense that a(Lq) + a(Ls) = T'M then their Dirac
sum,

Li+Ly={X+&+& | X+& €L} (4.10)

is a smooth, maximal isotropic subbundle of TM and is a Dirac structure with respect H; + Hs.

Also for any Dirac structure L integrable with respect to H and any scalar A, we define
AL ={X+X|X+&ecL} (4.11)

which is a Dirac structure with respect to AH.
One useful feature of the Dirac calculus is that it encodes gauge transformations. Given any
2-form B, the bundle I'p := {X + txB|X € TM} is a Dirac structure for —dB. Then observe that

for any Dirac structure L, integrable with respect to H,
eB(L)=Tp+L

which is a Dirac structure with respect to H — db.
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An important observation of Mackenzie and Xu [37, 1] is that if L; and L make up a Manin
triple TM = Ly @ Lo, then their Dirac difference Ly — Ly := Ly + (—1)L; is a Poisson structure.
Associated to any Manin triple (T, A, B), is a Poisson structure, realized through the Dirac

calculus as I'y = A — B. As a result there is a diagram of Lie algebroids

I, —— B

L]

A—TM

and any A-module (resp. B-module) inherits a Poisson module structure for 7. In particular, the
tensor product K4 ® Kp is a Poisson module which is isomorphic to the pure spinor line bundle for

T
Lemma 3. For (T, A, B) a Manin triple with spinor line bundles K4 and Kp respectively, and
I'r = A— B, the map

Ki® Kp — det T* M, DY > (¢, 1) (4.12)

is an isomorphism of 7w-modules.

Proof.

EN dl/ﬂ'(d)a w) =d§ N Lﬂ(¢a 1/)) - d(§ A Lﬂ'(¢7 1/)))
=d§ N L7r(¢7 ¢) - d[/ﬂ’(f)(¢7 "/})

{lemma:poissoniso



Chapter 5

Courant connections and curvature

{chpt:gconnection
In this chapter we review Courant connections and curvature. In our exposition, we make use of
the framework developed in [12]. They key is the following analogy: when one wants to replace the
notion of a connection with a Courant connection, the algebra of differential forms must be replaced

with the Roytenberg algebra.

5.1 Courant connections and the Roytenberg algebra
{sec:connectionsa
Given a Courant algebroid E — M and a vector bundle V' — M, an E-connection on V' is a map

D:T(V)=T(E*®YV)
¢ — Do
satisfying the Leibniz rule:
D(f¢) = a*df © ¢ + fD¢

for any f € C°°(M). We will find it convenient to define C*(E;V) = C*(E) @coear) I'(V). An
E-connection may then be thought of as a map D : C°(E;V) — C(E;V), which then extends

uniquely to a map
d®: C*(E; V) — CFY(E; V)

satisfying the Leibniz rule:
d°(WAT)=dw AT+ (=1)*w A dPr

where w € C¥(E) and 7 € C*(E; V). There is also an invariant formula for this exterior covariant

derivative:

k
(d®7)(uo, . ug) = Y (1) Doy 7(uo, ol oy uk) = > (=17 (ugy oty s ], )

j=0 1<J
The curvature of an E-connection D is a co-chain R € C?(E;End(V)) defined by

R(u,v) = [|Du, |DU] — D[u,v]-

26
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or equivalently by R(u,v)s = (dP)?(s)(u,v) for u and v sections of E and s a section of V.

Any E-connection D on V induces an E-connection D on End(V) by the formula

D¢ = D, ¢]-
There is a differential Bianchi identity for R which simply says that R is covariant constant:
Proposition 9. [12] If R is the curvature of an E-connection D on V' then d°R = 0.

Proof. The computation proceeds as follows.

(d°R)(u,v,w) = Dy R(v, w) — Dy R(u, w) + Dy R(u,v) — R([u,v], w) + R(u, [v,w]) — R(v, [u, w])
= [Dy, R(v,w)] — [Dy, R(u, w)] + [Du, R(u,v)] — R(Ju,v], w) + R(u, [v,w]) — R(v, [u, w])
= [Du, [Dy, Dw] = Dpy,wj] = [Dvs [Dus D] = Duwp] + [Dews [Duy Dy] — D]
= [Dguen Dw] + Dpgusedwg + [Pus Dpout] = Ppu ot =~ [Pos D] + Do, uswiy
—0
where the last line uses the Jacobi identity of both the Courant bracket and the commutator. [

We end this section by remarking that any FE-connection D gives rise to a vector field X €
I'(T @ End(V)), by composing with a’ : T* — E. Indeed, since a o al = 0, the Leibniz rule gives

IDaf,g(fs) = f|Dat€5
demonstrating that X' = —D,¢(.) is tensorial. In fact, this vector field may also be recovered as the

symbol of the curvature of D, since R(u,v) + R(v,u) = X - (u,v).

5.2 Courant connections on exact Courant algebroids
{sec:ecas}
Given a split exact Courant algebroid £ =T @& T*, an E-connection D decomposes

D=V-X

where V is a genuine connection on E. The curvature R of D is then a symmetry of TM with the

H-twisted Courant bracket (c.f. ??) which is related to the curvature F' of V via the formula
R=(X,F+.H). (5.1) {{eq:gcurvature}}

Indeed, R(X,Y) = [Vx,Vy] = Dix y)+iyixm = (F+1xH)(X,Y).

In the case that V is a line bundle the following expressions will also be useful:

0

R(&,m)
R(X,n) = —tx, "
R(Y) =1y L&
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for X and Y vector fields and ¢ and n 1-forms. This implies, in particular, that the derivation
corresponding to R is (x, F' — 1, H).

If, in addition, F has generalized metric C'y, we may decompose D into operators I'(V) —
I'(CL ® V). Using the splittings sy to identify Cy with T we find that the members of this
decomposition D = V* + V™ are nothing but connections. The relation of this decomposition to

the one arising from the splitting £ =T @& T™* is as follows:
1,4 _
V = E(V +V7)— b (5.2)
1 _
~g() = 5(VF = V") (5.3

Proposition 10. If D = V — x is an F-connection on a line bundle and F' is the curvature of V
then under the isomorphism Cy ® C_ =T ® T we have

R|C+®07 =F - LXH + ﬁx(b + g)
Proof. Compute

RX + (04 9)(X),Y + (b= g)(Y)) = (F + 1 H)(X,Y) + ¢x 3 (0 = 9) (V) — ey Ly (b + 9)(X)
=(F+ 1, H—-L,(b+9))(X,Y).

Similarly,

R(X +(b—g)(X),Y + (b+9)(X)) = =R + (b+9)(Y), X + (b—g)(X))
=(F+u,H-L,(b+9)(Y,X)
= —(F+uH =Ly (b= 9))(X,Y)

5.3 Torsion and the algebraic Bianchi identity

Though we will not make use of it in this thesis, we remark here that there is a definition of torsion
for E-connections on E or T'M which results in a particularly pleasing algebraic Bianchi identity.
This is distinct from the definition of torsion of an E-connection which is tensorial found elsewhere
in the literature [20, 15].

Given an E-connection D on E there is a natural element id in C'(E; E) and we can define the

torsion 7 as 7 = dP id. More explicitly the torsion is
T(u,v) = Dyv — Dyu — Ju, v].

From its definition it is clear that this torsion is not tensorial in the sense of the torsion of [20], but
an element of C%(E; E). By applying dP again to the defining equation for 7 we get the algebraic
Bianchi identity:

(d®7)(u,v,w) = R(u,v)w — R(u,w)v + R(v,w)u (5.4)

{{gconnection-sym

{sec:torsion}

{{algBianchil}}
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There is a similar notion of torsion for an E-connection D on T'M. In this context we may use
the anchor map a to define a torsion 7 = dPa. Here the anchor map is thought of as an element of

CY(E;T). In this case the torsion has the explicit expression
T(u,v) = Dya(v) — Dya(u) — a(Ju, v])
and the algebraic Bianchi identity says
(d®7)(u,v,w) = R(u,v)a(w) — R(u,w)a(v) + R(v,w)a(u). (5.5)

These algebraic Bianchi identities are most useful in cases when the torsion is zero, placing strong

conditions on the curvature R.

