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Abstract

Stationary geodesic nets are embedded graphs in a Riemannian manifold (M™, g) which are station-
ary with respect to the length functional. In this thesis, we study the distribution of closed geodesics
and stationary geodesic nets in Riemannian manifolds. We prove that for a generic set of metrics
on a closed manifold M™, n > 2, the union of all the embedded stationary geodesic nets in (M™, g)
forms a dense subset of M™. For n = 2, we prove that for generic metrics on M? we can obtain
an equidistributed sequence of closed geodesics. This means that there exists a sequence of closed

geodesics {7; }sen such that for every open subset U of M?,

o T Ly(inU) _ Voly(U)
k=00 ZleLg(%) Vol, (M)

We show that the previous equidistribution result also holds for n > 3 but replacing closed geodesics
by stationary geodesic nets. The main tool that we use is Almgren-Pitts Min-Max Theory, in
particular the Weyl law for the volume spectrum. We also prove a Structure Theorem for stationary
geodesic nets analogous to that of Brian White for minimal submanifolds, which is used to prove the
density and equidistribution results. The density result was obtained in collaboration with Yevgeny

Liokumovich, and the equidistribution result in dimensions 2 and 3 is joint work with Xinze Li.
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Chapter 1

Introduction

In the 1960’s Almgren started to develop a Morse theory on the space of Lipschitz k-cycles Z,(M; G)
on an n-dimensional Riemannian manifold M with respect to the (k-dimensional) volume functional.
Here G denotes an abelian group, during this thesis we will consider the case G = Zy (for a detailed
discussion on the space Z,(M;G) of flat k-cycles with coefficients in G, its topology and the volume
(or mass) functional on it, see [10], [II], [T] and [2]). The critical points of that functional correspond
to possibly singular closed minimal submanifolds of M. The topology of Zj(M;Zs) is exploited to
find critical points of the volume functional, which are constructed via a mountain-pass argument.
The latter functional has very low regularity, as it is only lower semicontinuous. Hence proving
existence and regularity of critical points is much more delicate than in the classical setting. In
the 1980s Pitts and Schoen-Simon, building on Almgren’s work, made significant progress in the
codimension-1 case. The last decade saw a renaissance in development of this theory, initiated
by Marques and Neves. Major achievements include the solution of the Willmore Conjecture by
Marques-Neves [29], generic density of closed embedded minimal hypsurfaces by Irie-Marques-Neves
[22] and generic equidistribution by Marques-Neves-Song [31], Song’s solution of the Yau conjecture
[41], the proof of the Weyl law for the volume spectrum by Liokumovich-Marques-Neves [26] for
codimension-1 cycles and by Guth-Liokumovich [I6] for 1-cycles in 3-manifolds, the Allen-Cahn
Min-Max Theory initiated by Gaspar-Guaraco [12], the proof of the multiplicity 1 conjecture in 3-
manifolds by Chodosh-Mantoulidis [8] then extended by Zhou [50] for dimensions 3 < n < 7, Zhou-
Zhu Min-Max theory for CMC hypersurfaces [51], Chodosh-Mantoulidis results on the p-widths of a
surface [7], the solution of the Pitts-Rubinstein Conjecture by Ketover-Liokumovich-Song [24], the
PDE proof of existence of codimension 2 stationary integral varifolds by Pigati-Stern [35], among
others.

Most of the previous results are about closed embedded minimal hypersurfaces. Extending
them to higher codimension cycles (or to ambient manifolds of dimension higher than 7 in the
case of codimension-1 cycles) turned out to be challenging, mostly because the stationary objects
provided by Almgren-Pitts Theory may have lower regularity. For 1-cycles, the latter theory produces
stationary geodesic nets. Let us introduce them.

Let I' be a weighted multigraph, which is a graph with multiplicities assigned to each of its
edges. Let & be the set of edges of T', ¥ the set of vertices and for each F € & let n(E) € N be its
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multiplicity. Consider the space
QT,M)={f:T — M: f is continuous and f|g is a C? immersion VE € &}.

We say that fo € Q(I', M) is a stationary geodesic network with respect to a metric g € M¥ if it is
a critical point of the length functional L, : Q(T', M) — R defined as

Ly(f) = / Voo (), f@)dt = 3 n(E) /E oo (o), fe)at.

Eec&

In other words, fj is stationary with respect to g if for every one parameter family f : (=9, ) xT — M

of T-nets with f(0,-) = fo we have
d

dS Lg(fé):()

s=0

where fs = f(s,-).

In Section [2.2] we derive first and second variation formulas for stationary geodesic nets. The first
one implies that f : I' — (M, g) is stationary if and only if each edge of T' is mapped to a geodesic
segment and at every vertex the sum of the inward pointing unit tangent vectors (with multiplicity)
is zero. In Figure we provide two examples of stationary geodesic nets in the round sphere S2.
The first one in a stationary #-graph (a graph with two vertices and three different edges connecting
them). The vertices are mapped to two antipodal points, and the edges to three geodesic segments
meeting at 120°angles. The second one corresponds to a complete graph I' with 4 vertices, which
are mapped to the vertices of an equilateral tetrahedron inscribed in the sphere. If we regard T’
as the 1-skeleton of that tetrahedron, the edges of the later are mapped to the geodesic segments
connecting them, meeting at 120°angles. For background and open problems on stationary geodesic
nets, see [33] and [17].

This thesis focuses on understanding the distribution of closed geodesics and stationary geodesic
nets on Riemannian manifolds, by applying Almgren-Pitts Min-Max theory. In collaboration with
Yevgeny Liokumovich [27], we proved that for a Baire-generic set of metrics in a closed manifold
M, the union of all stationary geodesic nets forms a dense subset of M. Later with Xinze Li [25]
we proved generic equidistribution of closed geodesics on surfaces and of stationary geodesic nets in
3-manifolds. The subsequent works of the author [44] and [45] proving the Weyl law for 1-cycles in n-
manifolds for n > 4 allowed to extend the generic equidistribution result for geodesic nets to closed
manifolds M of dimension n > 4. In [46], I proved a Structure Theorem for stationary geodesic
nets analogous to that of Brian White for smooth minimal submanifolds (see [47],[48]). This result
was used to obtain generic density and equidistribution of stationary geodesic nets. Before stating
precisely the main results of this thesis, which are the Structure Theorem for stationary geodesic
nets and the density and equidistribution results for closed geodesics and for stationary geodesic nets
previously mentioned, let me introduce the volume spectrum of a Riemannian manifold M, which
is a fundamental invariant of M constructed using Almgren-Pitts Min-Max Theory.

The volume spectrum of a Riemannian manifold is a sequence of numbers (wf(M))pen which
correspond to the volumes of certain (possibly singular) k-dimensional minimal submanifolds of M,
1 <k<n-—1,dim(M) =n. They are constructed via a min-max procedure in Zj(M;Zs) and

w;,f(M ) is called the (k-dimensional) p-width of M (see Section and [I5] for more details about
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Figure 1.1: Stationary geodesic networks in the sphere.
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this construction). In the 1980’s, Gromov suggested to think of the p-widths as non-linear analogs of
the eigenvalues of the Laplacian on M. He conjectured that they should satisfy the following Weyl
law

lim Wk (M)p~ %" = a(n, k) Vol (M) =

p—00

(1.1)

for a certain universal constant «(n, k). The conjecture was resolved by Liokumovich, Marques and
Neves for k = n—1 and n arbitrary, and later by Guth and Liokumovich for £k =1, n = 3. In [25], we
used the previous cases of the Weyl law to derive equidistribution of closed geodesics in dimension 2
and of stationary geodesic nets in dimension 3. As mentioned before, the extension of the Weyl law
for 1-cycles to manifolds of dimension n > 4 [45] allowed me to extend the equidistribution result to

such manifolds as well.

1.1 Structure Theorem for Geodesic Nets

The Structure Theorem of Brian White [47] was used by Irie-Marques-Neves [22] and Marques-
Neves-Song [31] to prove generic density and equidistribution of minimal hypersurfaces on compact
manifolds M™, 3 <n < 7. To extend their results to 1-cycles in n-dimensional manifolds, we had to
deal with the fact that the corresponding widths are realized by stationary geodesic nets, as proved
by Pitts in [36]. Therefore, it was necessary to prove a structure theorem for this type of objects,

as stated below.

Theorem 1.1.1 (Structure theorem for geodesic nets). Let I’ be a weighted multigraph and k > 3.

Let M* be the space of C* Riemannian metrics on M. Consider the space
SHT) ={(g9,f): g€ M*, f: T — M is stationary with respect to g}.

Then
1. 8*(T) has a C*=2 Banach manifold structure.
2. The projection map 11 : S¥(T') — MF¥ onto the first coordinate is Fredholm of index 0.

3. Given (g, f) € S*(T), f is nondegenerate with respect to g if and only if DIy ¢ : T(y /S*(T') —

Tg./\/lk is an isomorphism.

In order to prove the theorem, it was necessary to find a Banach Manifold structure for the
space Q¢"(I", M) of embeddings of the graph I' into M modulo reparametrization. In the case of
smooth submanifolds, that space is locally modeled by the space of normal vector fields along a fixed
embedded submanifold Ny C M. Nevertheless, for embedded graphs it is unclear which is the space
of vector fields to consider, due to the singularities at the vertices. To be normal along each of the
edges may imply to vanish at the vertices (as it happens when dim(M) = 2 at a triple junction), and
we want to consider all possible variations to define our stationary objects, including those which
move the vertices in any possible direction. But at the same time, we want to have an injective
parametrization of Q¢"*(I", M) and hence we can not consider the space of all vector fields along a
fixed vo € Q¢™*(T, M), as for example all parallel vector fields would correspond to the same object

0. The solution I proposed was to view Q¢™*(T", M) as a subspace of the product over the edges E
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of T of Q¢ (E, M), which is the space of immersions fz : E — M modulo reparametrization. It was
possible to provide each Q°™*(E, M) with a Banach manifold structure and prove that Q¢™(I", M)
is an embedded submanifold of the previously mentioned product.

A corollary of the Structure Theorem is the following Bumpy Metrics Theorem, which says that

for a generic metric g on a manifold the length functional with respect to g is Morse.

Theorem 1.1.2 (Bumpy metrics theorem for geodesic nets). Let M be a smooth manifold. For a
generic (in the Baire sense) set of metrics g on M, every stationary geodesic net with respect to g

is nondegenerate.

1.2 Generic density and equidistribution of stationary geodesic

nets

In [22], Irie, Marques and Neves proved that for a generic set of metrics in a closed manifold M",
3 < n <7, the union of all the closed embedded minimal hypersurfaces is a dense subset of M. They
used the Weyl law for codimension-1 cycles [26], the Structure Theorem of Brian White [47] and the
regularity theory of Pitts-Schoen-Simon. In our work [27] together with Yevgeny Liokumovich, we

applied the strategy from [22] to show the following result.

Theorem 1.2.1 (Generic density of stationary geodesic nets). Let M™, n > 2, be a closed manifold
and let MF be the space of C* Riemannian metrics on M, 3 < k < co. For a generic (in the Baire
sense) subset of M¥ the union of the images of all embedded stationary geodesic nets in (M, g) is

dense.

The proof is based in the fact that due to the work of Pitts in [36] and [37], the p-widths w} (M, g)
associated to sweepouts of M by 1l-cycles are realized by stationary geodesic nets. The argument
proceeds by contradiction, and starts by assuming that there exists a certain open set U C M and
an open set of metrics ¥V C MP* such that no metric ¢ € V admits a nondegenerate stationary
geodesic net intersecting U. By picking a bumpy metric go € V (which exists by [46]), doing a
conformal perturbation of gy and making use of the asymptotic behavior of the p-widths w}, (M, g),
it is possible to obtain a contradiction. In [22], the Weyl law for codimension-1 cycles is used in this
part of the argument. That result was unknown for 1-cycles by the time we wrote [27] (except for
the overlapping case n = 2). What we did instead was to apply an argument of Antoine Song [42],

which shows that in fact it is enough to use the sublinear growth of the widths

n—1

wh(M,g) < C(M,g)p =

to prove density. Such sublinear bounds were proved by Gromov and Guth (see [15]).

Later, together with Xinze Li [25] we obtained a quantitative version of the previous result for
n = 2 and n = 3, which builds in the work of Marques, Neves and Song [31]. More recently, I could
extend the result to n > 4 by proving the Weyl law for 1-cycles [45].

Theorem 1.2.2. Let M be a closed n-manifold, n > 2. For a Baire-generic set of C*° Riemannian
metrics g on M, there exists a sequence of stationary geodesic nets {; : 'y — M} that is equidis-

tributed in M. Specifically, for every g in the generic set and for every C*° function f: M — R we
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have )
lim Di-1 fl fdLy B fodVolg
k—o0 Zle Ly (i) Vol(M, g)

When n = 2, we can replace “stationary geodesic net” by “emmersed closed geodesic”.

This was the first result on equidistribution of possibly singular minimal submanifolds in codi-
mension higher than 1 on Riemannian manifolds without any curvature restrictions. In [25], the
ambient manifold dimension was restricted to 2 or 3 because those were the only known cases of the
Weyl law for 1-cycles, which were obtained in [26] and [16] respectively. Now that I could extend
the Weyl law for 1-cycles to manifolds M of any dimension, Theorem [I.2.2] can be extended to n
arbitrary as stated above. When n = 2, the regularity can be improved to immersed closed geodesics
due to the work of Chodosh and Mantoulidis in [7], where they showed that the p-widths on surfaces
are realized by collections of immersed closed geodesics.

To obtain equidistribution, we used a conformal perturbation argument which involved Theorem
[[:I3]and is more delicate than the one to prove density. It required to show ellipticity of the Jacobi
operator along a stationary geodesic net. That is a well known fact in the case of the stability
operator on a smooth minimal submanifold, but is not straightforward in the case of geodesic nets
due to their singularities (which make the difficulties explained in Section to arise).

The thesis is organized as follows. Chapter 2 focuses on the proof of Theorems and
Chapter 3 on the proof of Theorem and Chapter 4 on the proof of Theorem [1.2.2



Chapter 2

Structure Theorem for Stationary
(Geodesic Nets

2.1 Summary of the chapter

Let M be an n-dimensional smooth manifold and let I" be a weighted multigraph. Let & be the set
of edges of T', ¥ the set of vertices and for each F € & let n(E) € N be its multiplicity. Recall that

we denote

M* ={g: g is a C* Riemannian metric on M},

QT,M)={f:T — M: fis continuous and f|g is a C? immersion VE € &}.

and that f € Q(I', M) is a stationary geodesic network with respect to a metric g € M¥ if it is a
critical point of the length functional Ly : Q(I', M) — R.
Given a stationary geodesic network fy with respect to g € M¥*, we can consider the Hessian of
Lg at fo!
62

Hessy, Ly(X,Y) = 0205 0
0,0

Ly(f(x,s))

where X, Y are C? vector fields along fo and f : (—e,¢)? — Q(T', M) is a two parameter family with
£(0,0) = fo verifying %(O, 0,t) = X(t) and %(0, 0,t) = Y(t). A vector field J along fj is said to be
Jacobi if Hessy, Ly(X, J) = 0 for every vector field X along fy. It is easy to check that every parallel
vector field along fy (i.e. any continuous vector field J which is parallel and C? when restricted
to each edge E of T') is Jacobi. Therefore we say that fp is a nondegenerate stationary geodesic
network with respect to g if every Jacobi field along fj is parallel (notice that this is analogous to
the notion of nondegeneracy for minimal submanifolds). We say that a metric ¢ € MP* is bumpy
if every embedded stationary geodesic network with respect to g whose domain is a good weighted
multigraph T is nondegenerate (see Section for the definition of good weighted multigraph).
Our goal is to prove that for each k € N>3U{co} the set of bumpy metrics is “big”, in the sense it
is Baire-generic in M*. To achieve that, we will study the space of stationary geodesic networks for
varying Riemannian metrics on M. We will follow the ideas of [47], where this problem is studied

for embedded minimal submanifolds, and adapt the arguments developed there to our setting. The

13
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main difference with the minimal submanifold problem is that our objects (stationary geodesic
networks) are not everywhere smooth. Therefore, when we want to model a neighborhood of some
fo € QI', M) we have to consider two degrees of freedom that determine a nearby f € Q(T, M):
one is related to the image of the vertices and the other with the map along the edges. In order to
have an injective parametrization of these geometric objects, we will mod out by reparametrizations
and work with the quotient space Q(I‘, M) =QI, M)/ ~ where f ~ ¢ if and only if there exists
a homeomorphism 7 : I' — T" such that 7 fixes the vertices of the graph, 7(F) = E for all E € &
and 7|g : E — E is a C? diffeomorphism for all E € &. In Section of this chapter we study
Q([0,1], M) (i.e. the space of immersed paths on M under reparametrization) and show that any [f]
close to [fo] € Q([0,1], M) can be obtained by a composition of a horizontal displacement (moving
the vertices along an extension of the smooth curve fy : [0,1] — M) and a normal one (moving in
the direction of a normal vector field along f; with respect to a background metric 7g). Therefore
Q([0,1], M) is modeled by the Banach space R? x Sect(Ny,) where Sect(Ny,) denotes the space of
C? sections of the normal bundle Ny, along fo : [0,1] — M with respect to the background metric
~o. Here we see the difference with the closed submanifold case analysed in [47], where the space
of normal vector fields along a minimal submanifold fy : N — M models a neighborhood of [f];
while for paths we have an additional R? factor because there is an extra degree of freedom for each
vertex. Those extra degrees of freedom will also be present in the spaces Q(I‘, M) we are interested
in, as it is shown in Section where a C° (but not differentiable) Banach manifold structure is
given to those spaces.

Once we have such structure for Q(F, M), it is possible to derive the first and second variation
formulas for the length functional in local coordinates. We obtain expressions analogous to those
derived in [47] but with additional terms corresponding to the vertices. This allows us to understand
the space

SET) = {(g, f) € M* x Q(I', M) : f is stationary with respect to g}

locally as the set of zeros of a mean curvature map H : M* x Cy — Y where Cj is a Banach manifold
which is the image of Q(I‘, M) under a chart, ) is a suitable Banach space that is defined in Section
and H is a C*~2 map between Banach manifolds. We use [47, Theorem 1.2] to give a Banach
manifold structure to an open subset S¥(T') C S¥(T). In order to do that, we prove in Section 4
that Do H is Fredholm of index 0. Additionally, to satisfy condition (C) of [47, Theorem 1.2], we
restrict our attention to good weighted multigraphs I' and to embedded I'-nets as defined in Section
We denote
Qe (D, M) = {f € T, M) : f is embedded}.

As we show in Section this technical condition rules out the possibility of having parallel Jacobi
fields along [f] € Q(I‘, M) and allows us to give a Banach manifold structure to

SHT) = {(g, f) € M* x Q°™*(I', M) : f is stationary with respect to g} C S¥(T).

Remark 2.1.1. It is proved in Lemma that given a stationary geodesic net f : I' — M
(with respect to a metric g), there exist {f; : Ty — M} where each T; is a good weighted multigraph
and each f; : T'; — M is an embedded stationary geodesic net such that their union has the same
image and multiplicity at every point as f. Hence we do not loose much generality by restricting our

attention to good multigraphs and embedded stationary geodesic nets.
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Having the previous considerations in mind and applying [47, Theorem 1.2| as mentioned before,
we prove in Sectionthat S*¥(T) is a C*~2 Banach manifold and that the projection IT : S¥(T') —
MPF (g, f) = g is Fredholm of index 0. This can be summarized in the following structure theorem.

Theorem 2.1.2 (Structure theorem for geodesic nets). Let T' be a good weighted multigraph and
k € N>3. Then

1. The space
S*(D) = {(g, f) € MF x Q™ (D', M) : f is stationary with respect to g}

has a C*=2 Banach manifold structure.
2. The projection map 11 : S¥(T') — MF¥ onto the first coordinate is Fredholm of index 0.

3. Given (g, f) € S¥(I), f is nondegenerate with respect to g if and only if DIg gy : T(gyf)Sk T —

T,MF" is an isomorphism.

The previous theorem together with Smale’s version of Sard’s theorem for Banach spaces from

[40] implies

Theorem 2.1.3 (Bumpy metrics theorem for stationary geodesic nets). Given k € N>3 U {oco} the

subset N* C MF* of bumpy metrics is generic in the Baire sense.

To be precise, Theorem and Theorem for k € N3 are proved in Section using
the fact that C* spaces have a Banach manifold structure. Although the same reasoning does not
hold immediately for C*° spaces because they only have Frechet structures, in Section we extend
Theorem 2.1.3]to C*° metrics.

Remark 2.1.4. Observe that our result does not provide nondegeneracy for not embedded stationary
geodesic networks f : T' — M. In particular, we do not rule out the possibility of having a sequence of
non-smooth stationary geodesic nets f, : I' = M converging to a stationary geodesic net fo : I' = M
which represents a closed geodesic loop with certain multiplicity (for example, a sequence of stationary

figure eights which converges to a simple closed geodesic with multiplicity 2).

As discussed in Chapter [3] Theorem allowed Yevgeny Liokumovich and the author to prove
that for a generic metric in a closed manifold M, the union of all stationary geodesic nets forms a
dense subset of M (see the work [27]). More recently, Theorem was used in [25] to prove that
for a generic Riemannian metric g in a closed 2-manifold (respectively n-manifold for n > 3), there
exists a sequence of closed geodesics (respectively of embedded stationary geodesic networks) which
is equidistributed in (M, g), as explained in Chapter

Remark 2.1.5. Otis Chodosh and Christos Mantoulidis have independently proved a different
Bumpy Metrics Theorem for stationary geodesic networks in 2-manifolds as part of their work [T,
where they proved several remarkable results including the computation of the Weyl law constant
for surfaces and the fact that the p-widths of surfaces can be realized as unions of immersed closed

geodesics.

All the content of this chapter is based on the article [46].
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2.2 Set up

Definition 2.2.1. A weighted multigraph is a graph T' = (&, {rg}rece, {n(E)}pecs) consisting
of:

1. A set of edges &. For each E € &, we fix an homeomorphism E = [0,1].

2. A set of vertices V.

3. For each E € &, a map 7y : {0,1} — ¥ which sends each of the boundary points of the edge
E (identified with 0 and 1) to their corresponding vertez v.

4. A multiplicity n(E) € N assigned to each edge E € &.

We will also denote by T' the one-dimensional simplicial complex & x [0,1]/ ~ where (E,s) ~ (E’,s')
if and only if s,s' € {0,1} and 7g(s) = 7p: ().

