INSTABILITY OF ELECTROWEAK HOMOGENEOUS VACUA IN STRONG MAGNETIC
FIELDS

Adam Gardner

A thesis submitted in conformity with the requirements
for the degree of Doctor of Philosophy
Graduate Department of Mathematics

University of Toronto

© Copyright 2020 by Adam Gardner



Abstract

Instability of electroweak homogeneous vacua in strong magnetic fields

Adam Gardner
Doctor of Philosophy
Graduate Department of Mathematics
University of Toronto
2020

We consider the classical (local) vacua of the Weinberg-Salam (WS) model of electroweak forces. These
are defined as no-particle, static solutions to the WS equations minimizing the WS energy locally. In
the absence of particles, the Weinberg-Salam model reduces to the Yang-Mills-Higgs (YMH) equations
for the gauge group U(2).

We consider the WS system in a constant external magnetic field, b, and prove that (i) there is
a magnetic field threshold b, such that for b < b,, the vacua are translationally invariant, while, for
b > b,, they are not, (ii) for b > b,, there are non-translationally invariant solutions with lower energy
per unit volume and with the discrete translational symmetry of a 2D lattice in the plane transversal to
the external magnetic field, and (iii) the lattice minimizing the energy per unit volume approaches the

hexagonal one as the magnetic field strength approaches the threshold b,.
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Chapter 1

Introduction

The Weinberg-Salam (WS) model of electroweak interactions was the first triumph of the program to
unify the four fundamental forces of nature. It is a key part of the standard model of elementary
particles. It unifies electromagnetic and weak interactions, two of the three forces dealt with in the
standard model. It involves particle fields, gauge fields and the Higgs field.

While the gauge fields describe the electroweak interactions, the role of the Higgs field is to convert
the original massless fields (zero masses are required by the relativistic invariance) to massive ones. This
phenomenon is called the Higgs mechanism. This mechanism, together with the Goldstone theorem,
leads to all gauge particles but one acquiring mass, resulting in two massive bosons — denoted W and
Z — and a massless one — the photon. The W and Z particles where discovered experimentally 16 years
after their theoretical prediction.

In this paper, we consider the vacuum solutions of the classical WS model. These are static, no-
particle solutions minimizing the WS energy locally. For a constant external magnetic field, b, we prove
that (i) there is a magnetic field threshold b, such that for the magnetic fields b < b, the vacua are
translationally invariant, while, for b > b,, they are not, (ii) for b > b., there are non-translationally
invariant solutions with lower energy per unit volume and with the discrete translational symmetry
of a 2D lattice in the plane transversal to the external magnetic field, and (iii) the lattice minimizing
the energy of the latter solutions per unit volume approaches the hexagonal one as the magnetic field
strength approaches the threshold b,. We expect that these solutions are stable under field fluctuations
and, in fact, minimize the energy locally.

The phenomenon above was investigated extensively in the physics literature (see e.g. [12] 17, 23], [24]
and the references therein). It is similar to one occurring in superconductivity and the solutions whose
existence we establish are analogous to the superconducting Abrikosov vortex lattices ([1], see e.g. [32],
for a review). It is estimated in [23] that the spontaneous symmetry breaking take place at the critical
external magnetic field of approximately 1024 Gauss = 10?° Tesla. By comparison, the strongest magnetic
field produced on Earth is 10** Tesla (in particle accelerators, the strongest magnetic field is about 10!
Tesla).

Note that, in the absence of particles, the WS system reduces to the Yang-Mills-Higgs (YMH) one
with the gauge group U(2). So ultimately, these are the equations we deal with.

The only rigorous result ([35], 36]) on the classical WS model deals with the vortices in the self-dual

regime, where the WS (or corresponding YMH) equations are equivalent to the first order equations,
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and it uses this equivalence in an essential way. (The self-dual regime in this context was discovered in
[6] 17, [§], see also [33] 34].)

The paper is organized as follows. In Section [2] we formulate the problem and describe results. In
Sections [3| - [4] we fix the gauge and pass from the original Yang-Mills fields to the W and Z (massive
boson) and A (photon) fields and rescale the resulting equations. The proofs of the main results are
given in Section [5| (Theorem , Sections |§| - (Theorem [2)) and Section [11| (Theorem . In Appendix
[A] we discuss various covariant derivatives used in the main text and in Appendix [B] we review the
time-dependent YMH equations and derive the expression for the conserved energy as well as the YMH
equations used in the main text. In Appendix [C| we write the YMH equations in the coordinate form
and derive a convenient expression for the energy functional, and in Appendices[D]-[E] we derive the WS
equations in 3D and 2D, respectively, in terms of the fields W, Z, A and ¢. In the remaining appendices,

we carry out technical computations.



Chapter 2

The vacuum sector of

Weinberg-Salam model

The vacuum sector of the Weinberg-Salam model involves the interacting, static Higgs and SU(2) and
U(1) gauge fields, ® and V and X, while the particle fields are set to zero. The field ® is a vector-
function defined on the physical space R3 with values in C2, and the fields V' and X are one-forms on
R? with values in the algebras su(2) and u(1), respectively. We write Q = V + X, which is a one-form
with values in u(2). We consider SU(2) as a matrix group and U(1) as multiples of the identity matrix
1 acting on C2. Geometrically, V, X and @ can be thought of as connections on the trivial bundles
R? x SU(2),R3 x U(1) and R? x U(2).
These fields satisfy the static YMH equations, which are the Euler-Lagrange equations for the energy
functionalll
Br(®,Q) = V@, + sMI2lF: ) + 51Fall2: . (2.1)

where T is a bounded domain in R3 with appropriate boundary conditions (specified in below),
A and g are positive parameters, and the remaining symbols are defined as follows:
V¢ is the covariant derivative mapping C2-valued functions (sections) into C?-valued one-forms
defined as
Vo=d+gV+dX, (2.2)

with the coupling constants g and ¢’ and d, the exterior derivative;
Fg is the curvature form of the one-form (), viewed as a connection, i.e. the u(2)-valued two-form
given by
1
Fo = dQ +5[@.Q), (2.3)

where [A, B] is defined in local coordinates {x'} as
[A, B] := [A;, Bjlds' Ad2? = [B, Al (2.4)

with A = A;dz’ and B = Bjdz/. Here and in what follows we use the convention of summing over

repeated indices.

LFor discussion of the the time-dependent theory and a derivation of the energy functional (2.1) see [21], [24], [30], [31]
and Appendix
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| - |22 is the standard norm on L?(T,C?) and || - lqr, is the norm on the space Q7 := U @ QP(T') of
U-valued p-forms on T (e.g. for B = B;dz* € Q};, we have [Bllay, = (Jr > IBill3)'/?).
Since @ = V+X and X has the values in the center, u(1), of the algebra u(2), we have Fg = Fy+Fx,

where
Fy = dV + g[v, V] and Fyx :=dX (2.5)
are the curvatures of the connections V' and Xﬂ Note also that [|Fgll3. = [[Fv[g: + [ Fx|3e
u(2) u(2)
We introduce the covariant derivative dg mapping u(2)-valued one-forms into u(2)-valued two-forms
ad]
dgB = dyB :=dB + g[V, B]. (2.6)
The Euler-Lagrange equations for energy functional (2.1]) are given by (see Appendix
VoVe® = Awj — (121, (2.7)
(2.8)

doFg = J(?,Q),
where V7, is the adjoint of V¢ and maps C?-valued one-forms into C2?-valued functions, d, is the adjoint

of dg and maps u(2)-valued two-forms into u(2)-valued one-forms, and J(®, Q) is the electroweak current,

which is the u(2)-valued one-form given by
g g’
J(®,Q) = 5 Ta Im(7,®, V@) — 570 Im(ry®, V@), (2.9)

where summing over repeated indices is understood, 7y := 1 and 7,,a = 1,2, 3, are the Pauli matrices,
0 1 0 —i 1 0 (2.10)
T = , Tg 1= , T3 1= . .
' 10) 7 i 0 ’ 0 -1

(The Pauli matrices, multiplied by —i/2, form an orthonormal basis in su(2) with the inner product

(9, h)su(z) == 2Tr(g"h) = —2Tx(gh)).
The energy functional (2.1)) and Euler-Lagrange equations (2.7)) - (2.8) are invariant under the group

of rigid motions and the gauge transformations (gauge symmetry)

(®(2), V(2), X (2)) = (h1(x)ha(2)@(2), ha(2)V (2)hy ' ()

—i%hl(x)dhfl(x),X(x) - i;hg(x)dhgl(x» (2.11)
Vhi(x) € SU(2), ha(z) € U(1). (2.12)

Equations - have the simple solution given (up to a gauge symmetry) by
(2.13)

Ul .= (o, —%T?,Ab sin 6, —%TQAb cosf),

2The inner products in the vector spaces of U—valued differential forms (with U = C2 or u(2)) is given by (A, B) :=
fT(Aa, B*)y, where A = Aqdz® and Badz® are U-vauled n-forms, « is an n-index and (-, )¢y is an inner product in U (the

summation over repeated indices is understood). For u(2), the inner product is given by (g, h)y(2) := 2 Tr(g*h) = —2Tr(gh).
3For more discussion of covariant derivatives and their curvatures, see Appendixfor the general case, or Appendix

for the case of the gauge group G = U(2) = SU(2) x U(1).
4This formula originates in the equation (6gFg)(B) = dg B, where dg is the Gateaux derivative with respect to Q.
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where ®y := (0,p), A®(x) is a magnetic potential in the constant magnetic field of strength b in the
x3-direction, dA®(z) = bdxy A dx, and 6 is Weinberg’s angle, given by tanf = g'/g This solution is
gauge-translationally invariant, i.e. invariant under translations up to a gauge symmetry. It corresponds
to the ‘total vacuum’ in the constant external magnetic field bdx, A dzxs.

In this paper, we consider solutions for which the fields do not depend on the coordinate z® and
therefore the problem is reduced to a 2D one.

We show that amongst 2D solutions, (i) is linearly stable for b < b, and unstable for b > b,,
where b, 1= g?p3/2e, (ii) a new solution breaking the gauge-translational invariance bifurcates. This
solution has the discrete translational symmetry of a lattice and has lower energy per unit area. Finally,
we show also that (iii) the lattice shape minimizing the energy per unit area approaches the hexagonal
lattice as b approaches b..

To formulate these results precisely, we introduce some definitions. We fix a lattice £ in R? and say

a triple (®(x), V(x), X (z)) is L-gauge-periodic, or, L-equivariant, if and only if it satisfies the equation
e\ —1tr _
(T9avoe)=ATirans (&, V, X) = (B,V, X), Vs € L, (2.14)

for some v, € C'(R?,5U(2) x U(1)), where T9*“9¢ is given by the right-hand side of (2.11), with
hi(z)ha(x) = y(x), and T is the group of translations, 7" f(z) = f(x +s). (When L is clear, we
omit it from the definition above.)

We denote by H¢ the space of locally Sobolev class £-equivariant triples (®,V, X) on R? with the
inner product given by the standard Sobolev inner product restricted to an arbitrary fundamental domain
Qof £, and let L% = HO.

We say a solution U, := (., Vi, X,) of equation - is linearly stable (respectively un-
stable) if and only if the spectrum of the linearized operator for the Weinberg-Salam equations at
U, = (P, Vi, X.) on L% is positive (respectively has a negative piece). (This operator has the real
spectrum.) A linearly stable solution is a local minimum of the energy functional .

For an L-equivariant triple U and a fundamental domain 2 of £, we define the energy per fundamental

cell

cory o L
BEU) = g

EY3(U), (2.15)
where || denotes the area of Q. This energy is independent of €.

In what follows, 2 denotes an arbitrary (but fixed throughout) fundamental domain of £, and |L£|,
the area of a fundamental cell of £, which is independent of the choice of the cell (and in particular,
1] = 9.

Finally, let My, = %ggpo, My = —=1—gpo and My := /2\@o. These are the masses of the W,

V2 cos
7 and Higgs bosons, respectivelyﬁ Let

2,2 M2
by = L0 = —W e:=gsinb. (2.16)
2e e

With the above definitions, we will prove the following:

5Indeed, dg®o = (gV + ¢’ X)®o = (gAb sin 673 + g’ Ab cos O70)Pg = ¢’ Ab cos O(r3 + 70)Po. Since (13 + 70)Po = 0, this
implies dg®o = 0. From dg®o = 0, it is easy to see that (2.13)) solves (2.7) - (2.8).
6This nomenclature will be explained in the discussion following equation (3.10}).
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Theorem 1. The homogeneous vacuum solution (2.13)) is linearly stable for b < b, and unstable for
b>b,.

Theorem 2. Let L be a lattice satisfying 0 < 1 — %Mﬂ < 1 and assume that My < MH Then the
following holds:

(a) Equations [2.7) - ([2.8) have a non-trivial solution Uz € HZ% in a neighbourhood of the vacuum
solution (2.13);

(b) Ur is unique, up to gauge symmetry, in a neighbourhood of the vacuum solution (2.13));
(c) Ur has energy per unit area less than the vacuum solution [2.13): EX(Uz) < EX(UY).

The solutions described in this theorem can be reinterpreted geometrically as representing a section
(®(x)) and a connection ((V(z), X (z))) on a vector bundle over a torus (cf. [18]). In the present situation
of the gauge group U(2), it is natural to consider vector bundles over a torus. However, vector bundles
over a torus are topologically equivalent to direct sums of line bundles. In our case, this equivalence
follows from equations - below.

For the next result, we introduce the standard parameterization of lattices in R2. Identifying R?
with C via (21, 72) > 21 + ixg, We can view a lattice £ C R? as a subset of C. It is a well-known fact
(see e.g. []) that any lattice £ C C can be given a basis 7,7’ such that the ratio 7 = %/ belongs to the

set
1 1
{reC:Im7 >0, |7| >1, *§<Re7’§§}, (2.17)

which is the fundamental domain, H/SL(2,Z), of the modular group SL(2,Z) acting on the Poincaré
half-plane H. For a given £, the parameter 7 is unique and is used as a parameterization (up to scaling)

of the lattices. This gives the space of (normalized) lattices a topology.

Theorem 3. For My < My, the lattice shape for which the average energy per lattice fundamental
domain is minimized approaches the hexagonal lattice as b — b, in the sense that the shape parameter T

of the lattice L approaches Thezagonal = ei™/3 in C.

Our approached is based on a careful examination of the linearization of the WS equations on the
homogeneous vacuum. The spectrum of the linearized problem determines the domains of the linear,
or energetic, stability and the transition threshold. In the instability domain, we apply an equivariant
bifurcation theory. Though main steps of this approach are fairly standard, there are many subtle points
to be dealt with. This gives Theorem [2f(a) and (b). For Theorems [2|c) and [8] we carefully study the

asymptotic behaviour of the energy functions for small values of the bifurcation parameter.

"This assumption is justified experimentally since Mz = 91.1876 4+ 0.0021GeV/c? [15] and Mg = 125.09 & 0.31GeV/c?
3]
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Gauge fixing and W and Z bosons

In this section, we choose a particular gauge and pass from the fields (one-forms) V and X to more
suitable gauge fields. We eliminate a part of the gauge freedom by assuming that the Higgs field & is

of the form
d = (0,¢p), (3.1)

with ¢ real (this can be done using only the SU(2) part of the gauge group). Then
7a®#0, a=0,1,2,3, (3.2)

where, recall, 7,, a = 1,2,3, are the Pauli matrices generating the Lie algebra su(2), and 79 = 1.