{{algBianchi2}}



Chapter 6

Generalized complex geometry and

generalized Chern connections

In this chapter we review generalized complex geometry. For a comprehensive overview we refer the
reader to any of [21, 22, 8]. We will focus on the interplay between the Roytenberg algebra and a

generalized complex structure.

6.1 Generalized complex geometry

A generalized almost complex structure on an exact Courant algebroid F is an orthogonal endomor-
phism J of E which satisfies J? = —1. This gives a decomposition of E ® C into +i-eigenspaces for
J, L and L. A generalized almost complex structure J is called integrable if L is involutive with
respect to the Courant bracket, in which case we say that J is a generalized complex structur e.

The canonical bundle of a generalized complex structure J is the line bundle K consisting of
those spinors ¢ € S such that L-¢ = 0.

Example 4. If [ is an almost complex structure on M then

Ji= (I F) (6.1)

is a generalized almost complex structure on TM. The +i-eigenbundle for Jy is L = Ty 1 @ 17 so
the integrability condition for J with respect to the untwisted (H = 0) Courant bracket is precisely
the integrability condition for I. The canonical bundle of J is K = Q™0 in agreement with the

canonical bundle for the complex structure 1.

Example 5. If w is a nondegenerate 2-form on M then

w1
bom (_ ) 62

is an almost generalized complex structure. The i-eigenspace for J is L = I';,, and one checks that

the integrability condition for J is precisely the condition dw = 0. The canonical bundle of J, has

30

{chpt :GCgeometry}

{sec:gcgeom}
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a global section e ™™,

Example 6. If a generalized almost complex structure on TM preserves T'M, then it must be of

()
I*

where [ is an almost complex structure and @ is a bivector of type (2,0)+(0,2). The +i-eigenbundle

the form

for J, is
Ly=T,®To M

where o = —i([ Q@ +1Q). A routine verification shows that L, is involutive precisely when [ is
integrable and ¢ is holomorphic Poisson.
A generalized complex structure is, in particular, a Manin triple (Ec, L, L) and thus comes with

a Poisson structure m whose graph is realized as

. Z%(Lff).

s

With this scaling factor, the Poisson structure 7 turns out to be equivalent to 7 = aJa‘. Indeed, if

a and B and £ are 1-forms satisfying

a— 0 =2i
m€+a€l
né+pB€el

then 2iaJalé = ad(mwé + a — n€ — B) = 2iné.

6.2 The Roytenberg algebra and integrability

In this section we explain the interaction between generalized complex structures and the Roytenberg
C*(E). has a secondary grading in the presence of an almost generalized complex structure. This
bigrading is due to Roytenberg [43] but the presentation we give here makes use of the Keller-
Waldmann description of the Roytenberg-Severa algebra described in section 3.1.

Following example 1 we note that the adjoint representation (c.f. section 3.2) gives, in particular,
an action of any almost generalized complex structure on C*(E¢). Since J is a semi-simple element,

its action has an eigendecomposition
C*(Ec) = ®:C5 (Ec)

where [J,w] = isw for any w € C¥(Eg). For any element w € C*(E) we denote by w” the projection
of w onto C*(FE). Observe that the interior product by sections of L and L act respectively as
lowering and raising operators for the action of J. Since the functions C*°(M) are of degree 0 with
respect to J, this means that for w € C¥(E)

w<u17"' ,Uk;)

{sec:roytenbergan
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k+s k—s
2 2

have no component in L. Thus, elements of C*(E) may be thought of as those elements of C*(E)

which take as inputs k;rs sections of L and kgs

is zero if more than

of uy,...,u; have no component in L or if more than of uy,...,ug

sections of L, though of course, they can also take

mixed sections as inputs.

It may be helpful for the reader to compare with the decomposition of differential forms arising
from a complex structure I on a manifold M. In this case I gives rise to a derivation ¢; of the
algebra of differential forms and forms of type (p,q) have eigenvalue i(p — ¢) with respect to this
derivation.

Continuing with this analogy, we define Dolbeault operators dy, : C¥(E) — C’fill(E) and d, :
C*(E) — C*(E) by composing dg with the projections onto C’;‘Ill (E) and C*}(E) respectively.

We have the following characterizations of integrability of the generalized complex structure.

Theorem 3. If © = ([, -], ) and J is a generalized almost complex structure on E then the following

are equivalent:
1. J is integrable with respect to [-, -]
2. [J,[9,0]] = -6
3. dg =d +d,
4. 03=0
The component 4 (03 + ©2 ;) = 8 Re(03) € Q% is known as the Nijenhuis tensor of J.

Proof. Decomposing © = 03 + 03 + ©3, + 02, we note that for u, v, and w sections of E,
O3 (u,v,w) = ([rp(u), 7 (v)], 7L (w)) where 7y, is the projection onto L . Thus L is involutive if
and only if ©3 = 0. We also make note of the fact that ©3 = ©2 ;. The equivalence of 2 and 4 then

follows from the computation

[J,[4,8]] = -9 (@§ + @?lg) ~—ed-e* =-0-38 (@3 + @313) .
On the other hand, since the Poisson bracket is degree 0 with respect to action of J, it follows that
EL = [@2—17 ] dr = [Gi ] (63)

so that dg = dy, + dg, if and only if [@g, -] = 0 identically. Since the Poisson structure is nonde-
generate, it is clear that this happens only when ©3 = 0, demonstrating the equivalence of 4 and
3. O

Remark 3. While the above theorem does not appear in the literature as stated, similar results
have been observed elsewhere. The equivalence between 1 and 2 was proved by Grabowski [18] using
the language of graded symplectic geometry. Meanwhile the equivalence between 1, 3, and 4 follows

from a result of Roytenberg [42].

When J is integrable, it is clear that d;, and dj, satisfy the relations

—2 — —
d2 =0=d;, drdr +dpdy = 0.

{thm:integrabilit

{grabowski}
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In particular, if we restrict our attention to the loci CF(E) and C*, (E), we obtain chain complexes
(Qr,dy) and (QF,dr) which are the de Rham complexes for the Lie algebroids L and L. We will
also make use of the real operator d$ = [[©, J],] = i(d; — dr).

Corollary 2. If © is a Courant bracket on E and J is an integrable generalized complex structure

with respect to © then [J, ©] gives a new Courant bracket [-,-]y on E by the formula
[u, v]y = Iu,v] — [Ju,v] — [u, Jv].

Corollary 3 ([11]). If J is an almost generalized complex structure and D is an E-connection on
E that preserves J then (1p), = —030, In particular, J is integrable if and only if Tp is of type
(2,1) + (1,2).

6.3 Spinors and integrability

There is a deep relationship between the bundle of spinors of a Courant algebroid and the Roytenberg
algebra, allowing much of the content of the previous section to carry over to differential forms
Q*(M). While we do not explain this relationship in detail, we will spell out the analogous results
for Q*(M). These are largely taken from [22].

For any generalized complex structure J on TM with its H-twisted Courant bracket, the exterior
algebra A® L of the —i-eigenbundle L of J embeds as a subalgebra inside the Clifford algebra CI(TM).

As a result there is a canonical isomorphism of Clifford modules given by the Clifford action:

N LK — QM) (6.4)

Indeed this is a nonzero morphism of irreducible Clifford modules and thus an isomorphism. The
decomposition of A*L into exterior powers of L gives a decomposition of Q*(M) into subbundles.
As explained by Gualtieri, this decomposition turns out to be the eigendecomposition for the spin

action of J.

Proposition 11. [22] For k € {-n,—n+1,...,n — 1,n} the subspace Uy, = A" *L . K C S is the

ik-eigenspace for the action of J on S.

Proof. Let eq,...,e, be a basis for L and fi,..., f, be a basis for L, chosen so that (e;, f;) = ;.