Definition 2.2.2. Let T’ be a weighted multigraph. Given a vertex v € ¥, an incoming edge at v is
a pair (E,i) € & x {0,1} such that mg(i) = v. We will assume that every vertex of T' has at least

two different incoming edges.

Remark 2.2.3. Notice that if we consider the simplicial complex associated to T', each loop edge
at v appears two times as an incoming edge at v (as (E,0) and as (E,1)) and all the other edges

appear exactly once (either as (E,0) or as (E,1)).

Definition 2.2.4. A weighted multigraph T' is good* if the underlying one-dimensional simplicial
complex is connected and each vertex v € ¥ has at least three different incoming edges. A weighted

multigraph is good if either it is good* or it is a simple loop with multiplicity.

Definition 2.2.5. A '-net f on M is a continuous map f : T' — M which is a C? immersion when
restricted to the edges of I'. The previous means that for each E € & the map

fe 0,1 25 &x[0,1] —2 T —L o M

is a C% immersion (here 1g(t) = (E,t) and q is the quotient map q : & x [0,1] =T = & x [0,1]/ ~).
We think of fr as the restriction of f to the edge E and sometimes regard its domain as E under
the identification E = [0,1]. We denote Q(T', M) the space of I'-nets on M.

Definition 2.2.6. Given f € Q(I', M) and k > 0, we denote X*(f) the space of continuous vector
fields along f which are of class C* along each edge of T' (observe that X*(fo) is always well defined
for k <2 and could be defined for bigger values of k provided the restrictions of f to the edges have

enough regularity).

Notation 2.2.7. Given f € QT, M), X € X%(f), E € & and t € E we will denote Xp(t) the
covariant derivative of the vector field X along fr at t (with respect to a Riemannian metric to be
specified at each case). Notice that when t is a vertex of T' this definition depends on E. We will

omit the subscript E when it is implicit which edge are we differentiating along.

Definition 2.2.8. We say that a T'-net f is embedded if the map f : T — M is injective (notice that
by the compactness of I' this is equivalent to say that the map f : T — M is a homeomorphism onto

its image). We denote

QYD M) = {f € UT, M) : f is embedded}.
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The spaces (T, M) and Q¢™(T', M) have natural Banach manifold structures with the C?
topology (both are open subspaces of the space C?(T, M) of continuous maps f : I' — M which are
of class C? along each edge). Let M* be the space of C* Riemannian metrics on M. In the following
we will omit the superscript k for simplicity, assuming it is fixed. Given g € M and f € Q(T, M),

we define the g-length of f by
= [ Vono it fopae

where given a measurable function h : I' — R which is integrable along each edge FE € &, we define
/ h(t)dt = n(E) / h(t)dt.
r Ee& 2

Definition 2.2.9. A T'-net fo € Q(T, M) is a stationary geodesic network with respect to the metric
g € M if it is a critical point of the length functional Ly : Q(I', M) — R. The previous holds if for
every one parameter family f : (=06,0) x I' = M of I'-nets with f(0,-) = fo we have

d

Lg(fs) =0

where fs = f(s,-).

In order to give a more precise description of this condition, and to define what it means for a
stationary geodesic network to be nondegenerate, we derive the first and second variation formulas
for the length functional on Q(T', M).

Let f : (—e,6) x ' = M be a one parameter family of I'-nets through fo = f(0,-) and let
X(t) = %(0, t) be the corresponding variational vector field along fo. Then

o(fs) = /gf“) L 1o®) 4, (2.1)
C 900 (o(t), fo(t))

i
ds|,

To simplify the computation we will assume that each edge of fj is parametrized with constant speed

(we don’t loose generality by doing so because every I'-net can be reparametrized with constant speed

in a unique way), being \/gfo(t)(f.o(t)7 fo(t)) = Ly(fo(E)) for all t € E. Denoting L, (fo(E)) = I(E)
for simplicity, we get

d

ds

Lo(f) = X 55 [ ano (k. oy

s=0 Eeé&

Integrating by parts we obtain

St ==X 52 [ X hi+ X 00 (X0, V()0
5=0 Ec& B vEY
where
V(fo)w)= >  (-)Tn(E)= fo.e (i)
(Ei)me(i)=v ‘fO E(’L)‘

and fO,E = (fO)E
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From the previous computation, we see that a constant speed parametrized I'-net f is stationary

with respect to Ly if and only if:
1. fo(t) = 0 along each edge E € & (i.e. the edges of T are mapped to geodesic segments).

2. V(fo)(v) = 0 for all v € ¥. This means that the sum with multiplicity of the inward unit

tangent vectors to the edges concurring at each vertex v must be 0.

Now assume fj is parametrized with constant speed and stationary. We want to define a continu-
ous bilinear map Hessy, L, : X%(fo) x X2(fo) — R which will be the Hessian of L, at the critical point
fo in the following way. Consider a two parameter variation f : (—e, 5)2 x ' = M with f(0,0) = fo.

Let X (t) = 2£(0,0,¢) and Y (t) = 2£(0,0,¢). We set Hessy,(X,Y) = 52|  Ly(f(x,s)). Next we
(0,0)

will compute that expression and show that it is well defined (i.e. that it is independent of the two
parameter family f(x,s)). From (2.1)),

d 9 (x,0,1)
Hessy, Ly(X,Y) =— E ot 0,t), 2" )dt
s L0V =] S ) [ ara0G (0.0 e
D Dof fo(t)
- E t 0 t 3 dt
o | onolz 75 @ own 00
. D %(z,0,1)
+ S (X (t), —— -9~ dt.
P;g /gf X dz |5 (2,0,1)| (0,0,t))
Computing each sum separately we get
n(E) SO V) (S folt) | o fo(t)
Hssy L (X.Y) = 3 75 | [ty oo, R8s, L)
D of I ONE

—g(R(fo(t)vY(t))f'o(t),X(f))dt] +n(E)g( )| - (22)

dxas‘OOT(E 7,))7“](. E(Z)|

Observe that

1

S n(@)o( 2| g ormaiay, 222D

Fee dz Os | fo.m(D)]
; D of fo.r(i)
= -1 o E V) T
E(E,i)%:(i)_v( o )g(dx ds 0 | fo, E(i)|)
D of i+l fo,5(3)
= _ : -1
vez“t/g(dz 95 10,00 (E,i)%(i)—v( e )\fo E(l)|)

=0

because V(fy)(v) =0 for all v € ¥. Using this and integrating by parts the first two terms of (2.2)

we get
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Hessy, Ly(X,Y) =

n(E) V) — R(f ; 5o fo() | fo(t)
3 Gy | L o0 = R0 Y50 70, BB X o
(1) — (i fo,E(Z) fOE(Z) i 1.
o)~ 0. (P20 B )

Therefore we can define a second order differential operator Ag along the edge E as

_n(B) Jolt) - fol®)
. m[ F(t) — R0, Y (1) folt) + (“MﬁW|ﬁmJ
%§P~+Rh V() folt)

and an operator B, : X?(fo) = Ty, M at each vertex v € ¥ as

(E,i)mp (i) =v I(E) | fo.e (@] 1fo(d)]
_ i1 n(E) ¢ Dt
= . Z)%;( ) v( 1) I(B) Y (i)

where given V' € Ty ;) M we denote V1 the projection of V onto the orthogonal complement of the

subspace (fo(t)). Thus we have the second variation formula

Hessy, Ly(X,Y) Z/ (Ap(Y ))dt + Z (v)).

Ecé& veY
We say that a vector field J along fo is Jacobi if Hessy, Lq(J, X)) = 0 for all vector fields X along
fo- By the second variation formula, J is Jacobi along fy if and only if
1. J verifies the Jacobi equation J* + R(fo(t), J(t)1) fo(t) = 0 along each E € &.
2. By(J)=0forallve?.

Definition 2.2.10. We say that a vector field X € X2(fy) is parallel if its restriction to each edge

E € & is a parallel vector field along the corresponding geodesic segment.

Remark 2.2.11. By the second variation formula, any parallel vector field along fqy is automatically

Jacobi.

Definition 2.2.12. A stationary geodesic network fo € Q(I', M) with respect to a metric g € M is

nondegenerate if every Jacobi field J along fo is parallel.

Definition 2.2.13. Given a weighted multigraph T' and a Riemannian metric g € M¥*, g is said to
be bumpy with respect to T if every stationary geodesic network f € Q™ (I, M) with respect to g is
nondegenerate. A Riemannian metric g € M¥ is said to be bumpy if it is bumpy with respect to T

for every good weighted multigraph T.
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We end this section with the following lemma from [27], which tells us that every stationary

geodesic net can be reparametrized as an embedded one (by possibly changing its domain).

Lemma 2.2.14. Let f : T' — (M, g) be a stationary geodesic net. Then there exist an embedded
stationary geodesic net f : T' — (M, g) which has the same image with multiplicity as f and the
property that each connected component off‘ is good. In particular, it holds Ly(f) = Lg(f).

Proof. First of all, we can find an injective stationary geodesic net f’: IV — M which has the same

image with multiplicity as f. This can be done as follows.

1. Firstly, we replace the weighted multigraph I' by a new one such that for every edge F, the
map f|g does not have any self-intersections. This is done by subdividing each edge F in equal
parts F1,..., Ej so that the length of f(FE;) is not bigger than the injectivity radius of (M, g)
for every 1 <1 <.

2. Once the previous is done, suppose we have two different edges F; and Fo with multiplicities
ny and ng respectively whose interiors overlap non-transversally. Assume f(E;) N f(E2) is
connected and that their symmetric difference is non-empty. The cases when f(E;) N f(E2)
has two components or f(E;) C f(E;) are treated similarly.

Let vy1,v12 be the vertices of E7 and wva1, v9o be the vertices of E5. Then we can remove Ey
and FE5, and replace them by three new edges: E3 which has vertices v1; and vo1, multiplicity
n1 and represents the part of Fy where there is no overlap with Es; F4 which has vertices voq
and vyo, multiplicity ni +no and represents the overlap between F; and Es; and E5 which has
vertices v12 and vqo, multiplicity ne and represents the part of E5 where there is no overlap with
FE4. Observe that after applying this procedure, the edges of the new graph are still mapped
to geodesic segments of length bounded by the injectivity radius of (M, g), and therefore such
curves do not have any self intersections. As each time we do this operation the number of
pairs of edges whose interiors intersect non-transversally at some point decreases, eventually
we will get a new weighted multigraph such that if two edges intersect at an interior point,

then the intersection is transverse.

3. After the previous step, if f(FE;) intersects f(Fs), then Ey # FE, and the intersection is
transverse. Consider an intersection point P between f(FE;) and f(FE2), F1 # E5 edges. Let
v11, V12 and va1, Voo be the vertices of Fq and Es respectively. We can introduce a new vertex v
which will be mapped to P and replace F, F; by E3, Ey4, E5, Eg where E3, F4 are obtained by
the subdivision of E; induced by P, and Ej5, Eg are obtained by the subdivision of E5 induced
by P. After doing this operation with each intersection point P of the images of different
edges, we will obtain a geodesic net f : I' — M such that given any two different edges F1, Es,

f(E1) and f(E2) do not overlap at any interior point and no edge self-intersects.

4. At this point, if f(t1) = f(t2) for some t; # to, then both ¢; and ¢ must be vertices. Denote
v; = t; for j = 1,2. If we replace I' by the quotient graph obtained by identifying v; and v»,
and iterate this procedure each time it is possible, we obtain an injective stationary geodesic
net f:I"— M.

Now we perform some changes to ensure that each connected component of IV is good. We

do this component by component, so we can assume that we start from an embedded stationary
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geodesic net f' : IV — M where I is connected. In such situation, consider a vertex v, such that
all edges adjacent to v have colinear tangent vectors at v. We assume that I is not a simple loop
with multiplicity, as in that case we are done. Since the vertex is balanced, there exist edges E;
with multiplicity ny (with vertices v; and v) and Es with multiplicity ne (with vertices v and vs)
with opposite inward tangent vectors at v and v; # v for ¢ = 1,2. As the map f’ is injective, it
must be n; = ng and E7, F5 should be the only edges at v (if not, there would be another edge
Es5 concurring at v with the same inward tangent vector as E; for some i € {1,2}, and as Fs, E;
are mapped to geodesics, their images would coincide along an interval). Thus if v; # ve, we can
define a new graph IV by deleting v, E; and F», and adding an edge E connecting v; and vy with
multiplicity nq = ne and image f/(E;)U f/(E2). This operation keeps I connected and f’ injective.
If v;1 = wve, the previous construction gives us a simple geodesic loop with multiplicity n; = ns.
Tterating this construction, we eventually obtain a new f : T — M such that T is either a simple
loop with multiplicity or it satisfies that each of its vertices v admits two incoming edges F1, F5 such
that f(E;) and f(E,) have different tangent lines at f(v). In the latter case, the condition that the
sum of the unit inward tangent vectors at v should be 0 forces there to be at least three different
incoming edges at v making that component of Ia good* weighted multigraph. This completes the

proof. O

2.3 (" Banach manifold structure for the space of immersed

paths under reparametrizations

Consider the space Q([0,1], M) of C? immersions f : [0,1] — M, where M is an n-dimensional

smooth manifold provided with an auxiliary smooth Riemannian metric 7. Denote
Diffy([0,1]) = {7 : [0,1] — [0,1] : 7 is a C? diffeomorphism, 7(0) = 0,7(1) = 1}

Define an equivalence relation ~ on Q([0,1], M) as f ~ g if and only if there exists 7 € Diff5([0, 1])
such that f = gor. If that happens we will say that f is a reparametrization of g. Let Q([O, 1, M) =
Q([0,1], M)/ ~ be the quotient space by the equivalence relation ~ with the quotient topology. The
aim of this section is to give a C° Banach manifold structure for Q([0, 1], M) (i.e. an atlas consisting of
charts with values in a fixed Banach space whose transition maps are continuous). Our constructions
would also work if we replaced C? regularity by C* regularity for any k& > 1, but we will focus on

the case k = 2 because that is what we are using in the rest of the chapter.

Remark 2.3.1. We only get a C° Banach manifold structure (and not C7 for any j > 1) due to
the fact that, as it is shown below, the transition maps involve taking compositions and inverses of
C? functions; and the operators C*(B,C) x C*(A, B) — C*(A,C), (g,f) — go f and Diff*(4) —
Diff* (A), f— f~! (where A,B,C are smooth manifolds) are continuous but not differentiable in the
C* topology for k < co (see for example [20, p. 2]).

Let us fix fo € Q([0,1], M). By density of the C°° immersions, we can assume without loss of
generality that fo is C°° (any [fo] will be in the domain of a chart of Q(T', M) centered at [fo] for
some fo of class C'°°). This will allow us to apply the Tubular Neighborhood Theorem and have
a C™ exponential map. We want to describe a neighborhood of [fo] in ([0, 1], M). Take n > 0
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small so that fy can be extended to a C'°° immersion fy : (—n,1 +n) — M. Denote by Ny, the
normal bundle along fo : (—=n,1+n) — M and given s > 0 let N = {v € Ny, : |[v],, < s} and
Uj, = E(N}) € M (where & : TM — M is the exponential map with respect to the auxiliary metric
7). By the Tubular Neighborhood Theorem, there exists r > 0 such that & : N — Uj, is alocal

diffeomorphism (it is actually a diffeomorphism if fy is an embedding).
Lemma 2.3.2. There exist a neighborhood Wy of fo in Q([0,1], M) and a neighborhood Wy of
ho(t) = (t,0) in Q([0,1], Nys,) such that the map © : Wo — Wy defined as ©(h) = Eoh is a

diffeomorphism of Banach manifolds.

Proof. In case £ : N"(fy) — Uj isa diffeomorphism, we can define

Wi = {f € Q([07 1]7M) :Im(f) c U}O} = Q([07 ”vU}O)a
W2 = {U € Q([Ov 1])Nfo) : Im(v) c N}O} = Q([Oa 1]71\];;0)

and a map e W, — Wy as @/(f) =& 'of. Both © and @ are smooth maps of Banach manifolds,
and inverses of each other so we get the desired result. When the immersion fy is not injective (for
example when it parametrizes a closed curve, case that will be relevant later in this chapter as it
will correspond to loop edges in the multigraph T'), @,( f) = E Lo f is not well defined globally, but
we can define it locally over a finite collection of intervals {I;}1<;<x covering [0, 1] such that fy is

injective along I; and & is a diffeomorphism when restricted to N

1, for each i <i < K and some

r > 0. By a gluing argument, we can construct a smooth inverse 0’ for O. O

Corollary 2.3.3. Let ¢ : G = (—n,1+n) x R"™! — Ny, be a trivialization of the normal bundle
Ny,. Let vy : [0,1] — G be the map vo(t) = (¢,0). Then taking W1 C Q([0,1], M) from the
previous lemma, there exists a neighborhood Wo C Q([0,1], G) of vy such that © : Wy — W given

by ©(v) = Eopow is a diffeomorphism of Banach manifolds.

Therefore it is enough to model a neighborhood of [vg] € Q([O, 1],G) as an open subset of a
Banach manifold.

Proposition 2.3.4. Given v € Q([0,1],G) let us denote a, = w(v(0)) and b, = w(v(1)), where
7:G=(-n,1+n) xR — (—n,1+n) is the projection onto the first coordinate. There exists an
open neighborhood vy € W3 C Wy C Q([0,1], G) with the following property: for every v € Ws there
exists a section U of G|q, p,] such that the map v : [a,,b,] — G is a reparametrization of v.

Proof. Take 6 < n such that W5 := {v € Q([0,1],G) : ||v — vg||l2 < ¢} is contained in W5 and each
v € W3 is an embedding. Assume also that § < % Pick v € W3. First, we want to prove that
m(v([0,1])) = [ay, by]. Notice that it suffices to show 7(v([0,1])) C [ay, by]. Define vy : [0,1] = G by
v1(t) = ((1 —t)a, +tby,0). Consider the map w = wowv : [0,1] — R which is just the first component
of v. We claim that w’(¢) > 0 for all ¢ € [0, 1]. Suppose not. Then there exists tg € [0, 1] such that
w'(tg) < 0. Therefore,

1V (t0) — v} )| > (0" (o) — v} (t0))] = [/ (t0) — (by — au)| > by — @y > 1 — 26,
On the other hand, it is easy to see that ||jvg — v1|l2 < 2(|ay| + by — 1]) < 46, then from the previous

||’U—1)0H2 Z ||U—’Ul||2 — ||U1 —’U0||2 > (1 —25) —45 =1 —65 > 5
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as(5<%,

t € [0,1] and as w(0) = a, we deduce w(t) > a, for all ¢t € [0,1]. Analogously, w(t) < b, for all
t € [0,1] and hence m(v([0,1])) C [ay, b,] as desired.

Given a,b € (—n,1 + n) with a < b define 74 : [a,b] — [0,1] as 7a(t) = Z:—‘; Notice that 74
is the inverse of xgap : [0,1] — [a,b] given by xa(t) = (1 — t)a + tb. By the previous, each v € W3

induces a smooth function 6, := 74,5, cmowv : [0,1] — [0,1]. Explicitly, 8,(t) = %.

which is a contradiction because we assumed ||v — vo|l2 < §. Then, w'(t) > 0 for all

As 0,, = id, shrinking 0 again if necessary we can assume that v € W3 implies 6, : [0,1] — [0,1]
is a C? diffeomorphism fixing 0 and 1. In that case, 7 o v and hence 7 : v([0,1]) — [ay,b,] are
diffeomorphisms. If we denote o : [ay, b,] — v([0,1]) the inverse of 7 : v([0,1]) — [ay, by], then ¥ is

a section of G|, p,] and we have v = ¥ 0 xq4,p, © 0, being v a reparametrization of o. O

The previous tells us that if we take a € (—4,5), b € (1—4,1+6) and u € C?([0,1], R"*~1) where §
is as small as indicated above, we can define a map vgpy, : [0, 1] = G as vapu(t) = ((1—t)a+1tb, u(t)) so
that every v € W3 is a reparametrization of some wvqp,,. Specifically, given v € W3 if v = voxq4,p, 00,
as above and 9(s) = (s,@(s)) then we must choose a = a,, b = b, and u = @ o xg4,p,. Consider the
map Z : (=4,0) x (1 —6,1+6) x C2([0,1],R"~1) — Q([0,1], G) given by Z(a,b,u) = vapy,. Denote
p:Q([0,1],G) = Q([0,1], @) the projection map.

Lemma 2.3.5. The map =’ : W3 — (—6,6) x (1 — 6,1+ §) x C?([0,1],R"~1) given by Z'(v) =

(@yy by, Uy) With Uy = U0 Xa,b, as described before is continuous.

Proof. Tt is enough to show that =5 : W3 — C2(]0,1],R"~1) defined as =5(v) = u, is continuous.

Let 7 : G — R™"! be the projection onto the last n — 1 coordinates so that & = 7 o . We have
Uy :ﬂOXavbu :ﬁO@oXavbu :7}0@09;1 O Tayby, © Xayby :7}0“06;1'

But v — 6,1 is continuous because so is v + 6, and 6 — 0~ for § € Diff5([0,1]). Therefore
by continuity of the composition, Z’ is continuous. Notice that the differentiability fails as we are
precomposing with and taking inverses of C2 maps, which are not differentiable operations on spaces

of C? functions (]20, p. 2]). O
Remark 2.3.6. Given v € W3 we have po Z o Z'(v) = p(v).

Lemma 2.3.7. Define Wy = 2~ (Ws) C R? x C2([0,1],R""1). Then po 2 : Wy — Q([0,1],G) is

injective.

Proof. Suppose p o Z(a1,by1,u1) = p o Z(az,ba, uz) for some (ay,by,u1), (az, bz, uz) € U. Denote
Vi = Ugpu; € Wi for i@ = 1,2; being [v1] = [vg]. Then v; and vy have the same image, so
mowp([0,1]) = 7o va([0,1]) which means [a1,b1] = [ag,bs] hence a; = by and az = ba. Therefore,
v1(t) = (a1 (1 —t) +bit,ui(t)) is a reparametrization of v (t) = (a1(1—t) 4+ bit, ua(t)). By looking at
the first coordinate we deduce that the reparametrization must be just composing with the identity,

and hence u; = us. O

Lemma 2.3.8. There exists an open neighborhood Ws C Wy C (—=6§,) x (1—8,1+38)x C?([0, 1], R™~1)
of (0,1,0) such that 2’ o Z(a,b,u) = (a,b,u) for all (a,b,u) € Ws.