However, there is one linear combination of 7,’s (unique up to a scalar multiple) which annihilates ®:
(Tg + 7'0)(1) =0. (33)

Thus, for the gauge ® = (0, ) the symmetries generated by 71, 72, 73 — 7o are broken and the U(1) sym-

metry generated by 7347y remains unbroken. The unbroken gauge symmetry is given by transformations

[@11) with
hy(z) =~ 2@ € SU(2), hy(x) = e 27@™ € U(1), (3.4)

where v € C'(R3,R).
Continuing in the gauge ® = (0,¢) and writing V = —%TaV“ and X = —%T()XO, where X° and
Ve a=1,2,3, are real fields (since V takes values in su(2)), we pass to the new fields corresponding to

the broken and unbroken generators, 73 — 79 and 73 + 79, respectively:
Z=V3cosh — X"sinf and A =V3sinf+ X°cosb, (3.5)

where, recall, 6 is Weinberg’s angle, defined by tanf = ¢’/g. Note that Z and A are real fields (real
one-forms). Moreover, it is convenient to pass from the remaining two components, V!, V2, of V to a

single complex field (complex one-form):

W= —(V!—iVv?). (3.6)

-
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The gauge invariance under (2.11)) of the original field equations with the unbroken gauge symmetry
given by transformations (2.11)) with (3.4]) leads to the invariance under following gauge transformations:

- . 1
T'gauge : (VV7 Aa Z7 <p) = (EVYI/V?A - gd’}/, Z7 ‘P), (37)

for v € C*(R3,R), where, as usual, e"W = Y e"W;dz® for W = S W;dz’, e := gsinf (= g’ cosf =
\/;;9;7) is the electron charge.
In terms of W, Z and A fields, the vacua (2.13) of the Weinberg-Salam model become (up to a gauge

symmetry):

(O’Ab(x)aoa(PO), (38)

where, recall, A’(z) is a magnetic potential for the constant magnetic field of strength b in the x>-
direction, dA®(x) = bdx; A dzs, and @y is a positive constant from (2.1)) (®¢ := (0,¢g)). We choose the
gauge so that A®(z) is of the form

b
A(z) = 5(—x2dx1 + x1dxs). (3.9)

We will show that for a large magnetic field b, these homogeneous vacua become unstable and new,
inhomogeneous vacua emerge from them. This is a bifurcation problem from the branch of gauge-
translationally invariant (homogeneous) solutions, .

From now on we consider the Weinberg-Salam (WS) model in R? with the fields independent of the
third dimension z3, and correspondingly choose the gauge with V3 = X5 = 0 (and hence W3 = A3 =
Z3 =0).

Also, we will work in a fixed coordinate system, {x;}2_; and write the fields as W = W;dz*, Z = Z;dx*
and A = A;dx’. For ease of comparing our arguments with earlier results, and given that we use the
standard Euclidean metric in R?, we identify (complex) one-forms W, Z and A with the (complex) vector
fields (Wy,Wh),(Z1,Z2) and (A1, A3). With this, we show in Appendix [E] that in this case Weinberg-
Salam energy functional can be written as

1 1
EgS(WA,Z,@):/ [| curlyys W|2—§—§|(:urlZ|2—|—§|cur1A|2
Q
1y o2, b2 20, 90 2
+ 590 W+ Srg ™| 2] + T [W x W
—_ 1
+ig(curl VAW x W + |Vg|? + 5)\(g02 - ¢33, (3.10)

%, curly W := Vi Wy — VoWh, V,; := 0; — iU; (for a u(l)—valued vector-field U),
Exmi=E&my — Eamy, curl V3 1= 9,V — 9,V and recall, V3 = Z cos + Asinf.
Expanding (3.10) in ¢ around ¢q, we see that the W, Z and ¢ (Higgs) fields have the masses

My = %ggpo, My = mggpo and My = 2v/ \po, respectively.

where k =

Using the relation £ x n = J¢ - n, where J is the symplectic matrix,

0 -1
T (1 0)’ (3.11)

we find the Euler-Lagrange equations for (3.10]), which give the Weinberg-Salam equations in 2D in
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terms of the fields W, A, Z and ¢

2

[curlyys curlyys +%¢2 ~ig(curl V3)T + g2 (W x W)JJW =0, (3.12)
curl” curl A + 2e Im|[(curlyys W)JW — curl* (W W)] = 0, (3.13)
[curl® curl+r¢?] Z + 2g cos 0 Im[(curlyys W)JW — curl* (W, Ws)] = 0, (3.14)
2
1
A+ A@? = 0f) + TIWP + SrlZPPlp =0, (3.15)
where, recall, Kk = %, V3 = Zcosf + Asinf and A is the standard Laplacian. (For a derivation

of (3.15) - (3.12) from (B.10), see Appendix [E] and also [23, 35].) Of course, (3.15) - can also be
derived directly from Equations (2.7)) - (2.8).
In terms of the (W, A, Z, ) fields, the gauge - periodicity ([2.14) is expressed as

(Lgeuse) 1T ans (W, A, Z,0) = (W, A, Z, ), (3.16)

for all s € £, where v, € C*(R?,R) for all s € £, and T/ is the group of translations, T f(z) =
f(z+ s). We say that (W, A, Z, ¢) is an L-equivariant state. By evaluating the effect of translation by
s+t in two different ways, we see that the family of functions ~s has the co-cycle propertyEI

Yot (T) — vs(x +t) — () € 20Z, Vs, t € L. (3.17)

Since T!""s is an Abelian group, the co-cycle condition (3.17) implies that, for any basis {j1,j2} in £,
the quantity

c(vs) = %(%2 (@ + 1) + 75 (%) = 75 (2 + j2) = 75 (%)) (3.18)

is independent of z and of the choice of the basis {j1,j2}, and is an integer. This topological invariant

is equal to the degree of the corresponding line bundle.

One can show using Stokes’ Theorem, for any A satisfying (3.16]) - (3.18)), the magnetic flux through

any fundamental domain 2 of the lattice £ is quantized:

[ aA=n, (3.19)
27T Q

where e is defined after (3.7) and n = ¢(vs) € Z defined in (3.18]). The left-hand side of (3.19) is called
the Chern number of the line bundle corresponding to . (We note that n is independent of the choice

of 2.)

The vacuum state (3.8) is L-equivariant if and only if the magnetic field b is given by the relation
b= — 3.20
i (3.20)

where, by definition, |£| = || for any fundamental cell Q. In particular, b is quantized. For such b, the
vector field 1 A? satisfies (3.19).

Furthermore, due to the reflection symmetry of the problem, we may assume that b > 0. Clearly, we

LA function 75 : £ x R? — G satisfying the co-cycle property (3.17) is called the automorphy exponent and e*¥s, the
automorphy factor.
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have:

Lemma 4. Equations (2.7)) - (2.8) for L-equivariant fields (2.14)) in the gauge ® = (0,¢) are equiv-
alent to FEquations (3.12) - (3.15)) for L-equivariant fields (3.16), with the equivalence realized by the
transformation (3.5)) - (3.6).

Finally, we use the invariance of - under the gauge transformation to choose a
convenient gauge for the fields W(x) and A(z). We say that the fields (W, A, Z, ¢) and (W', A", Z’, ')
are gauge-equivalent if there is v € C1(R?,R) such that (W', A", Z', ¢') = Tg““ge(I/V, A, Z,p). Clearly, if
(W, A, Z,p) and (W', A, Z' ¢') are gauge-equivalent then (W, A, Z, ¢) solves - if and only
if (W' A", Z" ¢') solves - . The following proposition was first used in [27] and proven in
[37] (an alternate proof is given in Appendix A of [38]):

Proposition 5. Let (W', A, 7', ¢") be an L-equivariant state and let b be given by (3.20). Then there
is an L-equivariant state (W, A, Z, ), gauge-equivalent to (W' A", Z' ¢"), which satisfies (3.16]), with
xs(xz) = %bs Az + kg, i.e. such that

W(x + 5) = /(T NTTRI (), (3.21)
b

Az +s) = A(x) + §Js Vs e L, (3.22)

div A = 0. (3.23)

Here kg satisfies the condition kgyy — ks — ky — %bs At € 277, for all s,t € L, the matrixz J is given in
(13.11)).

This gauge is consistent with the gauge chosen for the homogeneous vacua (3.9).
Our goal is to prove the instability of the vacuum state (3.8]) and the existence of L—equivariant (in

the sense of ([3.16))) solutions to Equations (3.12) - (3.15)) having the properties described in Theorems
and
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Rescaling

In this section, we rescale the Weinberg-Salam Equations (3.12]) - (3.15]) to keep the lattice size fixed.
Specifically, we define the rescaled fields (w, z, a, ¢) to be

(w(z),a(x), z(x), o(x)) := (rW(rz),rA(rz),rZ(rx), re(re)), (4.1)

r=ym= V2 (42)

where in the second equality (4.2)), we used (3.20). Clearly, (W (x), A(z), Z(x), p(x)) is L-equivariant if
and only if (w(z),a(z),z(x), ¢(z)) is L'-equivariant, where £ := LL£. Now, the size of a fundamental

domain of the rescaled lattice £’ is fixed as || = 2.

Plugging the rescaled fields into (3.12]) - (3.15]) gives the rescaled Weinberg-Salem equations:

2
[curl}, curl, +%¢2 —i(curlv)J + g*(w x w)Jjw = 0, (4.3)
curl” curla + 2e Im[(curl, w)Jw — curl* (wiwsy)] = 0, (4.4)
[curl® curl +£¢?]z 4 2g cos @ Tm[(curl, w)J@w — curl* (@, ws)] = 0, (4.5)
2
1
A+ @ =€) + T|w + 3rlz?le =0, (4.6)

where £ := rgg (with 7 given in (4.2))), v := g(asind + z cos#) and, recall, curl,w = Viws — Vaws,
Vi := 0; —ig; (for a u(l)—valued vector-field ig) and, recall, W x w := Wywy — Wawy. We define the
rescaled energy by

E(w,a,z,0;7) = 1r?’EYS(W, A, Z, ). (4.7)

with (W, A, Z, ¢) related to (w,a, z,$) by (4.1). Explicitly, we have
2 1 2 1 2
Ear(w,a, z, ;1) = (| curl, w|® + §| curlal® + §| curl z|
Q/
1 1 2
+ 5020wl + 56?212 + L x wl?

+i(curl )@ x w + |Vo|? + %)\(¢2 —&%)?). (4.8)

11
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We note that after rescaling, the vacuum solution (3.8]) becomes
n,r 1 n
m™" = (0,-a",0,&), (4.9)
e

where a™(x) = A"(x) = §Jx, and that the average magnetic flux per fundamental domain is now n/e.
Furthermore, (3.16) and Propositionimply that (w, a, z, @) satisfy

w(x 4 s5) = e FXTHe)y(z) for all s € L, (4.10)
a(x +s) =a(x)+ %Js for all s € L, (4.11)
diva =0, (4.12)
Z(x+s)=z(x), ¢@x+s)=¢()forallseLl, (4.13)

where ¢, satisfies the condition ¢y —cs — ¢ — §s X t € 2nZ, for all 5,t € L.



Chapter 5

The linearized problem

In this section we prove Theorem [l describing the linear stability /instability of the vacuum (3.8)).

Let m := (w,a, z,¢) and denote by G(b,m) = G(m) the map given by the left-hand side of (4.3) -
(4.6)), given explicitly as

G(b,m) = G(m) = (G1(m), ..., Ga(m)), (5.1)
G1(m) = [curl? curl, +§¢2 —i(curlv)J 4 ¢*(@ x w)J]w, (5.2)
Ga(m) == curl* curl a + 2e Im[(curl, w)Jw@ — curl* (@ ws)), (5.3)
G3(m) := [curl” curl +k¢?|z + 2g cos O Im|[(curl, w) Jw — curl* (W ws)], (5.4)
Galm) i= (=D + X = )+ L Juf + wlsflo 5.5

where, recall, J is the symplectic matrix given in (3.11)), £ := r¢o (with r given in (4.2)), v := g(asinf+
zcosf), A is the standard Laplacian and the parameter b enters through periodicity conditions (4.10]) -
(4.13). Now, the Weinberg-Salam equations can be written as G(m) = 0.

Applied to the rescaled Weinberg-Salam equations (4.3)) - (4.6]), the definition of stability states that
the vacuum solution ([L.9) (m™" := (0,1a",0,¢)) is linearly stable (respectively unstable) if and only if

the spectrum of the linearization of G(m) at m™" is non-negative (respectively, has a negative infimum).

In what follows we use the notation @®;A; for diagonal operator-matrices with the operators A; on
the diagonal. Furthermore, we denote the total Gateaux derivative by J, and the partial (real) Gateaux

derivatives with respect to # by 6.

Consider the Géateau derivative (linearization) L, , := 6G(m™") of G(v) at the rescaled vacuum

n,r

m We compute it explicitly, while passing from the parameter £ = ryg, or r, to the parameter

13
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w = g*¢?/2 and using that v a=an Je,s=0 = %a”g sinf = a™:
Loy = ®j-1Hj, (5.6)
Hy(p) := curl}. curlyn +u — nidJ, (5.7)
Hy(p) := curl” curl, (5.8)
Hs(p) := curl” curl + 27’ (5.9)
4N
Hilp) i= =D+ = (5.10)

where, recall, curly w = Viwg — Vowy, V; := 0; —ig;. (Note that the matrix ¢J is self-adjoint.)

The operator L, ,, is the Hessian for the energy , considered as a functional of w, a, z, ¢, or the
Gateaux derivative (linearization) of the left-hand side of - ([4.6), with &€ = \/21/g, at the rescaled
vacuum solution m™" := (0, %a", 0,¢) of . Note that

Lyy=nGy =0, Gy := (0,V£,0,0). (5.11)

We consider the operator L, , on a space X tangent to the space of HZ _ functions of the form
(w, a, z, @) satisfying the gauge - periodicity conditions (4.10) - (4.13]). Explicitly,

X = H2 X HG < HE x H?, (5.12)

where H$, H5 and H* are the respective Sobolev spaces for the L2-spaces

L2 = {we L} .(R%C?) : w(x + s) = e/ E5@ ey (1) Vs € L}, (5.13)
L3 :={ac L} (R*R?) :alx+s)=a(z)Vsc L, diva=0}, (5.14)
L= {¢ € L} (R R) : p(x + 5) = (z) Vs € L} (5.15)

(see (4.10) - (4.12)), with inner products given (for s € Z>¢) by

! 1 - Ry /
(w, w')qgs = WZ Z /Q/ (Var ) Yw;(Vgn ) wy;, (5.16)

i=1|y|<s

2
1
(a,a )y = ] Z Z N 0a;0"al, (5.17)

=1 |y|<s

(W, e = L S| ooy, (5.18)

QY
where w# = (w,w}),a# = (a¥,al), @' is an arbitrary fundamental domain of the lattice £’ and ~
is a multi-index. The £’-equivariance of the above functions implies that these inner products do not
depend on the choice of fundamental domain €'.

For a null vector Gy defined in (5.11) to be in X, f must satisfy div(df) = —Af = 0. This implies

that f is a linear function, f(z) = c-z + d for some ¢ € R? and d € R, and so

GreX =Gy = (0,¢,0,0). (5.19)
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In this section we shall prove the following result implying Theorem

Theorem 6. The operator Ly, on the space X has purely discrete spectrum. For p # n, L, , has the
simple eigenvalue 0 and corresponding eigenfuction (0,¢,0,0), ¢ € R? (see (5.19) ), and smallest non-zero

eigenvalue given by p — n, having multiplicity n. For u = n, the eigenvalue 0 has the multiplicity n + 1.
Theorem [f] follows from Propositions [7] and [§] given below. O

Proposition 7. The operators Ha(u), Hs(p) and Hy(p) are non-negative on their respective domains
with purely discrete spectra. Furthermore, Hs(u) and Hy(p) are strictly positive and Ha(u) has a null

space of dimension 1 consisting of the constant functions.