With respect to this combined basis e1, ..., en, f1,... fn, We have

()

and using ?? we find that the corresponding element in spin(T) C CUT) is Jepin =1y p_q €k St =
in—1 22:1 frer. In particular, since ey - ¢ = 0 we find that K is in the in eigenspace for Jg,;,. To
compute the eigenvalues for the rest of the decomposition we use the relation [Jpin, u] = J(u) = —iu

for u € L, to show that u acts as a lowering operator for the Jspin- O

It will be useful to us to understand how the Chevalley pairing interacts with the decomposition

of spinors.

{sec:spinorsandin

{decomposition}
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Proposition 12. [9] With respect to the Chevalley paring, the subspace Uy is orthogonal to U,

unless k = —[, in which case it provides an isomorphism Uy, — U*,.

We also find it useful to denote the projection onto Uy by 7. By applying a degree argument
to the derived bracket formula
[[dH7 u], U] = [uv ’U]]

we find that dy necessarily decomposes as dg =1 + 0 + o1 + 7, where

7’]L:7Tk+30dH3F

(Us) = I'(Ug+3)
O =mgy10dy : T(Ux) = T'(Uk41)
Or =mp_10dyg : T(Uy) = T'(Ug_1)
My = 7mkg—3ody : T'(Ug) = T(Uk—3)

Moreover, 7y, is tensorial and is given by Clifford action of the section ([-,-],-) of A3L

Theorem 4. [22] If H is a closed 3-form and J is a generalized almost complex structure on TM

then the following are equivalent:
1. J is integrable with respect to the H-twisted Courant bracket
2. [J,[J.dul] = —du
3.dy =0+ 0;
4. 1, =0

Remark 4. Though we don’t expand upon this here, we emphasize that the similarity between
theorem 3 and theorem 4 is due to the relationship between spinors and the Roytenberg algebra

explained in section 4.3.

6.4 Formal deformations of generalized complex structures

In this section we describe the tangent space to the space of generalized complex structures. The
deformation theory of generalized complex structures was studied by Gualtieri [22]. Here we will
focus only on formal aspects of the deformation theory.

Let E be an exact Courant algebroid over a manifold M. We denote by GC(F) the space of
generalized complex structures on E.

In order to describe the tangent to these spaces at J, notice that a deformation of an almost

generalized complex structure is given by a section ¢ of s0(FE) = A2E*:

J=2¢ (6.5)
By complexifying and decomposing A2Ef = A’L* & L* @ L' /\QZ*, we see that the condition
J2 = —1 is preserved by eq. (6.5) precisely when ¢ is a section of Re(A2L* @ A2L"). Thus we write
¢ = € + & where ¢ is a section of A2L*. The following proposition characterizes those deformations

that preserve integrability of J.

{prop:chevalleyde

{thm:integrabilit

{sec:formaldeform

{{complexflow}}
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Proposition 13. [22, 36] Suppose that J; is a continuous family of sections of so(E) over some

interval containing the origin and that Jg is a generalized almost complex structure. If
\Dt =&+ &

where ¢; is a family of sections of A2L* C so(E¢), then J; is generalized almost complex for all ¢.
If, in addition, Jo is integrable, then J; is integrable for all ¢ if and only if 0r,e; = 0 for all ¢.

Proof. By theorem 3 it suffices to show that the quantity [[©, J], J] + © is constant. We compute

L 10,91, 91+ ©) = [0, + 7, J] + [0, ], + 7]

dt
=[0,[e +&,J]] +2[[O©,J], ¢ + £
= dp(2i€ — 2ie) + 2d5(c +8)
= 4i(0re — Ore)
which vanishes precisely when dre does. . O

Summarizing, we have an identification T;GC = Qi’d. This identification makes clear the (for-
mal) complex structure on GC. Indeed, in real terms, this complex structure takes the form ¢ — Jg.

It is possible to obtain tangent vectors in 17;CG from symmetries of the Courant bracket. Indeed,
a symmetry of D is nothing but a dg-closed element of C?(E). The projection of D onto CZ(E)
then gives a closed element of Q2. It is natural to express such a flow

J=1[D,J]. (6.6)

the interpretation being that J is being deformed by an automorphism of the Courant algebroid.
Thus we say that a deformation of this form is trivial. It is important to note however, that using

the complex structure on T;GC we obtain another deformation

3= 3[D, 9] = 1D, ] J] (6.7)

which is, in general, nontrivial.

6.5 Generalized Chern connections

In this section we investigate the generalized Chern connection of [20].

Let J be a generalized complex structure on an exact Courant algebroid F with +i-eigenbundle
L. We say that vector bundle V' is generalized holomorphic, or more precisely J-holomorphic, when
it is equipped with a flat L-connection . When V is also equipped with a Hermitian metric h, there

is a unique E-connection D on V for which:
e Dh =0 and,
e D, =9, for any u € I'(L)

This E-connection is known as the generalized Chern connection. The curvature iR of D is then a

2-cocycle of C?(E) which preserves J:

{{eq:trivialflow}

{{eq:Dflow}}

{sec:gchern}
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Proposition 14. Let V be a J-holomorphic, Hermitian vector bundle. The generalized Chern
curvature R of V has degree 0 with respect to J, that is, R € C’g’Cl(E;u(V)) = C’g’d(E) ®creo (M)
(V).

Proof. Tt suffices to show that R(u,v) = 0 for any sections u and v of L. The restriction of D to L

is the generalized Dolbeault operator on V, 8. The result follows since this L-connection is flat. [

In particular, if V' is a line bundle then u(V) = iR so the curvature is i times a real symmetry
of J. Moreover, given a local section ¢, we can produce an explicit formula for the curvature as

follows.

Proposition 15 (Generalized Poincaré-Lelong formula). Let (V, h, ) be a generalized holomorphic
Hermitian line bundle. A local nonvanishing section ¢ of V' induces a trivialization of the generalized

Chern connection, D = dg + a, where
a = dglog|p| —idGlog|p| + 2iIme € C*(E¢) (6.8)

and e is the section of L* = L for which 0¢ = e ® ¢. In particular, the curvature of V is then given
(locally) by
iR = —idpdSlog |¢| + 2i Imdpe

Proof. Compatibility with the Hermitian metric is equivalent to the relation
Rea = dglog|¢|.

To verify that eq. (6.8) gives the generalized Chern connection, it suffices to show that the L
component of a agrees with the e . This follows from the fact that dg — id§ = 2d;, which maps

functions to sections of L = L. O

Remark 5. This is a slight generalization of the Poincaré-Lelong formula given in [20] which applies

only to holomorphic trivializations.

The main source of examples of a generalized holomorphic bundle comes from the canonical
bundle of a generalized complex structure. Indeed if K = U, is the canonical bundle of a complex
structure J then the operator oL : U, = Up_q may be interpreted as a flat L-module on K.

It turns out that a choice of Hermitian metric h : K ® K — R is equivalent to a choice of volume
form on M. Indeed by proposition 12 the Chevalley pairing gives an isomorphism K ® K — det 7M.
In particular, a generalized complex structure on M induces an orientation on M.

The vector component of the resulting generalized Chern connection is dependent only on the
chosen volume form and the Poisson structure m = aJa® corresponding to J. In particular, any
Poisson structure 7 on a manifold with volume form p induces a vector field known as the modular
vector field [34], X, of m. There are many equivalent ways to define the modular vector field of a
Poisson structure (see e.g. [48, 13, 33]). We make use of the following definition which gives X, in
terms of its action on a function f.

Laap

R (6.9)

{prop:Poincare-Le

{{eq:poincarelelo

{{eq:modularvf}}

{thm: chernmodular
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Theorem 5. Let J be a generalized complex structure and K its canonical bundle. Any hermitian

metric h on K may be expressed in the form

CXD)
1

h(¢, ) =" (6.10)

for 4 a volume form defining the same orientation as J. Let m = aJa’ be the Poisson bivector
corresponding to J and let D be the generalized Chern connection of K with respect to h. The

vector component of D is given by .
i
Datey = —Eﬁ(Xw)

where X is the modular vector field of 7 with respect to pu.