Proof. First of all observe that =(0,1,0) = vg : t — (¢0) and by definition ='(vy) = (0,1,0)
so ' 0=(0,1,0) = (0,1,0). Set W5 = Wy N (2 o =)~ 1(W,), by continuity of = and =’ and the
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previous observation Wi is an open neighborhood of (0,1,0). Given (a,b,u) € W let (a,b, @) =
=’ o0 Z(a,b,u) € Wy. Then poZ(a,b,i) = poZ o= oZ(a,b,u) = poZ(a,b,u) because of Remark
and the fact that Z(a,b,u) € Ws. As (a,b,u), (@,b, @) € Wy and poZ|y, is injective we deduce
(a,b,u) = (d,l;, w). O

Let us provide R x R x C%(]0,1],R""1) with the norm ||(a,b,u)|| = |a| + |b] + |Ju||2 making it a
Banach space. Notice that =: R x R x C2([0,1],R"~1) — C?([0, 1], R") is linear and

1 -
3@ b, w)ll < Jlvavullz = [1E(a, b, w)ll2 < 2[l(a, b, u)]

therefore C2([0,1],R") := Im(Z) C C?([0,1],R") is a closed subspace of C?([0,1],R") and by the
Open Mapping Theorem = : R x R x C2([0,1],R"~1) — C2([0, 1], R") is an isomorphism of Banach

spaces.

Theorem 2.3.9. The subset Wy := p o Z(W5) C Q([0,1],G) is open and po E : W5 — Ws is a

homeomorphism.

Proof. Let us start by showing that po Z : W5 — Q([O, 1], G) is an open map. Let V C W5 be an
open subset. Then V' := Z(V) C C2([0,1],R") N W3 is an open subset of C2([0,1],R™). Define
W' = (EoZ)~L(V)NW3 C (Z0Z")~1(W3)NW; which is an open subset of Q([0, 1], G) € C?([0,1], G).
If v € V' then v = =(a,b,u) for some (a,b,u) € W5 therefore Z o Z'(v) = ZEo0E 0 E(a,b,u) =
Z(a,b,u) = v by Lemma and hence v € (20 Z')~Y(V’) N W3 = W'. This means that V' C W’
and hence p(V’) C p(W'). But conversely, given v € W’ by definition v € W3 so p(v) = poZoZ/(v) €
p(V') because = o Z'(v) € V'. Therefore p(V’) = p(W') and as p is an open map we deduce that
p(V') =poZ(V) is open, as desired.

Therefore, as po 2 : W5 — Q(]0,1], G) is continuous, open and injective, it is a homeomorphism

onto its image W5 as we wanted. O

We can use the results of this section to construct an atlas for ([0,1], M) with charts of the
form (Ws, (po©o0Z)~1) centered at C° immersions [fo] (with W; as in Theorem [2.3.9), which yields
a CY Banach manifold structure modeled by R x R x C2([0,1], R"~1).

2.4 The length functional on the space Q(F, M)

Let us fix a good* weighted multigraph I" (i.e. T' is connected and every vertex v of " has at least
three different incoming edges). We define an equivalence relation ~ in Q(T', M) as follows: fo ~ f1

if and only if there exists a homeomorphism 6 : I' — I" such that
1. (v)=vforallve V.
2. 9(E) = E for all E € & and moreover g :=0|p : E — E is a C? diffeomorphism.

3. fi = foo00.

We consider the quotient space Q(I', M) = Q(I', M)/ ~ with the quotient topology. Define the
space &, M) = [[gee UE, M) (QUE,M) = Q([0,1], M) by identifying E = [0,1]) being the
map ¢ : QM) — Q(&, M) defined as «(f) = (fr)pes a subspace map. We can also consider
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an equivalence relation ~ in Q(&, M) as follows: f = (fg)rce ~ 9 = (9r)pee if there exists
0 = (0r)rce € [[gcs Diff2(E) such that 0p fixes the vertices of F and gg = fro0p for all £ € &.
As before, we define the quotient space Q(&, M) = Q(&, M)/ ~= [lees Q(E, M) with the quotient
topology. It is clear that ¢ descends to a subspace map i : (T, M) — Q(&, M).

Observe that the space Q(&, M) has a product C° manifold structure modeled on the Banach
space B = [[pecs R? x C?(E,R""1). We proceed to describe the atlas induced by this product
structure. Let f = (fg)rece € Q(&, M) be such that fg is C for every E € &. For each fg we do

the constructions of the previous section, i.e. we consider:
1. A trivialization ¢g : (777E, 1+ 77E') x R*1 — NfE of NfE|(—77E71+77E)'

2. Open sets fg € Wi(fg) C QUE, M), W5(fg) € Wa(fe) € 2([0,1),G) and Ws(fr) C
Wu(fe) € (—ne,mEe) x (1 —ng,1 +ng) x C?([0,1],R*~!) with the properties described in
the previous section. In particular, po ©g o 2 : Ws(fg) — Ws(fg) = po Og o E(W5(fr)) is a

homeomorphism.

3. A real number §p > 0 such that Ug := (—0g,dg) X (1 — g, 1+ dg) x C?([0,1],R"1)s, C
Ws(fe)-

In the previous, we used the notation
C%([0,1],R" ), := {u € C%([0,1],R" ™) : ||ul]2 < a}.

Denote U = po@goZE(Ug) C Q(E, M), U = [lzcs Ur € B and U= [leces Up C Q(&, M). From
the previous section, we have homeomorphisms Ap : Up — Up defined as Ag(u) = p(©p(E(u)))
and they induce a homeomorphism A = HEeg Ap : U — U. We define Ap : Ug — Q(E, M) as
Ag(u) =OgoZ(u) and A : U — [[pce QE, M) as A(u) = (A(ug))ges. Denote ¥ = A~'. Then
(U, ¥)) is a chart of Q(cg’, M) at f for the product structure we are considering, and the collection of
all such charts is a C© atlas of Q(&, M).

Proposition 2.4.1. Q(I', M) C Q(&, M) is an embedded C° Banach submanifold, and its image

under any chart (U, Y) as constructed above is a smooth Banach submanifold of B.

We introduce the following notation which will be useful in the proof of the proposition and in

the rest of the section.
Notation 2.4.2. Given an edge E € & we denote co(E) = ap and ¢1(E) = bg.

Definition 2.4.3. Given a vertex v € ¥, we denote m(v) the number of incoming edges of the graph
T atwv, i.e. the number of pairs (E,i) € & x {0,1} such that mg(i) = v (as in Definition
notice that loops at v count twice as incoming edges). For each vertex v, we choose a preferred pair
(Ey,iy) € & x {0,1} such that g, (i,) = v.

Remark 2.4.4. Notice that ), ., m(v) = 2|&].

Proof of Proposition[2.].1. Let fo € Q(T, M) be a I'-net which is C* along the edges. Consider a
chart (U, %) at [fo] of the product manifold Q(&, M) = [ece Q(E, M) as constructed before. We
are going to describe X(Q(T, M) N U) as an embedded Banach submanifold of U.
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In order to do that, we need to understand which elements v = (ag,bg,ug)gece verify A(u) €
(', M). Notice that (¢;(E),ug(i)) is equal to (ag,ug(0)) if ¢ = 0 and to (bg,ug(l)) if ¢ = 1.
Observe that u € U represents a map which is continuous at v if and only if given (F,i) € & x {0,1}

such that 7 (i) = v we have

Eoop(ci(E),up(i) =€ ég,(ci,(Ey), up, (iv)).

We know that the map £ o ¢, is a diffeomorphism in a small neighborhood of (i,,0). Let us denote
its inverse as (€ o ¢, ) "' Define C, : U — (R?)™®)~1 a5

Co(u) = ((€ 0 dm,)"" 0 € 0 dm(cs(B),up(0)) — (cs, (Fu), um, () g0y 4

vyie) TR (1)=v"

Then u represents a map which is continuous at v if and only if C,(u) = 0. Denote C' : U —
[Toey RY)™®) =1 = (R™)2€1=17] the smooth map defined as C(u) = (Cy(u))yey. From the previous
we see that A(u) € Q(T, M) if and only if C(u) = 0.

Lemma 2.4.5. C~1(0) is a smooth embedded Banach submanifold of U.

Proof of the lemma. Let u € U be such that C(u) = 0. Let Cq(}E’i) be the component of C, corre-
sponding to (E,4). Denote {e;}1<j<, the canonical basis of R”. Consider the basis {e})’(E’i) 1<
J<nv €V, (Bi)# (B iv) : mp(i) = v} of [[yey (RM)™WL Given v € ¥, (E,i) € & x {0,1}
such that (i) = v and (E,i) # (Fy, i), and 1 < j < n we will construct a one parameter
family {us}se(—1,1) in U such that ug = u, d%|S:001(,E’i)(us) = e; and % S:()C'I()fwsl’i/)(us) = 0 for
all (v/,(E',i')) # (v,(E,i)). Therefore if X(v,(E,q),5) = “|,_ous by definition we will have
DCW(X (v, (B,i), j)) = e P

The construction is as follows. Let p be a bump function on E which is zero outside a small
interval I around i and which takes the value 1 at i. Let @ € R and w € R™"! be such that

D((€ 0 ¢r,) " 00 dE)(e;(m) (i) (@, w) = ¢;. Define
us,5(t) = up(t) + sp(t)w

and us g/ (t) = ups(t) for all E' # E. Define c¢;;(E) = ¢;(E) + sa and ¢, i (E') = ¢y (E') for all

(E',i") # (E,i). Then us = (as,g,bs &, Us, E) Bes 1S & smooth one parameter family with uo = v and

d ; _
e CF D (us) = D((E 0 ¢p,) " 0 &€ 0 0m) (e () upi)) (@ W) = €.
s=0
Also  as Cl(fy’i,)(us) = Cl(f;,’i/)(u) for all (v, (E",?)) # (v,(E,i) we deduce

%|SZOC£F/’i/)(uS) = 0 in that case.

Therefore ~ we  have a  collection of  vectors {X(v,(E,7),j5)} such  that
DC,(X (v, (E,i),j)) = e?’(E’i). Observe that their images under DC,, form a basis of [, ., (R™)™(*)~1
and hence DC,, is surjective. Denote S C B =[] e R? X C?(E,R" ') the span of {X (v, (E, ), j)}.
Then S is finite dimensional and hence closed, and by linear algebra ker(DC,,) ® S = B. Thus 0 is a
regular value of C' and we can apply the Implicit Function Theorem to deduce that Z(Q(F, M )OU ) =

C~1(0) is a smooth Banach submanifold of U. O
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So far we have shown that Q(I', M)NU is an embedded Banach submanifold of U modeled in the
space ker(DC,,, ) where A(ug) = [fo] € Q(T', M)NU. As ker(DC,,) has codimension (D ey m(v)—
1) = n(2|&] — |¥]) for all ug, we deduce that the space modeling Q(T', M) locally is independent
of the chart (U, Y}) (this is because two closed subspaces of a Banach space with the same finite
codimension are isomorphic). Therefore, (T, M) C Q(&, M) is a C° Banach submanifold whose

image under any chart (U’ ,2) as constructed above is a smooth Banach submanifold of B. O

Definition 2.4.6. Following the constructions in the previous proof, we will denote Co = C~1(0) =
S(QUT, M)NT), being Co C U a Banach submanifold.

Remark 2.4.7. All the Banach manifolds previously defined are second countable. This is because
they can be obtained from C%([0,1], M) and R by taking products, quotients and topological subspaces.
The same holds for the Banach manifold MF of C* Riemannian metrics on M. These facts are
consequences of the following: given a compact manifold My, a smooth manifold Ms and a natural
number k > 1; the space C*(My, My) with the C* compact-open topology is metrizable and has a

countable base, as it is explained in [19, p. 35].

We will use the C° Banach submanifold structure of Q(I', M) in (&, M) and the particular
adapted charts under the atlas {(U, %)} described above to derive the first and second variation
formulas for the length functional in local coordinates, as in [47]. The formulas that we will obtain
will be analogous to those presented in Section[2.2] the advantage of this approach is that it allows us
to use techniques from Differential Equations and Functional Analysis to give a geometric structure
to the space of stationary geodesic networks for varying Riemannian metrics. Fix f; € Q(T', M) and
a chart (U, %) of Q(&, M) centered at [f1] as constructed above. Let g be a Riemannian metric on
M. Given u € U we define Ly(u) = Ly(A(u)) = Ly(f). Then by definition of g-length,

L) = | oo (FO )t = 3 (B [ VaroF(0). Fonar

Ee&

and by definition of A,

fE(t) =€fo qu(aE(l — t) + bEt,uE(t)),
Fo(t) = D(E 0 ¢E) v (be — ap, ig(t))

where vg(t) = (ap(1—1t)+bgt,up(t)). Therefore if we define FF : [(—p,1+0p) X R"1 ] xR" - R

as

FE(0,0) = /950650 (D(E © 1), D(E 0 d5)u0)

and p: E x (_5E75E) X (1 — 5E7 1 +6E) x R?—1 x R*=1 — [(—6E‘, 1 +5E) X Rn_l] x R" as
p(t,a,b,u,w) = ((a(l —t) + bt),u), (b —a,w))

then if LgE = FgE o p it is clear that

Ly(u) =Y n(E)/ELf(t,aE,bE,uE(t),uE(t))dt.

Ecé&
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Now if we have a one parameter family f : (—¢,¢) — Q(I', M) N U and consider uy = A~ (f(s)) =
(aE(S)a bE(S)a us,E)EEc?v then

jsé_oLg(“‘*)%”(E) L] an).0006) 0600, 0.0
Egng)/E aaLaE (t,ap(0),br(0), uo £ (t), 1o, (t))ay(0)dt
+Ez€;§”(E) /E 8;: (t,ag(0),05(0), uo,p(t), o, (t))bE(0)dt
+E23”(E) /E VuLE(t a(0), bg(0), uo p(t), i p(1)) - agE (0, 1)dt
+P§3n(13) /E VW LE (1, ap(0), bp(0), uo.p(t). io p(t)) - ?; L (0, 1)

where (t,a,b,u,w) € Ex (—=0g,0r) % (1—6g,1+5g) x R*~1 x R"~! are the 5 variables on which the

function Lf depends. Omitting those variables in the notation and integrating by parts we obtain

d oLk oLE . d . oup
& Lol = Znle) /E I (0) + b (0) + (VL — S, L) - 2 0, pyar
} 5 ' (2.3)
+ Z n(E)Vwa(Z7a’E(O)abE(O)7U07E(Z),uO7E(Z)) gE (O 7,)
Eecé& 0

Denote X (t) = (a}3(0),b(0), 24£(0,t))ges € TuyCo = ker(DCy,) C B. Define HM¥ : U —

Co(E,R" ') and ADF ALE U —» R" as

HI’E(U)(t) = n(E) (VuLf(t,aE,bEuE(t),ﬂE(t)) - % Vwa(t,aE,bE,uE(t),uE(t))}),

Ag:E(u) = n(E)( ; aaLa (t aE,bE,uE(t),ﬂE(t))dt7 —vagE(07(lE,bE,uE(O),’[LE(O))>,
E
A;’E(U) = n(E)( . a;b (t aE,bE,uE(t) (t))dt,vag(].,aE7bE,UE(l),llE(l))).

According to (2.3), an element uy € Cj represents a stationary geodesic network if and only if for
every X = (co(E),c1(E),ug)pes € ker(DC,y,) it holds

1
> / HyP(uo)(t) -up(t)ydt+ Y > AL (ug) - (¢i(E), up(i)) = 0. (2.4)
Ee& Ee& i=0
Now observe that the condition DC,,,(X) = 0 implies that given (E,i) € & x {0,1} with (i) = v,
there exists a linear transformation TéE’i)(uo) : R™ — R™ such that (¢;(E),ug(i)) = T5E’l)(u0)(civ (Ey),ug, (iy)).
Moreover, DC,,(X) = 0 if and only if (¢;(E),ug(i)) = TE Z)( 0)(¢ci, (Ey),ug, (iy)) for every
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(E,i) € & x {0,1}. Thus we can rewrite

ST ST AR (ug) - (ci(B), up(i)

Ecé& i=0

=Y > ARE(ug) - T (uo) (i, (By), up, (i)

veEY (E,i):mg(i)=v

=3 > T (ug) (A5 (uo)) - (ci, (Ev), up, (iv))

veEY (B,i):mg(i)=v

where T (up)* denotes the adjoint of the linear operator TéE’i)(UO) : R™ — R™ with respect of
the Euclidean inner product on R™. Define H2"” : U — R™ as

Hyv(u)= Y T (ug) (457 (u)
(Ei)mg(i)=v

and H2 : U — (R™)!” as H2(u) = (H2"(u))yey. Then (2.4) can be rewritten as

> [E HEP (uo)(8) - up(t)dt + 3 H2 (o) - (¢, (E.), ug, (i,)) = 0. (2.5)

Ecé& veY

Define H} : U = [[ e CO(E,R"™1) as H} (u) = (H) " (up))pes.

Proposition 2.4.8. Let u € U. Then A(u) is a stationary geodesic network with respect to g € MF
if and only if H)(u) = HZ(u) = C(u) = 0.

Proof. From , it is clear that if ug € U verifies C(ug) = Hj(uo) = HZ(ug) = 0 then A(ug)
is a stationary geodesic network. We want to see that the converse is also true. Assume A(ug) is
stationary. Then A(uo) € Q(I', M) and hence C(uo) = 0. We also know that should hold for
every X = (co(E),c1(E),ugp)ges € ker(DC,,).

Suppose H)"(ug) is not identically zero for some E € &. Let ty € int(E) be such that
H)y P (ug)(to) = w # 0. Let up : E — R™"" be given by ug(t) = pp(t)w, where pp : E = Rxg
is a C? function such that pg(tg) = 1 and pg is identically zero outside a small interval I around
to where HYF(ug)(t) - w > 0. Let ug be the identically zero function for all E' # E. Define
X =(0,0,up')pres. Then as up/(0) = up/ (1) = apr = bgr =0 for all B € &, X € ker(DC,,). If
we plug in X in , the second term vanishes and the first term is equal to

/ H P (uo)(t) - ug(t)dt > 0
E

which is a contradiction. Therefore, H, 91 (up) must be identically zero. Thus we know that for all
X € ker(DCy,)

>~ H2 (o) - (es, (Eu), up, (i) = 0.

veY
As given any vector (c,, uy)vey € (R™)I” there exists X € ker(DC,, ) such that (c;, (E,), up, (iy)) =
(¢, uy) for all v € ¥ we deduce that HZ(ug) = 0. O

Let us define H : M x Cy — Y = [HEeg CO(E,RM)] x (R as H(g,u) = (H} (u), H2(u)).
Then H is of class C*=2 if M = MP* and the previous proposition implies that given u € Cp, u is
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stationary with respect to g if and only if H(g,u) = 0. Thus if
SET) = {(g, f) € M* x Q(I", M) : f is stationary with respect to g}

then for any chart (U,%) we have X(SF(I') N U) = H~(0), hence we want to study H~'(0). For
technical reasons that will become evident in the subsequent proofs, we will restrict our attention to
embedded T'-nets (and consider only good* weighted multigraphs as stated at the beginning of the

section). Therefore we define
SHT) = {(g, f) € M x Q™Y(T, M) : f is stationary with respect to g} C SE(I)

and we assume that all charts (U, %) considered verify U N Q(T', M) C Q¢"*(I', M). We are going
to show that under the previous conditions 0 is a regular value for H. In order to do that, we need
to study DoH which is related to the Hessian of the length functional. For that purpose, in the
remainder of this section we derive the second variation formula, define the notion of Jacobi field
and discuss the relation between these definitions in local coordinates and the intrinsic ones given
in Section 2.2

Let f: (—e,e)2 = Q(T', M)NU be a two parameter family and denote uzs = u(z, s) = 2(f(z, s))
the corresponding two parameter family in Cy. Assume ugg is stationary and denote X (t) =
2u(0,0,t) = (a,bx, up () pes and Y (t) = 2%(0,0,t). We know that X,Y € T,,Co = ker(DCy,).
Using , we have

02 oug
Ly (u(z, s)) = / HYP (uy0)(t) - 24 (1,0, £)dt
920s | g o 9 s Os
oc;, (Ey) Oug )
2v . v v
+ Z Hg (uro) ( s (I,O), s (ZE,O,ZU)
veY
=y / DH P (ugo) (Y)(t) - ugs (t)dt
Ec&
+ > DH; (ugo)(Y) - (62 (Ey), i, (i))-
veEY

The Hessian Hess,,, L, of the length functional at a critical point ug € Cp is the continuous
bilinear map Hess,, Ly : Ty, Co X TyyCo — R given by Hess,, Ly(X,Y) = 3225|(00 g(u(z,s))
where u(x, s) is a two parameter family in Cy such that X (¢) = gg (0,0,%) and Y(¢) = g’; (0,0,1).

The previous computation shows that the Hessian is well defined and
Hess Ly (u0)(X,Y) / DH " (ugo) (Y)(t) - ugs (t)dt
Ecé&

+ 3" DH2 (ugo)(Y) - (¢ (E,), u, (i)
veY

A vector field X € T;,,Cy is said to be Jacobi along ug if it is a null vector for Hess,, Ly i.e. if for
every Y € T,,,Cy we have HessLy(up)(X,Y) = 0. Arguing as we did before with the first variation
formula, it is clear that X € T,,Cj is Jacobi along g if and only if DH} (ug)(X) = DH}(ug)(X) = 0.
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Definition 2.4.9. Given a critical point ug of the length functional Ly, we say that ug is nonde-

generate if the only Jacobi field X along ug is the zero vector field.

Now we can study the relation between this notion of Jacobi field and nondegeneracy and that
presented in Section Denote Wg C Q(E, M) the image of O : W5(fi|g) — QE, M) and
W = [lgce WE. Consider the map YW U= [Izcs Ur defined as Y(v) = (E'(05' (vE))) pes-
We can establish a correspondence between vector fields X € T;,,Cy along ug and vector fields J
along fo = A(ug) by J = DA,,(X) and X = DX, (J). Notice that we can assume .J is at least C*
as we are working with Jacobi fields along a geodesic net with respect to a C* metric with k& > 3,
and therefore ¥ : X3(fy) — U C [Tpes R? x C*(E,R"!) is differentiable. As ¥ is not exactly
the inverse of A, one would not expect this correspondence to be bijective. However, we have the

following characterization if we restrict to the space of embedded I'-nets.