Proof. The strict positivity of Hs(u) and Hy(p) and the non-negativity of Ha(p) are obvious. The
discreteness of the spectra and the form of the null space of Hs(u) follow from the discreteness of the
spectrum of the Laplacian on compact domains and the identity curl” curlv = —Av when div(v) = 0. O

Let V4 :=V —ig = (V1,V2), V; := 0, — ig;. We have

Proposition 8. (i) Hi(u) is a self-adjoint operator on H2 and its spectrum is given by
o (H (1)) = {(2m — D+ m € Zso} U {u), (5.20)

where n := eb|L|/27.
(ii) The eigenspace of the eigenvalue —n + p is n-dimensional and is spanned by functions of the

form

X = (i),  curlgn x = id4mn =0, (5.21)

i.e. Null(Hy(p) — p+mn) ={x = (n,in) : curlyn x = 0}, and the eigenspace of the eigenvalue u is of the
form
Null (Hy (1) — ) = {Var f - [ € H3}. (5.22)

Proof. Recall that the operator Hi(p) acts on complex vectors w = (wq, we). We write it as check 2n
Hy(p) := h1+ p, hy = cwrl}. curlyn —nil. (5.23)
First, we will show that H2 = Y & Z, where

Y i={w e H? : diven w = 0}, (5.24)
Z:={w € H2 :w=Vnf for some f € H3}, (5.25)

with diven w = (Vg )1w1 + (Van )ows. Indeed, since Agn := divgn Vgn, then, for any w € H2 we may
write w = wg + Vgn f, where divgn wg = 0 and f € ’Hf’l solves Agn f = divgr w (this solution exists
and is unique, since by Proposition 0 is not in the spectrum of Agn). The relations curlgn Von =
[(Van)1, (Van)2] = —in and curl},, = —JV4n yield that hyVgn f = 0, which proves that the p-eigenspace
of Hy(u) is of the form . Furthermore, since divy» wg = 0, we have that hjwy = (—Agn — 2niJ ))wy,
for wg € ). Hence, we may write hy : Y B Z — YV & Z as

hl(’wo ® Vn f) = (hlo’wo) @0, (526)
th = —Aan —2nilJ. (527)
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(Here hjg sends Y to Y because divgn higwg = (—Agn) divgn wg = 0.)

Identifying one-forms with vector-fields, we compute

U*(iI)U = (;1 ?>, Uy::;g<ji 1), (5.28)

which gives

—Aan —+ 2n O
U*hi1oU = . 5.29
10 ( 0 —Agn —2n ) ( )
By Proposition [36] we know that
o(=Agn) ={(Cm+1)n:m € Z>o} (5.30)

and so the spectrum of Hi(u) = hy + p is given by (5.20). Furthermore, by (5.29) and (5.30), any
eigenvector y of hig corresponding to the eigenvalue 0 must be of the form

1
=U(0,n) = —(n,in), 5.31
X =U(0,n) V;nm (5.31)
where 7 satisfies
— Agnm = n1). (5.32)

Since curlgn x = 10401, by of Appendix [I} this gives
curlyn x = i04nm = 0. (5.33)

Furthermore, by Proposition the space of such functions is n-dimensional. Thus (after rescaling n
by a factor of v/2) x is of the desired form. This together with (5.23) gives the desired result. O

We see that the operator Hi (1) is non-negative for small magnetic fields (b < b, := g>p2/2e = M2, /e)

and acquires a negative eigenvalue p —n = (b, /b — 1) n of multiplicity n as the magnetic field increases.
Theorem [1] follows by undoing the rescaling (4.1)) - (4.2]).



Chapter 6
Setup of the bifurcation problem

We substitute a = 1a™ + o (with div(a) = 0), ¢ =+, v = a" + ¥ and { = \/2p/g into ([4.3) - (4.6)

and relabel the unknowns w, o, 2,1 as uq, us, us, w4 to obtain the system
Hiu; = 7Ji(,LL,’LL), 1=1,...,4, (61)

where u = (uy, ug,us, ug) = (w,, z,1), the operators H; on the left-hand side are defined in (5.7) -

(-10), and

2
Ji(pu) = Mw + %djzw + g9/ 2ppw — i(curl 7) Jw

+ g% (W x w)Jw, (6.2)
Ja(p, u) := 2eIm|curl, wJw — curl” (wiws)], (6.3)
J3(, u) := 2g cos 8 Im[curl, wJw — curl® (Wi ws)]
2
+ ?H\/Q;sz T K22, (6.4)
V2 . 2 V2 1 V2
Talpn ) = LG 000+ TP (U 4 0) + Sl (7 +0), (6.5)

with 7 := g(asind + zcosf), & x n:= &na — &amy, recall, curl, w = Viwy — Vowy, V; = 0; — ig; and,
recalling that w : R? — C2,

My —M21> (6.6)

M := curl} curl, — curl}, curlyn =
—Mys My

with Mij = zﬁZ(Van)] + iﬂj(Van)i + ’Lazﬂ] + ﬂiyj.
Note that system (6.1]) can be also written as G(m™" + u)|¢_ 55/, = 0, where G is defined in (5.1]
and m™" := (0, %a”,O,ﬁ).

Applying div to the second equation in (6.1, we find a solution (p, u) should satisfy div Ja(u, u) = 0.

To prove that a solution (u,w) satisfies this constraint, we consider the following auxiliary problem

F(p,u) =0, where F(u,u):= Ly ,u+ P'J(u,u), (6.7)

17
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where P = 1® Py ® 1 ® 1, with Py the orthogonal projection onto the divergence-free vector fields
(Py = =5 cwrl” curl), and, recall, L, , = @H; and J(u,u) given in (5.6) and

J(p,w) = (J1(p,u), ... Ja(p,w)). (6.8)

We consider F(y,u) as a map from the space R~g x X, where X := H2 & HZ D HE D H?, to the space
YV =L20Li®Li® L% and let F = (F,..., F)), where

Fz(u,u) = HZ’U,—F(SZ’QP()JZ(LL, 'U/)7 1= ].,...,4. (69)

Proposition 9. Assume (pu,u) is a solution of the system satisfying the gauge - periodicity condi-
tions (4.10) - (4.13)). Then div J(u,u) = 0 and therefore (u,u) solves the original system (6.1)).

Proof. We follow [38]. Assume y € H.

L. and is L—periodic (we say, x € H!.). The gauge invariance

per

implies that
Eo/ (e"Xw,a + sV, z,6) = Fo(w, a, 2, ¢), (6.10)

where Fo (w,a,z,¢) is given in (4.8]). Differentiating this equation with respect to s at s = 0 gives
dwFEa (w,a, z,0)(ixw) + 6 Fa (w,a,z,¢)(Vx) = 0. Now, we use the fact that the partial Gateaux
derivative with respect to w vanishes, §,Fq (w,a,z,¢) = 0, and that curl Vx = 0, and integrate by

parts, to obtain
(J(p,u), Vx) = 0. (6.11)

(Due to conditions (4.10)) - (4.13) and the £L—periodicity of x, there are no boundary terms.) Since the
last equation holds for any x € H!,., we conclude that div J(u,u) = 0. O

per’

In Sections [7] - [8] we solve equation ([6.7)), subject to conditions (4.10) - (4.13]).

In conclusion of this section, we investigate properties of the map F(u,u). For f = (f1, fe, f3, f1)

and 0 € R, define the global transformation

Tsf = (€ f1, f2, f3, fa)- (6.12)

Proposition 10. F(u,u) has the following properties:
(i) F:Rsg x X = Y is continuously differentiable of all orders;
(i) F(u,0) =0 for all u € Rsy;
(111) 6, F(1,0) = Ly, for all pp € Ryo;
(iv) F(u,Tsu) = T5F(p,u) for all 6 € R;
(v) (u, F(p,u))y € R (respectively (w, Fy(p,u))r2 € R) for all u € X (respectively w € M3, ).

Proof. (i) follows because F is a polynomial in the components of « and their first- and second-order
(covariant) derivatives. (ii), (4i¢) and (iv) follow from an easy calculation (in fact, v and L, , were
defined so that (ii) and (iii) hold). For (v), it suffices to show that (w, F1(u,u))r2 € R. To simplify
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notation we return to the coordinates (w, a, z, ¢) = (w, 2a™ + o, 2, ‘/727‘ + ). Then

1 1 g°
w, F1 (i, u = — curl, w|? + / Z_ % |w?
(0 Fi )i = g [ lewlowl + o [ o

1 1
+= i(curl v)(W x w) + —; / 2w x wl|?. (6.13)
V] Jor V] Ja

The first, second and fourth terms are clearly real, while the third term is real because v is real and

W X w is imaginary. O



Chapter 7

Reduction to a Finite-Dimensional
Problem

In this section we shall reduce solving equation (6.7)), i.e. F(u,u) = 0, with u = (uy,us, us, ug) =
(w,a,2,9) and F : Ry x X — Y defined in (6.7) - ), to a finite-dimensional problem.
Recall that L, , is defined in (5.6). Let P be the orthogonal projection onto K := Null(L, ,=p),

which can be written explicitly as

P=P aP,®00, (7.1)
1
Piw:=——— ¢ (Hy(n)—2) twdz, (7.2)
2mi J,,
Pya = (o), (7.3)

where Hy(n) is defined in , Yn is any simple closed curve in C containing the eigenvalue 0 and no
other eigenvalues of H;(n) (see Proposition , and (a) is the mean value of « in ', {a) := ﬁ Jor @
Py is a projection onto Null(H;(n)) (spanned by vectors of the form (5.21])). Since Hj(n) is self-adjoint,
Py is an orthogonal projection (relative to the inner product of L2). By Theorem @, K = Null(Ly, y=r)
is (n 4 1)-dimensional.

Let P+ =1 — P be the projection onto the orthogonal complement of . Then we may rewrite the
equation F'(p,u) =0 (see (6.7)) as

PF(p,v+u") =0, (7.4)
PLF(u,v+u) =0, (7.5)

where v := Pu, u' := Ptu.
Our next goal is to solve ((7.5) for v’ in terms of u and v. First, we shall need the following proposition

to bound the polynomials of functions appearing below:

Proposition 11. Let X be one of the spaces H2, Ho or H? defined before equation (5.13)). Let
p(x1,...,x,) be a polynomial with positive coefficients and let fi, ..., fn € X. Then ||p(f1, ..., fo)llx S

PUIAlLx s s [l x)-

. . .. n (e 77
Proof. Write p(x1,...,x,) = Z|a|§Npaxav where o = (ay, ..., a;) is a multi-index and z* = [[,_, «"".

20
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Since by the Sobolev Embedding Theorem (see e.g. [2]), X is a Banach algebra, we have

1p(f1, s fllx <Y pallf*llx (7.6)
la| <N
<O pa [NANE (7.7)
la]<N =1
=p(l[fillxs - [ fallx), (7.8)
which implies the desired result. O

Recall that we denote the partial (real) Gateaux derivatives with respect to # by dx. Let X 1=
Pt¥X=XcKand Y+ :=PrYy=Y5K, and let 9; = O, -

Lemma 12. There is a neighbourhood U C Rsg x K of (n,0) such that for every (u,v) € U, equation
(7.5) for u' has a unique solution u' = vu'(u,v). Furthermore, this solution v’ = (u},ub, us, u}) has the

following properties:

u' i Rsg x K — X+ is continuously differentiable of all orders; (7.9)
(Va7 ez S vl (7.10)
107 uillaez < Nlvll%s (7.11)
[16u, (Van )70 (1 0) 322, S Tzl (7.12)
100,05 i (1, vp) 302 < w3l L3 (7.13)
100 (1, )l < ol (7.14)

where i =1,..4, m =0,1, j = 1,2, k = 2,3,4, v; = v|y,—0, for v = (v1,v2,v3,v4) and i =1,....,4, and
Hi =H3, HE, H? for k=2,3,4.

Proof. Define F- : Ry x K x X+ — Y+ by
Ft(p,v,u') := PLF(pu,v+ ). (7.15)

By Proposition [10] (i) and (ii), F* is continuously differentiable of all orders as a map between Banach
spaces and F1(y,0,0) = 0 for all g € Rsg. Furthermore,

6w F(11,0,0) = PTL,, , P |x 1, (7.16)

which is invertible for g = n because P+ is the projection onto the orthogonal complement of K =
Null(Ly, y=n). By the Implicit Function Theorem (see e.g. [14]), there exists a function u'(p,v) with
continuous derivatives of all orders such that for (u,v) in a sufficiently small neighbourhood U C R x K
of (n,0), (u,v,u’) solves if and only if u’ = «/(u, v). This proves the first statement and property
[79).

We define the operator

Ly, =P Ly Phlys: X5 = Yh (7.17)
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Then by (6.7) and (7.16]), we can write equation ([7.5)) as Liuu’ = —PYP'J(u,u). By Theorem |§| and
the relation K := Null(Ly, ;=) = Null(L,, ,, — pu + n), for p in a neighbourhood of n, the operator L;; ,

has a uniformly bounded inverse (Lf;u)*l : Yt — XL, Hence equation Lf;uu’ = — PP J(p,u), with

(1, v) € U (replacing U with a smaller neighbourhood if necessary), is equivalent to
w =—(Ly ) PP J(p, u); (7.18)
hence

/Il S 0T (s )l (7.19)

uniformly in p. Recall that X = H2SH3GHEOH? and Y = L2 B L2 LE® L% J(u,u) is a polynomial
in the components of u and their first-order (covariant) derivatives consisting of terms of degree at least
2, so the left-hand side of can be bounded above by a sum of products of one £2-norm and at
least one £>®-norm of these terms. H! is trivially continously embedded in £2, and by the Sobolev

Embedding Theorem, H! is continuously embedded in £>°. Therefore,

17 () |y < - (7.20)

Recalling that v = v + o/, this proves (7.10)) and (7.11) when m = 0. The other case is proven similarly.

For v = (v1,...,v4), we let v; = v|y,—0, i = 1,...,4. By the Taylor theorem for Banach spaces (see

e.g. [14]), we have
W (p,0) = ' (1, v7) + 80,0 (1, 07)0; + Ro(p,v7) (v5), (7.21)
Ro(p,v5)(vy) := /01(1 — )02 (1, v3 + tv;) (vg, v;)dt. (7.22)
Let (u,v) € U with ||v3]| = |[vs]| = 1, and let € > 0. Then

1601’ (1, €vp)evil| 2 = ([ (1, ev) — ' (n, evg) — Ra(ps, evy) (evi)||x
< /(s ev)lx + [0 (1, €07) |

+ € [uil* sup (1= )[167 4/ (1, ev; + tev) |3 x- o
0<t<1

<€ (7.23)

with the norm taken in the appropriate space for v;. Taking the supremum over all v; with ||Jv;|| = 1
gives

0w,/ (s ev7)l|x S e vzl =1, (7.24)

proving (7.12) - (7.13) for m = 0. The other cases are proven in exactly the same way.
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Again by Taylor’s Theorem,
A (1, v) = At (1,0) 4 80yt (11, 0)v + Ra(p,0)(v), (7.25)

1
Ra(p,0)(v) ::/O (1 —)0,02u (p, tv) (v, v)dL. (7.26)

By Equations (7.11)) and (7.12)) - (7.13) with m = 0, we have u'(u,0) = 0 and d,u’(p,0) = 0, so

100t (1, 0)[|x = |[Ra (1, 0)(v)|| (7.27)
< |3 sup (1 —0)18.80u' (1, t0)| 3+ o (7.28)
0<t<1
S vl (7.29)
proving (|7.14). O

We plug the solution v’ = u/(p, v) into equation (7.4) to get the bifurcation equation
(g, v) == PF(p,v+u' (p,v)) = 0. (7.30)

Corollary 13. In a neighbourhood of (n,0) in Rsg x X, the pair (u,u) solves (6.7) if and only if (u,v)
solves the finite-dimensional equation (7.30). Moreover, a solution of can be constructed from a
solution (p,v) of (7.30) by setting u = v+ u/(u,v), where w'(p,v) is given by Lemma[13

Since F : Ryg x X — Y and v/ : Ryy x K — Y+ have been shown to be continuously differentiable

of all orders, we conclude:
Corollary 14. v: R x K — K is continuously differentiable of all orders.

Furthermore, v(u, v) inherits the following symmetry of F'(u,u), which we will use to find a solution
of ([7.30)):
Lemma 15. Let Ts be given by (6.12)). For every § € R and (p,v) in a neighbourhood of (n,0), we have

u'(/thv) = T5u/(/uvv)v (7.31)
v(u, Tsv) = Tsy(p, v). (7.32)

Proof. For equation ([7.31]), we note that by Proposition |10| (iv)

PEF(u, Tsv + Tsu (1,v)) = PTTsF(p,v + o' (11,v)) (7.33)
= TsPHF(p, v+ v (u,v)) = 0.