Proof. Choose a splitting for the Courant algebroid so that D = V — iXj where V is a connection
and X j is a real vector field. Then, since V preserves the Hermitian metric, note that for f a real

function,

Loiap)(#,0) =i (Lrap|01?) 1+ (Xn - [)(0,0) = (Va(ar) D) + (&, Va(ap)®) + (Xn - )0, 0)

On the other hand, by Lemma 3,

L"ﬂ'(df) (¢7 5) = (5u¢75) + ((ba 81)5)

= (Dw(df)+a¢aa) + (¢a IDrr(df)+B¢)

= (vﬂ(df)¢7 5) - iLXJa(¢7$) + (¢> vﬂ‘(df)(b) + Z'LXJ/B(¢>$)
= (

since a — 8 = 2idf. Combining, we get Xj = %Xﬁ. O

{{eq:hermmetric}}
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Spinors and curvature in

generalized Kahler geometry

{chpt:spinorsandc
Many curvature quantities appear in generalized Kahler geometry. In this section we explain their

appearance in terms of the bundle of spinors. This gives convenient relationships between the various
connections and curvatures. The key diagram is the decomposition of spinors (differential forms)

coming from the spin action of J4 and Jp.

7.1 Generalized Kahler geometry
{sec:gkgeom}
A generalized Kéhler structure on an exact Courant algebroid TM with H-twisted Courant bracket:

IIX+£,Y+T]HH = [X,Y} +[:X777Lyd§+Lybe

is a pair (J4,Jp) of commuting generalized complex structures such that G = —J4Jp is a gen-
eralized metric. In [24], Gualtieri showed that a generalized Kéhler structure is equivalent to a
bi-Hermitian structure (g,Iy,b) in the sense of [16], that is, a pair of Hermitian structures I,
sharing the same Riemannian metric g and a 2-form b, such that the Hermitian forms wi = gl4

satisfy
—diwy =dw_ = H +db, dH = 0. (7.1) {{eq:bihermitiani
The equivalence of Gualtieri is given explicitly by the formula

g, = Ly Ty +1) (I —1)g7"\
A= € €

2° \—g(I, - 1) I+ 1
1y (—(u ~I) (I + I_>g—1>
2

JB
—g(I +I)  Ii-TI*

Example 7. If (M, I,w) is a Kdhler manifold then (J,,J;) is a generalized Kéhler structure on

38
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()

on TM @T*M. In this case, the complex structures I and I_ coincide with I and thus the Poisson

TM. The generalized metric is given by

structures @), o+ vanish.

7.2 The decomposition of the Roytenberg algebra

In this section we describe the structure of the Roytenberg algebra C'*(E) of a Courant algebroid E
in the presence of a generalized Kéhler structure (J 4, Jp). Since J4 and Jp commute, their actions

on C*(E¢) also commute and by the results of section 6.2 they have a common eigendecomposition:
Proposition 16. The Roytenberg algebra has decomposition
k
C*(Ec)= € CF,(Ec)
r,s=—k

making it into a Z3-graded algebra. That is,

Cf,s(EC) ' C]l),q(EC) - Cf—;l-—zl),s+q(EC)

for any k,r, s,l,p,q € Z. The generalized complex structures J4 and Jp act by ir and is respectively

on CﬁS(E@). This decomposition gives rise to a decomposition of the differential

dp =dy +d_+dy +d_

where dy = T‘—fill,s:tl odp: CF, — C’fjrrisil. The Dolbeault operators for J4 and Jp are then given

by ds = dy +d_ and dg = d, + d_. In addition to squaring to zero, these operators satisfy the

relations

The picture that the reader should have in mind is of a pyramid

{sec:gkroytenberg
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02
—-2,2 2
00,2 2

C
2 2,2
CZyp Cg,o / 2,
, \C& 9 / ) 022 ,
\ \ / \
NV2 \\
01171 Clll
21, 1

0
Co0

where the exterior faces are the de Rham complexes for the Lie algebroids L4, L4, Lp and Lp and
the exterior edges are the de Rham complexes for ¢4 .= LaNLp, {_ = L,4 N Lp and their complex

conjugates. The following Lemma clarifies the role played by these intersections.
{lem:simeigen}
Lemma 4. The simultaneous eigenbundles of J4 and Jp are given by

lp = e"Fr Ty Xy = {X + (b+iws)X | X € To1 X4}

where X4 = (M, I1).

As a result, the edges of the above diagram may interpreted as Dolbeault complexes for the
complex structures I.
In addition to the operators d% = i(da — da) = i(dy +d_ —dy —d_) and d§ = i(dp — dg) =
there is a real operator
dap=dy +dy —d_ —d_.

which is the Hamiltonian vector field of —[J 4, [Jg, ©]].

7.3 The spinor diagram
{sec:gkspinors}
We begin by reviewing the decomposition of the spinors described by Gualtieri [23]. This decom-

position has the utility of giving relations between the various canonical bundles, to which we will
often refer.

The canonical bundles of a generalized Kéhler structure (J 4, Jp) on a Courant algebroid (TM, H)
are the spinor subbundles K4, Kp C Q*(M) which are annihilated by the Clifford action of L4
and Lp respectively. In addition to these, there are also canonical bundles K1 = Ql’o coming from
the complex structures I. These complex structures are specified by lemma 4 or equivalently, by
79! = a(fs), where a : TM — TM is the projection onto 7'M known as the anchor map. Thus the
anchor map naturally identifies K with /\”Z; = A"{4 where the latter equality uses the pairing on
E.
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The canonical bundles of J4, Jg and I1 are related as follows. The Clifford action of A™/_ C
CI(E) on Kp gives a new spinor line which is annihilated by both components of Ly = ¢, & ¢_.
Thus K4 = K_®Kp and by a similar argument K4 = K, ® K 3. We summarize these relationships

with the following diagram
K

f;//%

K

Ka

N
Ka (7.2)
e

=

B
Kp
where the arrows represent tensoring (or Clifford action) by the indicated line bundle.

This diamond can be completed to include all of the spinors in the following way: since the

spinor module is an irreducible Clifford module we have
Quy =CIE) - Ky =CIE)-Kp. (7.3)

The algebras Al+ and Aly embed as subalgebras of the Clifford algebra and the multiplication

map gives an isomorphism of graded vector spaces
My @N_ @My @N_ — CUE).
Since ¢4 and /_ act trivially on K 4, the relation (7.3) may be reduced to
QU =NL AINM_QKs=NLINM_Kp

This description provides a bigrading on the spinors. In fact, this bigrading is the eigendecomposition
of the actions of J4 and Jp on the spinors. Indeed, K4 has eigenvalue in for the action of J4 and
Clifford action by an element of /_ has the effect of raising the eigenvalue by 4, so it follows that
K 4 is in the kernel of Jp, that is, K 4 is type (n,0). From here we may determine the eigenvalues of
all other components using the fact that action by ¢4 has degree (1,1) and action by ¢_ has degree
(1,-1).

Summarizing, we have a Z x Z decomposition of the spinors.

Qm = @ Up,q

p,q€Z

where U, 4 is the intersection of the ip and iq eigenspaces for J4 and Jp respectively.

{{eq:canonicalbdl

{{eq:spinorgen}}
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UO,n
U_in—1 Ui n-1
U07n72
Ui—n Un-1,1
U_no Us_n o Un—2,0 Uno
Ui—n,—1 Up—1,-1
UO,Q—W
U—l,l—n Ul,l—n
UO -n

In terms of the canonical bundles, the decomposition has the following explicit description:

Proposition 17. Via the Clifford action the (p,q) component of the bigrading may be expressed

as
U, .= AET, @ ASFET @ K,
AT o AT @ Ky

wherever the exterior powers are integral. Otherwise, the component U, , is 0.