Proposition 2.4.10. Let fo € Q"*(I', M) where T is a good* weighted multigraph and let ug € Cy
be such that A(uo) = fo. Let X € T},,Cy and let J be a vector field along fo. Assume foy is stationary

with respect to a metric g. Then
1. If J= D/~\u0 (X) is parallel along fo then X = J = 0.
2. DY, (DA, (X)) = X.
3. DA,y (DX, (J)) = J + K where K is a parallel vector field along f;.
4. If X is Jacobi along ug then J = DA, (X) is Jacobi along fo.
5. If J is Jacobi along fy then X = Df)fo (J) is Jacobi along ug.

Proof. First, let us show that if J = DAUO (X) is parallel along fo then X = J =0. Given v € ¥, as
there are at least three different incoming edges at v, the tangent lines to two of them at v should
be different because otherwise two incoming edges would have the same inward tangent unit vector
and by uniqueness of the solutions of the geodesic equation fy would not be embedded, absurd.
Therefore, J(v) = 0 for all v € ¥ (as J(v) has to be colinear with all the inward tangent vectors
to the edges at v). If X = (cg,dg,wg)pee, uo = (ag,bg,uo,5)Ece and vo. g = Z(ag,br, uo,E),
then Kp = DZ,, ,(X) is parallel along vg,g and Kg(0) = Kg(1) =0 for all E € & (as fo|p(t) =
Eo¢p(vo,r(t) and Jg = D(E 0 ¢g)y, ,(Kg)). But we know that Kg(t) = (cg(l —t) + dpt,wgp(t))
thus cp = dp = 0. Then there exists a C? function & : [0,1] — R such that

KE(t> = (O,U}E(t)) = h(t)f]o’E(t) = h(t)(bE — aE,’l'J,O’E(t)).

This implies that A = 0 and hence X = J = 0 as claimed in (1).
Now take X € T,,Cp and a one parameter family u : (—,¢) — U such that %|s:0us = X. Then
DSy, (DR (X)) = 1| SA(w) = L] =X
fo o ds|,_, Us)) = as| T
as ¥ o A = idy because of Lemma This proves (2).
On the other hand, if we take J € Ty, Q(T', M) and a one parameter family f : (—e,e) = U such
that & |,_ofs = J, we have that A(X(f,)) is a reparametrization of f, for all s € (—¢,¢) because
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of Remark Writing A(3(f.))(t) = f(s,0(s,t)) and using that 6(0,t) = t for every t € T as

A(ug) = fo, we can see

- - d <o d 06 :
DA, (DX = — AZ = — = -
uo (DX g (1)) = — . (E(fs) = 7 SZOf(Sﬁ(SJ)) J(t) + 5-(0,) fo(t)
so we get (3) by defining K(t) = g—ﬁ(o, t) fo(t).

Now let X be a Jacobi field along ug (which is assumed to be stationary). Let J = DA, (X)
and let f(—e,¢)? — Q(T, M) be a two parameter family such that J(t) = %(0,0,t). Consider the
two parameter family u(z, s) = X(f(x, s)) through ug. Then

_ Ou . ~
DAuO(%(O,O)) = DAy, (DXy () =J+ K
for some parallel vector field K along fo because of (3) which we have just proved. Therefore K =
DAuO(%(O,O) — X) and due to (1) it must be K = 0. Therefore DAUO(%(O,O)) = J = DA, (X)
and hence X = 2%(0,0) because DA,, is a monomorphism. As X is Jacobi and A(u(z,s)) is a

reparametrization of f(z,s) for all (z,s) € (—¢,¢)?, this implies that

o? 0?

L =
0z0s 0,0) o f(2:9) 0x0s

Ly u(z,s) =0
(0,0)
and hence J is Jacobi along fo. This proves (4).

Let J be a Jacobi field along the stationary geodesic net fy. Let X = Difo (J) and let w :
(—e,€)> = U be a two parameter family with u(0,0) = up and 9%(0,0) = X. Then if f(z,s) =
Alu(z, )

af ~ ~ ~
©0,0) = DAu, (X) = DRy (DS, () = T + K
for some parallel vector field K along fy because of (3). As both J and K are Jacobi along fy, so

is J + K and hence

02 02
L = L =0
9z0s |0 * u(, s) 9z0s |0y * f(,s)
so we can deduce that X is Jacobi along wug, which completes the proof of (5). O

From the proposition we can see that given a critical point ug of the length functional with
respect to g, ug is nondegenerate in the sense that it does not admit any nonzero Jacobi field if and

only if fo = A(ug) is nondegenerate in the sense that every Jacobi field is parallel. Hence the two

notions of nondegeneracy are equivalent.

2.5 DyH is Fredholm of index 0

Fix a good* weighted multigraph T'. Let us continue working in local coordinates (U, X) verifying
Un Q(F, M) C Qemb(I’, M) as we have been doing previously. The goal of this section is to prove

the following result.

Proposition 2.5.1. Given ug € Co and g € M such that H(g,uo) = 0, the operator DaH g ) :
TuyCo — [HEeg CO(E,R"’l)} x (RN is Fredholm of indez 0.
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We will need to introduce some notation and use the subsequent two lemmas. Their proofs are

elementary using the definitions and results discussed in [2§].

Definition 2.5.2. Given a Riemannian metric h on M, a T-net f € Q(T, M) and an integer k > 0,

we denote

X5(f)={ZeXM(f): Z(v) =0 Ww e},
k(N ={z e x(f) : Zg is parallel along fg VE € &},
X* (i = H {(Zg € X8 (fg) : Zg is normal along fr with respect to h},

Ee&
X5(HiE ={Z e X*(f)it : Zp(0) = Zp(1) =0 VE € &}.

G.iven t €l and v € Ty)M, we denote vik the projection of v to the orthogonal complement of
(f(t)) with respect to h.

Remark 2.5.3. Observe that X*(f);- € X*(f) but XE(f)ik € XE(f).

Lemma 2.5.4. Let hy and hs be two Riemannian metrics on M and k > 0. Then the map
0 : %k(f)ﬁl — }fk(f)ﬁz, Z = ((Zp)y,)Eee is a continuous linear isomorphism. The same holds
changing %k(f)i by %lg(f),t

Lemma 2.5.5. Let F,G be Banach spaces and L : F — G be a linear and continuous map.
Let Fo,F1 C F and Go,G1 C G be closed subspaces with dim(F;) = dim(G;) < oo such that
Fo@DFi = F and Go@PG1 = G. Let Li; : Fi — Gj, i,j € {0,1} be such that L(fo, f1) =
(Loo(fo) + L1o(f1), Lo1(fo) + L11(f1)) for each fo € Fo and f1 € Fi. Assume L1y : Fo — Go
is Fredholm of index 0. Then L : F — G is Fredholm of index 0.

Proof of Proposition[2.5.1. Let g € M and uy € Cy verifying H(g,uo) = 0. Consider the spaces

C3(B,R" ') = {u € C*(E,R"*) : u(0) = u(1) = 0},

JT":TugCOv
Fo= J[{0} x C§(E,R™),
Eeé&
g=[]] c°@®Rr 1] x ®"H",
Eeé&
Go=[ [ ¢°(B,R*1)] x {0},
Ecé&

G = {0} x (RM)!"'].
Observe that as Fo C F C B,
codimz(Fp) = codimpg(Fp) — codimg(F) = 2n|&| — n(2|8| — |¥V|) = n| V]

and hence there exists a subspace F; C F of dimension n|¥'| such that Fo @ F1 = F. AsGo P G1 =G
and dim(G,) = n|?¥| = dim(F1), by Lemma [2.5.5| it suffices to show that DQH(lg_uO) : Fo = Go is
Fredholm of index 0.
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Let X, Y € Fy with X = (0,0,UE)Eeg and Y = (0,0,UE)Eeg, Ug,Vg € Cg(E,Rn_l) VE € &.

By the second variation formula, we have

82
0x0s

o(tes) = / DoHED (V)(2) - up(t)dt (2.6)

(0,0) Ecé&

where uy s = up + sX + 2Y. On the other hand, if f(z,s) = A(uws), then as the vector fields
X = DAy (X) and Y = DA, (Y) vanish at the vertices of T’ we have

32
0x0s

Ny B [
o o) = 2 (55 [ o+ ROV do X 00 ) (27)

being fy = foo. Notice that as fy = (uo) is embedded with domain a good* weighted multigraph,
X2(fo)ll € X3(fo). Observe that DA, (Fo) = X3(fo)%,, where o is the the auxiliary Riemannian
metric used to construct the atlas of Q(F, M) in Section Then as DAUO is a monomorphism, by
the Open Mapping Theorem it is an isomorphism between the spaces Fy and X3( fo)i‘o- Similarly,
D/~\u0 1 Go — .’fo(fo)f;o is a linear isomorphism. Let us define the operators M : Fy — }C(Q)(fo);-,
M=0o D[XUO and N : Gy — %O(fo);-, N=0Oo D]\uo (O is as in Lemmawith respect to the
metrics hy = 7o and he = g). By Lemma M and N are isomorphisms.
Let L: X2(fo) — X°(fo)* be the operator

£(2) = ~ "Bk 4 R(fo, (22). >fo]>Eeg.

I(E)
It holds L(O(Z)) = L(Z) for every Z € X2(fy) (as L vanishes over parallel vector fields). In
particular, L(Y) = L(O(Y)) = L(M(Y)). Also L : X3(fo)y — X°(fo); is Fredholm of index 0, as
so are the Jacobi operators LE X3(fo,.e)y — X°(fo,.p)y, LE(Z) = Zy + R(fo, Z) fo (because they
are elliptic). Therefore, by (2.6] , . ) and the fact that Ly (fzs) = Lg(uszs) we get

/ DoH" (YV)(t) - up(t)dt = ) / , X (t)y)dt. (2.8)
Eeé&

Ecé&

Let (,)1 and (, ) denote the inner products in X°(fo)s and Gy respectively given by

@21 = Y [ oz, 20

Ecé&

X17X22—Z/u1 “up(t

Eec&

where X; = (0,0,u%)pee, ¢ = 1,2. Let N* denote the adjoint of N with respect to these inner
products, i.e. the map N* : %O(fo) — Go such that for every X € Gy and every Z € %O(fo)
holds

(ZN(X)) = (N*(2), X)s.
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Then

Y [ L)), X (1) )dt = (L(Y),0(X))

pes’E
= (L(M(Y)), N(X)h
= (N*(L(M(Y))), X)2

and by (2.8) we deduce that
(D2Hy ) (V) X)2 = (N“(L(M(Y))), X)

holds for every X, Y € Fy. Hence, DQH(lg’uO) = N*oLoM and as both M, N* are linear isomorphisms
this yields that D2H(1g wo) Fo — G is Fredholm of index 0, as desired. O

We finish this section by proving the following lemma which will be used in [27].

Lemma 2.5.6. Let I be a good™ weighted multigraph and fo : IT' — M be an embedded non-degenerate
stationary geodesic net with respect to a C* metric g, k > 3. Then there exists a neighborhood W of
go in M* and a differentiable map A : W — Q(T', M) such that A(g) is a non-degenerate stationary
geodesic net with respect to g for every g € W.

Proof. Let fo : I — M be as in the statement of the lemma. Take a chart (U,%) of Q(&, M)
containing [fy] as constructed in the previous section. Then we know that there exists a differentiable
map H : M x Cy — Y such that [f] € U N Q(T, M) is stationary with respect to g if and only if
H(g,%([f])) = 0. As fo is nondegenerate and embedded, ug = 3([fo]) is nondegenerate and hence
we know that DoH(go,up) is an isomorphism (here we are using that Do H (go,u) is Fredholm
of index 0 and Proposition . Applying the Implicit Function Theorem to the map H at
the point (go,uo), we get that there is a neighborhood W of gg in M* and a differentiable map
AW — Q(T, M) with A(go) = fo such that A(g) is stationary with respect to g for all g € W.
By continuity of the Hessian with respect to the metric, shrinking W if necessary we can guarantee
that A(g) is nondegenerate. O

2.6 Proofs of the Structure Theorem and of the Bumpy Met-

rics Theorem in the case k < oo

Let T be a good* weighted multigraph. Recall that
S*(D) = {(g, f) € M x Q°™*(T', M) : f is stationary with respect to g}.

We are going to prove that given a chart (U, Y)) as described in the previous sections, id x
2(SH(T) N MPF x U) is a C*~2 Banach submanifold of M* x Cy. Then we will use this to construct
an atlas for S¥(I"). We know that

id x B(SHT) N (M* x T)) = {(g,u) € M* x Cy : H(g,u) =0} = H1(0)
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so our strategy will be to prove that 0 is a regular value of H. For that purpose we will need [47,

Theorem 1.2], which we state below.

Theorem 2.6.1. Let M, X and Y be Banach spaces and H be a Hilbert Space with X CY C H.
Let L: M x X =R be a C? function and suppose there is a C? map H : M x X =Y such that

d

7 L(g,u+tv) = (H(g,u),v)

t=0

for all g € M and all u,v € X. Suppose also that DaH (go,up) : X — Y is a Fredholm map of
Fredholm index 0 and that for every nonzero k € K = ker(DaH (go,ug)) there exists a one parameter
family g(s) € M with g(0) = go such that

82
Jsot

L(g(s),uo + tr) # 0. (©)

s=t=0
Then:

1. The map H: M x X =Y is a submersion near (go,uo), so there exists a neighborhood W of
(g0, uo) such that
S={(g,u) € W: H(g,u) =0}

is a C? Banach submanifold of M x X and
T(g7u)8 = ker(DH(gm))

for all (g,u) € S.
2. The projection I1 : S — M, Il(g,u) = g is a C? Fredholm map of index 0.

We want to apply the previous theorem for M = MF, X = E(U N Q(I‘, M)) = Cy which is a
Banach submanifold of U = %(U/) modeled in the Banach space Xy = ker(DC,,) C B = [Tpee R? x
C?(E,R™1) (notice that the theorem still works if X is assumed to be a Banach manifold instead of
a Banach space, as we are focusing on local structure), Y = Y = [[[ pc e CO(E,R" D] x (R H =
Mges L2(E,R*1)] x (R™)!”], where the inner product of two elements u; = ((u;,g)ges, (ai)ver)
of
Mpes L2(E, R 1] x (RMI7T (i = 1,2) is given by

(w1, u2) = Z / u1,g(t) - u2,p(t)dt + Z a1 - G20
B

Ecé& veEY

where - denotes the Euclidean inner product in R™ or R™ 1. We consider the inclusion ¢ : Xy — Y
given by t(u) = ((ug)gee, (¢i,(Ey),ug, (iv))vey). The map L : M x X — R is given by L(g,u) =
Ly(u) and H : M x X — Y is the previously defined map. Notice that H is of class C? for
q =k — 2 > 1. By the first variation formula, we have

d

= tZOL(g,qu tv) = (H(g,u), (v)).

As we proved in the previous section that DaH g ) is Fredholm of index 0, in order to apply the
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theorem it only remains to show that condition (C) holds.

Proof that Condition (C) holds. Let us take k € ker(D2H (go,uo)) \ {0}. Let u: (—a, ) — U be a
one parameter family in Cy with u(0,-) = ug and %\Szous = k. Write us = (ag(s),br(s), us g)Ece-
Consider the corresponding one parameter family fs = A(us) and the associated vector field J =
%|S:0fS = DA(k). By Propositionwe know that J is Jacobi along fy. We want to construct
a one parameter family g(x) of metrics with g(0) = g such that

82
0x0s

L(g(x),us) # 0.

x=5=0

By definition of L(g,u), this is the same as finding g(x) such that

32
0x0s

/ o(x) (tae(8),bE(8), us 5 (1), s, 5 (t))dt # 0.

z=s=0 peg

We will follow the reasoning from [47]. Consider a one parameter family of metrics g,(z) = (1 +
xh(2))go(z) conformal to go (here h : M — R is a smooth function). Then given u = (ag, bg, Up)pee
and F € &,

Lg(x)(t aE7bE,uE =+\/1+xh fE Lgo t CLE,bE/U,E( ) ( ))

where fp(t) = o ¢p(ag(l —t) + bpt,ug(t)). Suppose that h vanishes along fy. Denote fg(s,t) =
Eopplap(s)(1—t)+br(s)t, us p(t)) the restriction of the previously defined f, to the edge E. Then

ai;s e OEeg/ o) (1, a8(3),bB(8), us B(1), s 5 (t))dt

:(js - OEeg’/ h(fe(s, 1)Ly (8 ap(s), be(s), us(t), is(t))dt

=3 Z / as|, h(f5(s,0)]LE (t,ap(0),b5(0), uo, 5 (t), o, (t))dt
T3 Z/h fo(®) ‘_OLij(t,aE(S)abE(S)vus(t),’lls(t))]dt

Eeé’

B Z/ Vhfo(t)7 >'YO go(t G‘E(O)vi(O)aUO,E(t)aﬂO,E(t))dt

Eeéa

where we used that h(fo(t)) = 0 for all ¢ € T' because h vanishes along fp and that %(O,t) =
DA, (k) = J.

By Proposition J = DA, (k) is not a parallel Jacobi field along fo = A(ug) because
k # 0. Therefore, there must exist an edge Ey € & and an interior point g € int(Ey) such that
J(to) is not parallel to fo(to). It is possible to define the smooth function h : M — R with the

following properties:
1. h has support in a small ball around fy(t¢) which does not intersect fo(E) for any E € &\{Ep}.

h(fo(t)) =0forallt €T.
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3. (Vhyyy, J(t))y, > 0 for all t € I and (Vhy, ), J(t0)), > 0.

As Ly (t,ag(0),bE(0),uo,g(t), %,e(t)) > 0 for all t € T’ we deduce

Z / <Vh‘fO(75)7 J(t)>70L90 (t7 agr(0), bE(O)7 UO,E(t)7 ’l'lzo,E(f))dt >0
Ees’ B

and hence condition (C) is satisfied and Theorem can be applied. O

The previous shows that S¥(I') € MF x Qe (T, M) is a C° embedded Banach submanifold
(recall that the charts of Q(T', M) do not have differentiable transition maps). We will prove that
in fact the transition maps on the induced atlas for S¥(T) are of class C*~2 (i.e. as regular as they
can be), using an argument of Brian White (see [47, p. 179]).

The idea will be to use that IT : S — M?* is Fredholm of index 0 (as shown above) to prove that the
Banach space modelling S*(T') is the one which models M*. This is clear when ker(DII(4, ,,)) = 0
by the Inverse Function Theorem. In general, we can do the following construction.

Let (go, fo) € S¥(I') and consider two charts (U, %) and (Us, ¥5) containing fo. Denote S; =
id x X;((MF x U; N U) NSH(D)) € M* x B and u; = 5;(fo). We know that K; = ker(DIL (4, ,,.) is
finite dimensional. Define a map ¥ : S¥(I') — M* x R¥ as

V(g, f) = (9,/ch1,---,/wa)

where wy,...,wq are smooth 1-forms on M to be chosen. The idea is to choose these differential
forms so that the maps WoA,; : S; — M* x R? are C*~2 embeddings in a small neighborhood of ;.
Notice that for any choice of the w;’s, o A; is C*~2 and has finite dimensional kernel and cokernel,
hence it suffices to do the choices so that their differentials are injective. Denote F*(g,u) = | Ar(u) @5
Fv: 8 — R. We will choose {w1, ...,w,} so that for every x € K; \ {0} there exists 1 < j < r so
that DF"

(go,u1)
analogous way. This will guaranty that D(W¥ o A;)

(k) # 0. Then we will do the same for Ky by choosing the forms wy41,...,wq in an

go,u;) 18 @ monomorphism for ¢ = 1, 2.

Given x € Kj \ {0}, if {¢s}s is the one-parameter family of diffeomorphisms generated by

e ‘l I&UO (K’)7 C hE C
/ w
s=0 A(u] +SK,7',)

d
ds s=0+ fo
Psw

_/i
fodss:O
:/ L:Jw

:/ diyw + tydw
0

y d
F(QOKU«I)(K) = %

by Cartan’s magic formula. Thus given x € K; \ {0}, as J is a nonparallel Jacobi field along fo,
we can pick a point # in the interior of an edge such that J(to) ¢ (fo(to)). Then we can define
a smooth function h with support in a small ball around fy(¢g), which vanishes along fy and such
that (J(t), Vhg, 1))y = 0 for all ¢, with strict inequality at ¢ = ¢y as described above. Then if n
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is a 1-form on M verifying n(fo(t)) =0 for all t € I, the form w = hn will work. This is because

f fo dvjyw vanishes as ¢ jw vanishes at all the vertices of I', and as h vanishes along f,

/ s = / dh A (I (2), folt))dt = / dh(T (60 folt))dt = / (Vo ey, T(6)) ot

because dh( fo(t)) = 0. The previous quantity is strictly positive by construction of h, being
DFgy
comes smooth but still verifies DF(U:]O,Ul)(H) # 0.

On the other hand, given a smooth 1-form w, the set A* := {x € Ky : DFf; (k) # 0} is
open. Therefore, {A¥ : w 1-form on M} is an open cover of K; \ {0}. Take {ws,...,w,} such that
{A% :1 < j <r}is a finite subcover of {x € K : || = 1} (which is compact independently of the
norm | - | we choose for K as it is finite dimensional). It follows that if F' = (F“!,..., F“") then
DF (g, ,uy) (k) # 0 for every k € Ky \ {0}. Proceeding equally for K5, we obtain that ¥ o A; is an

immersion near (go,u;) for i = 1,2. Then the transition map Ay oAy = (ToAy) o (ToA;)isa

(k) # 0. Although this w is a priori only C*, we can perturb it slightly so that it be-

C*~2 diffeomorphism of Banach manifolds near (go,u1), as desired.
Observe that Proposition [2.4.10 implies that if (g, [f]) € S¥(I'), f is nondegenrerate if and only
if given a chart (U, ) containing f with ([f]) = u we have that u is nondegenerate as defined in

Section [2:4] But the following 4 conditions are equivalent:
1. DI, ) is an epimorphism.
2. DIl is injective.
3. DoH(y ., is injective.
4. u is nondegenerate with respect to g

as ker(DIl (g ,)) = {0} xker Dy H ;). This completes the proof of Theorem for good* weighted
multigraphs. The theorem for closed loops with multiplicity is a particular case of the Structure
Theorem of Brian White proved in [47], and this covers all the cases of Theorem [2.1.2]

On the other hand, by Smale’s version of Sard’s Theorem for Banach spaces proved in [40],
for each good weighted multigraph I' the subset N*(T') C MP* of regular values of II : S¥(T') —
MP¥ is generic in the Baire sense. Observe that parts (2) and (3) of Theorem imply that
g € N¥(T) if and only if g is bumpy with respect to I'. Considering that the collection {I' :
T is a good weighed multigraph} is countable, N* := (. N*(T) is also generic in the Baire sense
and is by definition the set of bumpy C* metrics. This proves Theorem in the case k < oco.