(Here we used PLTs = T5PL, which follows because T = e® ®1®1® 1 and P+ =1 — P where P is
defined in (7.I).) Since u' = u/(u, Tsv) is the unique solution to P+ F(u, Tsv 4+ u') = 0 for (u,v) in a
neighbourhood U C R x K of (n,0), we conlcude that u'(u, Tsv) = Tsu' (1, v).

For equation 7 we note that by and Proposition [10] (iv),

’Y(/j‘vTM)) = PF(/J,,T(;’U + UI(M,T(;’U)) = PF(/%T(;(U + ul(ﬂav)))
=TsPF(p,v + v (u,v)) = Tsy(u, v) (7.34)
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(where again we used PTs = T5P).
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Chapter 8

The bifurcation result when n =1

Theorem 16. Assume that n = 1 and |1 — b, /b| < 1, b, := M3, /e. Then there exists € > 0 and a
branch (ps, us) = (s, Ws, s, 25, s), with s € [0,/€), of non-trivial solutions of equation , unique
modulo a gauge symmetry in a sufficiently small neighbourhood of the rescaled vacuum solution mn
Ry x X, such that

ws = sx + sg1(5°),

Qg = 92(82)7
Zs = 93(52)7 (81)
¥s = ga(s?),

Hs = n+g5(82)7

where x solves the eigenvalue problem Hi(n)x = 0 (see Proposition @, o= g2%)2 = g*r?¢i /2,
g1 :[0,€) — H2 and is orthogonal to Null(Hy(n)), g2 : [0,€) — H2, g3 : [0,€) — HE, g4 : [0,¢) — H?,
g5 : [0,€) = Rso, and g; for j = 1,---,5 are functions, continuously differentiable of all orders in s,
such that g;(0) = 0.

Proof of Theorem[168 For the proof below, recall that we denote the partial (real) Gateaux derivatives
with respect to # by 4, and let 0; = 0,,.

By Proposition@ solving equation (6.1)) is equivalent to solving (6.7). By Corollary solving
is equivalent to solving the bifurcation equation (7.30). Hence, we address the latter equation.

Recall that P is the projection onto K = Null L,, ,—,, = Null(H;(n)) x {constants} x {0} x {0}. The
projection onto constant vector fields in H3 can be written as the mean value (o) := Iﬁl’\ Jo a. Since
dim Null(H;(n)) = 1 for n = 1, we may choose x € Null(H;(n)) such that

P(wvavsz) = (SX,C,0,0), (82)
s:=(x,w)rz €C, c:=(a) € R?, (8.3)

and x satisfies [|x[[2, = (|x|?) = 1 (see (5.16)), where, recall, x is described in (5.21)). Hence we may
write the 7 from the bifurcation equation (7.30) as v = (31, 72,0,0), where 71,72 : Ry x C x R? — C

25



CHAPTER 8. THE BIFURCATION RESULT WHEN n = 1 26

are given by

T, s,¢) = (O Fi(p, v(s, ) +u'(p,v(s,0))) L2, (8.4)
Y2, s,¢) = (Fa(p, v(s, ¢) + u'(n, v(s, 0))), (8.5)

where, recall, F}, j = 1,...,4 are defined by , s €C, c€R? and (see (8.2))
v(s,c) == (sx,¢,0,0). (8.6)

Note that 4; and 75 are continuously differentiable of all orders in u, s and ¢ by Corollary (2 is
independent of p.) The bifurcation equation ((7.30)) is then equivalent to the equations

1 (py 8,¢) =0, (8.7)
Ao, 8,¢) = 0. (8.8)

Lemma 17. There exists a neighbourhood U C Rsq x Rsq of (n,0) and a unique function ¢ : U — R?

with continuous deriwatives of all orders such that

Y2 (Ma S, c(lu’7 82)) =0 (89)

and
10),¢(p, 8|z = O(|s]*), 1=0,1. (8.10)

Proof. Recall that Fo(u,u) = Ho(p)a+ PyJa(p, u) (see Equation (6.7)), with Py the projection onto the

divergence-free vector fields and
u=(w,a,z2,%) =v+u, (8.11)

where v = v(s, c) and u' = u'(u,v) solves (7.5)). By definition, (1 — Py)f = A~'V div f and therefore
((1 — Py)f) =0. Hence (Pof) = (f). This and the relation (Hay(p)a) = ﬁ Jo curl” curla = 0 give

:72(/1’5 5, C) = <J2(u’ U(S7 C) + u/(:uﬂ U(S’ C)))> (812)

Using (6.3]), v = a™ + 7, curlygn w = curlyn w — i X w and that the final term in (6.3)) vanishes after

taking the mean, we find
(Jo(p, u)) = 2e Im{(curlgn w — i x w)Jw). (8.13)

Recall ' = (w',a’,2',9’'). Then and (8.11) give w = sy + w’ and (using that e = gsin#)
U = ec+ V. Using these relations and curl,» x = 0 (by (5.21))) and (8.12) and (8.13)), we find for
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72(/1’7 S, C) = (26)_1 |S|_2’72(,U/> S, C)

Folpy s,¢) == —e(Re[(c x x)Jx]) + Im s~ {(curlyn w’)JY) (8.14)
+ Im(Ra(p, s, ¢)), (8.15)

Ry (i1, 5,¢) := |s|72[~i(ec x sx)Jw —i(ec x w')Jw’ (8.16)
—i(ec x w')JsY —i(v x w')Jsx —i(v x sx)Jw' (8.17)

—i(V x sx)Jsx —i(V x w')Jw' + (curlyn w')Juw']. (8.18)

Note that we expect (8.14) = O(|s]?) and (8.15) = O(|s|*). We now simplify (8.14). For the first term
on the right-hand side, we use (5.21)) and the condition {|x|?) = 1 to compute

(Re[(c x y)Jx]) = —%c. (8.19)

For the second term on the right-hand side of (8.14), we use (fJx) = (f(i7,7)) = (fM@,1) =
(n, £)(i,1) and integrate by parts to compute

((curlyn w')TR) = (7, Curlgn w') (5, 1) = {curl% 1, w)(i, 1) (8.20)
Abusing notation, we write in what follows w(u, s,¢) = w(p, v(s,c)). Then becomes
o1ty 8, €) :%ec + Im s~ Heurl?, n,w' (1, 5, ¢))) (i, 1) + Im(Ra (i, s, ¢)). (8.21)
Now, Equation , with m = 0, implies that
| Im({curly. n, w'(u, 5,0)))| = O(Is*). (8.22)
Furthermore, we show below the following estimate on the remainder:
|| T (L Ra (11, 5, €)= = O(|s[*~), 1=10,1. (8.23)

Hence 5(u,0,0) = 0. To apply the Implicit Function Theorem to solve for ¢ as a function of p and s,

we have to estimate the derivative

1
0Ta (s 5, ¢) =5 el + Ims™Howlg, n, 0w’ (1, 5, 0)) (i, 1)

+ Im (B Ry (i, 5, €)). (8.24)
at (n,s,0). At the first step, we use the following
Lemma 18. Using Dirac’s bra-ket notation, we have
(0cw)(n, 5,0) = —n " tes|curls, n){((1,4)| + O(]s]?). (8.25)

Proof of Lemma[18, By definition (7.2), Pi- projects onto the orthogonal complement of the eigenspace
of Hy(n) corresponding to the eigenvalue 0 and therefore the operator Hi-(n) is invertible on Ran Pj-.
Hence (6.1)) with i = 1 can be rewritten as w’ = —(Hi-(n)) ' P{-Ji(n,u) (which is the first component
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of (7.18)), which gives
dew’ = —(Hi(n)) " PLo.J1(n,u), (8.26)
where u = u(s, ¢) :=v(s,c) +u'(p,v(s,c)). By and (6.6, we have
0cJ1(n,u) = d.[curl}, curl, w]. (8.27)

Using w = sy + w', v = a" + ec + V' and curl, = curlyn +iJ(ec + V'), curl), = curl}. —iJ(ec + v') and

that v/ = O(|s|?), we compute

DeJ1(n,u)c = sd.[curl} curl,]xc + O(|s|?)
= sie[—Jc curl, +curl® Jc']x + O(|s]?) (8.28)
= sie[—Jc curlgn e+ curlin . J¢]x + O(|s]?). (8.29)

Since curlyn x = Vi — Van = i0,nm = 0 and Jc' - x = (—ch, c}) - (n,in) = —chn + cjin = i(c) +ich)n
and therefore curl’, Jc' - x = icurl’, n(c| +ich), this yields
deJi(n,u)d| _, = —securly, n(c; + icy) + O(|s]?). (8.30)

c=0

By Proposition (ii), Null (Hy(p) —p+n) = {x = (n,in) : curlygn x = i94nn = 0}. The relation
curl,» x = 0 implies also (x, curl’, x) = (curl, x, x) = 0, which, for n = 1, gives that Pi-0.J1(n,u)c =
0:J1(n,u)c’ and therefore

Plo.Ji(n,u)d = —securl’, n(c +ich) + O(|s]?). (8.31)

By (5.21)), we have curl’, n = iV4»n, and by (5.22), we have Hy(n)V4nn = nVann; hence (Hi-(n)) ! curll, n =
n~!curl’, n. This relation, together with (8.26) and (8.31)), yields

Oew'd = sen™ ' curl’, n(c) +ich) + O(|s]?), (8.32)

which gives (8.25]). O

Using Equation (8.25]), we calculate the second term on the right-hand side of (8.24)) at (n,s,0):

Im s~ " (curl} n, dew’ (1, 5, ¢)c) (i, 1)
= en” ' Im(curl}, n, curl’, n) () +ich) (i, 1). (8.33)

The inner product term is real. Integrating it by parts and using that, by Equation (5.32)), n satisfies

curlgn curl’, n = —Aznn = nn and using that ||77||2L% = %||XH%% =1, gives

1
(curly, n, curly, ) =(n, —Agnn) 2 = 3n- (8.34)
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The last two equations and the relation Im(c} + ic))(7,1) = Im < i >c’ = 1¢’ imply

1
—1 * 2 . 1
Im s~ (curl,n 1, Ocw' (1, s, ¢)) (i, 1) = 561. (8.35)
This, together with (8.24]), gives

1 1 ~
0c5(n, s,0) :561 + 561 + Im(9.Rz(n, s,0)). (8.36)

Therefore, (8.36]) and (8.23)) (with { = 1) imply
9:75(n,0,0) = el, (8.37)

proving that 9.7,(n,0,0) is invertible, as required.

Recall that, by (8.21), (8.22)) and (8.23)) (with I = 0), we have

4(n,0,0) = 0. (8.38)

Since 9.75(n,0,0) is invertible, by the Implicit Function Theorem there exists a unique function ¢ :
R+ x C — R? with continuous derivatives of all orders such that ¥, (u, s, ¢(u, s)) = 0 for (i, s) in a suffi-
ciently small neighbourhood of (n,0). Furthermore, the symmetry implies that 7,5 (u, |s], é(p, 8)) =
o (1, €288 8|, &(u, 8)) = 7o (11, 8,(p1, 8)) = 0, so by the uniqueness of the branch ¢(u, s) we have

c(p,5) = (p |s|)- (8.39)

In particular, 6L5(/1,, s), I = 0,1, restricted to s € R are even functions with continuous derivatives of
all orders; thus 9,0%,¢(,0) = 0 and hence 8',é(u,s) = O(|s|?), since the first two terms of the Taylor
expansion are 0. We define ¢ : Ry x Ryg — R? by c(u,s) := &(u,+/s), which is a function with
continuous derivatives of all orders satisfying [|0!,c(u, s%)||lr2 = O(|s]?), I = 0,1, and Fa(p, s, ¢(p, s%)) =

|s%95 (1, 5, c(i1, 8%)) = 0, as required. 0

Lemma 19. For e > 0 sufficiently small, there exists a unique function p : [0,€) — R with continuous

derivatives of all orders such that
A1 (u(s%), s, c(u(s?),8%)) = 0. (8.40)

Proof. To simplify notation for this lemma, we set u = vs + ul, with v = vy = (sx, c(p, $2),0,0), v’ =
ul, = (p,vs), €= c(u,s?).
We first show that 71 (u, s,¢) € R for s € R. Since v/ by definition solves Pit Fy (u1,v + u’) = 0, where

Pitw’ = w' and Pit is self-adjoint, we have

(W', Fy(p, v+ )2 = (W', Pi-Fy(p, v+ /)2 =0. (8.41)
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Therefore, for s £ 0, we find

5/1 (/~L7 S, C) = 8_1<SX, Iy (,u, v+ U/>LgL
= s Nsx+w , Fi(uv+u))2, (8.42)

which is real by Proposition (v). Furthermore, by equations (7.32)) and (8.39)), we have 71 (u, s, c¢(u, s?)) =
e 8() 3, (1, |s], c(p, |5]?)), so we may restrict s to be real.

Next, we show that
F1(n, s, c(n, s?)) = O(|s|?) (8.43)
Indeed,
31 (. 5, ¢(n, 8%))| < Ixll ez ||F1 (n 0+ a)||zz

<|Ixllez [|1Hi(n)(sx + w2
+ [|J1(n,v 4+ )| 2)]. (8.44)

Recall that H;(n)x = 0, so that

F1(n,5,¢(n, s*)| < Ixlle [1H1 (W) 22w (nz)- 1wl
+ |1 (v + )| 2] (8.45)

By the definition v = vy = (sy, ¢(u, s%),0,0) and equation (8:10), ||v||x = O(|s|); hence by Lemma
'l < llw'llwz = O(sl?). (8.46)
Furthermore, by equation and recalling that Hy(n)y =0,
171(n, v + )|z < [Ji(n, 0 +4)llz S v+ 'l[7 = O(s). (8.47)

This proves that (8.45) is O(|s]?), as required.
In light of equation (8.43)), we can define a function 7; : Rsg x Ry — R with continuous derivatives
of all orders by
Silil(ﬂvsvc(ﬂ'?s?))v S 7é 0,
F1 (1, 8) = (8.48)
0, s=0.
We now find a non-trivial branch of solutions (u, s) = (f1(s), $) by applying the Implicit Function Theorem
to 7.

Lemma 20. There exists € > 0 and a unique function i : (—+/€,/€) = Rso with continuous derivatives
of all orders such that i(0) = n and p = i(s) solves 7, (p, 8) = 0 for s € (—\/e,\/€). Moreover, ji is an
even function: fi(s) = fi(—s).

Proof. Recall that Fy (u,u) = Hy(p)w+J1(p, w) (where Hy (p) and Jq (p, u) are defined in (5.7) and (6.2)).
Using that 0, Fy (p,u) = (1 + ﬁw)w and setting u = v, + v}, with v = vg = (sx, c(p, 5?),0,0), v =
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ul, = (p,vs), ¢ = c(u,s?), we compute

_ _ g
Auls™ P (v +u)] = s7H 1L+ 22 ") (sx +w')
4
+s71 Z Sy, Frw(p, v + o) (0,v; + O,ul)
i=1
=511+ 9

221
5

+ 571 Z 8w, Fi (1, v + u')0,us. (8.49)

i=1

Y (sx +w') + s 6 Fy (p, v+ u)dye

By Lemma ||8LC||R2 = O(|s]?), I = 0,1. Since ||v||x is O(]s]), by Lemma the terms ||8Lu;|| (i=
0,1,%=1,...,4, with the norms taken in the appropriate spaces), are O(|s|?). By Proposition |11} this
implies that all terms in containing ¢, w’, o/, 2,1y’ or their u-derivatives vanish at (u,s) = (n,0).
Therefore

Apls ™ Fr (i, v + )] (uasy=(n0) = X (8.50)

and hence
8 71(7,0) = (X, Ouls ™ F1 (1, 8)] | (uosy=n.0)) 22 = X2 # 0. (8.51)

Since 7, (i, s) is continuously differentiable of all orders in p and s, by the Implicit Function Theorem,
we obtain the first statement of the lemma.