7.4 Hermitian metric

In this section we describe a collection of holomorphic structures that appear in certain loci of the
spinor diagram. Together with a natural Hermitian metric, these give rise to Chern connections and
curvatures, which are related to the Bismut-Ricci forms for the Hermitian structures 1.

The bundle of spinors €2, is equipped with a Hermitian metric in the following way. The
generalized Kahler structure has a generalized metric G = —J 4Jp which squares to id and has +1-
eigenspaces Vi. The chirality element of the generalized metric is given by « = ay ... a2, € Cl(Vy) C
CI(E) for ay,...,as, an oriented orthonormal basis of V. It is an element of the Spin group and
has the important feature that it projects, via the twisted adjoint representation to —G = JaJp.
Then, since J4,p = ezJ4/5 it follows that the chirality element acts by

The Hermitian metric is then given by

(xa, B)

voly

h(a, B) =

{prop:gkspinordec

{sec:gkchern}
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where (-,-) is the Chevalley pairing. If the splitting of E is the canonical one coming from the
generalized metric, then this Hermitian metric is identified with the natural Hermitian metric on
differential forms coming from the Riemannian metric g. Indeed, a; = X; + g(X;) for X;,..., Xo,

an oriented orthonormal basis for M. Then

(*OZ,B) = (Oé, *TB) = [Oé A *B]QTL

where x is the usual Hodge star operator on differential forms. The Hermitian metric h restricts
to a collection of Hermitian metrics on the corners of the diamond: K4, Kp, K4, and Kg. The
line bundles K4 are also equipped with a Hermitian metric, which comes from the Riemannian
metric on TM. We claim that the identifications in eq. (7.2) preserve these metrics. To see this, let
e1,...,en be an orthonormal basis for /_ so that any x € K_ may be expressed as fe; A---Ae, for

some function f. Since by ?? the operator * acts by i~ on K4 and Kp, it suffices to show that

(kB,kB) = | f|>(B, B) for B a section of Kp.
Using (4.3) we compute

(kB,kB) = (B,x"RP)
= |f|2(ﬂa €n €161 " ‘éng)
= |£1%(8,8)

where the last equality follows from repeated application of the Clifford identity e;e; + €je; = d;5
along with the fact that e;3 = 0. An analogous calculation shows that the identity K4 = K, ® K
preserves the Hermitian metrics.

7.5 Holomorphic structures and Chern connections

The H-twisted differential has a decomposition into 4 components of degree £1 with respect to the

bigrading:
Up—l,q+1 Up+17q+1
% y
Upq (7.4)
A N
Up-1,4-1 Upt1,g-1

<2 . . . . .
Because 632 = 0 = d,, various homolomorphic structures can be derived from this diagram. For

convenience, we make the following definitions

Uy = @ Up.q

ptg=n

U- = @ Up,g

p—q=n

{sec:chernconnect
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so that U_ and U, are the top and bottom right-most diagonals of the spinor diamond respectively.
Equivalently,

Ui={¢€QM|€:|:-¢:O}.

For these bundles, the §4 operator endows Up,q with an It-holomorphic structure since Up41,4+1 =
I+ ®U,, = 0% (U,,). We may express this £+-module structure more explicitly by saying that the
differentiation of ¢ in the direction of u € ¢ is given by ud+¢.

The bundles V= also have flat ¢-connections, coming from the Courant bracket:

Ouv = [u,v]+

for u € £+ and v € V¢. Now, we claim that CI(V%) acts Ir-holomorphically on Uy. This follows
the derived bracket relation for ¢ € Uy:

[[um]]; = [[U7UH ¢
= [[dH,u],v]¢
= ud"ve — vud ¢

= ud+vp — Vud+ O

The above discussion demonstrates, in particular, that K4 is I+-holomorphic and Kp is +1-
holomorphic. Moreover K is It-holomorphic and the relations in 7.2 preserve these holomorphic

structures:
{spinorsummary}

Proposition 18. The Clifford multiplication gives isomorphisms of Hermitian vector bundles
Ki=K_®Kp KA:K_;,_@?B

which are isomorphisms of I -holomorphic bundles and I_-holomorphic bundles respectively.

As K 4 is holomorphic with respect to both the I, and I_ complex structures, and has a Hermi-
tian metric, it inherits corresponding Chern connections Vi with curvatures iij:. Similarly, using
the £ holomorphic structures we get Chern connections V% on Kp with curvatures z'p%. Similarly,
K, and K_ each have a pair of Chern connections, coming from the I-holomorphic structures on
each. These come from what are, somewhat confusingly, known as the Chern and Bismut connections
on T7 0X+.

Proposition 18 has the following corollary.
{cor:chernbismutr

Corollary 4. The curvatures of K4, Kp and K. are related in the following ways:

ph =Pk — pPBis— Pa = —Pp — PBis+
Proof. Since the curvature of the I;-Chern connection on K=+ is —i times the Bismut-Ricci form

—ipRist, this follows directly from proposition 18. O

Remark 6. Though these Chern connections have not previously been identified in the literature,
using the Poincaré-Lelong formula these relations have been observed in the case where K4 and Kp

have global dg-closed pure spinors [2, 3].
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7.6 Generalized Chern connections of canonical line bundles

In this section we compute the generalized connections of the canonical line bundles of J4 and
Jp. This has a number of useful corollaries, in particular giving a relation between the classical
curvatures described in section 7.5.

The holomorphic structures on K4 and Kp combine to give flat L4 and Lp connections re-
spectively and as a result there are a pair of generalized Chern connections D4 and Dg. In the
following proposition we explain the relationship between these generalized Chern curvatures and

their classical counterparts in section 7.5.

Theorem 6. The generalized Chern connections D4 and Dp have decompositions

DA:(VA—iLXAb)—iXA DB:(VB—iLXBb)—iXB
where
]. + _ ]- + —_
Va=5(Vi+Vi) Ve =5 (Vi + V)
1 _ 1 _
9(Xa) = % (VA - Vj&) 9(XB) = 2 (VB - VE)

Proof. We will perform the calculation for D4, leaving the calculation for D? to the reader. Note
that for any vector field X and 1-form,
(VA)X = ('DA)X+bX 9(X4,X) = '(IDA)gX
1 1
3 (D) x+(b+g)x + (Da)x4(b—g)X) =5 ((DA)x+(-g)x = (Da) X+ (b1g)x)

It suffices then, to show that (VE)x = (Da)x+(b+g)x- To do so we first observe that

Da)x+pox (fO) = (X flo+ f(Da)xiprg)x®

so that the expression (ﬁi) x = [D;‘( H(btg)X defines a pair of connections. Moreover by lemma 4,
by ={X+(bxg)X|X €Tp1Xs}sofor X € Tp1X4, we have

(Da)x4prgxd = (X + (b 9)X)-d"d=(0+) ¢

so that ﬁj is compatible with the holomorphic structure d4+ on K4. Since 6i preserves the

Hermitian metric, it must coincide with the Chern connection V7. O
As an immediate corollary, we can compute the curvatures of D4 and Dp, using 5.1.

Corollary 5. The curvatures iR4 and iRp of D4 and D® are given by

1 _ 1 _
Ra = (Xa, 5(,015 +pu) —dix, b+ ix,H) Rp = (X, 5(025 +pp) — dixpb+ix, H)

By theorem 5, we know that the vector components of these Chern connections are proportional

to the modular vector fields of w4 and 7mp. More precisely, since the Hermitian metric on K4 (or

{thm: cherncomp}

{cor:cherncomp}
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Kp) is given by

hop) = ELY) _ o (0:0)

volg volg

we must compute the modular vector field with respect to vol,.
{lem:gkmodularvf}

Lemma 5. With respect to the Riemannian volume form vol, the modular vector fields X, and

Xrp,of ma =197 Iy —I_)* and 7 = g~ (I + I_)* are given respectively by

9(Xn)) = 5" (s — ) 9(Xr,) = 5" (s +w)
Equivalently,

X, = —%(uoi —1.6%) X, = —%(uai +1_6%)
where 04 = —I1d*w4 are the Lee forms.