2.7 (C* case

In this section, we are going to discuss how to extend Theorem [2.1.3] to C*° Riemannian metrics
(the analog result for minimal submanifolds is stated in [49]). Denote M> = (N, oy MF* the space
of C*° Riemannian metrics on M equipped with the C* topology, which admits a natural Frechet

manifold structure.

Theorem 2.7.1. The subset N> C M of bumpy C™ metrics is generic in the Baire sense with
respect to the C*° topology.
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In order to prove the theorem, we will need the following lemma.

Lemma 2.7.2. Let N* C M¥ be a generic subset in the Baire sense with respect to the C* topology
for each k € Nsg. Assume that if k' > k then N* = N* 0 M¥'. Then N>° = Nien N* C M> s

generic in the Baire sense with respect to the C™ topology.

Proof. Let us write N3 = N;enN3! where each N'*! is open and dense in M? with the C® topology.
For each k > 3 define N*! = 3! 1 MF. Observe that given k > 3,

NVEE = (NP A ME =N A MF = NF.

leN leN

As by hypothesis N* C MF is generic, by the Baire Category Theorem it is dense and therefore
each N'*! C MF is dense and also open (because the C* topology is finer than the C* topology for
every k > 3). Define

Noo,l :NSJ A M™® :NS,l N m Mk _ n Nk,l.

k>3 k>3

Let us show that N°! C M® is dense. Pick gy € M™ and an open neighborhood W of gq in
M. Let k € N>g and § > 0 be such that {g € M*> : di(g,90) < 6} C W where dj, is a metric
which induces the C* topology on M*. By density of N*! in M¥, there exists g; € N'*! such that
dr(g1, 90) < %. On the other hand, as M>® C M¥ is dense with the C* topology and N*! C M¥
is open, there exists go € M>® N {g € M* : di(g9,91) < g} N N®!. Therefore by triangle inequality
g2 € {g € M™> :di(g,90) < 0} NNLC W NN s0 Noot C M™ is dense. It is also open as the
C® topology is finer than the C* one. Additionally,

(AN = ((N*HNM® =N (Y MF) = (YN =N,

lEN l1EN k>3 k>3
This means that A'*° C M is generic with respect to the C* topology, as desired. O

Proof of Theorem[2.7.1. For each k € Nxj3, define N* C M* as the set of C¥ bumpy metrics. By
Theorem in the case k < oo (which was already proved), N* C MF is generic with respect
to the C* topology for every k € N>3 and it clearly holds that N* = N* 0 M* whenever k' > k.
Therefore we can apply the lemma and deduce that N> = Ny N is generic in the space M>
of C* metrics. As N is precisely the set of C°>° bumpy metrics, this completes the proof of the

theorem. 0



Chapter 3

Generic Density of Stationary
(Geodesic Nets

3.1 Summary of the chapter

This chapter is based on the article [27]. We prove the following result.

Theorem 3.1.1. Let M™, n > 2, be a closed manifold and let M* be the space of C* Riemannian
metrics on M, 3 < k < co. For a generic (in the Baire sense) subset of MF the union of the images

of all embedded stationary geodesic nets in (M, g) is dense.

An analogous density result for closed geodesics on surfaces was proved by Irie [23]. For minimal
hypersurfaces in Riemannian manifolds of dimension 3 < n < 7 a generic density result was proved
by Irie-Marques-Neves [22].

Regarding stationary geodesic networks, we use the notation and results from Chapter [2, in
particular, the Structure Theorem for Stationary Geodesic Nets (Theorem . We also use the
following result which was proved for embedded I'-nets when I is good* in Chapter (Lemma|2.5.6)).
The same argument can be adapted to closed geodesics using the Structure Theorem of Brian White
[47] instead of Theorem A more elementary proof can be obtained considering the finite
dimensional models of the spaces of geodesic nets (instead of working with the infinite dimensional
Q(T, M) as in [46]).

Lemma 3.1.2. Let T" be a good weighted multigraph and fo : T — M be an embedded non-degenerate
stationary geodesic net with respect to a C* metric gy, k > 3. Then there exists a neighborhood W of
go in MF and a differentiable map A : W — Q(T', M) such that A(g) is a non-degenerate stationary
geodesic net with respect to g for every g € W.

3.2 Min-max constructions

Stationary geodesic nets arise from Almgren-Pitts Morse theory on the space of 1-cycles.
By Almgren isomorphism theorem ([I], [2], [I6]) the space of mod 2 k-cycles on the n-sphere
Z3,(S™, Zs) is weakly homotopy equivalent to the Eilenberg-MacLane space K(Zy,n — k). Let \

41
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denote the non-trivial element of H"%(Z;(S™,Zy); Zs). Note that all cup powers of A are non-
trivial and the cohomology ring of Z;(S™,Z2) is generated by the cup powers and Steenrod squares
of A ([18]).

Given a closed n-dimensional Riemannian manifold (M, g) consider ¢ : M — S™ that maps a
small open ball B C M diffeomorphically onto S™ \ {p} and sends the rest of M to point {p}.
For the corresponding map on the space of cycles @ : Zy(M,Zs) — Z(S™,Z2) the pull-back
A = ®*()\) # 0. The cohomology class A\ € H" *(Z,,(M; 7)) is the fundamental cohomology class
of Z,(M;Zs) and can be constructed intrinsically on each compact manifold M using Almgren’s
gluing homomorphism associated to a continuous family of cycles F' : X — Z;(M). This was done
by Larry Guth in [I5][Section 1] for families in (D™, dD™). The same construction can be performed
on any compact manifold with boundary, as stated in [15][Appendix 3].

Given a cubical complex X we say that F' : X — Z,(M,Zy) is a p-sweepout if F*(A\P) #£ 0 €
HP("=k)(X:Z,) and F satisfies a no-concentration of mass property (cf. [29], [26]). We define the
k-dimensional p-width w]’; (M, g) by

w;f(M, g) = inf{sup M(F(z)) : F is a p-sweepout of M}
reX

Using arguments of [13], [I4, Section 8|, [I5] we obtain the following upper bounds for the widths
wk(M, g).

Proposition 3.2.1. Let (M,g) be a closed n-dimensional Riemannian manifold. There exists a
constant C'= C(M, g) such that wi (M, g) < cpt.

Proof. The case of k = n—1 was proved in [30, Theorem 5.1]. Assume 1 <k <n—2. Let Sym, Sn—k
denote the symmetric product of spheres Sym, S"™* = {(21,...,2,) : #; € S""*}/Per(p), where
Per(p) is the group of permutations of p elements. For 1 < j < p we have that H7 (%) (Sym,, Snky =
(a7), where a is the non-trivial cohomology class in H™~*(Sym,, S"~*) (we are considering coho-
mology with Z; coefficients, see [34]). In [I5] Guth constructed p-sweepouts Fj, : Sym, 5"~ % —
Z1(B,0B;Zs) of the Euclidean unit ball B C R™ by piecewise linear relative k-cycles satisfying

sup{M(F}(z)) : z € Sym,, SR < Cnpank

Fix a fine triangulation and PL structure on M that is bilipschitz equivalent to the original
metric g, and let ® : M — R™ be a PL map, such that each simplex A is bilipschitz to ®(A). After
scaling we may assume that ®(M) C int(B). If z is a piecewise linear relative cycle in B, then
®~1(2) is a k-cycle in M. The map F), : Sym, S"~*% — Z,(M;Zy) defined as F)(z) = ®~!(F,(z))
satisfies the desired mass bound. To see that this is a p-sweepout consider the restriction of F; to
{[x,0,...,0] : 2 € S} C Sym,, S"*. Tt is straightforward to check that Almgren gluing map ([I])
maps this family to the fundamental homology class of M, so (F})*(\) = a € H("_k)(Symp Sk,

O

Almgren showed that widths correspond to volumes of stationary integral varifolds. For 1-
dimensional widths a stronger regularity result is known (see [, [2], [B], [32], [36], [37]), namely,
that the stationary integral 1-varifolds are, in fact, stationary geodesic nets. Combining this result
with Lemma [2:2.74) we obtain the following.
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Proposition 3.2.2. The width w)(M,g) = Zil Ly(vi), where v; : I's — M is an embedded sta-
tionary geodesic net and I'; is a good weighted multigraph for each 1 < i < P.

In [22] density of minimal hypersurfaces was proved using a Weyl law for (n — 1)-dimensional
p-widths. The Weyl law was proved for (n—1)-cycles in arbitrary compact manifolds and for k-cycles
in Euclidean domains in [26]. However, it is not known in general for k¥ < n— 1, although the special
case of 1-cycles in 3-manifolds was resolved in [I6] shortly before our work [27] was posted.

In [43] Song observed that the full strength of the Weyl law is not needed to prove density of
minimal hypersurfaces for generic metrics. (It does, however, seem that the Weyl law is necessary
to prove a stronger equidistribution result in [31]). The idea of Song allows us to circumvent the use

of Weyl law to prove density of stationary geodesic nets.

Lemma 3.2.3. Let g1 and g2 be two metrics on M with go > g1 and ga(xg) > g1(xo) for some
xg € M. Then there exists p > 1, such that w’;(M, g2) > w’;(M, g1)-

Proof. Let B,(zg) be a small closed ball such that go > g1 on B,(z9). Fix € > 0, such that for every
k-cycle z with go-mass My, (20 B, (20)) > 2wi(B,(z0), g2) we have My, (z) — My, (2) > e.

By Propositionwe have w]’; (M,¢q1) < Cpn%tk for some constant C' > 0. In particular, we can
find p > 0 such that w} (M, g1) —wp_(M,g1) < /4. Let F : X — Zy(M;Zs) be a p-sweepout, of
(M, g2) such that Mg, (F(z)) < wh(M, gs) +¢/4 for all z € X. By [26, Lemma 2.15] we can assume
that the map F' is continuous in the mass norm.

Recall that if two manifolds are bilipschitz diffeomorphic, then the corresponding spaces of cycles
are homeomorphic. In particular, a p-sweepout of one induces a p-sweepout of the other. Let
X; = {z € X : M, (F(z).B,(20)) > sw}(Br(0),92)} be an open subset of X. We claim that
the restriction of F' to X; is a (p — 1)-sweepout of M (with respect to both g1 and go as (M, g1)
and (M, g2) are bilipschitz diffeomorphic). Indeed, let A\ € H"*(Z2,(M,Zs)) be the fundamental
cohomology class. Then A vanishes on X \ X; because F|x\ x,.B;(zo) is not a sweepout of B, (o)
and hence F| x\x, can not be a sweepout of M. If AP~1 vanishes on X, then AP vanishes on
X1 U (X \ X1) = X, which contradicts the definition of p-sweepout.

It follows that {F(z)}.ex, is a (p — 1)-sweepout of M and

wp-1 (M, g1) < sup{My, (F(z)) : & € X1}
<sup{Myg,(F(z)):xz € X1} —¢
< wh(M, g2) — 3/4e
If wk(M, g2) = wf(M, g1) then our choice of p leads to a contradiction. O
The next Lemma follows as in [3I, Lemma 1].

Lemma 3.2.4. Let M be a closed manifold. Then the k-dimensional p-width wj’,f(g) s a locally

Lipschitz function of the metric g in the space M of C° metrics.

Proof. First we need to give a metric space structure to the set MY. Observe that each g € M?

induces a metric d, in M©O defined as

|gl(1},v) B gZ(U’v”
dg(g1,92) = sup
g( ! 2) v#£0 g(v,v)
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It is easy to show that as M is compact, given g,¢’ € M° the induced metrics dg and dg are
equivalent. Therefore we can pick an arbitrary go € M and fix dg, as our metric.

Now in order to prove the lemma, fix a metric g € M° and suppose g1, g2 satisfy g/C; < g; < Cig
for i = 1,2 and some C; > 1. For some constant C' = C(g) > 0 we have wk(M,g) < Cp™= by
Proposition |3.2.1

Given a k-cycle z € Z,(M;Zy) we have

M91 (Z) - M92 (Z) < ((Sllp gl(v’v))% - 1)Mgz (2)

v#£0 92('07'0)
l91(v,v) — g2(v,0)[\ 5 5
(e B m ) M)

< ((1+ Crdylg1,92))F = 1) My, (2)
S Clkdg(gla 92)M92 (Z)

for small dg(g1, g2)-

Then for g1, go near g we have

wi (M, g1) — wy (M, ga)| < Crkdy(g1, g2)wy (M, g2)
k n—k
< CTTRCP T dy(g1, 92)

As d, is equivalent to dg, we get the desired result. O

3.3 Proof of the main theorem

Fix a manifold M and an open subset U C M. Let M*(U) C M* denote the set of C* metrics g
such that there exists an embedded non-degenerate stationary geodesic net in (M, g) intersecting U
whose domain is a good weighted multigraph. First we will analyse the case 3 < k < oo.

By Lemma we have that M*(U) is open. Now we will show that M*(U) is dense. Let
V C MP* be an open subset. We have to show that there exists some g € V N M*(U).

Let {T',, }men be the countable collection of all good weighted multigraphs. Let C,, = S*¥(T',,).
We have that the projection map II,, : C,, — MP¥ is a Fredholm map of index 0 by Theorem m
Let Reg,, C MP* denote the set of regular values of II,, and R = MNi>0 Regm. By Sard-Smale
theorem the set R is comeager, so we can find a metric gg € VN R. If go _6 MPF(U) we are done, so
let us assume the contrary. Then all embedded stationary geodesic nets of (M, gp) with domain a
good weighted multigraph are non-degenerate and do not intersect U. Let L denote the (countable)
set of lengths of such geodesic networks. By Lemma [2:2.14] the set Ly of lengths of all stationary
geodesic nets for the metric gy is the set of finite sums of elements in Lj, and hence it is also
countable.

Let ¢ : M — R be a non-negative smooth bump function supported in U with ¢(xg) > 0 for
some g € U. Define ¢;(z) = (1 +t¢p(x))go(z). For some sufficiently small € > 0 we have that g, € V
for all t € [0,¢]. By Lemma there exists p > 0, such that w}(gc) > w}(go)-

By Smale’s transversality theorem from [40], there exists a sequence of embeddings g; : [0,g] —
MPF converging to g, such that each g; is transverse to the maps II,, : C,, — MPF* for all m > 0.

Moreover, using [40, Theorem 3.3| we have that [; ,, = II,,!(g;([0,€])) is a 1-dimensional submanifold



CHAPTER 3. GENERIC DENSITY OF STATIONARY GEODESIC NETS 45

of C,, for each (i,m) € NxNy. Notice that by transversality, if ¢ is a regular value of (g;) =1 oIL,,

Iim>

Lo

then g;(t) € Regy, (cf. [31, Lemma 2|). By the finite-dimensional Sard’s lemma applied to (g;)~
L1, ,, we have that C; = (,,~o{t : 9i(t) € Regm} C [0,€] is a subset of full measure.

Note that w,(g:([0,€])) — c_uzl)(g([O,E])) as ¢ — oo and without any loss of generality we may
assume that there is an interval [a,b] C w)(gi([0,¢])) for all i. By Lemma we have that
C =2 wp(g:(C)) Na,b] \ Ly is non-empty (because Ly is countable and w}(g;(C;)) N [a, b] is a
full measure subset of [a, b] for every i € N). Let | € C. By Proposition [3.2.2] for each i € N we have
that [ = 2;11 Ly, (t:) ('y;), where each fy; is an (non-degenerate) embedded stationary geodesic net in
(M, g;(t;)) whose domain is a good weighted multigraph, for some ¢; € (wzl) 0 g;)~1(I). Passing to a
subsequence if necessary, we can assume that there exists ¢’ = lim; o, t; € [0, €] and that the sequence
= U; 7; converges to a stationary geodesic net v in (M, g,/). However, since Ly/(y) =1 ¢ Ly,
v is not a stationary geodesic net for gy and hence it must intersect U. As lim; ,., 7" = =, there
exists i1 € N such that 4* intersects U for all ¢ > ;. On the other hand, as lim;_,. ¢; (ti) =gy €V,
there exists io € N such that ¢ > is implies g;(¢t;) € V. Thus if ¢ > max{i1, 2}, the metric g;(¢;)
is in V' and one component 7§ of 4% is an embedded stationary geodesic net intersecting U whose
domain is a good weighted multigraph. As g;(t;) is bumpy, we deduce that g;(t;) € MF(U) and
hence V N MF*(U) # 0.

So far we have proved that for 3 < k < oo, M¥(U) C MP* is open and dense for every open
subset U C M. Taking a countable basis {U,, }men for the topology of M and setting N'* =
Ninen MF(Un,) we see that N* C MP* is generic and g € A% if and only if the union of the images
of all nondegenerate embedded stationary geodesic networks with respect to g whose domain is a
good weighted multigraph is dense in M. This proves Theorem in the case 3 < k < co. For
the case k = oo, we can define A" to be the set of C°> metrics for which the union of the images of
all nondegenerate embedded stationary geodesic nets whose domain is a good weighted multigraph
is dense in M. Thus it is clear that N = (), 53 N* and that if &' > k then N*" = A 0 M*; s0
by Lemma we deduce that N is a generi_c subset of M (see also a similar argument in [49]
and [7, Corollary 5.14]).



Chapter 4

Generic Equidistribution of

Stationary Geodesic Nets

4.1 Summary of the chapter

Marques, Neves and Song proved in [3I] that for a generic set of Riemannian metrics in a closed
manifold M", 3 < n <7, there exists a sequence of closed, embedded, connected minimal hypersur-
faces which is equidistributed in M. In this chapter we study the equidistribution of closed geodesics
and stationary geodesic nets on a Riemannian manifold (M™,g), n > 2. It is based on the article
[25], which is joint work with Xinze Li. There we proved the following two results, for dimensions 2

and 3 of the ambient manifold respectively:

Theorem 4.1.1. Let M be a closed 2-manifold. For a Baire-generic set of C°° Riemannian metrics
g on M, there exists a set of closed geodesics that is equidistributed in M. Specifically, for every g
in the generic set, there exists a sequence {~y; : S' — M} of closed geodesics in (M, g), such that for
every C* function f : M — R we have

lim i ). JSdLg [, fdVol,
ko0 Zle Lg (i) Vol(M, g)

Theorem 4.1.2. Let M be a closed 3-manifold. For a Baire-generic set of C*° Riemannian metrics
g on M, there exists a set of connected embedded stationary geodesic nets that is equidistributed in
M. Specifically, for every g in the generic set , there exists a sequence {v; : I'; — M} of connected
embedded stationary geodesic nets in (M, g), such that for every C* function f: M — R we have

Sy [, fdLy [, faVol,

lim .
k—so00 Zle Ly (i) Vol(M, g)

Remark 4.1.3. We have an equivalent notion of equidistribution for a sequence of closed geodesics
or geodesic nets: we say that {~;}ien is equidistributed in (M, g) if for every open subset U C M it

holds .
o Yoici Lg(yinU)  Vol, U

00 Zk Ly (vi) ~ Vol, M~

=1
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Theorem is, as far as the authors know, the first result on equidistribution of k-stationary
varifolds in Riemannian n-manifolds for ¥ < n — 1 (i.e. in codimension greater than 1). Regarding
Theorem similar equidistribution results for closed geodesics have been proved for compact
hyperbolic manifolds in [4] in 1972 and for compact surfaces with constant negative curvature in
[38] in 1985. More recently, those results were extended to non-compact manifolds with negative
curvature in [39] and to surfaces without conjugate points in [9]. The four previous works have in
common that they approach the problem from the dynamical systems point of view. In the present
chapter, we approach it using Almgren-Pitts min-max theory (as it was done in [3I] for minimal
hypersurfaces). Additionally, Theorem is the first equidistribution result for closed geodesics
on closed surfaces that is proved for generic metrics, without any restriction regarding the curvature
of the metric or the presence of conjugate points.

Our proof is inspired by the ideas in [3I]. There are two key results used in [3I] to prove
equidistribution of minimal hypersurfaces for generic metrics: the Bumpy Metrics Theorem of Brian
White [47] and the Weyl Law for the Volume Spectrum proved by Liokumovich, Marques and Neves
in [26]: given a compact Riemannian manifold (M™,¢g) with n > 2 (possibly with boundary), we
have

lim wgfl(M,g)p*% = a(n) Vol(M, g) =

pP—>00

for some constant c(n) > 0. Here, given 1 < k < n — 1 we denote by w¥ (M, g) the k-dimensional
p-width of M with respect to the metric g (for background on this, see [I5], [27], [30] [22]). It was
conjectured by Gromov (see [14] section 8.4]) that the Weyl law can be extended to other dimensions
and codimensions. In this work, we are interested in the case of 1-dimensional cycles. The following

is the Weyl law for 1-cycles which was conjectured by Gromov.

Conjecture 4.1.4. Let (M™, g) be a closed n-dimensional manifold, n > 2. Then there exists a
constant a(n,1) > 0 such that
plLrI;o wé(M", g)}fn%t1 =a(n,1) Vol(M”,g)%.

By the time our article [25] was published, Conjecture had only been proved for n = 2 as
a particular case of [26] and for n = 3 by Guth and Liokumovich in their work [16]. In 2024, it was
proved by the author for n > 4 ([44], [45]). In [25], we used those first two versions of the Weyl law
to prove Theorem and Theorem and we also used the Structure Theorem for Stationary
Geodesic Networks [46] discussed in Chapter [2] of this thesis, and the Structure Theorem of White
([A17]) for the case of embedded closed geodesics. The work of Chodosh and Mantoulidis in [7] was
used to upgrade the equidistribution result for stationary geodesic networks to closed geodesics in
dimension 2. The only obstruction to extend our proof of the equidistribution of stationary geodesic
nets to arbitrary dimensions of the ambient manifold M was that Conjecture had not been
proved yet if n > 3. As currently the Weyl law for 1-cycles holds in all its generality, this chapter
will be focused on proving the following result and then adapting the proof in the case n = 2 to

obtain closed geodesics.

Theorem 4.1.5. Let M"™, n > 2 be a closed manifold. For a Baire-generic set of C°° Riemannian
metrics g on M, there exists a set of connected embedded stationary geodesic nets that is equidis-

tributed in M. Specifically, for every g in the generic set , there exists a sequence {7v; : I'; — M} of
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connected embedded stationary geodesic nets in (M, g), such that for every C* function f: M — R
we have .

lim Di1 f%. fdLy [y, fdVol,

k=00 Zle Ly (i) Vol(M, g)

In order to simplify the exposition, we consider integrals of C'™ functions instead of the more
general traces of 2-tensors discussed in [3I]. Next we proceed to describe the intuition behind the
proof, the technical issues which appear when one tries to carry on that intuition and how to sort
them.