By the symmetry 7, (p,—s) = —7;(1,s) of 7; and the uniqueness of the branch fi(s), we have
i(s) = fi(—s), which gives the second statement. O

We define u(s) = fi(y/s), which is a function with continuous derivatives of all orders for s € [0, €)
for the same reasons that c(u, s) := é(u,+/s) was shown to be continuously differentiable of all orders
in Lemma Furthermore, p satisfies 31 (u(s?), s, c(u(s?),5?)) = s7; (u(s?), s, c(u(s?),s?)) = 0, as
required. O

We will now use the branch of solutions to (8.7) - (8.8), provided by Lemmas[I7and[L9] and Corollary
to obtain the corresponding unique branch, (us,us), of solutions to (6.7), with

ps = u(s%),  us = v, +ul, (8.52)
vs = (8X,¢5,0,0), ¢ = c(ps, 5%), (8.53)
uy, = u' (1, v5). (8.54)

(18-52)) - (8.54)) have continuous s-derivatives of all orders because each component function has continuous
derivatives of all orders. Symmetry (7.31)) with § = = and the relation T (f1, f2, f3, f4) = (= f1, f2, f3, f4)
imply that (u}); is an odd function of s and ()2, (u})s and (u})s are even functions of s. Arguing as

in the case of Lemma [I7] above shows that the functions:

%(u/\/g)lv S #07

92(s) = c 5 + (U )2, (8.55)
0, s =0,

g1(s) ==

93(s) = (W 5)3,  ga(s) = (W 5)a,  g5(s) = p 5 —n, (8.56)
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are well-defined for s > 0 and have continuous derivatives of all orders. By Lemma these functions
have the properties listed in Theorem The above definitions and equations - imply
us = (sx, 2a™,0,0) + (g1(s),...,94(s)). Hence, this solution is of the form (8:I). Now, by Proposition
|§|, this also solves system - , completing the proof. O



Chapter 9

Proof of Theorem [2(a), (b)

Recall that My, Mz, My are the masses of the W, Z and Higgs bosons, respectively, and that 7 is the
shape parameter of the lattice £ (see the paragraph before Theorem [3| of Section . We will need the

following function:
a(Mz, Mp;7) = (Untz v (1K )| X0 2) /1 X0 )%, (9-1)
where
X, (z) :=r"1x(r'2), (9.2)

with x given in (5.21)), and for f € L3 ,

Mo
Unans(N0) = 5= [ [lo= s 1Ka Ol = 95 d, (93)

with K; a modified Bessel function of the third kind. « is related to the 7 function appearing in [23] by

n(My, Myr;7) = [Ma,a(Myg, My;7) +sin 6] L[] (9.4)

Theorem 21. If My < My, the parameter s of the branch (8.1) is related to the magnetic field strength
by

9 eb M3,

= (Mg, My; 7)1 —
o gy MM M

|+ Ru(1 - My, (9.5

where Rg(\) is a real function with continuous derivatives of all orders satisfying Rs(\) = O(|A|?), so
that

_ MI%V M5V|2)

Ry - =) = o - = (96)

IThe authors of [2Z3] used the notation n(Mz/Mpg), remarking that n only depends on the ratio Mz /My to the order
of magnitude they were calculating.
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Before proving Theorem we shall see how it implies statements (a) and (b) of Theorem [2| Since
K is positive, when Mz < My, the function
Uniy vy (1 Xr1?)(p) is a positive function; in particular, a(Mz, My;7) (and hence n(Mz, My, T)) is
positive. Furthermore, when the right-hand side of is positive, we may take the square root, solving
for s as a function of b, s = s(b), having continuous derivatives of all orders. When |1 — %| < 1, the
right-hand side of is positive if and only if 1 — % > 0 Plugging s = s(b) into (i.e. passing
from the bifurcation parameter s to the physical parameter b), undoing the rescaling , and recalling
that b, = MT?V, we arrive at the branch, Uz = (W, Ay, Zp, p), of solutions of - , which has
the properties listed in statements (a) and (b) of Theorem O

The following statement follows from the proof above:

Proposition 22. U; is continuously differentiable of all orders in b for b in an open right half-interval
of by

In the proof below, we will use the following result:

Proposition 23. Let L2, denote any of the spaces (5.13) - (5.15), and let #2., denote the corresponding

Sobolev space. Suppose that fs,g9s : R — ngr satisfy ||fs||H12)e'r = O(|s|*) and ||gs\|»ngr = O(|s]") for
some k,l € Z. Then fori,j=1,2 and p,q=0,1,
[ o310, = 0G5l ©7)

Furthermore, if fs and gs have continuous derivatives of all orders in s, then so does the above integral.

Proof. Equation (9.7)) follows from the following chain of inequalities:

| / O £.0% g4 <110 £l 22110l 2
Q/

per per
S fslbez, lgsllz,, = O(sFH). (0.8)

If fs and g5 have continuous derivatives of all orders in s, then their s-derivatives of all orders are in
'ngr. In particular, this means that 0%(fsgs), k € Z>o, remains integrable, so the s—derivatives of the

above integral (obtained by differentiation under the integral sign) are well-defined. O

Proof of Theorem[21] Consider the solution branch (i, ws, as, z5) given in equation (8.1)) and described
in Theorem Using Taylor’s Theorem for Banach spaces (see e.g. [I4]) and recalling the relation
& =+/2u/g, we may expand this branch in s as follows:

ws = sx + 5w’ + O(|s]°),

as = 2a" + 5%d’ + s*a” + O(|s]%),

ol (9.9)
by 1= by — & = 5% + O(|s]"),

&= V2 /g = Vg + 52+ O(|sl*),

ME,
eb

2
Jg—y|£| < 1of Theorcm

2The condition 0 < 1 — < 1 is equivalent to the condition 0 < 1 —
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where w’,a’, 2,4, & and o’ are the coefficients of s? and s*, respectively, in the Taylor expansion of
g;(s?), j = 0,...,5, in (8.1). Here O(|s|P) stand for various error terms which, together with their
(covariant) derivatives, have norms of order O(|s|P) when taken in the appropriate spaces.

To rewrite the asymptotics in terms of the parameter b, we analyze how s depends on b. For this,

we use the definitions & = /2us/g and p := %(gf)2 = %(grapo)27 with 7 := /% (see (4.2)) to find the
following equation for s:

n

§s = 3P0 (9.10)

To solve this equation for s2, we use the Implicit Function Theorem. By , we can write £ =
V2n/g + ge(s?), where recall, g¢(0) = 0 and 9:(0) = £ Hence, we have to show that £ # 0.

Lemma 24. We have & # 0.

Proof. We find relations between v’, @’ and 2z’ entering (9.9)). Plugging into Equations (4.4)) - (4.6),
we obtain at order s*

—Ad —ecurl” [x]?=0
(—A + %)z — gcosfeurl” |x|> =0 (9.11)

cos? 0

(—A+ B2y’ + 2nlx]? =0,
which have the solutions

al = 6(3111‘1* UO(‘X|2) - %6<|X‘2>$J‘,
2" = gcosfcurl* U, (|x|?), (9.12)
Y =—£V2n Uy, (Ix]%),

NG

cos 0

Higgs boson (®) fields, z and ¢, respectively, and for f € L2

are the masses of the rescaled Z and

and my, :=

where, recall, 2t := —zodx + z1d2s, M, = %

= [ Ko(Mlp—p'|)f(p)d?p', M >0

U =
) = [—In(ljp— N f()d?p',  M=0

with Ky a modified Bessel function of the third kind. Note that Uy, satisfies
(A +M)UM(f) = f and MXUn(f) = {(f) (M £0). (9.13)
Plugging equations into the relation
Javamein? = [ —gvani/? + curls/f? - . (914
proven in Appendix [F| and taking v’ := g(a’sin6 + 2’ cos 9), gives

gV2ng (IXI*) = =g [m3, (Un_on,, () X[?) + sin® 0{|x[*)?], (9.15)
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where m,, := \/n is the mass of the rescaled W boson field w, and for f € L3

locy

My
Ui (N0 =5 [ [ o=\ (Mlp = /D F ()0 dt

=Un, (f)(p) = Unty (£)(p), (9.16)

with K; a modified Bessel function of the third kind. We solve for £’ and simplify the solution as follows:

/ g 2\, /—1
= —— , 9.17
€ =~ =l (017)
where

0 =0 (ma,mp;T,r) = [m2a (my, mp;T,7) + sin? 6], (9.18)
with, recall, m,, := /n, m, := C‘O/fa and my, := % the masses of the rescaled W, Z and Higgs boson

fields, w, z and ¢, respectively, and
o (mzmp; 7,7) = (Ui (X)X /(X2 (9.19)

Since K7 is a positive function, o'(m,, mp;7,7) (and hence n’) is positive if and only if m, < my
(equivalently, Mz < Mg), in which case & < 0. O

We now derive the estimate ((9.5)) - for s2. Equations and (9.10)) give & as a function of s

and b respectively, yielding

2 2n 2yi2 _ 9
_ - 9.20
&= [0 4 g () = b (9:20)
which can be rearranged to give
2v/2n 2n M?2
9 9¢(5%) + ge(s%)? = el b (0.21)

where, recall, My, = %ggpo. Recall that g¢(0) = 0 and gé(()) =¢’. We have

d 2v/2n 24/2n
@\32:0[795(52) +9¢(s*)%) = Tf'- (9.22)
Since & # 0 and g¢(s?) is continuously differentiable of all orders (see Theorem , by the Implicit

2
Function Theorem, we may solve (9.21)) for s, with the solution, s? = (1 — %), o : R — R, having
continuous derivatives of all orders. Explicitly, (9.21]) - (9.22]) give

2 g -12n Mgv Mv2V2
= —[1 - —*% 1 - —2). 2
= g = T O = =) (923

Plugging (9.17)) into (9.23)) gives

- M?2
= G R ), (9-24)
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where R,(\) satisfies Ry (\) = O(|A|?). Furthermore, since the solution s> = (1 — Aﬁg") is continuously

~ 2
differentiable of all orders in b, so is the remainder term R,(1 — %)

To derive (9.5) from (9.24), we prove the following lemma in Appendix

Lemma 25. n(Mz, Myg;7) is related to ' (m,,mp;7,7) by

M2
o (s 7o) = (M, Migi ) + Ry(1 =~ (9.25)

where Ry (\) is a real function with continuous derivatives of all orders satisfying Ry(X) = O(|A]), so
that

My, _ My,
-2y _ogi- =1,

Equation (9.5) follows by plugging (|x|?) = r?(|X,[*) = 2 (]X,|?) and (9.25)) into (9.24). O

Ry (

(9.26)



Chapter 10

Asymptotics of the Weinberg-Salam
energy near b = Mgv/e

The main result of this section is the following:

Theorem 26. If M; < My, then the WS energy (D.1) of the branch of solutions (8.1)) has the following

erpansion:

1 1 1, . M2
@ESVZVS(WbaAb, Zy, pp) = §b2 - §b2 sin?@ n(My, My, T)[1 — TZV]Q
M2
+ Rp(l— —%), (10.1)

where Rp(X\) is a real function with continuous derivatives of all orders satisfying Rg(\) = O(|\|?) so
that
M, M,

Rp(1— ?) =01 - ?'3)‘ (10.2)

Before proving Theorem we shall see how it implies Theorem [2[ (¢). Since n(Mz, My, 7) is
2
positive the second term in Equation (10.1]) is negative, and so for 0 < 1 — % << 1, BYS is less

than the vacuum energy $b%|€2|. This proves Theorem [2] (c).

Proof. Let &' (ws, as, zs, Vs + &s;7) := ﬁ,‘&y(ws, as, Zs, Ws + &5 1), where Eq is the rescaled WS energy
given in (4.8). In Appendix we derive the following expansion of £ evaluated at family of

solutions, up to order s*:

1See the discussion following Theorem for details.
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g/(wsa s, stws + gs; 7’) =

|Q’| / —|curl 2|2

1
+§|curla’\2+ 9\/2n(¢'+§’)|x|2+ ey A
4)\
V2 4+ S — x| eurl + L |x|4
+R.(s), (10.3)

where R.(s) = O(|s|%) and has continuous derivatives of all orders, v := g(a’sin @ + 2’ cos §) and, recall,
& =V2ps/g.
To simplify notation, in what follows, we shall suppress the arguments (ws, as, zs,¥s + &;r) of £’.

We claim the following relation:

/ 1712 2, 1—1
) 4 Rl (10.4)

where, recall, ' = n'(m,, mp;7,7) = [mfua(mz, mp, T)+sin? 0] ! and o/ (m,, mp;7,7) is given in (9.19).

Proof of (10.4). We simplify the integral at order s* in (10.3]) by applying equations (9.11)) for a’, 2’ and
1)’ to convenient groupings of terms.

First, we address the 2’ terms. Integrating by parts and factoring out 2z’ gives

1 1 2 n 9 1 1 n
7 Ly 2l g = gy [ 5 A ) (105)

Applying (9.11)) for 2’ gives

1 1 2 n 1 1 )
m/ﬂ/i\cuﬂz/I +m|z’| I 72 - gcos @ curl® |x|°. (10.6)

Integrating by parts again gives
|Q/| / Slewrl 2’| + 829‘2 ? = ] / —gcosf(curl 2')|x|*. (10.7)

Next, we address the o’ term. Integrating by parts gives

1 1 1 1
o /Q/ 5\ curld|? = ol /s §a' (—A)d. (10.8)

Applying (9.11)) for o’ gives

1 /1 1 /1 .
|Q’|/Q/ §|curla/\2 =11/ ia’ -ecurl® |y|2. (10.9)

Integrating by parts again gives

1
ol )2 |cu1rla|2 |Q/|/ —gsinf(curla’)|x|?. (10.10)
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Next, we address the ¢’ terms. Integrating by parts and factoring out v’ gives

1 4 n
1 L IVOE+ S5+ g

1 4 n
=1 ), V(—A+ v + gV2n|x|*)Y. (10.11)
Applying (9.11)) for ¢" gives
1 4 n 1 g
o [T g = o [ V. (10.12)
Y| Jor g ) Jo 2

The &' term is addressed by (9.14)).
Finally, there are two remaining terms of the integral at order s* in ([10.3)), which we will not presently

simplify:

1 2 e
ol Qlf|X\ curl v +5|X| . (10.13)

Adding equations (0.14), (10.7), (10.10), (10.12) and (10.13) gives

1n? 1
r_ -0 4
“3e T

1 1 1
[ 5ovEm I = 5 curl v/ + 5071l (10.14)
o 2 2 2
Equations (9.12)) and (9.13)) imply that
curl v = ¢%|x|* — egsin 0(|x|?) — g*m? cos® 6 U,._(|x|?). (10.15)

Recall that e = gsin# and m? = m? cos? § = n. Plugging Equation (10.15)) for curlz’ and (9.12) for 1’

into ([10.14) gives Equation (10.4)), as required. O
Plugging (9.24) into (10.4) gives
1n? 1n? M ~ M
/ W2, 1 w
— 3 5 3 o - T 4 zZ ; b) € - T 4 b) ]‘ ’]‘
& 502 292[ eb]n(m mp; T,7) + Re( eb) (10.16)

where R.()\) has continuous derivatives of all orders and satisfies R.(\) = O(|s|?).
To compute the WS energy (3.10), evaluated at (W, Ay, Zs, ¢p), we recall that B S = T%SQ/, which

implies

1 ws |Q| ! €

! 2b2 |Q| n
E = = / = =4/ —. 10.1
e Tt T e T T Ve (10.17)

Equation (|10.1)) follows by plugging (10.16) and (9.25)) into (10.17). Since the remainder terms R,, R,

and R, (of (9.24)), (9.25)) and (10.16)), respectively) have continuous derivatives of all orders, so does the
remainder term Rg. O




Chapter 11

Shape of lattice solutions

In this section we shall prove Theorem [3] Recall the shape parameter 7 described in the paragraph
preceding . We return briefly to working with the rescaled fields to prove that Eq/(u; ) (and hence
E{'3(U)), given in (4.8), is continuously differentiable of all orders in the shape parameter 7 (restricted
to domain ), which enters through Q' and 2, as well as the spaces containing v and U. Below, we

write

Ur (%) = (Wrp(2), arp(2), 2r.6(2), Pr.p(2)), (11.1)
E(1,b,u) = Eqr (u; 1), (11.2)
Urp(x) = (Wrp(2), Arp(2), Zrp(2), 9rp()), (11.3)
E(1,b,U) = EY°(U), (11.4)
X, =X, (11.5)

to emphasize the dependence of the family of solutions , the corresponding energy (4.8]) (respectively
(3-10)) and the space (5.12)) containing these solutions on the shape parameter 7, the magnetic field
strength b and the position in space # € R?. Also, recall the notation r := y/n/eb.