Proof. We will calculate the modular vector field for 74, leaving the calculation for wp to the reader.
Using eq. (2.4), we compute
1
ﬁﬂ-A(df) VOlg = Ed (Lg_1(1+7l,)*df * 1)
1 *
= Sdix(T, — 1)'df)
1
= _§d (ktg-14f(wy — w_))
= —d(df N*(wy —w_))
= —df AN*d*(wy —w_)

= —(df,d" (wy —w_)) vol,

N =N =N =N

(Eg—ld*(w+_w_)f) VOlg
completing the proof. O

In conjunction with theorem 5, lemma 5 allows us to compute X4 and Xp.
{prop:gkgchernvec

Proposition 19. The vector components of D4 and Dp are given by

1
X4 = Zg_ld* (wy —w-) Xp

= —i (164 —1-0%)

1
Zg_ld* (Wi +w-)

(e o)

The first corollary of the above discussion is that we have a complete characterization of the

curvatures pi and pﬁ defined in section 7.5 in terms of bi-Hermitian data.
{cor:chernforms}
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Corollary 6. The classical Chern curvatures of K4 and Kp are given by

1 " 1 %
PZ = —5(0315+ + pBis— +dd*wy) Pp = —§(PBis+ — pBis— +dd*wy) (7.5)
— 1 * — 1 *
pa = —5(03i3+ + pBis— +dd*w_) Pp = —§(pBis+ — pPBis— — dd*w_) (7.6)

Proof. By theorem 6, the difference between VX and V is —2ig(X4). On the other hand, by
theorem 5 and lemma 5, g(X4) = 1d*(w; —w_) and g(Xp) = +d*(ws +w_). Thus we arrive at

the relations

- 1 * — 1 *
szpA—§dd (wy —w_) pgzpB—édd (W +w_).
Combining these with corollary 4 allows us to extract the desired expressions for pi and pfg. O

Corollary 7. With respect to the canonical gauge (where b = 0), the curvatures iR4 and iRp of

D4 and Dp are given by

1
Ra= (97 d" (wy —w=), =2(pBist + pBis—) — dd* (wy +w_) — dix b+ tg=14+(w, —w 1 H) -
7.7
1, 4. .
Rp = Z (g Lq (w+ +w_), *2(;731'54_ - pBis—) —dd (w+ — UJ_) — dLXBb+ Lg—ld*(w++w,)H)

Proof. This follows directly from corollary 5 by substituting the results of proposition 19 and corol-
lary 6. O

The expressions for R4 £ Rp take a slightly simpler form:
1 " .
RA + RB = 5(*[4_0_'_, f2p31’s+ —dd W4 — L1+0iH)
1
Ra—Rp= 5(1_0’1_ s =2ppis— — dd*w_ + 1 g H)

From here, using the fact that R4,p is a symmetry of J,,p we can derive a number of useful

formulae. For example:

Lot Le = Ly gt I = Log™ (2ppisy +dd"wy +tp g H) = Ig™" (2ppis— + dd"w_ — 1, g H)

—1 -1 _
£I+03—w+ +£Len_w_ =0

Example 8. Generalized scalar curvature and symplectic type generalized Kéahler. Suppose that

F~1
J]A—eb< P )eb

for some 2-form b and symplectic form F. Then by comparing with the bi-Hermitian data, we find
that I, — I_ must be invertible and F = —2g(I; — I_)~'. We also find that b = JF(I; — I_) =
—g(I4 = 1)~ "I+ + I-).

J 4 is of symplectic type, that is,

{{eq:RARB}}
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Holomorphic Poisson geometry

{chpt :holomorphic
8.1 Manin triples and generalized Kahler geometry

We may associate to any generalized Kéhler structure (g, b, I+) a pair of complex Courant algebroids
(TM ®C, [, ]u.) where
Hyi = +2i01ws — 2db3°

which are gauge equivalent to the H-twisted Courant algebroid via the following diagram of equiv-

alences:
H_
1,1

bt

i

Hy
304602 +iwy
W

H

s \ -
H

In fact, since H are of type (2, 1) with respect to I, they determine holomorphic Courant algebroids
in the following way. On the vector bundle Ty X1 = T1 0X1 & T7( X+ we define a Dolbeault

_ (9
Dx=\, |

and a Courant bracket on smooth sections of T; o X4

Hy

operator:

[X+&Y +9] =[X,Y]+[0,tx]|n — 1y 0§
which descends to D-holomorphic sections. We will frequently make use of the relations

ly =TT 1 Xy (8.1) {{eq:ellpm}}

48
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which demonstrate how to recover the complex structures I+ from the generalized complex structures
La=/¢,®¢_and L = ¢, ®{_. In particular, we consider the Dirac structures

Ay =e ™+ L, A_=e“L, (8.2) {{eq:gaugeequiv}}
B, =e “+Lp B_ =¢“-Lp (8.3)

Notice, for example, that by eq. (8.1),

A+ = T0’1X+ (&5) e_i(w++w7)T0’1X,
=To Xy @ (id —2gP5)To 1 X -
=To Xy & Py(id —2¢)Tp 1 X

sothat Ay = (A4 NT10X4) B (A+ NTo,1X+). This suffices to show that A, is the matched pair of
a holomorphic Dirac structure A, C £;. Similarly, A_ and By are matched pairs of holomorphic

Dirac structures:

A+ = -|]—170X+ N A+ A_ = -ﬂ—l,oX_ NA_
By = Ti0X+NBL B_ = Ti0X-_NDB_

and the above calculation (and its counterparts) also show that

Ay = Pffo(id —2¢)Tp 1 X A_ = Pr(id+29)To 1 X4
By = P (id —29)Ty 0 X - B_ = Pyo(id+29)T1 0 X ¢

From these equations, it is clear that A, and B, are complementary and thus make up a Manin
triple £; = A4 @ B,. Similarly, we have a Manin triple £ = A_ @ B_.

The imaginary parts of these Manin triples are given by

Im(f,’i, AiaBi) = et (-H—M7 FWA7Fi7rB)

1 — 1, . L= 1 —
Lo = -(La—Lp)=(e“"Ay —e ™" By) = 6w+§(A+ —By)
1

T2 27

In this chapter we examine the presence of holomorphic Poisson modules in generalized Kéhler
geometry. There are many natural examples, coming from the various canonical bundles. Using their
generalized Chern connections we produce generalized Chern curvatures and give characterizations
of these in terms of classical, bi-Hermitian quantities. As a result we are able to describe the

generalized Kéahler-Ricci flow as the flow by one of these generalized Chern curvatures.

8.2 Holomorphic Poisson modules on generalized Kahler man-
ifolds

An important insight of Hitchin [27] is that on a generalized Kahler manifold, each of the complex

manifolds Xy = (M, 1) is equipped with a holomorphic Poisson structure oy = —i(IiQ + Q)
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where @ = %[I_HI_] gt An elegant reformulation of these was given by Gualtieri [24] using the

Dirac calculus:

1
9

_ !

Lo
2

(La—Lg) Lo_ (La—Lg)

where Ly, =15, @ Tp 1 X+ is the i-eigenbundle of the generalized complex structure

Jo, = <_Ii Q) .
Iy

Thus, by definition, there are pullback Lie algebroid diagrams

N

Lo, L,

5 N
L Lp Ly ZB (8.2. 1)

TeM TeM

whose defining feature is that @f - CI% is 27 times the projection onto T¢M. As a result,
any L 4-module inherits flat Lie algebroid connections for L., while any Lp-module inherits a flat
connections for L,, and L,_. In this section we give explicit formulae for these morphisms, and use
this to relate resulting Chern connections in the presence of a Hermitian metric.

We begin by observing that the generalized complex structures J,, share a common Poisson

tensor ) = —4Im o, since

1 - - 1
(Lo, — L, ) = -1 (La—Lp—Lp+1La) = % (Lo. —Ls_).

2i
In terms of the bi-Hermitian data, this tensor is expressed as Q = (I, I_]g~" (see []).