Let g be a Riemannian metric on M. We want to do a very small perturbation of g to obtain a new
metric § which admits a sequence of equidistributed stationary geodesic networks. Let f: M — R
be a smooth function. Consider a conformal perturbation g : (=4, ) — M (for some ¢ > 0 small)
defined as

g(t) = ey

By [27, Lemma 3.4] the normalized p-widths ¢t — p’nT_lw; (M, §(t)) are uniformly locally Lipschitz.
This combined with the Weyl Law implies that the sequence of functions h, : (—0,6) — R

~

)

n—1 .
P wy (M, g(

() = Vol(M, §(t))*

converges uniformly to the constant «(n,1). Considering

(€)= Ty (1)) =~ Log(p) + lom(usy (M. (1)) — — low(Vol(A, (1))

we have that h, converges uniformly to the constant log(c(n,1)). On the other hand, Almgren
showed that there is a correspondence between 1-widths and the volumes of stationary varifolds (see
1, 121, 5, 1321, [36], [37]) such that for each p € N and ¢ € (—6,0) there exists a (possibly non

unique) stationary geodesic network -y, (¢) such that

Ly (1)) = wy (9(2)). (4.1)

Assume that the v,(t)’s can be chosen so that all of them are parametrized by the same graph I'
and the maps (—6,0) — Q(I', M), t — ~,(t) are differentiable (this is a very strong assumption and
doesn’t necessarily hold, as the map ¢ — w,(j(t)) may not be differentiable; a counterexample is

shown below). In that case we can differentiate h, and obtain

d - 1 d
hy(t) = ——————wl(M, §(t)) —
1 / 1
_ fdLyp ————— / nf dVol,

Loy () ™ VOl g(0)) s o

:][ deg(t) —][ deOlg(t) .
p(t) M

As {h,}, converges uniformly to a constant, we could expect that the sequence {ﬁ;(t)}p converges

1 d .
WVol(M, 50 at VO M)

to 0 for some values of t. If that was the case, the sequence {~,(t)}, would verify the equidistribution

formula for the function f with respect to the metric §(¢). Nevertheless, this does not have to be true,
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because of two reasons. The first one is that the uniform convergence of a sequence of functions to a
constant does not imply convergence of the derivatives to 0 at any point. Indeed, we can construct
a sequence of zigzag functions which converges uniformly to 0 but hj,(t) does not converge to 0
for any t. The second one is that the differentiability of ¢ — ~,(t) could fail, a counterexample is
shown in the next paragraph. And even if that reasoning was true and such ¢ existed, the sequence
{7p(t)}p constructed would only give an equidistribution formula for the function f (which is used
to construct the sequence) instead of for all C*° functions at the same time; and with respect to a
metric §(¢) which could also vary with f.

An example when ¢ — w)(§(t)) is not differentiable is the following. Let us consider a dumbbell
metric g on S? obtained by constructing a connected sum of two identical round 2-spheres S? and
S3 of radius 1 by a thin neck. Define a l-parameter family of metrics {g(¢)}+e(—1,1) such that
§(t) = (1 +1t)%g along S7, §(t) = (1 —t)?g along S2 (interpolating along the neck so that it is still
very thin). It is clear than for ¢ > 0, the 1-width is realized by a great circle in S? with length 1+ ¢,
and for ¢ < 0 it is realized by a great circle in S5 of length 1 — ¢. Therefore

Lo 1—-t ift<0
wi (9(t)) = ,
1+t ift>0
and hence it is not differentiable at 0.

To fix the previous issue (differentiability of w)(g(t))), we prove Proposition which is a
version for stationary geodesic networks of [31, Lemma 2|. Regarding the convergence of hy,(t) to 0
for certain values of ¢, we use Lemma which is exactly [31, Lemma 3|. To obtain a sequence of
stationary geodesic networks that verifies the equidistribution formula for all C*° functions (and not
only for a particular one as above), we carry on a construction described in Section using certain
stationary geodesic nets which realize the p-widths in a similar way as the v,(¢)’s above. The key
idea here is that the integral of any C'*° function f over M can be approximated by Riemann sums
along small regions with piecewise smooth boundary where f is almost constant. Therefore, if we
have an equidistribution formula for the characteristic functions of those regions (or some suitable
smooth approximations), then we will be able to deduce it for an arbitrary f € C*°(M,R). The
advantage of doing this is that we reduce the problem to a countable family of functions. This
argument is also inspired by [31].

The chapter is structured as follows. In Section [{.2] we introduce the set up and necessary
preliminaries. In Section[f.3] we define the Jacobi Operator along a stationary geodesic net and show
that it has all the nice properties that an elliptic operator has (mainly, admitting an orthonormal
basis of eigenfunctions and therefore having a min-max characterization for its eigenvalues). This
is crucial to prove Proposition In Section 4] the technical propositions necessary to prove
Theorem are discussed. In Section [£.5] we prove Theorem In Section we combine
the proof of Theorem [£.1.5] with the work of Chodosh and Mantoulidis in [7] (where it is shown that
the p-widths on a surface are realized by finite unions of closed geodesics) to prove Theorem

Remark 4.1.6. Rohil Prasad pointed out that an alternative proof of Theorem[].1.1] could be obtained
using the methods of Irie in [21)]. Given a closed Riemannian 2-manifold (M, g), its unit cotangent
bundle Uy M is a closed 3-manifold equipped with a natural contact structure induced by the contact
form Ay which is the restriction of the Liouwville form X\ on T*M to U;M. It is a well known fact
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that the Reeb vector field associated to Ay generates the geodesic flow of (M, g). Additionally, given
a function f : M — R, the Riemannian metric ¢ = efg corresponds to the conformal perturbation
Agt = efoTW/\g of the contact form in Uy M (here T : UsM — M is the projection map); and both
Ag and Ay are compatible with the same contact structure on Uy M. Thus one would like to apply
[21, Corollary 1.4] to Ug M with the contact structure induced by Ag. However, that result is about
generic perturbations of the contact form of the type ef)\g, where f: UsM — R and we only want
to consider perturbations f = fom which are liftings to U; M of maps f : M — R so some work
should be done here in order to apply Irie’s result in our setting. This issue was pointed out in
[6, Remark 2.3], where a similar problem is studied for Finsler metrics and a solution is given for
that class of metrics. Additionally, Irie’s theorem would give us an equidistributed sequence for a
generic conformal perturbation of each metric g. This immediately implies that for a dense set of
Riemannian metrics such an equidistribution result holds, but some additional arguments are needed
to prove it for a Baire-generic metric. It is important to point out that the result in [21)] uses the
ideas of [F1)] but in the different setting of contact geometry, applying results of Embedded Contact
Homology with the purpose of finding closed orbits of the Reeb vector field; while in [31] Almgren-Pitts

theory is used to find closed minimal surfaces.

4.2 Preliminaries

Let (M,g) be an n-dimensional Riemannian manifold. We will work with the same definitions
regarding stationary geodesic nets on M as in Chapter [2| We recall some of them because of their

importance in this chapter and introduce some new ones.

Definition 4.2.1. We say that two I'-nets y1 and vo are equivalent if for every edge E of I' the map
Y1|E is a C? reparametrization of V| fizing the endpoints. This defines an equivalence relation ~
in QT, M). We denote QT, M) = Q(T', M)/ ~ the quotient space. Given~ € T, M) we will often
denote a representative of the equivalence class v also by v, and regard different representatives as

different parametrizations of the geometric object v € Q(F, M).
Notation 4.2.2. Given a I'-net v and an edge E € &, we denote vg the restriction of v to E. We
also define yg(0) := vp(rg(0)) and ye(1) := ye(re(1)).

Definition 4.2.3. Let v € Q(T, M) and let h be a continuous function defined in Tm(y) C M.
Given a metric g € M? we define

/ hdL, = 3 n(E) [E 0 () /9 (ay () A (1)) .

Eeé&

Observe that the right hand side is independent of the parametrization we choose and therefore
fﬂ/ hdL, is well defined.

Definition 4.2.4 (Stationary Geodesic Network). We say that v € Q(T, M) is a stationary geodesic
network with respect to a metric g € MY (q > 2) if it is a critical point of the length functional
Ly : QI, M) — R. This means that given any smooth one parameter family 4 : (—6,9) — Q(T', M)
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with (0) = v we have
d

=l LG =o.

s=0

Assuming that the edges of v are parametrized by constant speed, if X (t) = %(O,t) (here we regard
¥:(=8,0) x ' — M) then

d _ n(E .

Sl LG ==X 5 [ G xwgdee o). X0, (4.2

5=0 Ecé& vEY

where [(E) = Ly(vg) and

= Y -yt 2

(Ei)mp(i)=v R710)

Equation is called the First Variation Formula and was computed in [{6], Section 1]. It implies
that v : T' — M s stationary with respect to g if and only if each edge is mapped to a geodesic
segment in (M, g) and the stability condition at the vertices V,(7y) = 0 is verified. The latter means

that for each v € ¥, the sum of the inward pointing unit tangent vectors to each edge at v is 0.

Definition 4.2.5. We say that v € Q(F, M) is a stationary geodesic network if every representative
y e QI M) of v is a stationary geodesic network.

Definition 4.2.6. We denote C?(v) the space of continuous vector fields along v whose restriction

to each edge is of class C2.

Remark 4.2.7. If g € M%, ¢ > 2 and v € Q(T', M) is stationary with respect to g then by the
reqularity of the solutions of an ODE, vg is of class C? for every E € &. This is why we only ask

C? regularity to T'-nets and vector fields along them.

Assume v € Q(T', M) is a stationary geodesic net with respect to a C'? metric with ¢ > 3 (so that
the Riemann curvature tensor is of class C!). Let 7 : (—=4,8)? — Q(I', M) be a smooth 2-parameter
family of P-nets with %(0,0) = 7. Let X(t) = 22(0,0,t) and Y (t) = $2(0,0,¢). We define the
Hessian Hess,, L, : C%(y) x C?(y) — R of the length functional at v as the bilinear form

32
Hess, Ly (X,Y) =

- Ox0s Lg(ﬁ/(ZE,S))

(0,0

In [46, Section 2] it was shown that Hess, L, is well defined (i.e. it does not depend on which two

parameter variation 4 with directional derivatives X and Y we choose) and in fact it holds

Hess, Ly(X,Y) = ) /E<AE(X)(15),Y(t)>gdt+ D (Bu(X), Y (v))g (4.3)

FEeé& veY
where
Ap(X) = —7((5))[565 T RG. XY
)= Y (i

l(E
(Ei):mg(i)=v ( )
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being X f; the restriction of the vector field X to the edge F and X the component of X i orthogonal
to vg. Observe that Ag is (up to a positive constant) the Jacobi operator along vg. Equation (4.3)

is the Second Variation Formula.

Definition 4.2.8. We say that a vector field J € C?(v) is Jacobi if it is a null vector of Hess, Ly,
i.e. if Hess, Ly(J, X) =0 for every X € C*(v). By the Second Variation Formula, J is Jacobi along
v if and only if Ag(J) =0 for every E € & and B,(J) =0 for every v € V.

Definition 4.2.9. A vector field X € C?(v) is said to be parallel if Xg is parallel along g for
every E € &.

Remark 4.2.10. Observe that every parallel vector field J along vy is Jacobi.

Definition 4.2.11. A stationary geodesic net v : ' — (M, g) is nondegenerate if every Jacobi field

along vy is parallel.

Remark 4.2.12. In [Z7, Lemma 2.5], it was shown that every stationary geodesic network with

respect to a metric g can be represented by a map v : ' — M, where I' = Uil T'; is the finite union

of the good weighted multigraphs {T';}1<;<p and 7|p, is an embedded stationary geodesic network for

each 1 <1i < P (moreover, the map v : ' — M is a topological embedding).

Definition 4.2.13. Given a stationary geodesic network v : T' — (M, g), we say that its connected

components are nondegenerate if
1. We can express I’ = Uil T'; as a disjoint union of good weighted multigraphs.
2. v|r, is an embedded nondegenerate stationary geodesic network for every 1 <i < P.

Definition 4.2.14. A primitive closed geodesic in a Riemannian manifold (M, g) is a closed geodesic

v : 8t — (M, g) traversed with multiplicity one.

Notation 4.2.15. Given a symmetric 2-tensor T', a metric g € MY, a stationary geodesic network
v:T'—= M on (M,g) and t € T, we denote

() ) )

try, T'(t) = T'( BIGIBEIGIE

which is the trace of the tensor T along v with respect to the metric g.

Definition 4.2.16 (Average integral along 7). Let I be a weighted multigraph. Given v € Q(T', M),

a metric g € M? and a continuous function h defined in Im(vy), we define the average integral of h

1
hdL :zi/hdL .
]{/ 7 LQ(FY) o 7

4.3 The Jacobi Operator

with respect to metric g as

In this section we will study some properties of the Jacobi operator of an embedded stationary
geodesic network v : I' — (M, g), where T is a good weighted multigraph and g € M9, ¢ > 3. We

will focus on the case when T is good* (i.e. every vertex has at least three different incoming edges),
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because when I' is a loop with multiplicity what we get is the Jacobi operator along an embedded
closed geodesic acting on normal vector fields, which is known to be elliptic; and hence it has all the

nice properties that we will describe below. We first introduce some notation. Let

C?(v) = {X continuous vector field along 7 : X is C? VE € &}
C?(y) = {X € C*(y) : X is parallel along v}
C3()- ={X € C2(7): X(t) L4(t) ¥t € T\ ¥ and X(v) =0 ¥v € ¥}
(E)* = {X € C2(E): X(t) L#(t) VE € &}
&+ =[] c*®)*

Eec&

02
C2
Observe that as I' is good*, if X € C?(y)!l then X (v) = 0 for every v € #. Denote

77 = [[ Ty M.
veEY

By the second variation formula (4.3)), we can define the Jacobi operator L : C%(y) — CO(&)L x TV

L(J) = <<7((§))<J5 RO T mess (Buold))oer ). (4.4)

We know that each X € C?(y)l is Jacobi (i.e. it verifies L(J) = 0). We want to construct a
complement of C2(v)!l in C?(~), and show that when we restrict L to that complement it behaves
like an elliptic operator (this complement will play the role of the space of normal Jacobi fields along
a minimal submanifold in the smooth case, when it is known that the stability operator is elliptic).
To do this, we will need to define a finite dimensional subspace S?(y) C C?(7y) such that the
evaluation map ev : S%(y) — T¥, J +— (J(v))yey is a linear isomorphism. This can be done by
taking a basis B, of T’,(,) M for each v € ¥, and for each pair (v,w) with v € ¥ and w € B, defining
a vector field J(, ) € C?(v) such that Jww) (V) = w and J(, ) (v") = 0 for every v" # v. Then we
can define 52(v) = (Jyw) : v € ¥, w € B,). Of course the choice of S?(7) is not canonical, but we
fix one choice and work with it for the rest of the section (it will be deduced from the arguments
below that the results that we prove hold independently of the choice of S?(v)). It is clear that

C?(y) = C*()V & CE (1) & S*(v).

Denote C?(y)¢ = C2(y)* @ S?(v) which is a complement of the space of parallel vector fields along

. Same as in the theory of elliptic operators, we can extend the Jacobi operator to Sobolev spaces
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of vector fields along v once we have a suitable definition of them. Denote

HZ(E) = {X normal vector field of class Hi along E}

Hi(y) = [] H3(E)
Ecé&
H*(y) = Hi(7) & $%(v)
L?*(E) = {X normal vector field of class L? along F}
@)= ] L*®)
Ecé&
L(y)=L*&) @ TY.

Notice that H?(v) is the H2-version of C?(7)¢ and will be the domain of the Jacobi operator we
will work with (as that operator vanishes on C?(v)!l). The previous spaces are defined in analogy
with the spaces of C2, H? and L? normal vector fields along a smooth closed submanifold which
appear when studying the ellipticity of its Jacobi operator. The space L?(v) is a Hilbert space with

the inner product

(Ke)e ()0 (V) (0,)0) = 3 [ (Xplt) Yottt + 3 (u.w)y

Eeé& veEY

and we have a monomorphism ¢ : H?(y) — L?(7y) with dense image given by

uJ) = (JE)Bes (J(v))ver)

which allows us to write the Hessian Hess, Ly : H2(y) x H?(7) — R as

Hess., Ly(J, J) = (L(J),(J))

where (,) is the inner product in L?(vy). Here we considered L : H?(y) — L?(v) given by
which is a bounded linear operator. As in the smooth case, we can also regard L as an unbounded
operator L : L?(y) — L?(v) whose domain is the dense linear subspace H?(y). We would therefore
expect that for a certain A € R the operator L — Av : H2(y) — L?(v) has a compact inverse, and
from that get an orthonormal basis of L?(7y) consisting of eigenvectors of L. This indeed holds, as

it is shown in the following proposition.

Proposition 4.3.1. For every A € R, the operator L — v : H?(y) — L?(v) defined as (L—\)(J) =
L(J) — M(J) is Fredholm of index 0. The spectrum of L consists of an increasing sequence of
eigenvalues A\ < Ao < ... with lim; oo A; = +00 (i.e. L — Ao has nontrivial kernel if and only if
A € {Ni}ien and has a continuous inverse (L — \)~1 : L2(y) — H?(v) otherwise). In addition,
there exists sequence {J;}ien in H?(y) such that {t(J;)}ien is an orthonormal basis of L?(7y) and
L(J;) = A\ie(J;) for each i € N. Therefore, we have the following min-maz characterization of the

eigenvalues of L

A = min max M
FTW sen\foy (D), ()

where the minimum is taken over all i-dimensional subspaces W C H? ().
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Proof. Let A € R. Then if J € HZ(y) and J € S%(v),

(L=X)(J+J) = ((Le(Jp) = M) + (Le(Jg) — M), (Bs(J + J) — A (v)),)

where Lp : H3(E) — L*(E) is (a constant multiple of) the Jacobi operator along g given by
J = —%(J + R(¥,J)¥). We know that each Lg is elliptic, and therefore Lg — A is Fredholm of
index 0 for every A € R. This implies that the product operator L : H3(y) — L*(&), L = (Lg)p
verifies that L — X is Fredholm of index 0 for every A € R. Thus the fact that L — A is always

Fredholm of index 0 can be deduced from the following lemma.

Lemma 4.3.2. Let E1, Es, E1, Ey be Banach spaces with dim(Ey) = dim(Ey) < co. Let L : By ®
Ey — E1®FE; be a continuous linear map, and write L(eq,e3) = (L11(e1)+Lai(ea), L12(e1)+Laa(ez2))
with L : By — Ej. Assume Ly is Fredholm of index 0. Then L is Fredholm of index 0.

Proof of Lemma[[.3.3 Let L : By @ Ey — E1@® Ej be the operator L(e1,ez) = (L11(e1),0). Because
Ly; is Fredholm of index 0 and dim(FE3) = dim(FE>), we see that L is also Fredholm of index 0. As
L = L+F with F(e1,e2) = (Lai(e2), L12(e1)+ Laa(e2)) compact because of the finite dimensionality
of By and Es, by |28, Theorem 12-5.13] we deduce that L is also Fredholm of index 0. O

Now we are going to show that the quadratic form Hess, L, : H(y) x H?(y) — R is bounded

from below. We know

Hess, Ly(J, J) = ) /E<LE(J§)(t)7jé(t)>gdt+ Y {Bu(d), I (v))y.

Ecé& veY

Denote by C' : H?(y) x H?(y) — R the form C(J,J) = 3, ., (Bu(J), J(v))y. C is symmetric

because so are Hess, L, and Lg for each E € &. If we endow S?(7y) with the inner product

(J,T) = (J(0),J(v))g

veY

then as dim(S?(7y)) < oo, we can see that there exists some constant o > 0 such that

IC(L DI < a) (J(), I (), (4.5)

veEY

for every J € S?(v). But then as C vanishes on HZ(v), by its bilinearity and symmetry we can see
that in fact (4.5)) is valid for every J € H?(y).
On the other hand, using that each L is elliptic, for each E € & there exists S € R such that

/ (Le(JE)(1), 5 (1))gdt > 5E/ (g (1), J5 () gdt. (4.6)
E E
Thus if 8 = min{fg : E € &} and v = min{5, —a}, from and we deduce

Hess, Ly(J,J) 2 8 ) /E<J1$(t)7 Ti(D)gdt =Yy (J(v), T (v)g = V{(t(]), ()

Ecé& veY
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which considering that Hess, Ly(J, J) = (L(J),¢(J)) implies that for every A € R it holds
(L+2A)(T), () = A+ )l J), ()

and in particular if A > —v implies that L 4+ At is a monomorphism. Because we also know that
these operators are Fredholm of index 0, by the Open Mapping Theorem we conclude that L + ¢ :
H?(y) — L?(v) is a continuous linear isomorphism for every A > —7.

Fix A > —y. We will now show that ¢ o (L + \)~! : L?(y) — L?(y) is compact. Let (X;)ien
be a bounded sequence in L?(y) and define (J?,J%) = (L 4+ \)~Y(X;) with J* € HZ(y) and J* €
52(). As (L 4 A)~" is bounded, (J%,.J%) is a bounded sequence in H?(y). Therefore, for each
E € & the sequence of normal vector fields (J%);en along vz is bounded in H3(E) and therefore in
H}(E). Hence, by the Rellich-Kondrachov Compactness Theorem we can find a subsequence (ix)ren
such that (Ji)gen converges in L?(E) for every E € &. On the other hand, using that S?(y) is
finite dimensional, we can extract a further subsequence (if,); to have the additional property that
(J%1)1en converges in S2 (7). This implies that the sequence of general term ¢ o (L + )\L)_I(X,»kl) =
1(J%1, J") converges in L?(v), and this completes the proof that ¢ o (L + A)~! is compact.