To get rid of the dependency of the space & containing u,;, on the shape parameter 7, we make
1 Re(r)

x with m, = L

V/Im(7) ( 0 Im(7)

1

the change of coordinates y = m_ ) . This defines a function

M, : X — X,
(Mru)(z) = u(m,z), (11.6)

that is linear in u (this change of coordinates transforms €’ into a square of area 27). This in turn allows

us to define the following functions on the fixed space Xi:

G CxRxX -CxRx)
G'(7,b,v) = M,G(b, M~"v), (11.7)
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and

Y:CxRxX —-CxRx));
X(7,b,v) = Myews(b, M v), (11.8)

where, recall, G(b,v) is the map given by the left-hand side of (4.3)) - (4.6]), given explicitly in (5.1)), and
ews(b,u) := ews(u;r) is the rescaled energy density given by the integrand in (4.8]) (e s depends on
the magnetic field strength b but does not directly depend on the shape parameter 7).

Lemma 27. G'(7,b,v) and X(1,b,v) are continuously differentiable of all orders in Re(r), Im(7), b and

v.

Proof. Since G(b, u) and ey g(b,u) have continuous b and u derivatives of all orders, and M, is a linear
map independent of b and v, it follows that G'(7,b,v) and X(7, b, v) have continuous b- and v-derivatives
of all orders.

For the 7-derivatives, note that

M, 00, o M7 (v))(2) = ——=0u,vj(x), j=1,..,4, (11.9)
Im(7) ‘
and
M:00,, o M_,__l(vj)(x)
= #(Re(ﬂ@mvj(x) +Im(7)0,v5(x)), Jj=1,...,4, (11.10)

Im(7

are continuously differentiable of all orders in Re(7) and Im(7). Since G(b,u) and ews(b, u) are poly-
nomials in the components of u and their (covariant) derivatives, G’ and X are simply G and ey g with
the coeflicients of the derivative-containing terms multiplied by smooth functions of Re(r) and Im(7).

Therefore G'(7,b,v) and X(7,b,v) have continuous Re(7)- and Im(7)-derivatives of all orders. O
Lemma 28. v, := M u,y, is continuously differentiable of all orders in Re(t) and Im(T).

Proof. Let 1y be an arbitrary shape parameter, and recall that dx denotes the partial (real) Gateaux
derivative with respect to #. Then G'(70,b, v, ) =

M, G(b,ury ) = 0, 6,G(70,b,v700) = My, 0 6,G (b, ur,p) o M, ! is invertible, and by Lemma [27, G’ is
continuously differentiable of all orders in 7, b and v. Therefore, by the Implicit Function Theorem, the
unique solution v, to the equation G(7,b,v) = 0 is continuously differentiable of all orders in Re(r)

and Im(7) near (Re(7),Im(7)) = (Re(70),Im(7p)). Since 79 was arbitrary, this proves the result. O
Proposition 29. E(7,b,U;;) is continuously differentiable of all orders in Re(t) and Im(T).

Proof. To get rid of the dependency of (7, b,u, ;) on the domain of integration ', we again make the

change of coordinates y = m_-*x. Then

E(T,b,urp) :/ ews (b, urp)(z) A’z
QI

V2r 27
- / / S, b, 010) () dy. (11.11)
0 0
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By Lemma vrp has continuous Re(7)- and Im(7)-derivatives of all orders, and by Lemma b))
has continuous derivatives of all orders mapping C x R x &; to C x R x ). In particular, the Re(7)-
and Im(7)-derivatives of X(7,b,v. ;) remain integrable, so we conclude that £(7,b,u.;) (and hence
E(7,b,U;})) is continuously differentiable of all orders in Re(7) and Im(7). O
Theorem 30. When Mz < My, the minimizers 7, of Ewg(7,b,Ury) are related to the mazimizers T,

2
of n(Mz, My;7) as 7 — 1 = O(|]1 — AZ(‘)” 2). In particular, 7, — 7. as b — b, = M, /e.

Proof. By Theorem the minimizers of E(7,b,U;;) are equivalent to the minimizers of the energy

functional

- M2
E(1,U,p) :=[1 - ¥

1
172(B(7,b,U, ) — 5b2)

1., . M2
= f§b2 sin?@ (Mg, My;7) + O(|]1 — TZVD'

Since 8TE(T, Urb)|r=r, = 0, we have the expansion

1 ~
E(T*, Un,b) - E(Tb7 U‘n,,b) = EazE(Ta U‘r,b)|7’:‘rb [T* - Tb]2 + O([T* - Tb]3)

1,5,
= ibz Sln2 0 (8-277)|(MZ,MH,75) [T* - Tb]2

M2
+O([r = n]") + O(|1 = —%). (11.12)
For both expansions to hold, we must have 7, — 7. = O(]1 — Me—g"ﬁ), as required. O

The maximizer of n(Mz, My;7), defined in (9.4]), was found numerically in [23] (cf. [26] B]):
Theorem 31 ([23]). When My < My, n(Mz, My;7) has a mazimum at 7, = e'™/3.

Theorem [ follows from Theorems B0l and [B11



Appendix A

Covariant derivatives and curvature

In this appendix, we briefly review some basic definitions from gauge theory. In what follows, we use

the Einstein summation convention of summing over repeated indices.

Let V be an inner product vector space, G a Lie group acting transitively on V via a unitary
representation p : g — pg, and let g be the Lie algebra of G' acting on V' via the representation
p: A pa induced by p.

To simplify notation below, we take V' = C™ and G a matrix group, acting on V by matrix rules
(and similarly for g) and write pg¥ = g¥ and pa¥ = AV¥. Moreover, we assume that G is either U(m)
or a Lie subgroup of U(m).

Let M be an open subset in a finite-dimensional vector space, with local coordinates {z‘}, and let
81' = 6957

For a g-valued connection (one-form) A = A;dz’ on M, we define the covariant derivatives:

- V 4, mapping functions (sections), ¥ : M — V, into g-valued one-forms, as
VAl :=d¥ 4+ AV = (9, ¥ + A;0)dz’; (A.1)
- d 4, mapping g-valued functions f into g-valued one-forms
daf = df +[A, f] = (8if + [Ai, fl)dz’; (A.2)
- d 4, mapping g-valued one-forms into g-valued two-forms
daB:=dB+ [A, B], (A.3)
with [A, B] defined in local coordinates {z'} as
[A, B] := [A;, Bjldz' A d2? = [B, A, (A.4)

for A= A;da’ and B = B;dx?[[]

1More generally, if A is a g—valued p—form and B is a g—valued g—form, written as A = A% ® v, and B = B® ® v,
where A% and BY are p— and g—forms and {7a} is a basis in g, then

[A, B] := (A* A B*) ® [ya, m) = (=1)P1+![B, A]. (A.5)
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The curvature form of the connection A is the g-valued two-form given by the formula
1
Fy=dA+ E[A,A]. (A.6)

It is related to the curvature operator (denoted by the same symbol) Fy := da ods. As a simple
computation shows, this operator is a matrix-multiplication operator given by the matrix-valued 2-form
(&3).

Let U be a vector space (V or g in our case) and let QF, = U ® QP denote the space of U-valued

p-forms. On QF,, one defined the inner product, (-, oz as
<AaB>Q’[} = <A0mBa>Ua (A7)

where A = A,dz® and B,dz® are U-valued p-forms, « is an p-index and (-, )y is the inner product on
U.

Above, we did not display the coupling constants. Doing so would change the covariant derivative
to da¥ = (d+ gA)V, if G is simple. If G is not simple, then each simple and U (1) component of G gets
its own coupling constant, as was done in the main text for G = SU(2) x U(1).




Appendix B

The time-dependent
Yang-Mills-Higgs system

In this appendix, we briefly review the Yang-Mills-Higgs theory, including the derivation of the energy
functional . In what follows, we use the Einstein summation convention of summing over repeated
indices. Furthermore, we use the convention of raising or lowering an index by contracting a tensor T’
with the metric tensor:

TP = ijé"a (B.1)

(3

where 7 is the Minkowski metric of signature (+, —, ..., —) on M C R%*! and a, 8 are multi-indices.

Lagrangian. Let M = Q x [0,7] C R¥*! be spacetime equipped with the Minkowski metric 7 of
signature (+, —, ..., —) and V and G be as in Appendix The theory involves a Higgs field ¥V : M — V
interacting with the gauge field A, a connection (one-form) on M with values in the algebra g. The

dynamics are given by the Lagrangian

LT, A) = /Q<VA\11,VA\1/>QIV —U(W) + (Fa, Fa)as, (B.2)
with corresponding action S := fOT L(¥, A)dt, T > 0, given explicitly by

SW.A) = [ (T4, TaW)ay, ~ U + (Fa, Faley, (B3)
where U : V — R is a self-interaction potential, which is assumed to be gauge invariant: U(p,V¥) =

U(¥) (a typical example of U(¥) is U(¥) = 1A(1— ||¥|?)?). For convenience, we assume that U and A

are T-periodic in t.

46



APPENDIX B. THE TIME-DEPENDENT YANG-MILLS-HIGGS SYSTEM 47

Euler-Lagrange equations. The Euler-Lagrange equations (called Yang-Mills-Higgs equations) for
the fields ¥ and A are

VAVAT = U'(), (B.4)
A4 Fa = J(T, A), (B.5)

where V% and d% are the adjoints of V4 and dy4 in the appropriate inner products and J(¥, A) is the
YMH current given by

J(\I/a A) = Re<’7a\1/7 v\I/>V’Ya (B6)
=Re(1.¥, Vi¥)yv, © dz’, (B.7)

where 7, is an orthonormal basis of g and V; := 9; + A;, so that V¥ = V,;Wdx?. (B.5)) is the Yang-Mills

equation.

Proof of - . We assume periodic or Dirichlet boundary conditions and calculate the Gateaux
derivatives formally.

Recall that d4 denotes the partial (real) Géateaux derivative with respect to #. First we calculate
the (complex) Gateaux derivative of in the W-direction. Define 0, = %(8Rez — 10 ») and oy =
%((5116\1, — i01mw). Then 6gS(¥, A)V' = 9,5(V,, A)|,—0, where ¥, = U + 20’  z € C. Using this, we
find

S AV = [ (T4, 940y, — (V') W) (B3)

Integrating the first term by parts and factoring out ¥’ gives

5 S(T, AV = /MW’;,VA\I/ —U(D), )y (B.9)

For this derivative to be zero for every variation ¥, (B.4]) must hold.
Next we calculate the Gateaux derivative of (B.3]) in the A-direction. Using the definition 64 f(A)B =
0sf(As)|s=0, where A; = A+ sA’, s € R, we find

0AS(V,A)B = /M<B\IJ,VA\I/>Q%/ +c.c. +2(daB, Fa)oz (B.10)
=1 +1I. (B.11)
Writing B = By, = Bldz' ® vy, (with B? real) and V¥ = V,;¥dz?, so that
(BY,Va¥)qu = (B (7. ¥V, Vi¥)yda')or, (B.12)
and using that B*C* = — Tr[(B%y.)(C*,)] (since Tr(viv,) = — Tr(7eVe) = 0ca), gives
I=-— /M<B, (1a¥, Vi®) vy, @ dz')or + c.c.. (B.13)

which gives I = [, (B, J(¥, A))ar. For the second term in (B.10), integrating the last term by parts



APPENDIX B. THE TIME-DEPENDENT YANG-MILLS-HIGGS SYSTEM 48

yields IT = [, (B, szA>Qé. Collecting the last two equations gives

daS(V,A)B = 2/ (B,—J(¥,A) + szA)gé. (B.14)
M
For this derivative to be zero for every variation B, (B.5) must hold. O

Conserved energy. Again, the Gateaux derivative calculations in the following subsection are formal.
Recall that M := Q x [0,7] C R4*1,

Proposition 32. The Legendre transform of (B.2)) yields the conserved energy
B(¥.A) = [ VAW, +U) + |Paliy. (B.15)
where the norms are taken using the Buclidean metric on R¥TY (rather than the Minkowski metric).
Note that for static (time-indepent) fields, E(¥, A) = —L(T, A).

Proof. Let 04 denote the partial derivative with respect to the symbol #, and recall that d» denotes
the partial (real) Gateaux derivative with respect to #. The Legendre transform of (B.2) is given by

E(U, A) = dv,u £(¥, A)Vo¥ + 5 L(V, A)Vo U

d
+ > OR L(W, A)Fy; — L(V, A). (B.16)
=1
We calculate
05, L(V, Vol = [ [Vo¥} = Sl (¥, 75T (B.17)
Q
and
d d
> On, LV, A) Ry =2 | Foil. (B.18)
i=1 i=1

(IB.15)) results.
It remains to show that (B.15)) is conserved by the YMH equations (B.4)) - (B.5)). Applying the chain

rule gives

%E(\I/, A) = 64 E(U, A)0o T + 55 E(T, A)oT + 4 E(T, A)dpA. (B.19)

We now calculate the first term using (B.4).

SuE(W, A9y T = /
Q

+HU'(V),000)y. (B.20)

d
(Vol, Vodo W)y + Y (Vi¥, Vidol)y
k=1
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Integrating the second term by parts gives

d
SeE(U, A)9yT = / (Vol, Vodo W)y + Y (ViVil,0¥)y
Q k=1

+H(U'(V),0V) . (B.21)

By (B.4)), we have

d
ViVol — > Vivel =U'(D), (B.22)
k=1

so (B.21)) becomes

SuE(V, A9y = / (VoU,Vodo W)y + (VEVW, 9y )y . (B.23)
Q

Here Vi = —0p + Al =~y — Ag, where the second equality follows because the representation of g is

unitary. Therefore,

5o E(V, A)dp W :/<(80+A0)\I/,(80+A0)60\IJ>V

Q
+ (=00 — 40)(0o + A0)¥, 0 ¥)v
_ /Q 00 (T, AgBp Ty (B.24)
Similarly,
S E(T, A)dyT = /QaO<AOaO\IJ, )y, (B.25)
and so
S B(T, A)Ao¥ + 65E(T, A)9,T = /anjo(\p, A), (B.26)

where Jo (¥, A) is the time component of the YMH current (B.6)).
One may show using (B.5]) that

SAE(T, A)pA = —/ 3o Jo (T, A). (B.27)
Q

Hence, by (B.19) we have 4 E(¥, A) = 0, as required. O

Gauge symmetries. We define the local action, py4, of the group G' on A, by the equation d, 4 =
gdag=1, for all g € CY(N,G), where N is either M or 2. We compute

pgA = gAg~' + gdg~. (B.28)
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Proposition 33. The Lagrangian (B.2)) is invariant under the Poincaré group and the gauge transfor-

mations

TI*9¢ (W, A) = (g, pgA), Vg € CY(M, Q). (B.29)

Proof. The invariance under the Poincaré group follows easily from the definition of this group and the
choice of the Minkowski metric on M C R4+,

Recall that U (V) is g-invariant, and that the representations g — p, (on V') and the adjoint repre-
sentation g — ad, (on g) are unitary. Therefore, to prove invariance under the gauge transformation
(B.29)), it suffices therefore to show that

Vp,a9¥ = gVaVl, (B.30)
F,oa=gFag™". (B.31)

We shall use the equation
hdh™' = —dhh™', VYhe @ (B.32)

which follows from d(hh~!) = 0. For (B.30]) we compute

Vp,a9¥ = d(g¥) + (gAg~" + gdg™")(g¥) (B.33)
= (dg)¥ + gd¥ + gAV¥ + gdg~'gV. (B.34)

Since gdg~'g = —gg~tdg = —dg, this gives Vp,a9¥ = gVal.