Theorem 7. The maps ®% : TM — TM and &5 : TM — TM defined by

id _ id
Py = e ] ®a= © L
g Ii+1I* —-g It +1I*
B — * * B — * *
g —I7+1I* -g I I

restrict to the morphisms in diagram diagram 8.2.1.

Proof. We will exhibit the proof for the diagram involving o, leaving the other diagram to the
reader. First, a straightforward calculation shows that @ and @} intertwine generalized complex

structures in the following way:

Ja®h =04 J,, Jad®, =d5J, (8.5)
Jp®h =@}, Jpdy, =050, (8.6)

Thus, @X and <I>J]§ restrict to morphisms L,, — L and L,, — Lp. Moreover, it is clear that the

{diagram:poissonc

{{eq:realmorph}}
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Figure 8.1: Generalized Chern connections on canonical bundles

Ly Lg L,, L, L,
K| Da D} D
Kp Dsp Df Dy
Ky DI DI
K_ DX D

difference @X — @g restricted to Ly,
ao (DE. O

is 2i times the projection onto T¥M, and that ao ‘Ifg =a=

Remark 7. It is also possible to write down explicit expressions for the maps in diagram 8.2.1.
However, since these expressions are lengthy and not particularly informative, we omit them. As we

will see, it is their real parts given by eq. (8.4) that we will use in the following section.

8.3 Generalized Chern curvatures of holomorphic Poisson

modules

In this section we apply the results of the previous section to the canonical bundles K, and Kp.
Since these are L4 and Lg-modules respectively, they each inherit a triple of generalized Chern
connections, as described in fig. 8.1. Moreover, using eq. (7.2), the canonical bundles K| and K_
each obtain a pair of generalized Chern connections.

We begin with the following observation about Poisson modules on a generalized Kahler mani-
fold. If V is an L g-module with Hermitian metric h, then it is equipped with a generalized Chern
connection D 4. On the other hand, as a result of diagram 8.2.1, it is also an L,,-module and thus
has two more generalized Chern connections ID?;. Similarly, an Lp-module with Hermitian metric
h has a generalized Chern connection Dp coming from the flat L g-connection, but also a pair of

generalized Chern connections compatible with L,, and L,_ connections.

T+
Lemma 6. The Chern connections IDf and [Dlj; may be recovered from D4 and Dp in the following

way:

(ID )X+§ = (DA)<1>J;(X+5) (DZ)X+5 = ([DA)@;(XJrg)

W+ =+

(D )X+§ = Dn)asx+e) (Dé)mg = (Dn)e,x+e) -

In particular, if D4 = V4 —iX4 and Dg = Vg — iX’B, then
DE =VE — (I +1)X, DL =VE+i(l, —1.)Xp (8.7)

where (V) ¢ = (Da) x1gx and (Vi) x = (D5) xsgx-

We will decorate Chern connections and curvatures in the same way, so that, for example, the
curvature of D on Kp is R5. As an immediate application of 7? and 7?7, we can compute the

connection and vector components of [Df and [DE:

{fig:GChern}

{fig:my-tikz-char

{cor:gcrels}
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Theorem 8. If IDf = Vf —inf and IDﬁ = Vﬁ—i.)c'fgt then Vi and Vﬁ are the I -Chern connections

on K4 and Kpg respectively.

Since K4 = K_ ® Kp and both K4 and Kp are o-modules, it follows that there is a o;-module
on K_ and a corresponding generalized Chern connection DF. The curvature iRT of DT is then
an imaginary valued symmetry of J,, . Similarly, the relation K4 = K4y ® K p gives a o_-module
structure on Ky and a generalized Chern connection D} whose curvature iR is a symmetry of
Jo_. The cumulative result of our calculations gives expression for these curvatures in terms of the

Bi-Hermitian data.

Theorem 9. With respect to the generalized complex structures J,, , the generalized Chern cur-

vatures of the line bundles K4 and Kp are given by

1

]ﬁ—(ﬂﬂ—ﬂ+ALﬂ—Lhﬂ%ﬁ> (88)
1

Rgz_(;Zwi-w_—1+Lﬁi4-LJ+ﬁJ,p§> (8.9)

while the generalized Chern curvatures of the line bundles K and K_ are given by

1 1
Ri = <§(I+I—9ﬁ_ - I_I+9i), —PBis+ — dd*w+> RT = (5(9+ - 9—)117 _/)Bis—) (8.10)
1 1
R; = <§(€+ — 07)11, _pBis+> R: = (§(I+Ieu - 17]4»93,), —PBis— — dd*w)
(8.11)

Proof. To compute Ri and Rﬁ we apply lemma 6 to our computation of R4 and Rp in 7??7. For

example, we find that the vector component of Rﬁ is given by
1 1
,ﬁ:UVHJ&:—ﬂh+LWﬁﬂJﬁD=ﬂﬂ—ﬂ+hLﬂ—Luﬂ)

while the 2-form component is given by the curvature of Vf. To compute RT and Ri we use the

relations:
RT =R} + R}, RT =R} - R},
R =R, + Rj .R_ =R, - Ry
which follow from eq. (7.2). The 2-form component is then computed using corollary 6. O

Remark 8. Since these are generalized Chern curvatures for either J,, or J,_, they are symmetries
of these generalized complex structures. This gives rise to many useful equations. For example, the

fact that Rf = (%(GfiF —0"), —ppiss) is a symmetry of J,. is equivalent to the set of equations:

9F

pBistI+ + I1ppist =0
E%(@i,gﬁ_)l¥ = QpBpis+ (8.12)
Loy -0)@=0

{{eq:holpoissymmil
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where Q = %[LF,I,]g*l. The first of these says that pp;s+ is of type (1,1) with respect to I,
which also follows from the fact that it is the curvature of a Chern connection with respect to an

Ix-holomorphic structure. Similarly, the equation [Ri, Jo.] = 01is equivalent to the set of equations:
(pPBist + dd*wi)ly + I (ppis+ +dd*ws) =0
E%(Iﬂ,e"_fl,uei)fi = Q(pBist +dd w+) (8.13)
ﬁ%(uheifffuei)@ =0

Lemma 7. [17] Let (M,g,I) be a pluriclosed Hermitian manifold. The (1,1)-component of the (1en:pluriclosedd

Ricci-Bismut 2-form is determined by
* 1,1 Lo 1
I*(ppis)"! =Re = H? + - Loig

where R is the Ricci tensor, H2(X,Y) = (uxH, 1y H) and § = —d*w o I is the Lee form.

Applying this lemma to the two pluriclosed structures associated to a generalized Kéhler mani-
fold, we find

E%(gi,gg)g =1 (pBis+)i_’1 - I (PBz‘s—)l_’l
1 * 1 *
=3 (It pBist — PBist1+) — 3 (I* pBis— — pBis—1-) (8.14) {{eq:gliederivl}}
1. 1
= §(I+ —I")(pBis— + pBis+) + 5(031‘5— — pBis+) I+ +1-)

L o L L {prop:pisymm}
Proposition 20. The derivations (5(9+ —0_),—pBist+ — pBis_) and (5(9+ —0_),—pBis+ + pBis—)
and I'

are symmetries of ' respectively. Equivalently,

TA B

Lyt gtyma+Ta(PBist + ppis—)Ta =0 L1t —gt)TB+ 75(PBis+ — PBis—)TE = 0.