The symmetry of Hess, Ly(J,J) = (L(J),¢(J)) implies that ¢ o (L 4+ A\t)~! is self-adjoint, which
together with its compactness implies the existence of an orthonormal basis {X;};en of L?(7y) such
that ¢t o (L + \)71X; = 6;X; for some decreasing sequence §; — 01 (because by our choice of ),
to(L+ M)t >0). But we claim that X € L?(y) is an eigenvector of ¢ o (L + \)~! of eigenvalue
§ € R if and only if X = (J) for some J € H?() such that L(J) = (6= — \)¢(J). This is because
to(L+M)"HX) = 6X if and only if there exists J € H?(v) with «(J) = X which verifies any of

the the following equivalent conditions:

vo (L4 )™ ou(d) = du(J)
(L+M)"tou(])=0J
o(J) = 8(L+ \e)(J)
L(J) = (67" = M)

From the previous, we conclude that if \; := 5{1 — A then spec(L) = {Ai}n, lim; 00 A\; = +00 and
L(J;) = Aie(J;). This implies the min-max theorem for the eigenvalues holds for L, which completes
the proof. O

4.4 Some auxiliary results

Proposition 4.4.1. Let g : IN — MY be a smooth embedding, N € N, I = (-1,1). If¢ > N + 3,
there exists an arbitrarily small perturbation in the C> topology ¢' : IN — M9 such that there is a
full measure subset A C IN with the following properties: for any p € N and any t € A, the function
s wll) (g'(s)) is differentiable at t, and there exists a (possibly disconnected) weighted multigraph T
and a stationary geodesic network vy, = v,(t) : I' — (M, ¢'(t)) such that the following two conditions
hold

1. wzl,(g/(t)) = Lg/t)(7p(1))-
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2. %(wé o g’)|s:t =1 () .9/ %%(t) dLgy/ () for every v € RN,

To prove the proposition, we will need to have a condition for a sequence of embedded stationary
geodesic nets v, : I' = (M, g,) converging to some v : I' — (M, g) that guarantees that ~ is also
embedded. The condition we will work with can be expressed as a collection of lower and upper
bounds of certain functionals defined for pairs (g,v) where ~ is stationary with respect to g. We
proceed to describe those functionals.

The first one is

Fi(g,7v) =min{|yg(t)|y: t € E,E € &}.

A lower bound for this functional will imply that the limit net is an immersion along each edge.
Then we have a family of functionals FQ(EI’“)’(EZ’Q) defined for each pair
((Er,i1), (E2,i2)) € (& x {0,1})? such that 7g, (i1) = 7g,(i2) (see Section for the notation)

as follows

Er,iv),(Eai iy (VB (11), Y, (G2

F2( 1 1)( 2 2)(9’7):(_1)1 +1 < 1. ) k 2( )>g
e (i1)lg e (i2) g

Notice that (—1)% %

j =1,2 (and observe ‘that in case E is a loop at v, there are two inward tangent vectors to v along

E at v corresponding to the pairs (F,0) and (E,1)). The condition FQ(EI”I)’(EQ’”)(gn,%) <1-9§

for some § > 0 and for every possible choice (E1,i1) # (F2,i2) with 7g, (i1) = 7, (iz) implies that

is the unit inward pointing tangent vector to v at v = mg, (i;) along Ej,

the limit (g,7) has the property that given v € ¥, there exists an open neighborhood U, of v in '
such that v : U, — v(U,) is a homeomorphism (i.e. no two edges of " at v are mapped to the same

geodesic segment). Explicitly,

injrad(g) 1

U, = teFE:|t—i <min{———22, =
U o o= {Lg('YE‘)2

(Ei):mg(i)=v

H

where injrad : M9 — R+, ¢ — injrad(g) is a continuous choice of the injectivity radius for each C'
Riemannian metric g. This is because if we consider U, as a graph obtained by gluing at v one edge
for each pair (E,i) € & x {0,1} such that 7g (i) = v, this graph is mapped by ~ into a geodesic ball
centered at y(v) of radius injrad(g) and the image of each incoming edge at v has a different inward
tangent vector at y(v).

To ensure injectivity along the edges, we define for each edge F € & a function

injrad(g)
Ly(ve)

dgﬁ)(t) =min{dy(y(t),v(s)) : s € E, [t — s| > 1.

In case mg(0) = (1), the distance |s — t| between two points s,t € E is measured with respect of
the length of S' = E/0 ~ 1.

To ensure that the images of different edges under v do not overlap, we define for each pair



CHAPTER 4. GENERIC EQUIDISTRIBUTION OF STATIONARY GEODESIC NETS 58

E,E' €&, E+#E' afunction d”) : E — Rxg as
injrad(g)
Lg('YE/)

N
st. 3j € {0,1} with 75 (1) = 75(j) and |t — j < 9rad(9)
Ly(vE)

den (1) =min{dy (v(t),¥(s)) : s € B, |s — i > for each i € {0,1}

(9,7

1.

Let us fix an auxiliary isometric embedding 1 : M — R! and identify from now on our manifold
M with the submanifold ¥)(M) C R'. Given a multigraph I" and a continuous map v : I' — M which

is C3 when restricted to each edge, we can consider

I7lls = [7llo + I¥llo + [Illo + [151lo

where given a collection u = (ug)gee of continuous functions along the edges of I, we define
lulo = max{|ug(t)| : t € E,E € &}

being | - | the Euclidean norm in R!. We have the following compactness result.

Lemma 4.4.2. Let (g,)nen be a sequence of C3 Riemannian metrics converging to some metric
g€ M3. Letvy, : T — (M, gy) be a sequence of stationary geodesic networks. Assume ||v,|ls < M for
some M € Rsq. Then there exists a subsequence (v, )i and v € Q(T', M) such that limy_,co Yn,, =
in QUIT, M) and v :T'— (M, g) is stationary.

Proof. The Arzela-Ascoli Theorem gives a subsequence v,, — 7 in Q(I",M). The fact that ~ is
stationary with respect to g comes from the continuity of the operator H defined in [46] (which
plays the role of the mean curvature operator on minimal surfaces) which vanishes in a pair (g, [7])

if and only if y is stationary with respect to g. O
We will also need the following two lemmas.

Lemma 4.4.3. Let F : R" — N be a function. Then there exists m € N and a basis {v1,...,v,} of
R™ such that F(v;) =m for all1 <i<mn.

Proof. Observe that R™ = |,y F~*(m) and therefore R™ = J,, .y (F~*(m)) where given A C R™
we denote (A) the subspace spanned by A. If F~!(m) did not contain a basis of R" for every
m € N, (F~1(m)) would a proper subspace for every m. Therefore, R™ would be a countable union
of closed subspaces with empty interior, which leads to a contradiction due to the Baire Category
Theorem. O

Lemma 4.4.4. Let vy : (—1,1)N — Q(',M) and g : (—1,1)N — MY be smooth maps. Assume that
v(s) is stationary with respect to g(s) for every s € (—1,1)N. Then for everyt € (—1,1) and every
vERN 9 ) 9
g
I CCRIDES Y R GRS
2
Proof. Using that the length functional is a differentiable function L : M? x Q(T', M) — R and the

chain rule, we get
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O | L L), 7(5)) = DLy 0 (Dlg X 1)e(v)

dg 0y
= DL (5, 1), 5, 1)

dg oy

= D1Lg(0) 1) (5, (1) + D2 Ly 10 (5, (1)
dg

= D1 Ly (5, ()

The second term in the penultimate equation vanishes because (t) is stationary with respect to
g(t). Hence
9‘. (9(s),7(s)) d‘_ (9(t ): (1))
L(g(s s)) = L + sv
1o Ll9(s), 75 ls=o L9 Y

- %‘SZO Z n(E) /E \/9t+su(%(u),"yt(u))du

Eecé&

= n(E) /E %‘520 \/gt+sv (’W(u)fyt(u))du

99 Ye(u), ye(u
_ Z"(E>/ go (1) (3 ( 1,7(

99 u), Ye(u
:% n(E)/E gu (1) (3 (1), 3¢ (w)) 9t (e (u), 1 (u))du

ge(Ye(u), 4 (u))

9g
== E t —(t)dL
5 n( )/v(t)E Ly (),9(t) 611( ) dLgr)

1 dg
= 2//(t) 60,900 3, (8) dlg(t) -

O

Proof of Proposition[{./.1. Notice that it suffices to show that for each p € N, there exists a full
measure subset A(p) C IV where (1) and (2) hold, because in that case A = Npen A(p) will have
the desired property. Therefore we will assume p € N is fixed.

Let g : IV — MY be a smooth embedding. Let {T';};>1 be a sequence enumerating the countable
collection of all good weighted multigraphs. For each ¢ > 1, let SU(T;) be the space of pairs
(g9,[7]) where g € M4, v : T; — (M,g) is an embedded stationary geodesic net and [y] denotes
its class modulo reparametrization as defined in [46] for connected multigraphs with at least three
incoming edges at each vertex and in [47] for embedded closed geodesics. By the structure theorems
proved in [46] and [47], each S9(T';) is a second countable Banach manifold and the projection map
IL; : SY(T';) = M2 mapping (g, [7]) — g is Fredholm of index 0. A pair (g, [y]) € S¢(I';) is a critical
point of II; if and only if v admits a nontrivial Jacobi field with respect to the metric g.

By Smale’s transversality theorem, we can perturb g : IV — MY slightly in the C™ topology
to a C°° embedding ¢’ : IV — M? which is transversal to II; : SU(I';) — M9 for every i € N.
Transversality implies that M; = II; (¢’ (IV)) is an N-dimensional embedded submanifold of S(T";)
for every i € N. Let m; = (¢') 1o HifMi : M; — IN. Let A; C I" be the set of regular values of 7,
which is a set of full measure by Sard’s theorem. Let Ay C IV be the set of points for which the
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Lipschitz function s — w}(¢'(s)) is differentiable. Observe that Ay has full measure by Rademacher’s
theorem. Therefore, A = Ni>o A; is a full measure subset of IV. Notice that by transversality, if
t € A then ¢/(t) is a bumpy H_letI‘iC, i.e. all embedded stationary geodesic nets with respect to ¢'(t)
and with domain a good weighted multigraph are nondegenerate; and also the map s — w}(¢'(s))
is differentiable at s = t.

Given a weighted multigraph I = Uf;l I'; whose connected components I'; are good and a natural
number M € N, we define Br js as the set of all ¢t € IV such that there exists a stationary geodesic
network v : I' — (M, ¢'(t)) verifying

1. v; = v|r, is an embedding for each 1 <i < P.
2. |1vills < M for every 1 < i < P.
3. Fi(g'(t),vi) > ﬁ for every 1 <i < P.

4. F;El’il)’(Ez’m(g’(t),%) < 1— 4 for every 1 < i < P and every pair (E1,i1) # (Eo,i2) in
&; x {0,1} such that 7g, (i1) = 7g, (i2).

5. d@m %)(S) > ﬁ for every 1 <i< P, F € &; and s € F.

6. dg’fjt(jt,) Lo (8) = a7 forevery 1 <i < P, E#FE' €& ands € E.

7. wl(g/ (1) = Ly o (7).

where & denotes the set of edges of I';. Observe that IV = URM Br ar because of and Remark
We claim that each Br s C IV is closed.

Indeed, suppose we have a sequence {t;};en C Br a converging to some ¢ € IN. Let 47 be the
stationary geodesic network corresponding to ¢’(¢;) and verifying properties (1) to (7) above. By
property (2) and Lemma , passing to a subsequence we have that if %j = ~J | r, then there
exists 7; : I'; = M such that lim;_,. 7] =7, in Q(I';, M) and ~; is stationary with respect to ¢'(t)
for each 1 < i < P. Observe also that if v =J; v

Lg'(t)(’}/) = lim Lg’(tj)(fyj) = lim wy(t;) = wy(t).

j—o0 j—o0

Properties (2) to (6) are preserved when we take the limit of the sequence 77, so it suffices to
r; is embedded for each 1 < i < P. Fix such ¢. Properties (3), (4) and (5) imply that
~; is injective along the edges and property (6) combined with property (4) imply that the images

show that ~

of different edges do not intersect (except at the common vertices).

As each Br s is closed, they are measurable and therefore so are the sets .,Zln v =An Br
(whose union is A) Let Ar as be the set of points ¢t € ./Zln m where the Lebesgue density of AI‘, M
at t is 1. By the Lebesgue Differentiation Theorem, AF, M \ Ar,a has Lebesgue measure 0 for each
pair (T, M). Let us define A = UF’M Ar a, observe that as A \ A has measure 0, A C IV has full
measure.

Fix t € A. Let (I''M) be such that ¢ € Ar . As the density of /II‘,M at ¢t is 1, given
v € RY with |v| = 1 we can find a sequence {t,,(v)}men C AF,M such that lim,, .o tm(v) =t and
limy,— oo % = v. Denoting w,(s) = wll,
that

(¢'(s)), using that w, is a Lipschitz function we can see

wp(tm (v)) —wp(t) _ 9
= =w(t). (4.7)
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As t,(v) € .,Zln M, for each m € N there exists a stationary geodesic network ~,, : I' = M with
respect to ¢’ (t,,(v)) such that

Wp(tm(v)) = w;(g'(tm(v))) = Lg’(tm(v))('ym)

and properties (1) to (6) above hold. By the reasoning used to prove that the Br as are closed, we
can construct a stationary geodesic net v : ' — (M, ¢’(t)) which is embedded when restricted to
each connected component I'; of T, is the limit of (a subsequence of) the ~,,’s in the C? topology
and realizes the width w)(g'(t)). Hence from (4.7) we get

a% aplt) = T Lgf(tm(vtm) t—m|Lg/<t>(7)_

As 7|r, is an embedded stationary geodesic net with respect to ¢'(t) for each 1 < ¢ < P and
g'(t) is bumpy, II; : SY(T;) — M¢? is a diffeomorphism from a neighborhood U; of (¢'(t), [1:]) to
a neighborhood W; = TI;(U) of ¢'(t). Denote E; its inverse. As there exists mo € N such that
g (tm) €W = ﬂil W; and [vm’n] € U; for every m > myg, we deduce that [Wm‘n] =Z(¢' (tm(v)))
for each 1 < ¢ < P if m is sufficiently large. Let us define = : W — Q(T', M) as Z(g) = h where
h|r, = Z;i(g). Thus by Lemma [4.4.4]

83%): i Lo n) Bl () — Ly (B9’ ()

m— oo |t7n — t|

Where v, = E(g'(t)) is the one constructed before. Observe that 7, depends on v and that the
previous formula holds for each v € R™, |v| = 1. Notice that each 7, is a stationary geodesic
network with respect to ¢'(t), and as ¢'(t) is bumpy there are countably many possible v, s, say
{h;}jen. This induces a map F : RN — N defined as F(0) = 1 and if w # 0 then F(w) = j where
Y = h;. By Lemma we can obtain m € N and a basis wy, ...,wy of RY with the property

[w]

v(w;) = m for every 1 < i < N. Therefore if we set v; := %, v1,...,vn is still a basis and by
definition v,, = hy, for every i. By linearity of directional derivatives, denoting v = h,, we deduce
that

0 1 og’
%wp(t) = 5 / try g7 (1) 781} (t) dLg/(t)
¥
for every unit v € RN, which completes the proof. O

Proposition 4.4.5. Let M be a closed manifold and let g be a C? Riemannian metric on M, ¢ > 3.
Let 71, ...,7k be a finite collection collection of connected, embedded stationary geodesic networks on
(M, g) whose domains are good weighted multigraphs and let U C M2 be an open neighborhood of g.
Then there exists g € U such that 1, ...yx are non-degenerate stationary geodesic nets with respect

tog'.

Proof. Following [31l Lemma 4], we will consider conformal perturbations of the metric of the form
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g (z) = e72°(@) g(x). Let us denote 7 = Ule v, T = Ule T; (where y; : I; — M) and & the set of
edges of 4. Notice that 7 : I — M is a stationary geodesic network whose edges may overlap, even
non-transversally. Given E € &, let Reg(yg) be the set of interior points of 4 which are not points

of transverse intersection with any other edge 7p. We define a finite poset

l
P={(\Reg(r,) #0: Er,.... B € &, E; # E; Vi # j}

i=1

which is the collection of finite non-empty intersections of sets in {Reg(9g) : E € &}, with the order
given by the inclusion. Denote by P’ the set of minimal elements in P. Observe that if o, are
two different elements of P’ then they are disjoint. Given a € P/, write o = ﬂﬁzl Reg(yg,) in the
unique way such that o N 55 = 0 for every E € & \{E1,...,E}. Pickt, € a for every o € P’, and
let 7 > 0 be such that the geodesic balls B, = B(pa,n) verify

e Bo,NBy =0if a# .
e BNy =0if E¢{F,....E}.
o BoNvyg, Caforeveryi=1,..,1.

e There exists a diffcomorphism p, : B, — R™ such that po(yg, N Ba) = pala N By) =
{(¢,0,0,...,0) : t € R} for each i =1, ..., 1.

Denote B, = B(pa,4). Observe that for each £ € & there exists at least one o € P’ such that
a C 4g. Choose such an « for each E € & and denote Bg = B, and B}, = BY,. We can now proceed
to define the function ¢ which will induce the one-parameter family of metrics g.(z) = e~ 26¢(®)
mentioned before.

For each o € P, let ¢, : M — R be a smooth function with 0 < ¢, < 1, spt(¢,) C By,
and ¥, = 1 in B/. Let f, : B, — R be given in local coordinates under the chart (Bg, po) by
fa(z) =301 523 We define ¢ = Y- cp Yo fo. An easy computation shows that D¢ vanishes along
4 and in local coordinates Hesss ) ¢(X,Y) = o (@) Y7o ziyi if A(t) € Bay, X = (#1,...,2,) and
Y = (y1, .., Yn); and Hessy4) ¢ = 0if t ¢ J,cp Ba. In particular, if 5(t) € By, for some o € P’ then
Hessy 1) ¢(X, X) = 0 if and only if X € (jg,(t)) for some (or equivalently, for every) j € {1,...,1}
where a = ﬂéil Reg(¥E,)-

Therefore we know that ¢ and D¢ vanish along each 7;. Hence by [3, Theorem 1.159], the
Y1, ..., Yk are still stationary with respect to g.(z) = e~ 2@ g(z). Fix v = v; : T — M with set of
vertices ¥ and set of edges &. We assume that T is good* (i.e. every vertex has at least 3 different
incoming edges), the case when ~ is an embedded closed geodesic can be handled with the same
method using the ellipticity of its Jacobi operator. As discussed in Section the stability operator
of v with respect to g is the map L : H%(y) — L?(7) given by

L(J) = (Le(J))Ees, (Bu(J))ver)
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where

Lp() = D) [Jé FRGLIE)A

I(E)
B'I}(:]) = Z ( 1)Z+1@J (Z)
(B i):mg(i)=v l( )

Let us compute which is the change in the Jacobi operator along v when we switch from the
metric g to g.. We will denote L° the operator corresponding to g.. Using |3, Theorem 1.159] and
the fact that D¢ = 0 along ~;, we can see that B = B, for all v € ¥/, and that

L(7) = =52 (T + RO, T4)) + < Hess ()
where the covariant derivatives and the curvature tensor R are taken with respect to the metric g,
and at each point p € M, Hess,(¢) : T,M — T, M is the linear transformation such that the Hessian
of ¢ at p is given by (X,Y) — (Hess, ¢(X),Y),.

We know from Section that each L¢ : H?(y) — L?(7y) admits a non-decreasing sequence of
eigenvalues A\j < A5 < ... < )\22 < ... which are characterized by

A7 =inf max M
w gew\{o} (t(J),t(J))

where the infimum is taken over all i-dimensional subspaces W of H?(v). Also, the map ¢ +— L? is
continuous; therefore A varies continuously with ¢ for every ¢ € N. We will use these facts to show
that for sufficiently small values of € > 0, 0 is not an eigenvalue of L®.

Let @ be the unique natural number such that 0 = Ao < Ag41 (here \; := A?). Denote S the
sum of the eigenspaces corresponding to Ay, ..., Aq. Let J € S, J # 0. Then we have

(L), () (L))  Lpes [ T (Hess, 1) (9) (5 (1)), i (1)) gt
(1), e(D)) (), u(J)) (), ()

n(E) [5(Hessy ) (9)(J5 (1)), J5 (1)) gdt
];g I(E) (7). (7))

< -

<0

because Hess ;) ¢ > 0 for every t € I'. Suppose there is equality for some J € S\ {0}. Then the two
inequalities should be equalities. From the first one we deduce that J is Jacobi along ~ for the metric
g, and thus it verifies J]fj + R(¥,Jg)¥ = 0 for every E € &. From the second one, by considering
the values of ¢ for which y(t) € Bl, we see that Jz is a null vector of Hess. ;) ¢ along vg N Bf; and
therefore J& = 0 on g N Bly; and as it satisfies the Jacobi equation this implies .J fj = 0 for every
E € &. Thus J must be parallel and hence J = 0 as H?(7) does not contain non-trivial parallel
vector fields. But this is a contradiction because we chose J € S\ {0}. Hence we just proved that

(L#(J), (7))
Wy <0

for every J € S\ {0}. As S is finite dimensional and % is invariant under rescaling of J,
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the compactness of the unit ball in S implies that there exists ¢(¢) > 0 such that

(L), u(J))
(t(1), ()

for every J € S\ {0}. By the min-max characterization of the eigenvalues for L, we see that
A <A << )\EQ < ¢(e) < 0. If we also choose ¢ sufficiently small so that )\EQ+1 > 0, we get that

< —c(e)

for 0 < € < (), v is nondegenerate with respect to g.. Taking 0 < ¢ < min{e(y;) : 1 <i < k} such
that g. € U and defining ¢’ := g. we get the desired result.
O

Lemma 4.4.6. Given 1 > 0 and N € N, there exists ¢ > 0 depending on 1 and N such that the
following is true: for any Lipschitz function f: IV — R satisfying

|f (@) = fy)] <2

for every x,y € IV, and for any subset A of IN of full measure, there exist N +1 sequences of points

{Wimtm, - {YN+1.m}m contained in A and converging to a common limity € (—1,1)N such that:
o fis differentiable at each y; m,

o the gradients V f(y; m) converge to N + 1 vectors vy, -+ ,Un4+1 with

dgn (0, Conv(v, -+ ,oN41)) <1

Proof. See [31], Lemma 3]. O

4.5 Proof of the Main Theorem

Fix an n-dimensional closed manifold M. We are going to consider several choices and constructions
over M. Let g be a " Riemannian metric on M. Let €1 > 0 be a positive constant such that
g1 < injrad(M, g), where injrad(M, g) is the injectivity radius of (M, g). Let K be an integer and
Bl, s Bk be disjoint domains in M, with piecewise smooth boundary, such that the union of their
closures covers M. Let By, ..., Bk be some open neighbourhoods of Bl, . Bg respectively with the
property that each of them is contained in a geodesic ball of radius of €;. Denote M? the space of
all C'? Riemannian metrics on M. For each 1 < k < K, we define a smooth function 0 < ¢ < 1,
spt(¢r) C By such that
1 on Bk

0 on Bf

O =

Consider also the partition of unity ¢, = . We denote

D
Yitid
Cy e, = {(K, {B}.{Br}, {¢x})}

the set of all possible choices as above with K > K. Notice that C K, 1S non-empty, as we can

always find a sufficiently fine triangulation of (M, g). We claim that the following property holds:
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Proposition 4.5.1. For any metric g € M, for every e, > 0, K > 0 and any choice of

S - (K7 {Bk}7{Bk}7{¢k}}) € Cg,f{,€1

there is a metric g € M arbitrarily close to g in the C'*° topology such that the following holds:
there are stationary geodesic networks 71, ...,7yy with respect to g whose connected components are
. . . . J
nondegenerate (according to Definition and coefficients ay, ...,a; € [0, 1] with ijl oj =1
satisfying
J
€
| aj][ YrdL; —][ drd Vol | < 2 (4.8)
- M K
= J

Jj=1

foreveryk=1,.... K.