For (B.31)), computing in coordinates {a'} and writting F, 4 := (F,, 4)ida’ A da? and Fa :=
(Fa)ijdz® A da?, we find

1 _ _ _ _
(Fpa)is = 510i(94;9 Y+ 90;97") = 0;(gAig™" + 90ig™ )]

1 _ _ _ _
+ §[gAig Y+ 90,97, 9A;97 + 90597 (B.35)
Expanding the partial derivative and commutators gives

1
(Fp,a)ij =510ig 497" + 90iAg™" + gA;0i9™" + 0i90;9™" + 99039
+ (9Aig~" + digg™ ") (9 A9 + 90,97 )

— (i < §)). (B.36)
Expanding the product on the second line gives

1
(Fp,a)ij =510i94597" +90iAg™" + g A;0i97" + 0igdjg™" + 9009~
+9AiAjg7" + 0igAjg T + gAi0ig " + 9;90;9

— (i ). (B.37)
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Cancelling terms symmetrical in ¢ and j and simplifying gives

1 1 _
(Fpya)ij = 9(5[0:4; = ;4] + S [Aid; — A;Ai])g ™! (B.38)
=g(Fa)ijg~ ", (B.39)
as required. O

Specifying (B.15)) to the WS model gives (2.1)).



Appendix C

The YMH equations in coordinate

form

In what follows, we use the Einstein summation convention of summing over repeated indices. Further-
more, we use the convention of raising or lowering an index by contracting a tensor 1" with the metric
tensor:

iy = miy T4 (C.1)

3

where 7 is the Minkowski metric of signature (4, —, ..., —) on R%*! and «, 8 are multi-indices. The same
equations could be reinterpreted as stationary equations by taking the Euclidean metric §;5, instead of

nij, and letting the indices range over 1,...,d, rather than 1,...,d+ 1. In this case, T}; = Té(’

As above, € is either a bounded domain in R? or R%*!. In the former case, we assume either periodic

or Dirichlet boundary conditions.

In coordinate form, the differential form (gauge field) entering the YMH Lagrangian is written
as A = A;dz’. The local coordinate expression for the curvature is F4 = Fijdxi A dzd, where F =
%(&Aj — 0;A;) + %[AZ-,AJ-]. Furthermore, for the covariant derivatives V 4 and d4, we have V¥ =
Vi ¥dz' and dyFa = —V'F;;jdz?, where V;¥ := (9; + A;)V and V'F;; := 0'F;; + [AY, F}j].

For an arbitrary g-valued one-form B = B;dz’, we have dy B = V;B;dx’ A dz/ and d%4B = —V'B;,
where
ViBj := 0'B; + [A", B]. (C.2)

We write F; = F%v, for an orthonormal basis 7, of g and the lower case roman indices run over the
spatial components 1,2,...,d. Note that F;; = [V;, V;], but F}; # %(ViAj —V,4,).

Proposition 34. The Lagrangian and energy for the YMH model are given in coordinates by

1 a,ij
£, 4) = [ (V. VE %)y —U(8) + FF5F (C.3)
1
Eo(¥,4) = [ (D0, V08)y + U(E) + 3 F5FS (C.4)
Q
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(with different ranges of indices as mentioned above). The YMH equations are given in coordinates by

— V'V, ¥ =U' (D), (C.5)
— V'F;; = Re(7a ¥V, V;¥) v, (C.6)

Proof. Equations (C.3) and (C.4)) follow from the coordinate expressions dy¥ = V,W¥dz* and F, =
Fiva® dx* Adax? , together with the fact that da* and v, ® do* A dz? form orthonormal bases for Q' and

(3

Qg , respectively.

Equations (C.5) - (C.6|) follow from equations (B.4) - and the coordinate expressions for d 4

and d% above. O

We specify equation ((C.3]) - (C.6|) for to the Weinberg-Salam (WS) model, which has the gauge group
G =U(2) = SU(2) x U(1). In this case, there is a slight discrepancy in the definition of the covariant
derivative due to the fact that U(2) is not simple, but a (semi-)direct product of the simple group SU(2)

and U(1), with each component having a coupling constant. We choose the standard inner product
(V,0)u(2) :=2Try"0 = —2Tr s (C.7)

on u(2), for which *%Ta, a=0,1,2,3, (where 7,, a = 1,2, 3, are the the Pauli matrices together with
7o := 1) form an orthonormal basis. It is customary to factor out the coefficient of —%. In coordinates,

we write

Vo® = V,bda', Q= —%Qidxi and F = —%Qijdxi A da, (C.8)

with Qi(x), Qij(l‘) S ZU(Q) USiIlg equation ‘) we compute Qij = %((%Q] — 8jQi) — i[Q“QJ]
Furthermore, we write Q =V + X and

V= —%Vido:i and X = f%Xidzi, (C.9)

with ‘/Z(l') € zsu(2) and X,l(ﬂl‘) S zu(l) Then Q’ij = ‘/ij + Xij and

- . !
Vi = (9; — %Vi - %Xi)é, (C.10)
1 ig
Vij i= 5(0iV; = 8;Vi) = Vi, Vil (C.11)
Xij = %(@'Xj — 9;X5). (C.12)

Using the formulae above, we express the Lagrangian and the energy in coordinates as

L(®,Q) := /Q<WI>, Vid)e2 — U(P) + %Tr Q:;QY, (C.13)
E(‘b7 Q) = A<vz¢, vi(I)>(C2 —|— U((I)) + %TI‘ QijQij7 (014)

(with indices ranging from 0 to d and 1 to d, respectively, as mentioned above), and the Euler-Lagrange
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equations are written in coordinates as
—V'V;® =U'(®), (C.15)

- 1 1
VZQZ'J' = ig Im<Ta<I), Vj@>(c2’ra + §gl Im(m@, qu)>c27'0. (016)

In Section [3| we expressed equations (C.14) - (C.16) in their standard form (D.I)) - (3.15)), involving
the W, Z, Higgs and electromagnetic fields defined therein.



Appendix D

The Weinberg-Salam energy in 3D
in terms of the fields W, A, Z and ¢

We work in a fixed coordinate system, {z;}3_; and write the fields as W = W;dz?, Z = —%Zidxi and
A= —%Aidxi. We show

Lemma 35. Energy (2.1), written in terms of the fields W, A, Z and ¢ and coordinates {x;}3_,, is given
by (see also [35]):

1 1 1
EYS(W, A, Z, ) = /Q [Z(§|Wia‘|2 + 1|Zij\2 + Z|Az‘j|2)

j

122 2 2 2 2
- 1% Z2+T(W,A,Z
59 W+ g 12T+ T(W, A, 2)

1

+1Vel® + SA* = @), (D.1)
where Wij = Vsz - VjWi, with Vk = 8k - z’ng?’, Zz = 8ZZJ - BjZi, Aij = @AJ - @Al and

T(W, A, Z) is the sum of super-quadratic terms,

2
g —2 . —
T(W,A, Z) == S (WiW; P = W) —ig Y VEW, W, (D.2)
ij ij

where V3 := Zcos® + Asinf and Vj;’ = 0,V; — 0,;V;, with the important property that T(W, A, Z) is
invariant under the gauge transformation (3.7).

Proof of (D.1)). We proceed by rewriting the terms in the coordinate expression of the WS energy (C.14)),
in terms of the fields W = W;dz?, Z = —%Zid;vi, A= —%Aidxi and .

For the first term, first we calculate V;®. Recall the definition V;® := (9; — %1/7 — %G/Xi)dl We

95
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simplify the matrix representing the connection’s action on ®:

— Vi = T Xi = = 2Vir, - 2 Xy

_igf 0 VY g 0 -
o2\ Vo 2\ vz o

ig [ V3 0 ig X, 0
- = — = tanf

2 0o -v3 2 0 X;

g V3cosO+ X;sinf  V'cosf — iV} cosf
~ 2cos0 \ Vl'ecosf+iV2cos —VPEcosh+ X;sind |

(D.3)

In terms of the fields Z, A and W (see equations (3.5) - (3.6]) for the definitions of these fields), (D.3])

becomes

7ifgvi7 gXi _ ig Zicos207+ A;sin20 2 W;cosf . (D.4)
2 2 2cos 6 V2 W, cosf —Z;
Hence, for ® = (0, ¢),
_ 9 W
Vb = valiw ) . (D.5)
05 + gosg Zitp
Therefore, the first term of (C.14]), written in terms of the fields W, A, Z and ¢, becomes
Vi, V'®)ez = —W,—W"
< >C2 \/i \/§
ig ; g ;
. 7Z 2 Z’L
+(Oip+ 5 g Zip) D¢+ 5~ 5 2'9)
9> 5 WI2 + IVol? g 2| 7|2 D.6
= LW + Vol + L2 (D.6)
The second term of (C.14)) becomes
1 1
U@®) = MBI — ¢8)” = SM@* - ) (0.7)

For the third term of (C.14]), we will use the fact that TrQ;;Q% = Tr V;; V¥ + Tr X;; X%/, where

. .
Usj = 5(0.U; = 0,U) = U3, U] (D.8)
with
Vi3 V2 W
Vii=Vir, = ‘ , D.9
. <ﬁm K3> (D.9)
and

1
Xij = 5(82Xj - (r“)le) (DlO)
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To simplify , we use , let Uj; := 0;U; — 0,;U;, and recall V{;) = @Vj?’ — 8jVi3 and WZ% =
0;W; — 0;W;, to calculate

1 1 % 2 Wi,
—“Vij == Y, V2 W , (D.11)
2 2\ V2 Wi —VS
and, with Kij = Vf’WZ - ‘/;3Wi,
_Lg[v. V.}:_Lg Vi V2 W 4 V2 W; — (i §)
4 iy Vg 4 \@ Wl 7‘/1_3 ﬂ Wj 7‘/]_3
4 V2 K —V3VE - 2W, W
_ g Win — Win \/i Kij (D 12)
2 \/§ Fji —Win +W1W] ) .

Adding (D.11) and (D.12), using that W;; = Wl% + K;; and denoting L;; := VS — ig(Win - W, W;)

gives

1 L;; V2 Wi,
U = - Y N D.13
T2 ( —V2 Wi  —Ly > (B-13)

Since U;; and X;; are Hermitian, Tr U;;U% and Tr X;; X% are the sum of the squared absolute values

of the matrix coefficients of U;; and X;;, respectively. Thus

1 i, 1 1 .
§TI' QijQ” = § Tr UijU” + 5 TI'XU‘X”
1
= §ZQ\LU\2 +4|W;5? + 2| X% (D.14)

ij

Using L;; = Vg —ig(W;W; — W,;W;) and expanding the first term gives

1 ii 1 2 130 1 2
§T1"QijQ]=%:§\Wij\ +Z|V;j| +E|Xij|

2 .
g T ig T
+ ZZ|Wiwj — W W2 — ZZm?(vvin —W,W)). (D.15)
(%) 17

Recall that A;; = V[;’ sinf + X;; cosf and Z;; = Vf;’ cosf — X;;sinf. Writing the first line of (D.15) in

terms of these fields gives
1 y 1 1 1
5 TrQyQY = %j I Wisl* + 41257 + 7145517

2 .
g = ig =
+7 > Wi — Wi, — 5 > VAEWW; — WW). (D.16)
i

ij
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Expanding the first term of the second line, and using Vz‘;’ = —Vg in the second term, (D.16]) becomes

1 § 1 1 1
5 TrQyQY = Z §|Wz’j|2 + E\Zij|2 + 1|Az‘j|2
i
2
g —_ —2 . .
+ 57 D (Wil W52 = WEW + (i )
ij
— % (VAW + (i & 7). (D.17)
ij

Recalling the definition (D.2)) of T (W, A, Z) gives

1 1 1 1
5 TrQiQY =D S |Wisl® + L1 Aul® + 1125 + T(W, A, Z). (D.18)

j

Adding (D.6)), and gives (D.1). O



Appendix E

The Weinberg-Salam equations in
2D in terms of the fields W, A, Z
and ¢

Proof of . Now, we consider the Weinberg-Salam (WS) model in R? with fields independent of
the third dimension x3, and correspondingly choose the gauge with V3 = X35 = 0 (and hence W5 = A3 =
Z3 = 0). In this case the summation in contains only two terms, (ij) = (12) and (ij) = (21), and
we use this to simplify .

We proceed by simplifying the terms of and the first line of ; the remaining terms are

unchanged.

1 1 1 1 1
Z(§|Wij|2 + Z|Zij|2+1|14ij|2) = (Wyl + §|Zij|2 + §|Aij|2)

ij 1<j

1 1
= |curlyys W\2+§|cur1Z|2+ §|cur1A\2; (E.1)

—2
> (IWaW; | = W2W5)

3
=W W2W1W2 — WfW; + Wy W1W2W1 — WQQW?
= (W1W2 — W1W2)(W1W2 — W1W2)
=W x W3 (E.2)

=D VEWW,; =D VE(-WW, + W)
ij

i<j
= (curl VHW x W. (E.3)
Replacing corresponding terms in (D.1)) - (D.2) with (E.I) - (E.3) proves (3.10). O

Proof of (3.12)) - (3.15). We proceed by calculating the (complex) Gateaux derivatives of (3.10)).
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Let 64 denote the partial (real) Gateaux derivative with respect to #. Let W, = W + zW’, z € C,
and define 05 = (GRCZ + 10 ) and oy = 2(5RCW + ©0mw). Then

5 (WA Z, QD)W :&E (WzaA Z, 90)‘2 0

1 _
curlgvs W curlgvs W'+ §g2<,02W - W’

\

—ig(curl VA JW - W + *(W x W)JW - W', (E.4)

Integrating the first term by parts and factoring out W and w gives

2
S EY S (W, A, Z, o)W = / [curlfys curlgys +%¢2 —ig(curl V3).J
Q

(W x W)J|W - W7, (E.5)
For the derivative to be zero for every variation W', (3.12) must hold.
Let A, = A+ sA’, s € R. Then

5AES%VS(W3 A7 Za ()D)A, = 8SES%VS(W Asa Z7 QO)|S=O

= / curlyys W(—ied’ x W) + curlyys W(—ieA" x W)
Q

+ (curl A)(curl A") + ie(curl A YW x W. (E.6)
Using A’ x W = —JW - A" in the first two terms, and integrating the last two terms by parts, gives
SABYS(W, A, Z,p)A' = /Q[—ie(curlgvs W)JW + ie(curlgvs—W)JW
+ curl® curl A + ie curl*(W x W)] - A, (E.7)

which simplifies to

SABYS(W, A, Z,0)A' = / [curl” curl A + 2e Im|[(curl,ys W)JW
Q

—curl* (W Wa)]] - A'. (E.8)
For the derivative to be zero for every variation A’, must hold.
The proof of is essentially the same as the proof of , S0 we omit it.
Let ps = ¢ + s¢’, s € R. Then
S EY S (W, A, Z,0)¢" = 0. B8 * (W, A, Z, )| s—0

2
2 2 g 1712
W= + Z
/Qg o' |W| 2cos20<p90| |

+2Vy - Vo + 2X(9* — 5) oy’

(E.9)
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Integrating the third term by parts and factoring out 2¢’ gives

2
g o 1 2
— 2 W —klZ

— A+ AP —d)p- 24

For the derivative to be zero for every variation ¢’, (3.15) must hold.

(E.10)



Appendix F

Proof of (9.14)

Proof of (9.14). To prove (9.14), we use the w-field Equation (4.3), and v, := g(assinf + z5 cos @), to
get

2
/ X - [curl) curl,, + %(1/}8 +&)2
—i(curl vy)J + ¢ (W5 x ws)J|w,s = 0. (F.1)

We shall calculate each term of the integral (F.1)) up to order s using Proposition and the Taylor
expansions .