1
2

Proof. We compute, using eq. (8.14) and eq. (8.12)

1 _ 1 _ _
L@t —g)Ta =735 (ﬁé(eg_gi)(ﬂ - I—)) g+ U+ —1-)g ! (ﬁé(gg_gi)g) 9"

%Q(PBis+ — pBis—)9" " = TA((PBis— — PBis+)TBY — 9T A(PBis— + PBist )"

=74 (97B(PBis+ — PBisf) + (PBis— — PBis+)TBY — gﬂ'A(pBisf + pBis+)) 9_1

=74 (;(Ii +I)(pBist+ — PBis—) — %(pBis— = pBist)I+ +1-) — %(Ii — 1" )(pBis— + pBis-‘r)) g "
= —TA (PBis+ + PBis—) TA

The proof of the other equation is similar. O

8.4 Generalized Kahler-Ricci flow

{sec:gkrf}
As we have seen, a generalized Kéhler manifold determines a pair of real Poisson structures m4

and mp as well as a pair of holomorphic Poisson structures (I1,04). In fact, the data of both real
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Poisson structures and either one of the holomorphic Poisson structures is sufficient to recover all

the remaining data of the bi-Hermitian manifold, since
wy = (ma+7mp)"" w_=(rmp —ma)"? (8.15)

In this section we use this observation to describe the generalized Kéahler-Ricci flow as the flow by
a generalized curvature.

The generalized Kéhler-Ricci flow is given by the following system of equations:

1
= —Rc+ZH2
L (8.16)
I:t = §£9uiji

where H*(X,Y) = (txH,ty H), and 04 is the Lee form for I1. An important theorem of Streets
and Tian shows that solutions to the generalized Kahler-Ricci flow exist for short time and preserve
the integrability condition (eq. (7.1)).

Proposition 21. [46, 45] Let (g, I+, I_) be a generalized Kéhler structure on a compact manifold
M. There exists T € [0, 00] such that eq. (8.16) has a unique maximal solution on [0,7]. Moreover

that solution remains generalized Kéhler for all ¢ € [0,T.

The key observation that is used in the proof of short-time existence is that solutions to eq. (8.16)
may be obtained from solutions to the pluriclosed flow (c.f. eq. (2.11)). Indeed, if (g,14,1_) is a
generalized Kahler structure and (gft,li) are the unique solutions to the pluriclosed flow with
initial conditions given by the two Hermitian structures (g, 1), and ¢ti is the 1-parameter family
of diffeomorphisms integrating %F)ft, then (¢ )*g; = (¢; ) 97 = g and (g¢, (¢ )* I, (7 )*1_) is a
solution to eq. (8.16). As a result there are a pair of flows :

. 1 1 . 1 1
g:—Rc+ZH2—§/J9u+g g:—Rc—l—ZHQ—iEe{g
. A 1
I, =0 I, = 5,6911_9;1[_;,_ (817)
. 1 )
I_ - 5;&0{_9&[— I_ - 0

known as the Iy-gauge-fixed generalized Kéahler-Ricci flows respectively.
It is an important observation of Gibson and Streets that the generalized Ké&hler-Ricci flow can

be recovered from pp;s:
Theorem 10. [17] The I -gauge-fixed Generalized Kéhler-Ricci flow is given by

\]]A — [\DA,G_pBiS+\DA]

. (8.18)
J]B = [J]B,e_pB“'*'J]B]

On can verify that the equations eq. (8.18) are equivalent to the infinitesimal action of the

imaginary B-field —ipp;s on Ly and Lp. That is, the generalized K&ahler-Ricci flow in I -fixed

{{eq:piomegal}}

{{eq:gkrf}}

{thm:gibsonstreet

{{eq:gsgkrf}}
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gauge is given by

LA - _ipBis

. ] (8.19)
Lp = —ippis

Theorem 11. The generalized Kahler-Ricci flow in I, -fixed gauge is given by the action of the

derivation RT on the triple of Dirac structures (I'y,, Ty, Ly ). Similarly, the action of R} on

(TassTrp, Lo_) gives the generalized Kéhler-Ricei flow in the I_-fixed gauge.

Proof. By theorem 10 the generalized Kahler-Ricci flow in I;-fixed gauge is given as the action of
the imaginary B-field —ipp;s+ on L4 and Lp. Since

1 _
I',, = —=(Ls—L
4 2i( A —La)
1
I' ..=—(Lg—L
5 2@( B—Lg)
1
Ly, =—(Las—L
+ 21( A 5)

it follows that the generalized Kahler-Ricci flow can be reconstituted as the flow

Iry = —TapBistTa

I' x5 =7BpPBRis+TB

L, =0
On the other hand, the deformation of I';, generated by RT = (%(931|r —0"), —ppis—) is given by
RE(mal+ & man+n) = (L1t gt yTa+ Tappis-—Ta) (& 1)
= —TAPBis+TA
where the last line follows by proposition 20. Similarly,
RY(—mp&+& —mpn+n) = (—ﬁé(ei,gu_)ma + mBpBis—mB) (&, M)
= TBPBis+TB

Finally, since RT is a symmetry of J,, we have the correct evolution equations for the triple.

o
We give an alternate, more direct derivation of the flow equations for the action of R} on

(Ts,ss Ty, Lo ). Since, by proposition 20,

Ry(mal+ & man+n) = (5%(9179&)7@1 + WAPBz'sHTA) (&n) = =(mappis-ma)(&n)

R (mp€+ & mpn+mn) = (ﬁ%(gi_gg)ﬂB + WBPBz‘s+7TB> (&,n) = (mBpBis-75)(§,n)

the flow equations in question take the form

A= —TAPBis—TA TB = TBPBis—TB- (8.20)

{{eq:gkrfd}}
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Using the bi-Hermitian expressions for m4 and 7w we find

. . 1 . . _
At T =—39 "(Iippis—I- + I ppis—I4) g~

. . 1 * * — 1 _ * —
B A=—50 (I ppis—Is + I ppis—1_) g~ = —59 "(pBis— + I* ppis—I-) g~"

where the final equality follows from the fact that pp;s— € Qil. Then, using eq. (8.15) we find

1
Wy = —wi (g + 75wy = i(PBis—I—L- + 171" pBis—) (8.21) {{eq:omegaplusdot
: . . 1 X
Ww- =—w_(fp —Ta)w- = *5(,031'8— + I ppis-1-) = — (ppis—) " (8.22)

We then use /_ = 0 to compute

1 1
R A e LT
where the last line follows from lemma 7. It remains then, to compute the flow equation for I,.
Using eq. (8.21) and eq. (8.14) we find

Iy = g7 (&g — gly)

where the last line follows from eq. (8.12). O

8.5 The flow construction

In [25], Gualtieri describes a method of deforming generalized Kahler manifolds using B-fields. In
this section we review this construction and compare it to the generalized Kéhler-Ricci flow.

The starting point for this construction is the observation that for a generalized complex structure
J with +i-eigenbundle L and a real , closed 2-form F, the Dirac structure e’f'L defines a new

generalized complex structure, provided that ef'T'; remains Poisson, for 7 = aJat.

Theorem 12. [25] Given a derivation (X, p) of TM which is a symmetry of J,, , the pair

(La(t),Lp(t)) = (" La, '™ Lp) (8.23)

is generalized Kahler for sufficiently small ¢.

Proof. Tt suffices to show that J4(t) and Jp(¢) have a common eigendecomposition TM = £ (t) &
(- (t)@ly(t) D L_(t). Since La(t) N Lp(t) = (eFtLa) N (e’FtLp) = ity and La(t) N Lp(t) =
(e La) N (e7*Lp) =

O
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Equation (8.19) allows us to reformulate a solution to generalized Kéahler-Ricci flow in a manner

which bears striking similarity to Gualtieri’s flow construction.
Theorem 13. Give a solution (J4(t), Jp(t)) to the I-fixed generalized Kéhler-Ricci flow, the corre-
sponding curvature R7 (t) = (% (Hi(t) — 6" (t)) , fp31vs+(t)) gives a symmetry of L,_ ;). Moreover,

(La(t), Lp(t) = (77 La,e™ L) (8.24)

where F} = fot PBist(8)ds.

Proof. By uniqueness it suffices to show that eq. (8.24) satisfies the generalized Kéahler-Ricci flow.
This is easily verified by comparing with the form the generalized Ké&hler-Ricci flow given by
eq. (8.19). O

Thus we see that the generalized Kéahler-Ricci flow is given as a time dependent version of

Gualtieri’s flow construction.

{{eq:gkrfasflowco
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