In the proof, we will need to measure the distance between two rescaled functions. In order to

do that, we introduce the following definition.

Definition 4.5.2. We say that two functions f,g: (—6,6)% — R are e-close if

1 1
||gf5 - 595”00 <eg

where f5,g95 : (=1, 1)% — R are given by f5(s) = f(6s) and gs(s) = g(ds).

Remark 4.5.3. Observe that % s is differentiable at s € (—1,1)X if and only if f is differentiable
at 0s € (—6,0)X and in that case V(5 f5)(s) = V f(ds).

Proof of Proposition[J.5.1. Let g € M>®, K € N and ; > 0. Fix (K, {By}, {Bi},{¢r}) € CopRoer:
Let U be a C* neighborhood of g. Choose ¢ > 0 sufficiently small and ¢ > K + 3 sufficiently
large so that if ¢’ € M® satisfies ||g — ¢'||ce < €f, then ¢’ € U. Let & < ¢f, be a positive real
number (which we will have to shrink later in the argument). Our goal is to show that there exists
g € M such that ||§g—gl||cs < &, and holds for some stationary geodesic nets 71, ...,v; (whose
connected components are nondegenerate) with respect to g and some coefficients aj, ..., a;.

Consider the following K-parameter family of metrics. For a t = (t1,....,tg) € (—1,1)%, we
define

g(t) = 22 g,

At t =0, for each k, we have

78 a 76 2 ek (T)\ 5
@tk|t:0V01(M’g(t)) - atk|t:o /M(e 2w ek () F Vol
:/ ny(x) dVol, .
M

As t goes to zero, we have the following expansion

K
Vol(M, §(£))% = Vol(M, )% + 3t Vol(M, )~ / () dVol, +R(r) (4.9)
k=1 M
where |R(t)| < Cy|t||? if t € (=1,1)%, where C; is a constant which depends only on g (this can
be checked by computing the second order partial derivatives of ¢ — Vol(M, Q(t))% and using the
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fact that e~™ Vol(M,g) < Vol(M, §(t)) < e"Vol(M,g) as Vol(M,j(t)) = [,, e"2r =¥r(@ dVoly).

Following [31] we can define the following function

C Vol(M, ()"
fo(t)_i\/ol(]\/[g% Z:: ][wk ) dVol, .

Because of , lfo(t)—1| = |%| < Oy||t||? for every t € (—1,1)%; where Cy = \101(1\0471)%
depends only on g (as Cy and other constants C; to be defined later). K

By the previous, fy is Cae’-close to 1 in (—4,0)% if § < &’ (see Definition . Let 6 < &
be such that g : (=§,8)% — M7 is an embedding and ||§(t) — gllce < %/ for every t € (—6,8)%K
We can slightly perturb g in the C* topology to another embedding ¢’ : (—6,6)% — M9 applying
Proposmon We can assume ||¢'(t) —g(t)|lce < & and ||— — —ch < ¢’ for every t € (—6,6)%

and v € R : |v\ = 1. Consider the function

1

Vol(M, g’ (t)) =
ft) = W Ztk][ i () dVol, .

By the properties of ¢, there exists C3 > 0 such that f; is C3e’-close to the constant function equal
to 1 on (—6,6)%
Now we will use the Weyl law for 1-cycles in n-manifolds, which asserts that for every metric ¢’
on M
lim wl(M”, g’)p_nT_1 = «a(n,1) Vol(M™", g/)%. (4.10)

p—o0

The normalized p-widths p*%wé (¢'(t)) are uniformly Lipschitz continuous on (—d,8)% by [27,
Lemma, 3.4]. Hence, by (14.10) the sequence of functions
tesp T w L (M, g'(t)) converges uniformly to the function ¢ — a(n) Vol(M, ¢'(t))%. This implies

that for the previously defined § > 0, there exists pg € N such that p > py implies

= T wh(M, g/ (£)) — a(n, 1) Vol(M, ¢/ (t)) =

and hence ) ) )
wp(Mvg () B VOI(M»g/(t))W| < C46¢’
a(n, 1)p*= Vol(M, ) Vol(M,g)=
1 ’ / 1
for every t € (—6,8)%. The previous means that h(t) = wp”(i\/{,g () _ . YolM.g (t)i)" is
a(n,)p n Vol(M,g)n Vol(M,g)n

C,e'-close to 0 in (—d,0)% and therefore as f; is C3e’-close to 1, by triangle inequality we have that

B 1(M g'(t))
fa(t) = i D Vol M) Z ][ Vi (z) dVoly

is Cse’-close to 1 if p > pg, for some C5 > 0.
On the other hand, by our choice of ¢’ using Proposition [4.4.1] there exists a full measure subset
A C (—6,0)" such that for each t € A and p € N the map ¢t — w)(¢'(t)) is differentiable at ¢ and

there exists a stationary geodesic net 7,(t) with respect to ¢'(t) so that

L wi(g'(t) = Ly ) (9 (1))
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2. Z(who g (s)ls=t = 3 [ (1 trop(er.0t) 55 (8) dLigrr.

Define f3 : (—1,1)% — R as f3(t) = % f2(6t). We know that || f3 — 1o (—1,1)x < Cs¢’. Now we
want to use Lemma In order to do that we will need to impose more restrictions on ¢’. Let
1n > 0. Let € > 0 be the one depending on n and N = K according to Lemma Choose &’ small
enough so that Cse’ < ¢, &’ < nand ¢’ < ). Observe that this allows us to define § > 0 and pp € N
with all the properties in the construction above. Then we have

|f3(z) — f3(y)] < 2e

for every z,y € (—1,1)%. As f3 is Lipschitz, we can apply Lemrna to f3 and the full measure
subset A" = {% :t € A}. After passing to (—6,6)% by rescaling and using Remark we get
K + 1 sequences of points {s1,m }fm, -, {SKk+1,m }men contained in A and converging to a common
limit s € (—6,6)" such that:

1. fo is differentiable at each s; .

2. The gradients V fa(s;.,) converge to K + 1 vectors vy, ..., Ux4+1 with

dr~ (0, Conv(v1, ..., vk 41)) < 1.

Let ai,...,ax+1 € [0,1] be such that ZKT a; = 1 and |ZJK:J§1 a;v;| < n. Then if m is

sufficiently large,
K+1

1>V falsim)l <n

j=1

and hence
K+1

df2
\ ; ajaTk(Sj,mﬂ <n

for every k =1, ..., K. But using the definition of f and denoting ;. = Yp(s;.m),

M S=Sim
082 (4ym) = otz (M9 (5o, ][ i (x) dVol,
Ot a(n, 1) Vol(M, g)= p™=

g’
Ty g (s (5‘7 )dL’Sjm
:fw,m Yi,m g’ )8tk Jym - 1g( m) [ Ye(z) dVol, .
2a(n, 1) Vol(M, g) = p M

As the lengths L/, ) (7jm) = wp(g'(s5,m)) of the v;,’s are uniformly bounded, passing to a
subsequence we can obtain stationary geodesic networks 71, ..., vk 41 with respect to ¢'(s) verifying

lm i, =" (4.11)

m—00
in the varifold topology for every j =1,..., K + 1. Hence from the previous,

K41

| Z

a ’
’YJ’g '(s) atgk (3) dL

a(n, 1) Vol(M, g) = p

g(s

= ][ i (z)dVoly | <
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for every k = 1,..., K. Using that ||§(t) — g|lc« < 5—/ g’ @) = a@®)lea < 5 > and ||— - —||cq <é
for every t € (—6,6)% and v € RX : |v| = 1; and the fact that €’ < n, we can see that there exists a
constant Cg > 0 such that

Kl f'y7 T, ,5(s) 8tk( )dL
2o "2a(n, 1) Vol(M, ¢/ (s ))1

j=1

][ Yr(x) dVoly () | < Cen.
By definition of §, 52 (s) = 2g(s) thus

— " a(n, 1) Vol(M, g/ (s))wp™=

J

M

Combining (4.12) with the fact that ||g/(s) — §(s)]lca < 5,

PR [, ik dLg )
| Z Qa i J T a1 —][ wk(.ﬁ) dVOlg/(S) | S 0777. (413)
j=1 a(n,1) Vol(M, g'(s))=p ™= M

But we know that L/ (4 (7;) = wzl)(g’(s)) forevery j=1,...,K +1, so

f'y'wdeg,(
J dL S —
'a<n,1>Vo1<M,g'<s>>1 = J[ Yedloo | =
w1(g'(s))
Ly, 1<
R R TF VAT e
wi(g'(s))

— — 1l <n

a(n, 1) Vol(M, ¢'(s)) = p
if p > py for some p; € N, because of the Weyl law and the fact 0 <, < 1. Hence from (4.13)),

K+1

‘ Z Q; wk dLg’(s) _][ 1)[1]@ dVOlg/(s) | < 0877
=1 Y M

for some constant Cs depending only on g. Let us take n = 25—11( and p> max{po,pl}.

Notice that [lg'(s) — gllcs < llg'(s) — §(s)llce + 3(s) — gllcs < 5 + 5 < b, Let us represent
each ~; as a map ; : I';; = M where each connected component of the Welghted multigraph T'; is
good and the restrictions of v; to those connected components are embedded (here we are using
Remark . The metric ¢'(s) has all the properties required by Proposition except that
the components of the v;’s may not be non-degenerate and may not be C* (in principle they are
only C%). Using Proposition we can change ¢'(s) for another C'? metric g which still verifies
g — gllce < €}, and has the property that 71, ..., Yx+1 are non-degenerate stationary geodesic nets
with respect to g. If on top of that we apply the Implicit Function Theorem (see |27, Lemma 2.6]),
we can find a C* metric ¢ close enough to g in the C? topology so that ||§g—g|lca < o which admits

stationary geodesic networks 71, ..., Jx+1 whose connected components are nondegenerate and verify

K+1

3
1> it vrdly 7][ P dVol; | < ?1
j=1 Vi M
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for every k =1,..., K + 1. This completes the proof.
O

Now we will show that Proposition implies Theorem Given g e M>®, e, >0, K € N
and S € C, i ., we will denote M(g,e1, K, S) the set of all metrics § € M such that [|§—g|lca < &1
(computed with respect to g) and there exist stationary geodesic networks 71, ..., v; with respect to
g whose connected components are nondegenerate (according to Definition and coefficients
ag,...,ay € [0,1] with ijl a; = 1 such that holds for every k = 1,..., K. By the Implicit
Function Theorem, M(g,¢e1, K, S) is open (see [27, Lemma 2.6]). Therefore given e; > 0 and K € N
the set

M(e1,K) = U U M(g,e1, K, S)

geEM> Secg,ﬁj{

is open and by Proposition it is also dense in M. Define

~ 1
M = —
) M(—-m)
meN
which is a generic subset of M in the Baire sense. We are going to prove that if § € M then there
exists a sequence of equidistributed stationary geodesic networks with respect to g.
Fix § € M. By definition, given m € N there exists g € M such that §j € M(g, %,m,S) for

some S € Cg’% Therefore, g belongs to a % neighborhood of g in the C¥ topology; and there

,m*
exist J = J,, € N, stationary geodesic networks 7, 1,...,¥m,s,, With respect to § and coefficients

A1y -es Q. g, € [0, 1] with Z;']Zi Qi ; = 1 satisfying

1

’(/)k(f[:) dLg —][M ’L/Jk(x) dVOlg | < ﬁ (414)

Im
1> am,j][
=1 g

m,j

for every k =1,..., K. Let f € C*°(M,R). We want to obtain a formula analogous to the previous
one but replacing 1 by f, which will imply the following proposition.

Proposition 4.5.4. Let j € M. For each m € N, there exists J = J,, depending on m, integers

{em,j1<j<s,, and stationary geodesic networks {Ym. ;ti<j<u,. such that

m

Im
2500 Cm.j fym,j fdL
J”YL
Zj:l Cm.j Lig(Ym,5)

d —][Mde01§| <P

m

for every f € C*°(M,R), where D(f) > 0 is a constant depending only on f and the metric §.

Proof. Given m € N, consider as above g € M* and S € Cg%,m such that g € M(g, i,m,S).
Define J,, € N, stationary geodesic networks 7 1,...,¥m,s,, With respect to § and coefficients
Qm 1y ey Oy, Such that holds. Taking S = (K7{Bk}k,{Bk}k,{¢k}k) S Cg,#ym into ac-
count, let us choose points qi,...,qx with g € By for each k = 1,..., K. The idea will be to
approximate the integral of f(z) by the integral of the function Zszl flar)r(x). First of all, by
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using (4.14)) we can see that
T K K D
1
|Zam,j][ [Z far)¥r(x)]d Ly —][ Z ak)¥x(x)]d Volg | < o (4.15)
j=1 TYm,j k=1 k=

where D1 = || f|lcc = max{f(z) : x € M} depends only on f (and not on m, g or S). On the other
hand, given z € M

K K K
Zka¢k )N =1f(z Z Zkawk
k=1 k=1 k=1
= |Zf — flar)n ()]
< Z |f(z) — fla)llr(2)]
k:x€ By,
= Z |V f(er)ldg(x, qr)n(x)
k:x€ By
2|V flloo
<= ()
m 2
2Vl
m

We used the Mean Value Theorem and the fact that supp(¢x) C By, and diamg(By) < 2diamg(By) <
% for every i. Combining this and 1D we get

Tm,j

J
- Do

O, j de~—][ fdVol; | < — 4.16
DL 5=, JaVoly| < - (4.16)

where D depends only on f and g. Let us choose integers ¢, j, dy € N such that

Ckm’j Cm,j | 1
mJp, L!?(’Ym-j) .

|
L!7 (’Ym,j) dm

Then it holds

Jm Im,

C ; [ Cm]-
S angf g3 [ de|<Z| mi_ Gy [ g
j=1 Ym,j j=1 M YUm m Ym,j

— Q(ij) ¥

J’!TL
S Drwm wicww e L )
_&
B m

and hence by (4.16) and triangle inequality we get

Ym,j

K’VTLC . D
b dL~—][ dvol; | < =2
|J§::1 dm f g Mf 09‘ m

where D3 = Dy + D; depends only on f and g. On the other hand,
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Jm Jm f de~
Cm.j g 1 Cm,j 7
|Z d J[Y fdLg ——75- | <

j=1 M d Zj:l Cm,j Lé('Vm,j)
J,
1 1 =
T 3 ens [ gatsls
i ZJLH cm.j Lg(vmg) 3 Y.
1 J?n
|— - =7 Izcm,yllflloo (Ym.j) =
drm ZJ ™ emj Lg 3(Ym.j) j=1
: Dy
Dl‘z jL (Ym.5) 1|<E
because |Z ") 5 Lg(ym,j) — 1] < 57 Hence
J
m cm) f
],1 d ][deol|<—
Zj:l Cm,j L (ym.j)
for a constant D, depending only on f and g, as desired. O

Given § € M, using Proposition |4.5.4{we can find a sequence of finite lists of connected embedded
stationary geodesic nets {8, 1, .- ,Bm K,, tmeN With respect to g satisfying the following: given f €

m

C>(M,R), if we denote X,, ; = fﬁmj fdL; and X, ; = L3(Bm,;), then

K,

‘7m Xm . D
|7EJK—1 < bi) (4.17)
Zj:l X, m

where a = {,, fdVol; and D(f) is a constant depending only on f. The lists {8 ;}1<j<k,, are
obtained from the lists {7V ;}1<j<J, and the coefficients {cp, j}1<j<,, from Proposition by
decomposing each 7y, ; as a union of embedded stationary geodesic networks whose domain is a good
weighted multigraph (see Remark and listing each of them c,, ; times. From the X,, ;’s and

the )_(m,j’s, we want to construct two sequences {Y; }ien, {Yi}ien such that

e For all 4, there exist integers m(i), j(i) (chosen independently of f) with Y¥; = X,,(;) ;) and
Yi = Xm0

e It holds .
Zz 1 Y

lim ==—=— = q.

k—o0 Zz 1

This can be done as in [3T], p. 437-439] and gives us a sequence {; };cn of connected embedded
stationary geodesic networks with respect to g (defined as v; = B,,3:),j(:)), Which is constructed
independently of the constant D(f). It holds

im z lf f
e
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for every f € C°°(M,R). This gives us the desired equidistribution result and completes the proof
of Theorem [4.1.5]

4.6 Equidistribution of primitive closed geodesics in 2-manifolds

In this section we show that the proof of Theorem [I.1.5] combined with the work of Chodosh and
Mantoulidis in [7] (where they show that the p-widths on a surface are realized by collections of
primitive closed geodesics) imply Theorem The strategy to show this result will be to follow
the proof of Theorem [£.1.5] replacing “embedded stationary geodesic network” by “primitive closed
geodesic”. The main change needed in the proof is the following version of Proposition

Proposition 4.6.1. Let M be a closed 2-manifold. Let g : IV — MY be a smooth embedding, N € N.
If ¢ > N + 3, there exists an arbitrarily small perturbation in the C™ topology ¢’ : IV — MY such
that there is a full measure subset A C IN with the following property: for any p € N and any
t € A, the function s — w)(g'(s)) is differentiable at t and there exist primitive closed geodesics
711), e ;D : 81— M such that the following two conditions hold

P i
1o wi(g'(t) = 2oicy Ly oy (7 (1))
Pa P ’
2 2wlog)|_ =1¥0, fvé ENI0 99 () AL s (1)

Proof. We are going to adapt the proof of Proposition [£.4.1] by introducing some necessary changes.
A priori, the easiest way to do this seems to be substituting “stationary geodesic network” by “finite
union of primitive closed geodesics” everywhere and use the Bumpy metrics theorem for almost
embedded minimal submanifolds proved by Brian White in [48]. Nevertheless, there is not an easy
condition (analog to conditions (1) to (7) in the proof of Proposition that we can impose on
a sequence of primitive closed geodesics to converge to another primitive closed geodesic without
classifying them by their self-intersections and the angles formed there (we want to rule out the
possibility of converging to a primitive closed geodesic traversed several times). Therefore, what we
will do is to treat the primitive closed geodesics as a certain class of stationary geodesic networks,
and then proceed as with Proposition

To each primitive closed geodesic v : S' — M we can associate a connected graph I' = S'/ ~
where ~ is the equivalence relation s ~ t if and only if 7(s) = (t). This induces a map f:T' — M
defined as f([t]) = v(¢). Observe that the as the self-intersections of v are transverse, the vertices of
I" are mapped precisely to those self-intersections and the map f : I' = M is injective. Moreover, I is
a good multigraph and f : ' — (M, g) is an embedded stationary geodesic network. We replace the
set {I'; };en which in the proof of Proposition[4.4.1]is the set of all good connected multigraphs by the
countable set of pairs P = {(T', )} where I is a good multigraph which can be obtained as ' = S*/ ~
from a primitive closed geodesic v : S* — (M, g) with respect to some metric g as before and 7 is the
set of pairs ((Ey,i1), (Es, is)) such that 7g, (i) = 7, (is) and (f1)i1+1% = (4)%‘2%
(in other words, r contains the necessary information to reparametrize the geodesic net f : T' — M

as an immersed closed geodesic v : S — (M, g)). Observe that if (I',r) € P and f : ' — (M, g)

i1 _fe () (_1)2’2 [y (i2)
[fe, G1)lg [fB, (i2)]q

((E1,i1), (E2,i2)) € r then f : T' — (M, g) can be reparametrized as an immersed closed geodesic

is an embedded stationary geodesic network verifying (—1) for every

v : St — (M, g) whose self intersections occur precisely at the points {f(v) : v vertex of I'}.
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Taking the previous into account, instead of the Br s in the proof of Proposition we will
work with the following. Consider the set of pairs (I',r) where I' is a graph, I = Ule I'; as a union
of connected components, 7 = (1;)1<i<p and (I';,r;) € P for every 1 < ¢ < P. Given such a pair
(T',r) and a natural number M € N we define Br . 5/ to be the set of all t € (—1,1)" such that there
exists a stationary geodesic network f : T' — (M, ¢'(¢)) verifying

1. For each 1 < 4 < P, f; = flr, is an embedding and verifies the relations

_1)ii+1 .f:i,El(il) — (1) _Jimy (i2) f E i B, i -
( ) |fi,E1(i1)|gl(t) ( ) |fi,E2(i2)|g/(t) Oor every (( lal1)7( 2722)) e

2. |Ifills < M for every 1 <i < P.
3. Fi(g'(t), f;) > 47 for every 1 <i < P.

4. FQ(El’il)’(EQ’iZ)(g’(t),fi) < 1— 4 for every 1 < i < P, and every pair (E1,i1) # (Es,is) €
&; x {0,1} such that 7g, (i1) = 7g, (i2).

5. d¥

(g,(t)yfi)(s) > ﬁ forevery 1 <i< P, E € &; and s € E.

6. dg’,g) fi)(s) > ﬁ forevery 1<i< P, E#FE €& and s € E.

7. wh(g' (1) = Ly (£).

Therefore, same as in Proposition we have IV = UF,r,  Br.r.m because of the fact showed
in [7] that the p-widths on surfaces are realized by unions of primitive closed geodesics; and each
Br - m is closed. The rest of the proof follows exactly as in Proposition if we replace the pairs
(T, M) by the triples (T',r, M). O

One more remark is necessary to adapt the proof of Proposition m The sequences (Vj,m)m in
have length uniformly bounded by some L > 0 and consist of finite unions of primitive closed
geodesics. This implies that the number of closed geodesics whose union is v;,,, is also bounded
(independently on m). Thus by applying Arzela-Ascoli to each of those components we can get a
subsequence whose limit is not only a stationary geodesic net but also a union of closed curves with
uniform convergence in C°. The rest of the proof follows that of Theorem word for word.
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