Integrating the first term of (F.1|) by parts gives

/ X - curly, curl,, w, = / curl,, x - curl,, w. (F.2)
’ Q/
Plugging in the Taylor expansions gives
/ X - curly, curl,, w, = / [curlyn x + O(]s]?)]
o o
[scurlyn x — s*iv'w’ 4+ O(|s|*)], (F.3)

where, recall, v/ := g(a’sinf + 2z’ cosf). Recall from Equation (5.21) that curlss x = 0. Therefore,
applying Proposition [23| gives

/ X - curly, curl,, w, = O(|s|). (F.4)
Plugging the Taylor expansions into the second term of (F.1)) gives

2
x (sx + O(|s*)). (F.5)

2 2
[ xS reru= [ 7 5242w 46) + (sl
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Expanding this product and applying Proposition [23| gives
g9 2 2 2
[ X Gt etu=s [ al+s [ gvant + )i
+33/ nx -w' + O(]s]?). (F.6)
Q/
Recall that x € Null(H;(n)) and that w’ is orthogonal to Null Hy(n). Therefore the third term vanishes:

—.f 2 — 2 3 / ! 2
[ G e =s [ anPest [ gV + o)l
+O(|s]). (F.7)

Plugging the Taylor expansions into the third term of (F.1) gives
/ T+ (—i(curl vs)Jws) = / T+ (—in — s2i(curl ') + O(|s[4))
x (sJx + s Jw' + O(|s]*)). (F.8)

Recall from Equation (5.21)) that x is of the form x = (n,in)T, so
X - Jx = —i|x|? and X - Jw’ = —iY - w’. Therefore (F.8) simplifies to

/ly- (—i(curl vg) Jws) = //(—in — s%i(curl ') + O(|s|*))
x (—si|x|? — s%ix - w' + O(]s]*)). (F.9)

Expanding this product and applying Proposition [23| gives
/s'y' (—i(curl vy) Jws) = _S/s' n|x* — s* /Q,(curlu')|x|2
—33/£/ny~w’+0(|s|5). (F.10)
Recall that x € Null(H;(n)) and that w’ is orthogonal to Null H; (n). Therefore the third term vanishes:
/ly- (—i(curl vg)Jw,) = —S/Ql nlx* — s* /Q,(curlu')|x|2

+O(|s]°). (F.11)
Using X - Jws = —X X ws, the fourth term of becomes
//y- (¢°W,s x ws)Jws = // —g2 (X X ws) X (Ws x wy). (F.12)
Plugging in the Taylor expansions gives

| X @mxwpgu = [ —sexc 0(s)

x (s2x x x + O(|s|*)). (F.13)
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Recall from Equation ([5.21)) that y is of the form x = (n,in)T, so X x x = i|x|?>. This fact and Proposition

[23] gives
| X @ xwdgw, =5 [ g+ 00l (F.14)

The s* terms of (F.4)), (F.7), (F.11) and (F.14) must sum to 0, and so (9.14) results. O



Appendix G

Proof of Lemma 25

Proof of Lemma[25 Recall the definitions (9.4) and (9.18) of 1 and 7/, respectively. We proceed by
expressing the term o/ (m., mp; 7,7) appearing in the denominator of (9.18)) in terms of the non-rescaled
masses and fields. First, from r = £;/po and the Taylor expansions 7 we have

mp/r = MP + RP(32)7 pE {’LU,Z, h}a (Gl)
Rp(s*) = O(Js]*), (G.2)

By (9:24) and o’ (m.,my;7,7) > 0, s2 = O(|1 — 2¢), 50 (@) - (G2) become

- M?2
my/r=Mp+ Rp(1 — ?ZV)’ p € {w,z,h}, (G.3)

~ M? M2
1- =)y =0(1-—%)). 4
fp(1 - Mivy _ oy - Miv @)

Next, we find an asymptotic relation between the numerators of a(Mz, My;7) and o (m,, mp;7,7) (see
Equations (9.1]) and (9.19)), respectively, for the definitions of these terms). Using the definition (9.3) of
U and changing the order of integration, we obtain

(U () X%

1 =
[ [Pl - 1K1l - D) P 2 b (@)
27T|Q| mn /

Recall that x(p) = rX,(rp). Making the change of coordinates ¢ = rp, ¢’ = rp’ and M’ = M/r gives

(U (X))

1 my/r
s || [Pk = R0~ CDIXOPES dE am
27T|Q| mn /7 ’
= |Q’|< mz/r,mh/r(‘ 7'| )| 7'| > ( . )
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Define the remainder term

My,

) = U e (P X ) = (Unit vt (1K )1 X ). (G.7)

Ry(1—

We will now estimate Ry. By Equation (G.3),

M2
Ry (1——
X (0)Plp = P KL (Mp = p')| X (p")[?dp" d*p M
27r|Q|
X (0)2lp = P KA (Mp = p')| X0 (p")|2dp" d°p dM, (G.8)
o |Q|

where T := [Mz, Mz 4+ Rz] x Q x R. The integral kernel |p — p/|K1(M|p — p'|) defines a continuous
linear map on the space of locally square-integrable functions, hence it is bounded. Therefore, there
exists C' > 0 such that

M2 1 Mz+Rz 1 Mu+Ry
[Ru(1——5)| < 7\ C ey yAM| + | C (| X, [*)dM]|
Mg
C - M3 - M2
— (X, 11—+ =—(x,/* j Qp—
= X R 20 x4 R0 - 0
M2
= o1 - =), (G9)
Collecting (G.6) and (G.9) into one expression, and using [Q2|/|Q’| = r?, we obtain:
2Y).12 2 2 2 2 M,
(Unnm, (IXI) IXIT) = 77Utz v (1 X [9)[ X [7) + 7" Ry (1 — ?), (G.10)
M3, M2
1- =) =01 - ). G.11
Ro(1 - 20) = o1 - Z1¥)) (G.11)
Similarly,
(Ix?) = r*(| X [?). (G.12)
Recall the definitions ) and (9.19) of a and o/, respectively. - G.12)) imply
9 ) M\ ) 1 Ma,
mwo/(mz,mh,'r, T’) = (T) OZ(MZ,MH7T) + WRU(l - ?) (G13)
Using Equations (G.3]) - , we obtain
M2
m2 o (m, mp;7,7) = Mé,a(Mz, Mp;7) + R (1 — e—zv), (G.14)
M, M2
1- X2 11— 2. G.15
R eb)@(\ w)) (G.15)

Plugging (CT1) - (CT3) into (T3 gives (O25) - (020)

It remains to show that R, has continuous derivatives of all orders. We proceed by first showing the

remainder terms Rp, Rp and Ry have continuous derivatives of all orders. The continous differentiabilty
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of Rp follows because £ has continuous derivatives of all orders in s. The continuous differentiability of

M} .
? =¢(1— =}¥) and o has continuoous

Rp follows from the continuous differentiability of Rp because s
derivatives of all orders in b (see Equation and the surrounding discussion). The continous differ-
entiabilty of Ry follows because the right-hand side of is an integral of a continuously differentiable
function whose limits have continuous derivatives of all orders in b. The continous differentiabilty of R,,
follows from - , and the continuous differentiability of Rp and Ry. The continuous
differentiability of R,, follows from the continuous differentiability of R, and the definition of 7/

(since o+ [z +sin? 0] ! is analytic in  for z > 0). O



Appendix H

Proof of (10.3)

Proof of (10.3). We shall calculate each term in the integral (4.8]) up to order s® using Proposition
and the Taylor expansions .

Plugging the Taylor expansions into the first term of (4.8) gives
| curl, ws|? = |s curlgn x 4+ O(]s]?) 2. (H.1)
Q Q

Recall from Equation (5.21f) that curl,» x = 0. Therefore, applying Proposition [23| gives
2 _ 6
/ | curl, ws]® = O(s]®). (H.2)
Q/
Plugging the Taylor expansions into the second term of (4.8)) gives
1 2 Lo / 4y12
—|curl z5|* = —|s“curl 2’ + O(|s|*)|*. (H.3)
a 2 a 2
Expanding the square and applying Proposition [23| gives
1 2 4 1 12 6
—|curl z5]* = s —|curl 2’| + O(|s]°). (H.4)
Q/ 2 Q/ 2
Plugging the Taylor expansions into the third term of (4.8)) gives
1 2 1 1 n 2 ! 4 " 6y|2
—|curlag|® = [ =|curl —a™ 4 s* curla’ + s” curla” + O(|s]®)]*. (H.5)
;2 QO 2 (&
Recall that curla™ = n. Expanding the square gives

1 1 n? n n
— 1 52: - 2 ld' 4’ la”
/l2|cura| /Q/[262+secura+secura
1
+s4§|cur1a'|2+0(\5\6)]. (H.6)

The second and third terms vanish because a’ and a” are £'-periodic. Therefore, applying Proposition
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[23] gives

1 o 1n? 4 1 12 6
§|Cur1as| :§G—Q|Q|+s §|cur1a| + O(|s]°). (H.7)
% Q'

Plugging the Taylor expansions into the fourth term of (4.8)) gives

14 2 _ 1 5 v2n 20 ¢t / 4y12
| 5ettol = [ a2 s 0+ (sl
x [sx + 83w’ + O(]s|%) % (H.8)

Expanding the square terms gives

L oo 2 1,20 5 V20, / 4
[ gttt = [ 20+ 2 )+ 0ol

x [s2]x]? + s*2Re(x - w') + O(]s]%)]. (H.9)
Expanding this product and applying Proposition [23| gives
1
[ 5éu =5 [ i

Q/ ’
b5t [ gVER(E + 0 + 2nRe(x- )] + O(Js). (1.10)

Q/
Recall that x € Null(H;(n)) and that w’ is orthogonal to Null(H;(n)). Therefore the third term vanishes:

1

|5t = [ nl st [ gVIR(E +o)? + O(sl) (H.11)

Plugging the Taylor expansions into the fifth term of (4.8)) and expanding the square terms

gives

1 22 2_/ Ly

/Q/ 4cos20Y P5lz ] = o 4cos2 07

n —1—822—271
g

7 (€ + ")+ O(s|][s*2'* + O(ls°)]. (H.12)

x|

Expanding this product and applying Proposition [23| gives

1 2,2, 2 4/ n 12 6
s|° = O . H.13
| gt =5t [ gl P+ 0gsl) (1.13)

Plugging the Taylor expansions into the sixth term of (4.8)) gives
[ mexw = [ s oGl P (H.14)
’ Q/

Recall from Equation (5.21)) that y is of the form x = (1,in)”, so X¥ x x = i|x|?>. Therefore, applying
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Proposition 23] gives

[ =5t [ i+ 0P (1.15)

Plugging the Taylor expansions into the seventh term of (4.8) gives
1
/ i(curl vs)Ws xws = / i[g sin 0 curl ga” + s2curl v’ + O(|s|*)]
x [sX + 8w’ + O(|s]?)] x [sx + s*w’ + O(|s|*)]. (H.16)

where, recall, v/ := g(a’sin + 2’ cos ). Recall that curla™ = n and e = gsinf. Expanding the wedge

product of the second and third terms gives
n?2 2 4
/ i(curl vy )W, X ws :/ ’L[E + s curlv’ + O(|s]*)]
o o
X [s?% x x + sT(x x w' +w’ x x) + O(]s]%)]. (H.17)

Recall from Equation (5.21)) that x is of the form x = (n,in)T, so X x x = i|x|? and X x v’ = iY - w'.

Therefore

/, i(curl vg)w, X wg = /I[m + s%icurl v’ + O(Js|*)]

x [s%i|x|* + s*2Re(ix - w') + O(|s]%)]. (H.18)
Expanding this product and using Proposition [23] gives
// i(curl v,)Ws x wy = —s2 // n|x|? — 34//[2in1m(y-w’)
— st /Q/(curlu’)|x|2+(9(\s\6). (H.19)

Recall that x € Null(H;(n)) and w’ is orthogonal to Null(H;(n)). Therefore the second term vanishes:

/ i(curl vs)Ws X ws :—52/ n|x|2—84/ (CUTIVI)‘XF
’ Q7 Q

+0O(|s]%). (H.20)
Plugging the Taylor expansions into the eigth term of (4.8)) gives
/ IVs|? :/ sV + O(|s|") 2. (H.21)
o o
Expanding the square and using Proposition [23] gives
/ Vos|* = 54/ (VY [>+ O(]s]%). (H.22)
o o

Plugging the Taylor expansions into the ninth term of (4.8) and expanding the inner squares
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gives

Lo o .o
| 5=

1.2 S 2 Von
= | Mg 2T € ) = g = 2 O]
_ / ;A[322\/?1// +O(|s|)2.

V2n
g

Expanding the outer square gives and using Proposition [23] gives

1 4,
=)=t [ o).

Q
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(H.23)

(H.24)

Adding (H.2) - (H.24) and dividing by |Q'| gives (10.3), where R. collects the O(|s|®) remainder
terms. R. has continuous derivatives of all orders because it is a sum of integrals of the form with

fs and g, coming from the continuously differentiable remainder terms O(|s|?) of (9.9).

O



Appendix 1

Spectral analysis of the operator

—An

In this appendix we shall verify the properties of —A,» used in the main text of this paper, following
Section 5 of [16]. Recall from the main text, but in vector notation, that a™ := Za*, where (21, z2)" =
(_-'172, x1)~

Proposition 36. The operator —Agn is self-adjoint on its natural domain and its spectrum is given by
o(—Agn) ={2m+1)n:m e Z>o }, (I.1)

with each eigenvalue is of the multiplicity n. Moreover,

Null(—Agn — n) = ¢ F =@ Hiz2)y (L2)
where V,, is spanned by functions of the form (below z = (v1 + iz2)/\/ o
o0
0(z,7):= Z O T e (I.3)
m=—o00
Such functions are determined entirely by the values of cg, . .., cn—1 and therefore form an n-dimensional

vector space.

Proof. The self-adjointness of the operator —Ag» is well-known. To find its spectrum, we introduce

the complexified covariant derivatives (harmonic oscillator annihilation and creation operators), d,» and
0% = —0Ogn, with

an =

1
80,” = (van)l + i(van)Q = aml + lamz + in(xl + 11'2) (]:4)

One can verify that these operators satisfy the following relations:

[Oan s (Oan)*] = 2curla™ = 2n; (15)
7Aan —n = (5a'n)*éan. (16)

As for the harmonic oscillator (see e.g. [20]), this gives explicit information about the spectrum of —A,n,
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namely 7 with each eigenvalue is of the same multiplicity. Furthermore, the above properties imply
Null(—Agn —n) = Null Ggn. (I.7)
We find Null 9,». A simple calculation gives the following operator equation
67%(im“*gﬁ%)g&ne%(”wz*x%) = Oy, + 10z,-
(The transformation on the left-hand side is highly non-unique.) This immediately proves that
Danth = 0, (1.8)

if and only if § = e~ 3 ((#122-22)y) satisfies (9, +i0,,)0 = 0. We now identify z € R2 with z = z1+izy € C

and see that this means that 6 is analytic and

_mn (1,2 ,2 . 2
P (x) = e zim~ (1] )6’(2,7')7 z = (21 +ix2)/ e (1.9)

where we display the dependence of # on 7. The quasiperiodicity of ¢ transfers to 6 as follows:

0(z+1,7)=0(z,7), O(z 4 7,7) = e 2TINFTINTTY(5 1),

The first relation ensures that § have a absolutely convergent Fourier expansion of the form 6(z,7) =

> Cme2™™ . The second relation, on the other hand, leads to relation for the coefficients of the
expansion: 4, = e~ """%ei?M™ ¢ which together with the previous statement implies (L.3)). O]

Next, we claim that the solution (L.9)) satisfies

P(z) = P(—x). (1.10)

By (L.9), it suffices to show that 8(z) = 6(—z). We show this for n = 1. Denote the corresponding 6
by 6(z,7). Iterating the recursive relation for the coefficients in (I.3)), we obtain the following standard

representation for the theta function

0(z,7) = Z 2mi(zmirmz), (L.11)

We observe that 0(—z,7) = 6(z,7) and therefore o(—x) = ¥o(z). Indeed, using the expression ([.11),
we find, after changing m to —m/’, we find

O(~zr)= Y emiamirma = N 2miamirem's) _ g, 7). (L12)

m=—00 m/=—o0
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